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Introduction. Dedekind has determined all groups whose subgroups are all

normal (see, e.g., [5, Theorem 12.5.4]). Partially generalizing this, Wielandt

showed that a finite group is nilpotent, if and only if all its subgroups are subnormal,

and also if and only if all maximal subgroups are normal [5, Corollary 10.3.1,

10.3.4]. Huppert [7, Sätze 23, 24] has shown that if all 2nd-maximal subgroups of a

finite group are normal, the group is supersolvable, while if all 3rd-maximal sub-

groups are normal, the group is solvable of rank at most 2 (see below for the defi-

nitions of the terms employed). Continuing this, Janko [8] has determined all

nonsolvable finite groups, all of whose 4-maximal subgroups are normal, and also

proved some results on the structure of solvable groups with the same property.

Later, he has also determined all finite simple groups, all of whose 5-maximal

subgroups are normal [9].

The present paper deals with similar problems. Our main concern is with the class

of groups defined in the title. In §2, we derive some simple properties of these

groups. For «^5, we extend the aforementioned results of Huppert and Janko to

cover also our case (i.e., replacing normality by subnormality), and prove some

results under slightly more general assumptions. In §3 we study solvable groups

with subnormal «-maximal subgroups. If the order of the group in question has

enough distinct prime divisors, the structure of the group is very limited. Thus,

if the number of these primes exceeds «, the group is nilpotent, while if it is equal

to «, we can still completely determine our groups. If the number is « — 1, the group

has a Sylow tower. Then, imposing the stronger requirement that «-maximal sub-

groups are quasi-normal, we find that the rank of the group cannot exceed «— 1.

In the last section we allow again our groups to be nonsolvable. The main result

here states, that if each «-maximal subgroup is subnormal, and if the order of the

groups has a large number of distinct prime divisors then the group is, in fact,

solvable. Here, "large" is not only with respect to «, but also with respect to the

number of prime divisors of the indices of maximal subgroups of subgroups.
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1. Definitions and notations. If G is a group, a chain H0 c 7/j - • • • c #n = G is

a maximal chain if each 77¡ is a maximal subgroup of 77¡ + x ■ The subgroup 770 in such

a series is an n-maximal subgroup. A subgroup H of G is at least n-maximal, if it is

«z-maximal for some ma«. A subgroup 77 is quasi-normal, if it permutes with all

other subgroups; quasi-normal subgroups of finite groups are subnormal [14,

Theorem 19, p. 438]. If G is a solvable finite group, the rank of G, denoted r(G), is

the maximal integer k such that G has a chief factor of order pk, for some prime p.

lfm is an integer, Gm denotes the subgroup generated by the «zth powers of elements

of G. Gp, for p a prime, denotes always a Sylow />subgroup of the finite group

G. | G | is the order of G, and | G : 771 is the index of the subgroup 77 in G. Q.(m) is the

number of factors in a factorization of m as a product of primes, while w(m) is

the number of different primes appearing in such a factorization.

Throughout the paper, G denotes a finite group (in §3 this group is also assumed

to be solvable), and « denotes a fixed natural number.

2. Some lemmata and solvability criteria.

Lemma 1. If each n-maximal subgroup of G is subnormal, then each («— 1)-

maximal subgroup is nilpotent.

Proof. Let 77 be an (« - l)-maximal subgroup, and let A be a maximal subgroup

of 77. Then A is «-maximal in G, hence subnormal, and so it is certainly subnormal

in H. However, for maximal subgroups subnormality is equivalent to normality.

Therefore each maximal subgroup of 77 is normal in it, and 77 is nilpotent.

Lemma 2. 7.e/ each n-maximal subgroup of G be subnormal, and let k^n. Then

each k-maximal subgroup of G is subnormal.

Proof. Let 77 be a /c-maximal subgroup of G, and let 77x and 772 be an «-maximal

and an («— l)-maximal subgroup, respectively, such that H^Hx = H2. By the

preceding lemma, 772 is nilpotent, and so Hx is also nilpotent. Therefore 77 is

subnormal in 77l5 and since Hx is subnormal in G, by assumption, 77 is also sub-

normal in G.

Lemma 3. Let F(G) be the Fitting subgroup of G. Each n-maximal subgroup is

subnormal, if and only if each n-maximal subgroup is contained in F(G). In particular,

in these circumstances each n-maximal subgroup of G/F(G) is trivial.

Proof. Suppose each «-maximal subgroup of G is subnormal, and let 77 be such

a subgroup. Then Lemma 1 implies that 77 is a nilpotent subnormal subgroup, and

therefore contained in F(G). Conversely, if any subgroup A of G is contained in

F(G), it is subnormal in the nilpotent subgroup F(G), and since F(G) < G, also in G.

Theorem 1. If each maximal subgroup M of G contains a subgroup Mx that is

subnormal in G and is either maximal in M or equal to it, then G' is nilpotent.
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If G is any finite group, and H is any subgroup of G, we denote by HG and HSG

the maximal normal and subnormal, respectively, subgroups of G contained in H.

Lemma 4. If M is maximal in G, then Ma = MSG.

Proof. Obviously MgqMsg. Let a e M; then M%G^MandM%G<\<\G,therefore

MsG^MSG and Msa is normal in M. Let MSG<\MX<] ■ ■ ■ <]Mk = G be any normal

chain between MSG and G. Then MX<¡<¡G, and by maximality of Msa, Mx $ M.

By maximality of M, G = {M, Mx}. Also, MSG<]M and MSG<]MX; therefore

MSG<¡G and Msa<=MG.

Proof of Theorem 1. Let M be any maximal subgroup of G, and Mx its sub-

group given by the conditions of the theorem. Then MSG = MX or Msa = M,

because Mx £ MSG and Mx is maximal. In any case, M/MSG is cyclic (of prime order).

Now the nilpotence of G' follows from Lemma 4 and a theorem of Baer [1, Corol-

lary 2, p. 159], according to which G' is nilpotent for any finite group G, if and only if

M/MG is abelian for each maximal subgroup M of G.

Next, we consider finite groups satisfying the following condition:

(P). If M is a maximal subgroup of G, there exists a subgroup Mx, subnormal in

G, such that Mx = M, Mx is maximal in M, or Mx is 2nd-maximal in M.

Theorem 2. A finite simple (nonabeliari) group satisfying (P) is isomorphic to As.

Proof. Let M be any maximal subgroup of G, and Mx the subgroup given by

condition (P). Since G is simple, and Mx is subnormal, M1={1}.

If Mx = M, we obtain M = 1.

If Mx is maximal in M, M must be cyclic of prime order.

Suppose now Mx is 2nd-maximal in M. Then there exists a chain {1}<=LcM,

with {1} maximal in L and L maximal in M. L is then cyclic of prime order p, say.

Since M has an abelian maximal subgroup, it is solvable [6].

If L<]M, L has a prime index in M and \M\=pq, q a prime (p=q is possible).

Any proper subgroup of such an M is cyclic.

lfL<j\M, let Kbea minimal normal subgroup of M, then K is elementary abelian

of order q\ for a suitable prime q. By maximality of L, M=KL and \m\=pq'.

p^q, because otherwise M would be a/7-group and L would be normal in M.

Any proper subgroup of M is either of order p, and cyclic, or of order q1, and

contained in K, and so abelian. Subgroups of order pq' do not exist, because such a

subgroup would contain a /?-Sylow subgroup of M, which is conjugate to L, and

thus contradict the maximality of L.

In all cases it turns out that each proper subgroup of M is abelian, and so each

2nd-maximal subgroup of G is abelian. By a theorem of Suzuki [16], G^Aa.

The group SL (2, 5) also satisfies (P). We do not know whether there are non-

solvable (P) groups apart from A5 and SL (2, 5).

We note also the following fact about (P) groups.
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Lemma 5. Under the assumption (and notations) of (P), Msa is either equal or

maximal in M, or A/SG = M1.

Proof. Suppose Msaj^M and MSG is not maximal in M. Let MX^L^M, with

Mx maximal in L and L maximal in M. Now Ap is a subnormal maximal subgroup

ofP, and therefore MX<\L and moreover, \L:Mx\=p is a prime. If MSG£P, then

Mx^Msa^L, and because Mx is maximal in P, while Msa is not maximal in G,

Mx = Msa. If Msa£L, then Mx^Msa n L_P, and Mx = Msa n P follows as be-

fore. Also, MSG<]MandP is maximal in A7; therefore M=MS0L. Hence \M:Msa\

= |P:P n MSG| = |P:Mi| =p, and A7SG is maximal in M.

Theorem 3. If each 2nd-maximal subgroup of G is either subnormal, or has a

maximal subgroup which is subnormal, then G" is nilpotent.

Proof. Obviously, G has property (P). Let A be a maximal normal subgroup of

G. Then G/K satisfies the same condition as G, and also (P). By Theorem 2, G/K

is either of prime order or isomorphic to A5. However, A5 has 2nd-maximal

subgroups of order 4, and these violate the conditions of the theorem. Hence,

G/K is cyclic, and G'_A.

Also, A is a maximal subgroup of G, and our assumptions imply that each

maximal subgroup of G satisfies the conditions of Theorem 1. Hence, A' is nil-

potent, and so G" is nilpotent.

Corollary 1. If each 2nd-maximal subgroup of G is subnormal, or if each 3rd-

maximal subgroup is subnormal, then G is solvable.

This result is no longer true for 4-maximal subgroups. As a substitute, we have

Theorem 4. If each 4-maximal subgroup of G is subnormal, then G is either

solvable, or isomorphic to one of the groups SL (2, 5) orPSL (2,p). Here p is aprime,

p = 5 or p= +3, ±13 (40), and p— 1 and p+ I are products of at most three prime

numbers.

If we substitute "normal" for "subnormal", this result is due to Janko [8,

Theorems 1, 2].

Proof. First, suppose G is simple. Then each 4-maximal subgroup is trivial, and

our result reduces to Janko's one just mentioned.

Now, let G be nonsolvable and not simple. Let A be a maximal normal subgroup

of G. Each proper subgroup of G is solvable, by Corollary 1, and therefore N is

solvable, and G/N is a nonsolvable simple group. By the preceding paragraph,

G/A^PSL (2, p), for some p.

For the above values of p, PSL (2, p) has the four-group as a 2-Sylow subgroup,

and this is 2nd-maximal. Let M/N be a 2-Sylow subgroup of G/N, and L/M a

subgroup of order 2 of M/N. L is nilpotent, by Lemma 1. Let P2 be a 2-Sylow

subgroup of P; then, if L2^L, L2 is subnormal in G, by Lemma 2. But then L2/N

is subnormal in G/N, which is impossible. So P (and N) is a 2-group.
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Let K be any 2nd-maximal subgroup of M. K is subnormal in G, implying KN/N

<¡<]G/N, and therefore KN/N= 1 and K^N. That means that N is the only 2nd-

maximal subgroup of M, and it is well known that this implies that M is cyclic or a

generalized quaternion group. M cannot be cyclic, because M/N is not cyclic.

Therefore M is a generalized quaternion group, and N must be of order 2 (other-

wise M has other subgroups of the same order). Being a normal subgroup of order

2, A' is central in G.

Now NçZ(G), G/A^PSL (2, q) and G = G' (otherwise G', and also G, is solvable)

imply, according to a theorem of Schur [15, IX, p. 119], that C = SL(2, p).

Either p+l or p—l, p + e say, is of the form 4s. If s = 2n, then 5=1, or else

8 | [PSL(2,/>)|, which does not hold for our values of p. But then p = 3, or p = 5,

and in the first case G is solvable. If/? ,= 5 we may assume, then, that s is divisible by

an odd prime q. PSL (2, p) has a dihedral subgroup of order p + e, and we can find

in it a subgroup of order q, and this would be ^-maximal, k ä 3. Let 77N be the

corresponding subgroup of G/N, and let Tq be its c7-Sylow subgroup. Then Tq is

(k+ l)-maximal in G, so subnormal, and T/N<\<\G/N, a contradiction. Hence,

p = 5.
Janko [9] has also shown that all simple finite groups having all their 5-maximal

subgroups trivial are of the type PSL (2, q). Using this result, one can obtain the

following.

Theorem 5. If each 5-maximal subgroup of G is subnormal, then G is either

solvable, or isomorphic to one of the following groups:

I. PSL (2, c7), q = 23, 32, 33 or q is a prime, q>3,q+l and q — 1 are products of at

most four primes.

II. SL (2, q), q a prime, q>3,q+l and q — 1 are products of three primes at most.

III. PGL (2, q), q as in II, and moreover, q^l and q£ ± 1 (10).

IV. PSL (2, q) xCr, r a prime, q as in III.

V. SL (2, 5) xCr, r a prime.

VI. One of the two representation groups ofS5 (the one with generalized quaternion

Sylow 2-subgroup; see [15, pp. 121-123]).

We shall not give the proof, which is very similar to the preceding one.

3. Solvable groups with subnormal «-maximal subgroups. Throughout this

section, G denotes a solvable finite group.

Theorem 6. If each n-maximal subgroup of G is subnormal, and ifw(\G\)gzn+ 1,

then G is nilpotent.

Proof. Let P be any Sylow subgroup of G. Let P=H0'=HX'= ■ ■ ■ <=Hm = G be a

chain of subgroups, with each 77¡ maximal in Hi + X. Since G is solvable, each index

\Hi + x'.Ht\ is a prime-power, and since jC7:^*| is divisible by n distinct primes,

«7 3: «. However, P is «7-maximal, so Lemma 3 implies that P1^ F(G). This being true

for all Sylow subgroups of G, we obtain G = F(G), which means that G is nilpotent.
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Theorem 7. Let each n-maximal subgroup of G be subnormal. Suppose that

w(\G\)rin — k and let P be any Sylow subgroup of G. If P is not normal in G, then

P has a cyclic ¡-maximal subgroup, for some ¡Sk.

Proof. If P is subnormal, then, being a Sylow subgroup, it is normal in G.

Suppose P is not subnormal, and construct a chain P=770<=771c ... cHm = G

as in the preceding proof. Then, as above, we find that m^n — k-l.

Let 77 be a subgroup of P, minimal with respect to not being subnormal in G.

77 is /-maximal in P, for some /, and hence (/+«z)-maximal in G. Lemma 2 implies

l+m<n, which, together with m_zi-k— 1, implies ¡Sk.

Now each maximal subgroup of 77 is subnormal in G, but 77 is not, and so H

cannot be generated by its maximal subgroups. This is possible only if H has only one

maximal subgroup, and this implies that H is a cyclic /»-group, which concludes

our proof.

Remark. In exactly the same way we can prove: if A is a subgroup of G, such

that |G: K\ is divisible by n — k— 1 distinct primes at least, then A is subnormal, or

has a cyclic /-maximal /»-subgroup, for some iSk.

Taking k = 0 in the last theorem, we obtain

Corollary 2. If each n-maximal subgroup of G is subnormal, and w(|G|)^«,

then each Sylow subgroup of G is either cyclic or normal.

Theorem 8. If each n-maximal subgroup of G is subnormal and w(|G|)^«, then

G is either of the following two types:

(a) G is nilpotent.

(b) G = HN, where,

(i) N is a normal abelian Hall subgroup, and all Sylow subgroups of N are

elementary abelian.

(ii) 77 is a cyclic Hall subgroup, and 1771 is either a prime-power or a square-free

number.

(in) (\N\,\H\)=l.

(iv) If Hp is a Sylow subgroup of 77, and Nq is a Sylow subgroup of N, then Hp

induces in N„ an irreducible automorphism group of order p or I. In the latter case

m =q-
Conversely, a group of type (a) or (b) has each n-maximal subgroup subnormal.

Proof. By Corollary 2, each Sylow subgroup of G is either normal or cyclic.

Assume G is not nilpotent. Then at least one Sylow subgroup is not normal. If |G|

is square-free, our result follows from the structure theorem for such groups

[5, Theorem 9.4.3]. Hence, we shall suppose |G| is not square-free.

Let GQl,..., GQr be the normal Sylow subgroups of G, and let N= G9l • • • GQr.

Then N is nilpotent, and N^G. If 7V=1, all Sylow subgroups of G are cyclic, but

then G does have a normal Sylow subgroup [5, Theorem 9.4.3]. So N^ 1 always. Let

77 be a Hall subgroup of G of order |G:A|; then G = HN and (\H\, \N\)=l. Also
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each Sylow subgroup of H is cyclic. Using again [5, Theorem 9.4.3] we find that H

has a Sylow tower,

(51) KHP1<1HP1HP2<] ■ ■ -^HP1HP2- -HPs = H,

where HPi,..., HPs are the Sylow subgroups of H in some order. By definition of N

and H, none of the /7Pl's is normal in G.

Let Hp be any Sylow subgroup of H, and consider the chain

(52) Hp £ HpGQl £ HpGqiGQ2 £ • • •£ HJT £ HpNHPl £ HpNHPlHP2 £ • • ■£ G.

If p=Pi, then HpNHPl- ■ ■HPi_i = HpNHPl- ■ ■ HPt. All the other containments in

(S2) are proper. Since w(|C7|) = « (otherwise G is nilpotent) there are « distinct

terms in (S2). Hv is not normal, therefore not subnormal ; therefore, by Lemma 2,

Hp is not ^-maximal for any k^n. This implies, in particular, that the chain (S2)

cannot be further refined. This implies, in the first place, that Hp acts irreducibly on

every Gqi, which gives (i) and part of (iv). If M is a maximal subgroup of Hp,

then M is «-maximal, as is shown by (S2), so M is subnormal in G, and also in MN.

However, M is a Sylow subgroup of MN, so M<¡MN, MN=Mx N, and M

centralizes N. This gives the rest of (iv) (the last statement of (iv) is an immediate

consequence of the first).

The fact that (S2) cannot be further refined implies also that (SI) cannot be

further refined, except perhaps in the link HPl- ■ ■ HPi_l^HPl- ■ HPi, wherep=p¡.

This is possible only if |//Pi| Hpj, for p,j=p. If//#/7p, then starting from some other

Sylow subgroup of H, we find that also \HP\ =p and \H\ is square-free.

We have proved by now everything but the fact that H is cyclic. This is obvious

if \H\ is a prime-power, since each Sylow subgroup of H is cyclic. Suppose H has

a square free order, and is not cyclic. Then there must be two Sylow subgroups of H

which do not commute elementwise, otherwise H is the direct product of its cyclic

Sylow subgroups, and is cyclic. There exists, therefore, a nonabelian Hall subgroup

K of H of orderpxp2, say. |G| was supposed not to be square free, while \H\ is

square-free, so |C7Q| j=q, for some q\ \N\. By (iv), each of HPl, HP2 acts irreducibly

on Nq, and does not centralize it. Hence, K is a group of fixed-point-free automor-

phisms of A',, having order pxp2. According to Burnside [2, p. 335] K is cyclic, a

contradiction.

To prove the converse, let G be any group of type (a) or (b). In case (a) each sub-

group of G is subnormal. Let G be of type (b). We may assume that A^ contains

every normal Sylow subgroup of C7. N being abelian, any subgroup of N is normal

in N and therefore subnormal in G.

Let K be any subgroup of G which is not subnormal. Then K<£N; therefore \K\

and \H\ have a common prime divisor, p say. If |77| is square-free, any Sylow /»-sub-

group of K is also a Sylow /j-subgroup of G. If | H | is not square-free, H is a />group

and H" centralizes N, by (iv). Since H" <] H and G = NH, this implies Hp< G. There-

fore also NxHp<]G, and NxHp is a normal abelian subgroup of G. Hence,
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AdiAxTP. Since G = NH and 77 is cyclic, this implies that a Sylow/»-subgroup of

A is again a Sylow /»-subgroup of G.

Now consider any maximal chain

(S3) A = A0 - A-j e - -. _ Km = G.

Let^r be prime divisor of |G:A|, and let i be the first index such that*? | |Ai + 1:A¡|.

If q | |77|, then, since </■#/», |/7| must be square-free, and ^ is the maximal power

of q dividing |G|. If q \ \N\, then, since G is solvable and Kt is maximal in Ki + 1,

\Ki + x'Ki\ =q'- Let Q be a Sylow ¿/-subgroup of Ki + 1, then Ki + x = KtQ and Q^Nq

(Nq being the unique Sylow ̂ -subgroup of G). Also Q<\Ki + 1 and AçAi + 1. Since A

contains a Sylow/»-subgroup of G, and this last acts irreducibly on Gq, we must have

Q = Gq. This implies that q1 is the maximal power of q dividing | G : A |.

It is obvious from the former considerations, that any prime divisor of |G:A|

divides exactly one of the numbers \Ki + x:Ki\. Remembering that A contains a Sylow

subgroup of G, it follows that (S3) has at most « terms, where n is the number of

distinct prime divisors of |G|. Hence K is («-l)-maximal at most, and any «-

maximal subgroup of G is subnormal. This ends the proof of Theorem 8.

The existence problem for nonnilpotent groups satisfying the condition of

Theorem 8 is solved by means of the following result of Miller and Moreno [12,

pp. 400-402].
Let p and q be given prime numbers (/»#?); then there exists, up to isomorphism,

exactly one group S of order pqm, in which the Sylow q-subgroup is a minimal normal

subgroup, and with trivial center. For this group, m is the order ofq (mod /»).

Now suppose two sets of primes, {qx, ■ ■ ■, qr) and {plt. ■ -, ps} are given. We want

to construct a nonnilpotent group G, of type (b) in Theorem 8, such that {<71;..., qr)

is the set of prime divisors of \N\, while {/»j, ...,/>,} is the corresponding set for

\H\. We always take N to contain all the normal Sylow subgroups of G.

First suppose |77| =px. Either 77 centralizes Nq, where qe{qx,..., qr), or 77A, is

the group described in the Miller-Moreno theorem (with/»=/»i). 77 cannot central-

ize all the Nqs, for if it did H would be normal. Hence, there are exactly 2r- 1 possi-

bilities for the action of 77 on N, and the same number of groups G with |77| — plM

For any natural number m, we also have 2r—1 possibilities for groups G with

\H\ =Px- Here H is cyclic, 77pi ̂ Z(G), and G/77pi has the structure described in the

former paragraph.

Now let s> 1. Then we must have |77| =px- • ps. For any /»¡ and qh HPiNQj is

either cyclic of order pflj or is again the group described by Miller and Moreno.

77P( cannot centralize all the N„¡s, or it would be normal. Hence, denoting by rt

the subset of {qly..., qr) consisting of primes q, such that Hp¡Nq¡ is noncyclic, the

sets tj must satisfy

(i) Tj is nonempty.

(ii) If q} ET¡n Tk, q¡ has the same order (mod /»¡) and (mod pk).

((ii) follows from the last statement of the Miller-Moreno result.)
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For any system of subsets rlt..., r, of {qx,.. .,qr}, there corresponds exactly

one group G, and the number of such groups is equal to the number of such systems.

In particular, if s^r, we can always choose disjoint r¡'s, so (ii) is automatically

fulfilled. For s>r, however, it is possible that no group G exists.

Next, we consider the case in which |C| is divisible by n — 1 distinct primes.

Theorem 9. Let each n-maximal subgroup of G be subnormal. If w(\G\)^n—l,

then each Sylow subgroup of G is either normal or of one of the following types:

(i) Cyclic.

(ii) A direct product of a cyclic group and a group of prime order.

(iii) The group <a, b \ apm ' ' = b" = 1, b ~ xab = a1 + pm '2>, p a prime.

(iv) The quaternion group.

Proof. Suppose P is a nonnormal Sylow subgroup of G. By Theorem 7, P has a

maximal cyclic subgroup. We have seen in the proof of Theorem 7, that P is

« — 2-maximal at least, so each 2nd-maximal subgroup of P is «-maximal at least,

and is subnormal, by Lemma 2. But P is not subnormal, so P is not generated by

its 2nd-maximal subgroups. Working through the list of />groups with maximal

cyclic subgroups [e.g. 5, Theorem 12.5.1], we find that the only ones not generated

by their 2nd-maximal subgroups are those mentioned in Theorem 9.

Theorem 10. Let G be as in Theorem 9. Then G has a Sylow tower.

Proof. The conditions imposed on G are preserved in homomorphisms (possibly

with a smaller «). Therefore, it suffices to show that G has a normal Sylow sub-

group. Suppose this is not the case. Then, by Theorem 9, all Sylow subgroups of G

have cyclic maximal subgroups. Let M/N be any chief factor of G. Then M/N

is a/7-group, for some prime/?. Then M/N is elementary abelian, on one hand, and

has a cyclic maximal subgroup, on the other hand, so \M/N\ ^p2. This means that

the rank of G is at most 2. Since G does not have a normal Sylow subgroup, a

theorem of Huppert [7, Satz 14] forces \G\=2a3e. The assumption on |G[ now

implies «^3, and we must have « = 3, or Theorem 8 applies.

Let F=F(G). By Lemma 3, each 3-maximal subgroup of G/F is trivial. However,

G/F, being solvable, has a chain of subgroups such that each one has a prime index

in its successor (e.g. a composition series). This shows that |G/F| is a product of

three primes at most. If \G/F\ is a prime-power, then the Sylow subgroup belonging

to the other prime dividing |G| is contained in F, and hence is normal in G. That

leaves the possibilities: \G/F\=6, 12 or 18.

If |G/F| = 12 or 18, G/F has a subgroup K/F, which is subnormal, of prime

order, and 2nd-maximal. K is then a subnormal 2nd-maximal subgroup of G,

which is nilpotent by Lemma 1. Hence, KçF, a contradiction.

So |G/F| =6. Suppose F3=£ 1, and let a he an element of G2 outside F. Consider

the chain <,ay<=(a}F3^G2F3<=G. <.a}^F implies <a><J-^G, hence <a> is not

3-maximal which forces (d) = G2. Now G2 is cyclic, and G has a normal Sylow

3-subgroup, by Burnside's Theorem [5, Theorem 14.3.1].
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Therefore, P3=l. Now consider the chain G3<^G3F2^G. As above, G3 is not

3-maximal, so this chain cannot be refined. This says that G3, of order 3, is irre-

ducible on P2, so |P2| =2 or 4. If |P2| =2, then |G| = 12, and G has a normal Sylow

subgroup. If |P2| =4, then G is a group of order 24 possessing a self-centralizing

normal subgroup of order 4, which implies G £ 54 [ 17, p. 148]. But 54 has 3-maximal

subgroups (of order 2) which are not subnormal, a contradiction.

Let now G be any group satisfying the conditions of Theorem 9. Since G has

normal Sylow subgroups, by Theorem 10, we can form the subgroups N and 77

as in the proof of Theorem 8 (we may assume that G is not nilpotent), and consider

the chain corresponding to (S2). (Notice that the chain corresponding to (SI)

exists, by Theorem 10.) This can now be refined at one place at most. As in the

proof of Theorem 8, we can conclude from this fact the following:

N is nilpotent, and its Sylow subgroups are elementary abelian, with at most one

exception. \H\ has the form pl^pl2 • • -Pkk, "where the p¡'s are primes, ax ^4, a2^2,

and the rest of the at's are either zero or one. Any Hp induces on any Nq a group of

order p2 at most, and this is irreducible for all but at most one q.

Theorem 10 is no longer true for « — 2 replacing «-1, as the symmetric group

S^ shows. However, since all /»-groups with a cyclic 2nd-maximal subgroup were

determined [2, pp. 136-139], [10], [11], one can determine the structure of non-

normal Sylow subgroups of a group satisfying the conditions of Theorem 9, with

n —2 replacing « — 1, as in Theorem 9. This can also be done for « — 3, and odd /»,

using the results of [13].

Now we impose on G the stronger condition, that each «-maximal subgroup is

quasi-normal. The main result here is

Theorem 11. 7.ez each n-maximal subgroup of G be quasi-normal. If w( \ G \ )

^n-k+l (k^l),thenr(G)Sk.

Proof (by induction on |G|). Let M be a maximal subgroup of G. Then |G:M\

is a prime-power, so |M| is divisible by« — k = n— l+k+l distinct primes at least.

Hence, M satisfies the same assumptions as G, with «— 1 replacing «. By induction,

r(M)Sk.

Let 77 be any proper subgroup of G. Then 77 can be embedded in a maximal

subgroup, so the preceding paragraph implies r(77) S k.

Let Nbe any minimal normal subgroup of G, and let \N\ =pm. If/» | \G:N\, then

G/N satisfies the same assumptions as G, so r(G/N)Sk by induction. If/» f |G:7V|,

then G/N is isomorphic to a /»-complement of G ; hence r(G/ri) S k by the preceding

paragraphs.

Lastly, let G/K be any proper factor-group of G. Then G/K is a homomorphic

image of G/N, for some minimal normal subgroup N, hence r(G/K) S k.

r(G) Skis equivalent, by a result of Huppert [7, Satz 1 ], to the following : If 77 is a

subgroup of G, K is a maximal subgroup of 77, and \H:K\ =pm, with /» a prime,

then mSk. If H is a proper subgroup, this inequality follows from the same result
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and the already proven fact r(H)^k. So it suffices to show: if M is a maximal

subgroup of G, and \G:M\=pm, p a prime, then m^k. If M contains a proper

normal subgroup of G, N, then M/N is maximal in G/N, and \G/N:M/N\ = \G:M\,

so «7á/V follows from r(G/N)^k. This proves our result for the case that each

maximal subgroup of G contains a nonidentity normal subgroup of G.

We may assume, then, that G has a maximal subgroup M with MG = 1. By Lemma

4, M contains no nonidentity subnormal subgroup, and in particular, no non-

identity quasi-normal subgroup. That means that all («- l)-maximal subgroups of

M are trivial. M being solvable, this is possible only if |M| is a product of « —1

primes at most. On the other hand, since |G: M\ is a prime-power, the condition on

|G| implies w(\M\)^n — k.

Let N be any minimal normal subgroup of G, and let \N\=pm, p a prime.

Then NnM=l and G=NM, so G/N^M. Form a composition series of G

passing through N, and let G„ be the «th term of this series. Since \G:N\ has less

than « prime factors, Gn<=N. Also, Gn is quasi-normal; hence MGn is a subgroup,

and |MGn| = |Af| |G„|<|Af| \N\=G. Maximality of M forces MGn = M and

Gn= 1. On the other hand, |G: N\ having at least n — k prime factors, there are at

most k terms of our composition series between N and Gn. Hence 1^1 = |7V: C7n| ̂pk.

Now form any chief series through N. We have seen that \N\=pm, with p a

prime and m-ik. The corresponding fact for the other factors in the series follows

from r(G/N)^k. Hence r(G)^k.

Corollary 3. If each n-maximal subgroup of G is quasi-normal («^1), then

r(G)^n-l.

For « í¡ 4 (and with normality rather than quasi-normality) this is due to Huppert

[7, Sätze 23, 24] and Janko [8, Theorem 4].

Proof. If |G| has at least two distinct prime factors, this is obtained by sub-

stituting k = n— 1 in the preceding theorem. If |G| is a prime-power, r(G)=l.

Suppose that each «-maximal subgroup of G is quasi-normal, and that w(|G|) = «.

If G is nilpotent, it is of type (b) in Theorem 8. Moreover, r(G)= 1 by Theorem 11.

Since each Sylow subgroup of A' (in the notation of Theorem 8) is a minimal

normal in G, \N\ is square-free.

Conversely, assume G is a group of type (b) in Theorem 8, with \N\ square-free.

The proof of the inverse part of Theorem 8 actually shows that each «-maximal

subgroup, K, of G is contained in N, if \H\ is square-free, and in Nx Hp, if \H\ =pm.

Now K is nilpotent, so a direct product of its Sylow subgroups. These Sylow

subgroups are either Sylow subgroups of N, which are normal in G, or a subgroup

of Hp. However, Hv<\H(see proof of Theorem 8), and each subgroup of the cyclic

group Hp is characteristic, hence again normal in G. So, for such a group G, each

«-maximal subgroup is even normal (if | H | is square-free, each «-maximal subgroup

is the identity).

We can also improve Theorem 10. Thus, if each «-maximal subgroup of G is
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quasi-normal, and |G| is divisible by n—1 distinct primes, Theorem 11 implies

r(G)S2. According to Huppert [7, Satz 14], if/» is the largest prime dividing |G|,

GP<\G, unless perhaps /» = 3. Combined with Theorem 10, this shows that G has a

Sylow tower, which is ordered, except that the Sylow 2-subgroup may precede the

Sylow 3-subgroup (this actually occurs; consider Ax).

Lastly, we remark that the Miller-Moreno groups, mentioned on page 402,

show that the analogue of Theorem 11 for subnormal subgroups is false. Here

|G| =pqm, each 2nd-maximal subgroup of G is subnormal, and r(G) = m. However,

for appropriate p and q, m may be arbitrarily large.

4. Not necessarily solvable groups with subnormal «-maximal subgroups.

Theorem 12. Let G be a finite group, and let « and r be natural numbers. Suppose

(a) Each n-maximal subgroup of G is subnormal.

(b) If H is a subgroup ofG, and K is maximal in H, then w(\H:K\)Sr.

(c) M<|C?|)_(»-3)r+2.

Then G is solvable, or else « = 4, r = 3 and G ̂  PSL (2, /»), for some prime p.

Proof. If « S 3, Corollary 1 shows that G is solvable. Hence, we shall assume

« S 4. We have to distinguish certain possibilities for « and r.

I. /*= 1. In that case our assertion is that G is solvable, and it will be proved by

induction on |G|.

Let 77 be any maximal subgroup of G. Then 77 satisfies the same conditions, with

«—1 replacing «. H is solvable, by induction, so each proper subgroup of G is

solvable.

Let N be a minimal normal subgroup of G. Being solvable, N is a /»-group,

\N\=pm, say. If p | \G/N\, G/N is solvable by induction. If/» \ \G/N\, G/N is iso-

morphic to a subgroup of G, by Schur's splitting theorem [5, Theorem 15.2.2], so is

solvable by the previous paragraph. In any case G/N is solvable; so, if A' exists, G is

solvable. Therefore we may assume that G is simple.

Let 77 be a maximal subgroup of G. Then each (« - l)-maximal subgroup of 77 is

subnormal, and therefore is the identity, as G is simple. Since 77 is solvable, this

means that Q(|77|)^«-l. On the other hand, (b) and (c) imply w(|77|)^«-2.

Hence |77| is either square-free, or \H\=p2p2- ■ /»„_2, where the /»¡'s are primes.

Let P be any Sylow /»-subgroup of G. Then P can be embedded in a maximal

subgroup of G, 77, so |P| | |77|, implying \P\=p or \P\=p2. Hence |G| is cube-

free.

Let again H be any maximal subgroup. By assumption, [G:77| is prime-power,.

By the previous arguments, \G:H\ is a prime or a square of a prime. Now [5,

Theorem 10.5.7] implies that G is solvable.

From now on we assume r^2.

II. « = 4. If G is nonsolvable, an already mentioned result of Janko [8, Theorems

1, 2] implies that G is isomorphic to PSL (2, /»), for some prime/» > 3, or to SL (2, 5).
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|G| is divisible by at least r + 2^4 distinct primes, and this rules out SL (2, 5), of

order 120.

In order to determine the indices of maximal subgroups we need the following

facts.

The group PSL (2, q) always has dihedral subgroups of order q+l,q—l (for q odd),

or 2(q+l), 2(q—l) (for q even). These subgroups are maximal, with the following

exceptions: q=l, 9 for the order q+l;q = 2 for 2(^—1); q = 3, 5, 7, 9, 11 for q—l.

This is proved by inspecting Dickson's list of subgroups of PSL (2, q) [3, pp.

285-286].

In our case, the values q = 2, 3 are ruled out since the corresponding groups are

solvable. For q=5,7,9, the order of PSL (2, q) has only three different prime

divisors, and PSL (2, 11) contains properly the group A5, hence it has nontrivial

4-maximal subgroups. We conclude that G ̂  PSL (2, />), and G has maximal

subgroups of orders p + l,p — l. The indices of these maximal subgroups are

\p(p — 1) and \p(p +1). One of the numbers p — 1, /» +1, say p + e, has the form 4k.

Here k^l, 2, because the possibilities /» = 3, 5, 7, 9 have been ruled out already.

However, k must be a prime, since each 3-maximal subgroup of the group of order

4/c is trivial. Therefore, G has a maximal subgroup with index 2pk, so r^ 3.

p — e=2l, I odd. Here / is a product of two primes at most. The order of G is

!/»(/»—1)(/»+ l) = 4pkl. Since z-^3, this number must have at least five distinct

prime divisors, k being prime, this forces / to be a product of two (distinct) odd

primes. We now find (using Dickson's list and the fact that all proper subgroups of

G are solvable), that r=3 and |G| has exactly (« — 3)r+2 = 5 distinct prime divisors.

III. « = 5. Here we prove that G is solvable, by induction on |G|.

Suppose some proper subgroup 77 of G is nonsolvable. Then the previous case

shows that H^VSL (2,p), w(|77|) = 5, and r^3, which implies w(|G|)^8. Hence

w(\G:H\)^3.
Let N be a proper normal subgroup. If A^ is nonsolvable, it is necessarily maxi-

mal, so \G:N\ is a prime, contradicting the previous paragraph. Hence N is

solvable. In particular, if TV is a minimal normal subgroup, \N\=pm, p a prime.

If/» | \G:N\, G/N satisfies all our requirements, is solvable by induction, and so G

is solvable. If p\ \G:N\, Schur's splitting theorem yields G = HN, HnN=l.

77 cannot be nonsolvable since |G:77| =pm. Since G/N^H, we again find that G is

solvable.

So we may assume that G is simple. We could now use Janko's theorem (see

Theorem 5) to show that G ̂  PSL (2, q). However, in order to make the proof

more elementary (in particular, to avoid the Feit-Thompson theorem, which enters

into Janko's proof), we prefer to argue as follows. First, if 77 is a 2-maximal

subgroup of G, w(\H\)^2. Hence, each Sylow/»-subgroup of G is at least 3-maxi-

mal. Since each 5-maximal subgroup is the identity, the order of such a Sylow

subgroup is p2 at most. A result of Burnside [5, Corollary 14.3.1] shows that

12||G|.
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Let G2 be a Sylow 2-subgroup of G. Since the Sylow 2-subgroup of a simple

group is not cyclic, G2 is the four-group. N(G2)/G2 has a cube-free odd order, so

the same theorem of Burnside implies that it is a solvable group, and so N(G2) is

solvable. This implies Q(|A/(G2)|)^4, and since 4| \N(G2)\, w(\N(G2)\)^3. If

N(G2) is maximal in G, H'(|A/(G2)|)âr + 2â4, an impossibility. Therefore N(G2) is

at least 2-maximal, and D(|A/(G)|)á 3. G2 is not central in N(G2), because G is

simple [5, Theorem 14.3.1]. That leaves us the only possibility \N(G2)\=4p, p a

prime, and G2 = C(G2). Now we may apply the corollary on p. 554 of [4] to conclude

that G s PSL (2, q), for some odd 9.

G contains dihedral subgroups of orders q+l,q—l, which shows ü(q—l)^4,

Q(<7 +1)^4. Also, q — 1 and q + 1 have the common prime divisor 2, so the order of

G, \(q—l)(q+ I), satisfies w(|G|)?£7. The remarks at the beginning of case III

show that every proper subgroup of G is solvable. In particular, letting H be a

maximal subgroup, Q(|//|)^4, since 4-maximal subgroups in H are trivial, and

M'(|//|)är+2S4, by the assumptions of the theorem. Therefore \H\ is square-free.

Since each Sylow subgroup of G is contained in some maximal subgroup, |G| is

square-free, and G is solvable [5, Theorem 9.4.3].

IV. « > 5. We want to show that G is solvable. If H is a maximal subgroup of G,

induction or the case « = 5 shows that H is solvable. If G is nonsolvable repetition

of the argument in the previous case shows that G is simple. But then each «-

maximal subgroup of G is the identity. If H is as above, we find Q(\H\)Sn — 1

on the one hand, and w(\H\)^(n-4)r + 2^n—4 + r+2^n on the other hand, a

contradiction.

We note, that in the exceptional case G^PSL (2, p), we have seen that w(|G|) is

exactly (« —3)r+2. This yields immediately

Corollary 4. Let G satisfy assumptions (a) and (b) of Theorem 12. If w(\G\)

^(n — 3)r + 3, G is solvable.

We remark that Theorem 12 could probably be improved, by using deep recent

results on classification of special types of simple groups.
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