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1. Introduction. In this paper we shall employ the distorted plane waves

(generalized eigenfunctions) w*(x; ¿j) constructed in a preceding paper [1](2) to

investigate the problem of scattering in a perturbed infinite cylinder £2. We assume

that the reader is familiar with the notation used in I.

Generalized eigenfunctions were first used to construct a scattering operator

by Ikebe [2]. He studied the operators -A and -A+q(x) acting on L2(R"), where

q(x) is a potential function. This method was also used to construct a scattering

operator for the wave equation in the exterior of a bounded obstacle by Shenk

[5]. The exterior problem has been treated by Lax and Phillips [4], using a different

approach. They constructed the scattering operator with the aid of certain ab-

stract representation theorems. They then applied their theory to obtain a complete

set of generalized eigenfunctions of the reduced wave equation in an exterior domain.

The methods of [4] are not applicable in their present form to our problem.

We begin in §2 by defining certain Hubert spaces 3^0 and ^Cx of initial data for

the wave equation with zero boundary conditions in S and £2, respectively. (It may

easily be shown that all of the arguments in this paper carry over to the case of a

semi-infinite cylinder as well as to the case of the boundary conditions discussed

in I.) In Theorem 2.1 we establish the existence of a group of unitary transforma-

tions <$l0(t) WO] acting on 3fQ [Jr°].

In §3, we construct spectral representations for the operators ^0(0 WO]-

These spectral representations are expressed in terms of the functions w„(x; Ç).

In §4, we define the wave operators #"*. We prove that the operators iT* exist

as unitary transformations. This follows from Theorem 4.1.

We discuss the scattering operator ^=(^+)-1#"- in §5. An immediate conse-

quence of the existence of the scattering operator is a local energy decay theorem
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(2) [1] will be referred to as I.
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for the solutions p°(x, t) of the wave equation in S with finite energy, which vanish

on S. It is shown that

f [\Vp°(x, t)\2+\p?(x,t)\2]dx-+0       asi-^±oo

for each bounded subset B of S. No information is given, however, concerning the

rate of decay.

Finally, in §6 we extend the arguments of §4 to establish the existence, unitarity,

and invariance of the wave operators W±(y(A112), <p(y4j'2)) for a wide class of

real-valued functions 9. A result of this kind was obtained by Kato [3] for the case

in which Aa and A are selfadjoint operators whose difference is of trace class.

Shenk [6] treated the case in which A0= -A on L2(RN), and A = —A on L2(Q),

Q. being a domain with finite, smooth boundary.

2. The unitary groups. Suppose 5 is an infinite cylinder in RN (N^2) and Og5

is the perturbed infinite cylinder defined in I. For simplicity we assume that the

selfadjoint operator A has no point eigenvalues. The case in which eigenvalues

are present will be discussed in §4. We begin by defining Hubert spaces, J^0 and

#?, of initial data in S and Ü, respectively. Given ya)(x) in CÔ(&) and <pm(x) in

C"(Q), set <p = [(P(i), 9(2)] and

MI3r=  f [|V<Pa,(x)|2+|9>(2)W|2]^.
Jn

Define 3t to be the completion of Cq(Q) ® C0°°(Q) under the norm, ¡|    \\œ- We

define a Hubert space ^ similarly.

It follows from the definitions that ^0 = B0 ®L2(S) and JC = B ®L2(Q), where

B0 [B] is the completion of C"(S) [Co(ü)] under the norm given by Js | V^(jc)|2 dx

Lfn Iv<p(*)I2 dx]. It is easy to see that B0=ñ1(S) and B=fii(Q). This follows from

the estimate

(2.1) ll9l|o(.)[||9||o<0)]áC||V9||0tí)[C||VV||0loJ],

where the constant C is independent of the function <p(x) in Cq(S) [C"(Q)].

(2.1) is clearly equivalent to the fact that 0 is not in the spectrum of A0 [A].

We next establish the existence of solutions of the initial value problem for the

wave equation in Q. with zero boundary values on Ù. (The same proof goes through

for the homogeneous boundary conditions considered in I.) This will be accom-

plished by means of a separation of variables in the representation space

CO

H = © L2(-cc,cc;dpn(e))       where dpn(£) = de.
n = l

Theorem 2.1. Suppose <pa)(x) e Co(Cl) and <pm(x) e C0°°(Q). Then

(a) There exists a function p + (x, t) defined in ll x R1, satisfying the conditions

dkp+/dtke D(A),       for k = 0,1,...,

Ap+ = p¿,       and       p + (x, 0) = <p(1)(x),   pt+(x, 0) = <pm(x).
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(b) There exist functions a¿($) and ßn(0 such that

(pH-, o)na = «to) exp [i(e+Vny<2t]+ß:(o exp [-t(e+vj*ti

Also

(^F(->0)f(6  =  £(p. + (-,0)n+^).

(c)        \p+(-,oiu = 2 2 f (t2+v*)i\<(o\2 + \ß;(o\2]dt,
n = l J- <*>

wAere we define

Im+(-,0I2(„, = f [\Vp+(x,t)\a+Hx,t)\1dx.
Ja

Therefore energy is conserved.

(d) We may replace +~ by -~ to obtain a solution p~(x, t). We have

P + (x, t) = p-(x, t).

Proof, (a) Set

P+(x,t)= J  f"   <(x;0K(í)exp[i(í2 + ,n)1'2í]
(2.2) n=lJ-m

+ ß;(i)exr}[-i(e + Vny<2t]]dt,

where

(2 3) 2/(f»+O"VO0 = ¡(r + vJ^ViCia + ̂ Cfô,

2/(f+vB)^i(f) = /(f2+vn)i'v1,;(í)-<P(+2);(a.

By Theorem 5.1 in I, we have

(2.4) (p+)r(Í) = <(() exp [i(f + *n)1/a/]+/S»+(f) exp [-/(f+*„)"»/J.

Since 2."-iJ*-. \t> + »n\"\<pSQ(0\2dè<aD for7= 1,2, and If-1,2,..., we con-

clude from (2.3), (2.4), and Theorem 4.1 of I that p+ e D(AM) for M = 1, 2.

Set

Mk+(x,o= 2 f ^(x^)[iK(e+vnr2^(oexp{i($2+vny2t}
(2.5) n=lJ--

+(-W+".yW(0 exp {-ii^+O1^}] ¿Í,

k = 0, 1,.... It follows readily that the derivatives öK/^+(x, 0/dfK (considered in the

sense of distributions in £2 x R1) are equal to pk (x, t), « = 0, 1, — Now

iA*+)T(ö = -(í2+vn)(p.+)„+la = G*í)r(í) = («V/WtO-

Thus Ap+ = d2p+/dt2. From the definitions of /¿+ and px, it follows that p;+(x, 0)

= <Pi(x) and cfy*+(x, 0)/dr=<p2(x). This completes the proof of part (a).
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(b) This follows immediately from (2.4), (2.5), and the results of I.

(c) Integrating by parts and using the boundary condition and the spectral

representation, we have

\p+(-, on» = fa [ivm+(*, oi2+|^|^|2] dx

=  f [p+(x, t)(-Ap+(x, t))+ \pi+(x, t)\2] dx
Ja

= 2  f"   (^ + "n)|«n+(aexp[/(í2 + .n)1'2/]+J8n+(0exp[-/(P + vn)1'2í]|2
n = i J-co

+ \i(e2+vnyi2«:(e) exP [t(e+y^2t]-ne+yjiuißti& exP [-i(e+vjmt)\*

= 2j r [\<(o\2+M(ont2+»n)de.
n = i J-oo

This proves part (c).

(d) All of the preceding arguments go through with + " replaced by " ~. We thus

have a function p~(x, t) satisfying the conditions

0) (f»-)-Ä-af(ö«p [i(e2+vnyi2t]+ß;(e)ew [-i(e2+vnyi2t],

(ii) Ap-=ptl,
(iii) p-(x,0) = (Pl(x),

(iv) Pt~(x,0) = tp2(x), and

(v) dKp-/8tKeD(A).

We show that p+(x, t)=p~(x, t). Set v(x, t)=p+(x, t)-p~(x, t). Note that

(2.6) W-,0»i™+K-,Olli™+IM-,Ollo™ = cT

for \t | ^ T. Now, since r(x, ?) satisfies conditions (ii) and (v), we may apply Green's

formula and estimate (2.6) (to justify interchanging the order of integrations) to

obtain

f [\Vv(x,t)\2+\vt(x,t)\2]dx
Ja

= j dx £ ^ [| Vv(x, t')\2+\v,(x, t')\2] dt' + j [\Vv(x, 0)\2 + \vt(x, 0)|2] dx

= 2 Re f   )   [Vvt(x, t')Vv(x, t') + vt(x, t')Av(x, t')] dt' dx
Ja Jo

= 2 Re Í  |   [Vvt(x, t')Vv(x, t') + vt(x, t')Av(x, t')] dx dt'
Jo Jo

= 2 Re |   i [ - vt(x, t ') Av(x, t ') + vt(x, t ') Av(x, t ')] dx dt '
Jo Ja

= 0.
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This shows that p+(x, t)=p~(x, t). The proof of Theorem 2.1 is thus complete.

Q.E.D.
We denote p + (x, t) = p~(x, t) by p(x, t). We now define a group of unitary

mappings <f(0 from JF onto #t°. Suppose y}(x) e Co(Q),j= 1, 2, and <p = [q>x, <p2].

Set

(2.7) <%(t)<P = M-,t),pt(-,t)].

By the conservation of energy ^(t) is isometric. Extend °U(t) to all of ¿P by con-

tinuity. It is easily seen that they form a strongly continuous group of unitary

transformations from J? onto ^ i.e.

onto
K(t):JC->3f

(2.8) WO)"1 = WO)* = *(-0.       -oo < í < oo

*('iWa) = *(fi + *a). -» < in h < °0

lim || *(/)/-/| jr = 0       for each/in Jf
i-»0

Similarly if 93/x) e C?(S), y-1, 2, and <p=[<px,<p2], we set <^0(i)<p=[/x°(-, t),

/*?(•» 0]» where the function p°(x, t) may be constructed in the same manner as

p(x, t) with £2 replaced by S. Again ^0(0 may be extended to form a strongly

continuous group of unitary transformations from ^ onto Jt0.

3. The spectral representations. In this section we shall construct spectral rep-

resentations, ^~° and W*, for the unitary groups ^0(0 and ^(0> respectively.

The range of these spectral representations will be the Hilbert space H2 = H © H.

Suppose/= [fx,f2] e ^ Set

rt n r±/-_ ** _ _l/r(í2+"n)i,2/a,±n(a-//^(ai\

^"Ye H2- Similarly, for g= [gx, g2] in Jf0, set

(3 2ï sr»v - go - -L ;r(í2+*'n)1,2/a?n(a-^?„(ai\
1 ; g  g " v2iL(i2+vn)i,2/Ä(o+'/r2?„(di

Theorem 3.1. (a) ^"± « o unitary mapping from Jt onto H2.

(b) For each fin ^ we Aare

•í^WO/) = [exp {/(f2 + vn)1'2/}F(í)„(í), exp {-/(f+^Hft,«)!
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Proof, (a) We shall carry out the proof for the transformation ^"+. We first

show that <^~+ is isometric on a dense subspace of $c°. Suppose <p = [<pu <p2] e

(CT(ü)) © (c0"(ß)).

MI*- = Í t|V9i|9+Wa]<&
Ja

= ¿2 f i(t2+vn)Wti(o\2+w¿:(o\2]de
n=l J- 00

n=l J- co

using Theorem 4.1 of I.

\\^+<p\\h = h 2 r K^+^'ViCœ+^Cfâi2^
n=l J-co

+ if r K^+^'ViCtö-^Cd)!2^
n=l J -00

= *2 r (í2+-n)i<P(í);(oi2^+i2 f w^(o\2de
n=l J- 00 n=l J- °°

+i 2 r (í2+"")i<P(í,;(ai2^+i2 f i^cœi2^
j=lJ-« n=l J- 00

+i 2 f" a*'(ía+"»)i'vtc(O[^í:(O]*-í*(ía+»'»)i'8k+iC(í)]*^i:(0D«
n=l J-co

-i 2 f" (f'Xf+v„)i^-1,;(0[9'(2,;(a]*-í(í2+-n)i/2[<paC(a]V2C(í)])^
71=1   J-CO

= HI2.*

since

eo       -00

2 f" (£2+vn)ii2<piï(0[<p<+2?sm* de = 2 f (^^'ViaaitóO]*^
n=l J- oo n=i J - oo

=  (-¿1,:Vu), 9><2>)i,2<n)

again employing the expansion Theorem 4.1 of I. Note that * denotes the com-

plex conjugate. Thus we may extend 3~+ isometrically to all of ¿P.

We next show that ¡T^ is onto. Observe that H2 may be expressed as the direct

sum of two subspaces £r°E and £P°, where SPE consists of "even" elements of the

form F={[Fn(e),T-(T+y1Fn(e)]} and 6?° consists of "odd" elements of the

form G={[Gn(e), -T~(T+)~1Gn(e)]}. This may be easily proven using the uni-

tarity of T+ and T~. Now suppose F={[Fn(e), r-(T+)-1fn(;5)]} e SfE. It follows

from (3.1) that F=3T+f, where

(3.3) /=^2^-1,2(T+)-1{^n(a},0].
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If G={[G»(£), -T-tf+y^tf)]} e Sf°, then we have G=$~+g where

(3.4) g = ^[o,^(r+)-1{Gn(i)}].

Since H2 = SfE © 5^°, we have proven that^"+ is unitary.

(b) Suppose /=L/i,/a]6^ Then from (3.1), the definitions (2.3) of a+(¿¡)

and ß„(0< and similar definitions of a~(£) and ßn(£), it follows that

(3.5) f*f = V2 {[(i2 + v^'Vift (f"+ vn)1,2iS„-(0]}.

Using the definition (2.7) of C/(0, we have

r+(u(t)(f)

(16)     - ^2 {Kf+"»)iaMr(ö-»wn& (f2+v„)i/v„-^)-í(^)ñ^)]}.

Theorem 2.1 gives

AT^Ô - «íífíexp [/(|2 + vn)1'2í]+^(f)exp [-i(?+vny*t]

(pt)r(o = i(e+vnyi2cc:(t)exp[i(e+Vny2t]

-Kf+^ßid) exp [-i(i2+Vnyi2t].

Hence

(3.7) (f+^'V^O-íWí^í) = 2(P+vJu*«+(t) exp [/(P + O1,20.

Similarly

(3.8) (P + ̂ 'VríO + 'VOríO = 2(f + ,n)1'2J8-(í) exp [_/(|2 + ,n)1,20.

Combining (3.5), (3.6), (3.7) and (3.8), we see that Theorem 3.1 is proven.   Q.E.D.

We next obtain an expression for the inverse of ST±. Suppose F={[Fa)n(g),

F(2)„(f)]} e H2. Using (3.1) it is easy to verify that

(3.9)

(^±)-ljF =   72 [(r±)"H(f2 + "n)-1,2Fa)„(6} + (FT)-1{(P + Vn)-1,2F(2)„(0},

7 (r*)-HiWÉ»-7 (T±yi{Fa)M}

Finally we note that a theorem analogous to Theorem 3.1 holds for the trans-

formation $~° defined by (3.2). LT0)-1 is given by

(jroyiF=   1    \(T°)-i{(Ç2 + vn)-v2(F(Xh(Ç) + Fi2)n(0)}

(3.10) V2 L

+7(n-i{F(2)„(a-F(1)n(a}]'

where F={[F(1)„(a^„(0]}.
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4. The wave operators. We are interested in comparing the behavior of solu-

tions p°(x, t) of the wave equation in S with the behavior of solutions p(x, t) of

the wave equation in D as t -> ±00. To this end we define the wave operators W*

as follows. Suppose <p= [cpu <p2], where ^(jc) e Cq(S), j= 1, 2. Set ßy = \c«pi, <r<p2],

where o(x) satisfies the following conditions :

(i) o(x) e C"(£l),

(ii) o(x) = 0 for \xN\ úh, and

(iii) o(x) = l for h'-¿\xN\, where A<A'.

Recall that for A= \xN\, we have Q. = S. Extend ß by continuity to all of ^0.

Suppose/= [A,/2] e3f0. Set iT(t)f=q¿(-t)f<%0(t)fi Weshall prove in the next

theorem that iV±f=\\mt^ ± m i^(t)f exists in ^0 and may be given by (Jr±)-1tr°.

From this it will follow that ifr± are a pair of unitary mappings from 3t0 onto $f.

Theorem 4.1. Suppose/= [/i,/a] e ^0. TAe«

(4.1) W±f=l\mir(t)f=(J-±)-1Sr°f      m ne.
(-.±00

Proof. We shall carry through the proof for the case / ~> +00. Our aim is to

prove that

lim#-+W(t)f=3r0f
t-* CO

(4-2) = ^72 {[(í2+-n)i'2/(í>„(i)-i/'(o2)„(í), (í2+v„)i/2/(o1)n(o+^o2,„(a]}

in H2. We shall establish (4.1) for the following dense subset 2 of 3^0. 3s consists

of all those elements <p = [<pi, <p2] in ^ satisfying the conditions

(i)^(a = 0for«^M,
(ii) each tfi)n(e) e C^R1), and

(iii) each 9° >„(£) vanishes in a neighborhood of each of the points ± (vK - vn)112,

«=1,2,..., where j = 1, 2 and M is a positive integer.

Employing (3.1) and Theorem 3.1, we obtain

ár+if(t)<p = ± {[«We; 0, «W£; 01)

(4.3)

- V2

exp [-id2+"„)1/20

X [(f2 + v,,)1'W).+ "(0 - /(o/WXöl
exp [i(r,+"n)1/a/]

X [(P + vn)1'2(aii»)--(0 + /(aMO)--(|)],

Consider ®UM(|;/). First we make some definitions. For each function f(x) in

L2(S)[L2(Q.)], set ÍJoíO^expO-Mj^/It/ÍO^expOM1'2)/]. Suppose ib(x) e

Cq(S). Set ./^(jc) = o(x)<(>(x) and extend / by continuity to all of L2(S). Finally,

set W(t)f= U(- t)JU0(t)f for each/in L2(S).
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Using the properties of the spectral representations T0, T+, and T" as well as

the inversion formula (3.10), we have

«W¿; 0 = M^+^'Wí'W^fl-WO^'W'li)

+(u(-t)ju0(-t)<pa)n)^(e)+i(u(-t)ju0(-t)A0-i'2cp,2)n)+-(e)]

-M-WO^'W+tO+WO^+tí)

+(U(- t)ju0( -1 )A jvj+10+i(U(-tyud( - 09W+10].

Rearranging the terms on the right hand side of the preceding equation and making

repeated use of the triangle inequality, we obtain the following inequality

||^a,,(f;O-KP+O1/2#a),(0-^Oa).(í)]llH

úme+^n)ii2[(yv(t)'Paj+^)-9i\^)]\\H

+}IWo^w+10-(^vjo10IU

+ il^(0-'(¿W^O¿O1'NWíl0U

(4.4)        +mAii2u(-t)ju0(-t)<Pa^(o-(u(-t)JAí0i2u0(-t)cPw)r(e)\\li

+W(Aii2u(-t)jA^¡2u0(-t)9{2))r(e)

-i(u(-t)ju0(-t)<pi2))r(e)\\H

= «l/i(-, 0IU+ ||/a(-, 0IU+ II4(-, 0U+1/*(-, ou

+ \\h(-,t)\\H+\\i6(-,t)\U

In order to prove that the right hand side of (4.4) -> 0 as t->co, we establish

the following lemma.

Lemma 4.1. Suppose iji(x)eL2(S) and T0<¡i satisfies conditions (i)-(iii). Also,

suppose the bounded interval [a, b] does not contain any of the points {vK}, k= 1, 2,....

Then

Hm (w(t)4,)r(e) = #(¿)t-»± »

uniformly in e and n provided |2 +vn e [a, b].

Proof. Again we consider / -> +oo. Using the spectral representations T° and

T+, we have

W>rO»+l0 = Um. f    w:(x;e)o(x)
m->oo  JnM

• (.2 J", <(*; o exp {//[(í2+^i,2-(p+^)i/2M?(o ¿c) <&,
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where £2M consists of those points in £2 for which \xN\ ̂ M. It follows from I that

(4.6) max |wn+(x; f)| ^ C
xed

uniformly for f? + vn e [a, b]. Furthermore, integration by parts yields

W£/°(0^(x)| = U f  P   ̂ (x;l)exp[it(l2 + v,Y'2]^(Qdi
j = l J -co

= I 2 £ ¿y (exP ̂Xn]Mx) exp [//a2 + ̂ )1/2]#(ö di

= I 2 f^ exP [«*»] a¿y (^) exp W+v,)1'8]^) </£

^ C   for each J = 1,2,....

Hence

(4.7) U0(t)m = 0(\xN\-J).

(Similarly it follows that DKUo(t)4>(x) = 0(\xN\-J) for «c=l, 2,....) (4.6) combined

with (4.7) shows that the right hand side of (4.5) converges in the ordinary sense,

i.e.

(yV(tmr(0 =  f wn+(x; fía(x) J f"   Hf(x;Q
Jci j = 1  J- oo

(4.8)
• exp {it B2 + v,Y* - (f + v01/aM(0 <« <**■

Differentiating both sides of (4.8) with respect to t, we obtain

jt (w(mr(£) = i fo *:(x; twx) dx

(4-9) 2 P  K£a+"y)-(ia+'*.»«. 0
y= 1  J- oo

• exp {/< [(£2 + v,)1'2 - ($2 + vny2]}w%x, Q$(Q di,

where

(4.10)      lui, o = [a2+^)i,2-(i2+^)i/2]/[a2+^-(P+^)].

Li,n(i, 0 is a C°° function of ({■+»,)«■ for £ in the support of #(£).

Set

Fn(x; f ; r; .) - / J f "  w?(x; 0L,,n({, 0^(0
j = l  J - oo

(4.11)
■ exp {ft [(£2 + v,)1'2 - (e + vny>2 + »L,.B({, |)]} <#•
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Again, integration by parts shows that

D%Vn(xU;t; e) = 0((l + \xN\YM)   for M= 1,2,...,

and all multiple indices a.

Using (4.9), (4.11), integration by parts, the equation

Aw?(x;0 = -tt2 + v,)w](x;Q,

and the boundary condition wf(x; 0=0 on S, we have

(4.12) jt (WitWXQ - - J ^n(x; É; r; 0)(A + (|2 + vn))[a(x)wn+(x; ¿)] dx.

Note that (A + P-|-i'n)[CT(x)H'í(x; £)] has compact support in x since cr(x) = l for

|jcjv| è A'. Equation (4.12) and the definition of W(t) imply

(rV(TW)i"(e) = W¿)r(£)- f dt f Fn(x; f; r; 0)
(4.13) Jo      Jci

(à+(e+vJ)Hx)wi(x;i)]dx.

To show that the limit on the right hand side of (4.13) exists as T->ao, we prove

that

(4.14) Vn(x;Z;t;e) = 0((l + \t\)-2)

uniformly for x in compact subsets of S, P + vn in [a, b], all t, and 0 ^ e sign t¿l.

Set

M   (r ,   v      g[(^2 + ^)1/2 - (¿2 + "n)1/2 + ieLj.S, Q]

Multiplying both sides of (4.11) by t2, we have

t2Vn(x; f ; r; e) = -i | /^ «$(*í O&TO.n«, WiM (, «) aftp + v,)»")

(4.15) -(^.'(U.')^^

• exp {*[«■ + „,)"» - (|2+„J«" + fcLy>B({, i)]}) dl

It  is  clear  from  the  definition  of Mi<n(l, Ç, e) that  |Mi>n(£, i, 01 = L  Thus

|-WiTn(Ç» l)| = C Integrating by parts twice in (4.15) and using the fact that

Lj,n(l, f)2:0, we conclude that (4.14) holds and hence the limit in (4.13) exists. We

next evaluate this limit.

It is evident from the definition (4.11) that

Vn(x; f; t; e) -* Vn(x; f; t; 0)   as < -> 0
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uniformly for \xN\ bounded, £2 + vn in [a, b] and bounded t. Thus

lim f Vn(x; e¡ t; e)(A + (e2 + vn))[°(x)w¿(x; 0] dx
elO Jo

=  f Vn(x; e; t; 0)(A + (e2 + vn))Hx)w:(x; 0] dx.
Jo

Furthermore, it follows from (4.14) that

lim  f dt f  Vn(x; e; t; e)(A + e2 + vn)[o(x)w+(x; 0] dx
T-.00 J0 Jn

exists uniformly for 0 ̂  e = 1. Therefore, by the double limit theorem

- lim lim  f dt f Vn(x; i; t; e)(A + e2 + vn)[°(x)w¿(x; 0] dx
T-.ro e 10  Jo        Jfi

(4.16)

= -lim lim  I   dt \   Vn(x;e;t;e)(A + e2 + vn)[o(x)wi(x;e)]dx
exo r->» J0       Jn

According to equation (4.13), the left hand side of (4.16) is equal to

(4.17) lim (HTO)B+10-W)»+10-
T-* oo

We shall show that the right hand side of (4.16) has the value

(4.18) £ Ki(x; e)Kx) dx,       where K¿(x; 0 = w°(x; 0-a(;t)wn+(x; 0.

(We have extended o(x)w+(x; 0 to S— Ü by defining it to be zero there.) Once we

establish that the limit in (4.16) is equal to (4.18), the lemma will be proven.

Since (A + e2 + vn)w°(x; 0 = 0, we may replace — o(x)w£(x; 0 in (4.16) by

K¿(x; 0. Interchanging the order of the integrals, we see that the right hand side

of (4.16) is equal to

(4.19) lim f (A + e2 + vn)Kn+(x; 0 f Vn(x; f ; t; e) dt dx.
e 10 Js Jo

Employing the spectral representation T°, we have

f Vn(x; e; t; e) dt = - 2  f   w°¿x> ö#(ö
Jo ¡ = 1 J- oo

_Lj.rlL 0 dj_
• [({a+Vjy,2 _ (p+Vn)i/2 + j£jrt 0]

= - 2 Í" ^(x;0[a2+^)-(e2+vn)+ie]-^(0di
y = l J- oo

= ~[A0-(e2 + vn-ie)]-Wx)-+ zn(x; 0

uniformly for x in the support of [A + e2 + vn]K¿(x; 0, where the function zn(x; 0

satisfies the boundary value problem

(4.20) (A + e2 + vn)zn(x ; 0 = <P(x) in S,

zn(x; 0 = 0, on S, as well as the "incoming" radiation conditions at infinity.

Therefore J" Vn(x; e;t;e)dt-> zn(x; 0.
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Since the first integrand in (4.19) has compact support we may take the limit

under the first integral. Thus (4.19) may be expressed as

(4.21) J" zn(x; |)(A + $2 + vn)Kn+ (x; 0 dx.

Since for |xw| large, K„(x; f)= —v¡(x; 0 and zn(x; f) both satisfy the incoming

radiation conditions, we may integrate by parts and use (4.20) to conclude that

(4.21) is equal to (4.18). The lemma is thus proven.   Q.E.D.

We next want to show that each term on the right hand side of (4.4) -> 0 as

r -^ oo. Consider I2. Suppose t¡ -> oo as j -> oo. The sequence of elements

{T + (W(tj)Ay2<pa))} satisfies the condition

(4.22) T + (W(t,)Al'\a)) - T°Al'2<pa)

in H as tj -> oo (—> denotes weak convergence in the Hubert space). To prove this

we note that since <pm(x) satisfies the hypothesis of Lemma 4.1, Ay\a)(x) does

also. Hence it follows from Lemma 4.1 that

(4.23) ((w(t])Ay29a))r(è), xoU?+*¿)h -* (wwna xiaAt*+*.»»

as j -> oo, where [a, b] is an arbitrary bounded interval not containing any of the

points {vt} and xia.n denotes the characteristic function of the interval [a, b]. Since

the elements {xia,b](£2 + vn)} form a dense subset of H, (4.22) follows from (4.23).

We show that

(4.24) \\T+(W(t¡)All2Va))¡H^\\T°Ay2Va)\\H   asj-+co.

Using the isometric property of the transformations T0, T + , U0(t), and U(t),

then applying the divergence theorem, we have

| \\T + (W(tMo,2<PW)\\2H-\\ToAll2<p\\H\

= | \\JU0(tMl'\aAl^-\\vátMl'\aAl&>\

= I f o(x)A0l2Uo(tj)cpaix)ô(x)(Ay2Uo(tj)<pa)(x))* dx
I Js

- j ^e,2C/0(/í)<p(1)(x)(^¿'2C/0(íO<P(1)(x))* dx

= I f AlKU&^lxXA^V&foafc))* dx
I Js

+ j (o(x)2-\)Al'2Uo(t,)cpaÂx)(AV2Ua(t,)9a)(x))* dx

- j ^J,2[/o(/;)9(i,(x)(^è/2i/0(i>(1)(x))* dx

= I f (*(x)2-l)\Ahl2Uo(t})<PaÁx)\2dx\
I Js I

Ú cjB\Ay2U0(t,)<pa)(x)\2dx,
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where B is the support of o(x)2 — 1. Note that B is a compact subset of S. Using the

spectral representation T0 and integration by parts as well as properties (i)-(iii)

of T°<pm, it follows easily that

max \Ay2U0(t)<pa)(x)\ = 0(|f I"1)   for large \t\.
XEB

This completes the proof of (4.24).

We now apply the following well-known theorem. Given a sequence of elements

hj and an element A satisfying the following conditions in a Hubert space :

(a) hj -*■ A as j -> oo, and

(b) ||A,||-|A||asy-co.

Then ||Ay—A|| ->0 as/' —co.

In our case (4.22) and (4.24) show that the sequence T(W(t¡)Ao,2<pa)) and the element

T0Ao'2<P(x) satisfy conditions (a) and (b) in H. Hence we conclude that ||/a(-, t)\H

— Oasi — oo. Similar reasoning shows that \\h(-, t)\\H, ||/3(-, t)\\H and ||/4(-, OIU

->Oas / —oo.

Finally, consider ||/5|| and ||/6||. Since T+ and U(t) are isometric, we have

l|/5(-, oí« = \A™u{-tyu¿t%a,-u(-tyApuAtytol*m

and

,/«(■, OU = \Mwv(-tVA:wUdLtJrm-m-tVU¿t'>*»íttm.

where t'= —t.

\\U-,t)\\H s M1/2rF(0<Pu>-(r-)-%^2<Pu,lk™

+ \\(T-)-'T0Ay29w~ w(t')Ay2<pa)\\Lz{m.

Since i' -> -oo as f-> +co, we may apply Lemma 4.1 and the same arguments

as before to show that ||/5(-, OU-»-0 as i —oo. Similarly ||/6(-, /)||H—-0 as

t—> oo.

We have thus proven that

lim {0(1)n(£, i)} = {(f2 + "n)1,29<ï,„(0-/9(2°,„(0} in H.
Í-+00

It follows in the same way that

lim {O>(2>„(0 0} = {(£2 + "n)1,2&?)„(0 + ^(^(0} in H.
Í-.00

Since the elements <p = [<pi, <p2] are dense in 3^0, we have proven (4.2). Similarly it

follows using the definition (3.1) of 5"- that limt^ . x^~ if (t)f=^0f in H2.

Thus the theorem is proven.   Q.E.D.

We may remove the restriction that the operator A has no point eigenvalues.

All of the results of §§2-4 remain true with eigenvalues present. The unitary groups

°U(t) and the spectral representations ^'± are constructed in the same way. In

order to prove Theorem 4.1 for this case, we need the following lemma.
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Lemma 4.2. Suppose ¡/>(x) satisfies the hypothesis of Lemma 4.1. Suppose also

that X is an eigenvalue of A of multiplicity m and wa\x),..., w(m)(x) are the associated

orthonormal eigenfunctions. Then

(4.25) lim   (W(tW>, 1*«%» = 0,        lújúm.
(-. ± CO

Proof. It follows from I that m<cc. Let P, denote the space spanned by the eigen-

function wU)(x). Using the unitarity of U(t) and the definition of P¡, we have

\t(w(t)t,w«\m\2 = \t(p,w(ty,, w^u\a

= ll'W'MUIK'ILr»
(4.26)

= ||it/(-0F^t/0(0^l!!2(o,

= ¡tPjJUoMHw.

Now employ the spectral representation T° and integrate by parts. Thus

\tU0(tyKx)\ = I 2   P   t[e*P(i(? + *«)llat)M0«(i)<(x;Od$
| n=i J- co

= | -' 2 f_x 8((e+Vny2)texp ^2+v^l2t^w°^ nttw dt

(4.27)
00 «oo

2 £°m exP ('«"WO 8((g3 + yn)i/a) ($(«*; 0) de

Ú C\x„\.

It was shown in I that

(4.28) k°''(x)| á Ce-Ölx»>       (S > 0) for |*w| large.

(4.27) and (4.28) imply that

\\tPjJU0(tWL^ = \\tw«XJU0(t)i, w«>)(n)||?2(n)

,     v - \(tJV0(tw, w^)<n)\2
(4.29)

=   f  |ít/0(í)<A(x)w;(x)|2í/x
Jn

á c.

(4.26) and (4.29) together imply (4.25).    Q.E.D.

Combining Lemma 4.2 with the proof of Theorem 4.1, we easily see that this

theorem remains true even if A has eigenvalues.

5. The scattering operator.   In this section we apply Theorem 4.1 to the problem

of scattering in an infinite cylinder. We begin by establishing a local energy decay
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theorem for solutions p°(x, t) of the wave equation in S. Suppose/= [/i,/2] e ^

and [p0(-,t),p?(-,t)] = ^0(t)f

Lemma 5.1. If B is an arbitrary bounded subset of S, then

(5.1) Í [\Vp°(x,t)\2+\pf(x,t)\2]dx^0   aj/—±oo.

Proof. Suppose/y (j=l, 2) satisfies the hypothesis of Lemma 4.1. We may' use

the spectral representation «^~° and integrate by parts as in the proof of Lemma 4.2

to show that maxB \p°(x, t)\ = 0(\t\'1) and maxB \pf(x, 0| = O(|iI""1). (5.1) now

follows for arbitrary elements/in ^ by taking the limit in JP0.   Q.E.D.

Lemma 5.1 could also be proven by using the fact that the right hand side of

(4.1) is independent of the "cutoff" function <j(x). We now define the scattering

operator if as follows:

(5.2) S?f=(iT+yiW-f      for/in Jf0.

It follows from Theorem 4.1 that SP is a unitary transformation from ^ onto 3^0.

Another characterization of Sf is given by the following theorem. (Again for

simplicity we assume that A has no point eigenvalues.) Note that we are extending

the definition of the norm ||    \^ to all elements A = [A1; A2] e ^ by setting

WI3r= f  Whi(x)\2+\h2(x)\2\dx.
Ja

Theorem 5.1. Given arbitrary initial data g in JP, there exists initial data

f= L/i.A] m ¿?o such that

(5.3) \\®(t)g-®o(t)f\U ^0       as t — -oo,

and

(5.4) \\nt)g-¿P®o(t)fU^O       ast^+cv.

Proof. Set^Or-)-^. Thus m(t)g = ali(t)iV'-f. Using the definition of tT", the

unitarity of *%(t), and (5.1) we see that

(5.5) lim  WntW^f-WoWU = 0.
i-> ± oo

This implies (5.3). Furthermore

q¿(s)W± = s- lim <W(s-t)f<%0(t-s)<%0(s) = W±'W0(s).
(-►±00

Hence
y<w0(t) = çnr+yw-w^t) = (w+y^ow-

= <w0(t)(^r^ylw- = m¿t)¿f.

An application of (5.2), (5.5), and (5.6) gives

(5.7)    0= lim \\W(tW + (yf)-<%o(t)(yf)\U =  i™ ||#(0^-/-^*o(/>/V
£-»co í-*00

(5.7) clearly implies (5.4).   Q.E.D.
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Finally we note that the infinite cylinder S may be replaced by any perturbed

cylinder £2' satisfying the conditions

(a) Oçu'çS,

(b) £2' is a Cœ surface, and

(c) An- has no point eigenvalues(3).

It may be shown that all of the results of I and this paper hold for the operators

Aa and Aa = A. The proofs are essentially unchanged.

6. Invariance of the wave operators. In this section we establish the existence

in L2(£2) of the wave operators

W± = W±(<p(A112), <p(Al12)) = s- lim   W(t),
t-> ± 00

where

W(t) = exp [-¿<pL41,2)/]./exp [i<p(Ay2)t].

The functions 93(A) we shall consider satisfy the following conditions :

(i) <p(A) is a real-valued function defined on (vx, oo),

(ii) the interval (vb co) may be partitioned into subintervals IK = (XK_X, XK),

(i.e. (vx, oo) = U"= _M IK), where XK^vx as «->-oo, AK-»oo as k-+co, and

<p(X) e C4 for A in IK. Also <p'(A)#0 for A in IK.

Set U0(t) = exp [i<p(Al<2)t] and U(t) = exp [i<p(All2)t]. Let P denote the projection

onto the space spanned by the eigenfunctions of A.

Theorem 6.1. (a) W±=s — limi-,±00 W(t) are unitary transformations from

L2(S) onto (7-F)L2(£2).

(b) Suppose f e L2(S). Then ifcp'(X)>0 on IK,

(W*f)rO) - fn°(0      M t2 + vn in IK,

and if<p'(X) <0 on IK,

(W*f)V(Ç) = fm      for e + vn in IK.

The proof of this theorem follows along the same lines as the proof of Theorem

4.1 with A replaced by 9(A) and therefore will not be given. Note that the function

U(t)f=p(x, t) satisfies the initial value problem

pt(x, t) = icp(All2)p(x, t)       in £2,

(6.1)
p(x,0)=f(x).

We may construct the scattering operator associated with equation (6.1) in the

same manner as in §5.

(3) Condition (c) may be dispensed with by considering only the continuous part of the

operator Aa.
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All of the results of this paper hold for semi-infinite cylinders as well as for the

boundary conditions discussed in I. The proofs remain the same.
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