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Introduction. Given a Schauder basis {y,}®, in a complex Banach space B,
with | y,| =1 for all n, let a={a,}2. be a sequence of nonzero scalars such that
the linear operator T=1T, defined by T > ¢, ¥ =2 Caln+1Vn+1 is bounded. The
present paper is mostly concerned with the parts of the spectrum, cyclic vectors
and invariant subspaces of T. It is a continuation in every respect (including
numbering of theorems and sections) of the author’s paper [11], which was about
operators commuting with 7.

The main source on weighted shift operators are the papers [S], [12], [16], [18]-
[20] of N. K. Nikol'skii. A good deal of information is also scattered throughout
Halmos’ Hilbert Space Problem Book [13]. For unweighted shifts the best reference
is Helson’s book [3].

In §§8 and 14 we describe the parts of the spectrum of T in complete detail.
Taylor [2, p. 235] divides the spectrum of a bounded Banach space operator into
six parts. Five of these parts may appear in shift operators, but no more than 3 in
any one operator.

§9 constructs all invariant subspaces of T of finite dimension or codimension.

In [11] we noted that an operator S commuting with T is completely determined
by the element Sy,. §10 considers the outcome of assuming (A) that each element
S € Bis of the form Sy, for some commuting operator S. In particular we find all
(doubly) cyclic vectors of T under this condition. In §11 we construct explicitly the
ring of operators commuting with 7 when {y,} is the usual basis in ¢, or /; and
find n.a.s.c. for hypotheses (A) in these cases.

In §12 we give sufficient conditions for (A) for one-sided bases which leads in
§13 to the complete description of the invariant subspaces of certain 7. Also in §13
we find the smallest invariant (or doubly invariant) subspace of T containing an
element f whose coefficients decrease sufficiently rapidly.

PRELIMINARY DISCUSSION. A weighted shift is equivalent to an unweighted shift
on a nonnormal basis. In [11] we defined a new Schauder basis {z"}*,, for B, such

Presented in part to the Society, April 12, 1968, under the title Weighted shifts. I1: Cyclic
vectors of the backward shift; received by the editors March 24, 1969.
(*) This paper includes both part of the author’s dissertation [17] written under Professor
Lorch at Columbia University, and research supported by NSF Grant GU2582.
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that 7z"=z"*1 (generally with |z"li#1). For each fe€ B, f=3%, b,2"=4f(2), and
we have Tf(z)=zf(z).

This heuristic expression of members of B as ‘“Laurent series” suggests a
multiplicative and an analytic structure, both of which in fact do have significant
relationships to the operator 7. For example, let #={f(z) € B| f(z)g(z) € B, for
all g(z) € B}. A bounded linear operator commutes with T iff it is of the form
f(T): g(z) — f(2)g(z) for some f(z) € # [11, Theorems 1 and 2].

For convenience we reproduce here from [11]:

(2.1) There exists M >0 such that if f(z2)=2>%, b,z" € B then

|bal = M|S1/I2"] for all n.

The following result is used implicitly in this paper: If the Laurent series >, b,z"
and 3%, c,z" both converge to analytic functions on a common annulus, then their
formal product > 7. _» (3% - bjc,-;)z" converges on that annulus to the product
of those functions.

7. Analytic behavior in B.

DEFINITION. Let

I* = liminf |z*|*™, Q" = lim sup ||z]*'",
n—so n—so

I- =limsup |z"|*", and Q- =liminf |z"|.
Nes = © N~ ~ O

We have R,SI*<Q*=<R;and R,sQ =I"=£R,.

THEOREM 11. If f€ B then

(1) £*(2) converges to an analytic function in the region |z| <I*.

(2) f~(2) converges to an analytic function in the region |z|>1".

(3) IfI-<I*, then convergence in B implies uniform convergence of the associated
analytic functions on compact subsets of the region I~ < |z| <I*.

Proof. Let f(z)=3 b,z". (1) According to (2.1), for n>0, we have

sl = M| S1/12"].
Thus
lim sup |b,|*" £ lim sup ||z"]| "1™ = (lim inf ||z"||‘"')“1 = (I*)"1
N -0 n— o n—so

(2) Is proven similarly, using (2.1) for n<0.
(3) Given s and t with I~ <s<t<I*, it suffices to show the existence of a

constant K such that if s<|A| <¢, then | f()\)] < |fIIXK for all fin B. Now

Lf()] = Z |bal [A]" = Z 16az" ” n” “f"M(z ”zn" ":-w "S:”)

n=0

where we use (2.1) at the last inequality, and the convergence of the final sums
follows from the definition of /* and I-.
Note that fe Biff ft e Band f~ € B.
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THEOREM 12. (1) If f*(2) converges to a function analytic on a neighborhood of
the set |z| < Q*, then f*(2) € B.

(2) If f~(2) converges to a function analytic on a neighborhood of the set |z| = Q~,
then f~(z) € B.

Proof. (1) The hypothesis implies that 3., |b,|¢" <o for some t> Q*. By the
definition of Q* there is a constant X such that ||z*|/t*< K for all n20. It follows
that the series for f* converges absolutely in B and we have ||f*(2)| £ 3§ |b.]z"|
<K 37 |bs|t™. The proof of (2) is similar.

It is easy to check that not every power series f *(z) with radius of convergence
equal to Q* lies in B.

THEOREM 13. (1) If f(z)=f*(z) € B and r,, the radius of convergence of f(z)
satisfies r;< Q*, then for each J with r,<J< Q* one can write f(z)=f,(z) +/(2),
where the power series f,(z) has Hadamard gaps and the radius of convergence of the
power series fo(z) is not less than J.

(2) A similar proposition holds when f(z)=f"(z), with Q* replaced by Q~.

Proof. Pick Ksuch that I* sr,<J< K< Q*. (The first inequality is Theorem 11,
part (1).) According to the definitions of /* and Q*, there must exist an infinite set
of positive integers m and corresponding integers m’ > m such that

® - ) sJm, I < 2] < K™Y form < m4j < m,

and
lz¥] =z k™.

We now estimate the minimum value of m’—m. We have
IT|™=" =z |z|/|z"] z (K/J)™.

Thus m'—m2 (log (K/J)/log |T|)m=0m. Let M,={n: |z*|sJ"}. If m and m’
satisfy (*) and j<0m, then m+j¢ M,. If f(2)=35 b,z", define f1(2) =2 e, bn2"
and f3(2)=Snem, baz". Now f,(2) clearly has Hadamard gaps in its power series.
A proof similar to that in Theorem 11 will show that the radius of convergence of
f2 is not less than J.

8. Some analysis of the spectrum of 7. We shall be concerned in this section
with propositions % about shift operators T, depending on a complex parameter A,
which are (1) true for all shift operators when r; <|A| <r; (where r, and r, will be
functions of a), (2) true for some shift operators whenever and only whenever
riS|A| S£r; and A#0, and (3) false for some shift operators when 0+# [A|=r;Sr,
or when r; Sr,=|A| #£0. We will say “the situation is ambiguous on the boundary”
to describe the situation above. The construction of examples in the ambiguous
case will not be given.

DerINITION. If f(2) is a rational function with no poles at zero or infinity let
f(2), and f(2) - be its Laurent expansions converging inside a zero-centered circle
and outside a zero-centered circle respectively.
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THEOREM 14. (1) X is in the point spectrum of T iff ( A—=2)7*—(A—2)-1€ B.
(2) Condition (1) holds if Q* <|X\| < Q™ and
(3) only if Q* S |A| £ Q™ and A#0.

The situation is ambiguous on the boundary.

Proof. (1) Simple calculation shows that as Laurent series (A—2z)f(z)=0 iff A#0
and f(z) is a multiple of A(A—2)7*—(A=2)ZY) =32, A~ "z"

(2) When Q* <|A| < Q~, Theorem 12 shows that (A—z);'—(A—2z)Z? lies in B.

3) If f(z)=>%, A~"z" € B, then by (2.1), |A~"|= M| f] |z*|~* for all n. For
n>0, |A[Z(M|f)="|z"|*"™ so [A|z @*. For n<0, [A|S(M|f])-*"|z*|*" so
N=o-.

Norte. For{y,}%, an orthonormal basis in Hilbert space these facts are found in
[12, p. 188].

THEOREM 15. (1) €4(T—MN)B)# B iff the mapping &,: > b,z2" — 3 b,A" is a
bounded linear functional on B.

(2) Condition (1) holds if I~ <|X\| <I* and

(3) holds only if I~ £|A|£1* and A#0.
The situation is ambiguous on the boundary.

Proof. (1) Suppose €/((T— A)B)+ B. Then there exists a nonzero bounded linear
functional F on B vanishing on €/(T— A)B). We have F(z— A)z*=0 for all n. Thus
Fzr*1=)\Fz" so F is a scalar multiple of &,. Conversely, if &, is continuous it
vanishes on €4((T— A)B), but &,+#0.

(2) The continuity of &, for I~ < |A| <I* follows immediately from Theorem 11
part (3).

(3) Suppose |&,] <M. Then |A*| < M||z"| for all n. For n>0, |A| S M"| 0|2
so [A|SI*. For n<0, [A|2M'"|z|*™ so |[A|21~. When A=0, €4(T—-A)B)=B
and &, is not bounded.

We now turn to questions of invariant subspaces and cyclic vectors, but shall
return to examine the spectrum in more detail in §14.

9. Invariant subspaces of finite dimension and codimension. We use the word
subspace to mean a closed linear manifold. We use the unqualified word invariant
to describe a set N< B such that if f € N then Tf € N. We say a set N is doubly
invariant if it is invariant and whenever fe€ N and z~'f € B then z~-fe N. We
denote by C; and E; respectively, the smallest invariant and the smallest doubly
invariant subspace of B containing f. We say a subspace N is of codimension n in
B if the quotient space M=B/N has dimension n. Let f — [f] be the natural map
from B to M. If N is an invariant subspace then the operator Ty on M defined by
Tumlf]=Izf] is bounded.

LemMA 1. (1) Let N be an invariant subspace of finite codimension n in B. Among
those polynomials satisfying p(T)B< N there is a minimal monic polynomial p. p is
the minimal polynomial of Tp. Degree p=n. €£(p(T)B)=N.
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(2) Let N be an invariant subspace. If p(Tp)=0 for some polynomial p, then
codimension N is finite.

Proof. (1) Note that p(Ta) =0 iff p(T)B< N. Thus the existence of the minimal
polynomial is assured and it is the minimal polynomial of Ty, p. N, =64 p(T)B)= N
so that the natural maps B — B/N, — B/N are surjections. Thus the sequence
{[z"]}2» is complete in B/N,. But [z"p(z)]=0 in B/N, for all n. It follows that
{[z*]} ! is complete in B/N, where m is the degree of p. So dimension B/N, <m.
But p is the minimal polynomial of Tas so m<n. It follows that the second map
above is an isomorphism, n=m and N;=N.

(2) As above, the hypothesis implies that {[z*]}2~! is complete in M where m
is the degree of p, so dimension M is finite.

Theorems 14 and 15 give sufficient information to enable us to describe the
invariant subspaces of dimension and codimension 1. A one-dimensional invariant
subspace is constructed by choosing an element of B of the form (A—z);1—(A—2z)Z?
as its basis. This can be done if 0* <|A\|<Q~, only if Q* <[A| Q" and A#0,
and the boundary situation is ambiguous.

If N is a one-codimensional invariant subspace, Lemma 1 shows that

N = €/(T—MNB)

for some A. Thus a one-codimensional invariant subspace is constructed by choosing
A such that &, is bounded and letting the subspace be the set of elements of B
which vanish at A

We shall generalize Theorems 14 and 15. The new proofs are too similar to those
theorems’ to be included. As corollaries we shall find all finite dimensional and
finite codimensional invariant subspaces.

THEOREM 14A. (1) kernel (T— )" kernel (T—A)"~?! for n>0 iff
(A=2);"—(A—2)-"€eB.

(2) Condition (1) holds for all n>0 if Q* <|A|<Q".

(3) Condition (1) holds for no n>0 unless Q* < |A| < Q~ and A#0.

(4) Ambiguity on the boundary: For each X “on the boundary” there exists k, a
positive integer, 0 or o such that condition (1) holds if k\2n>0, and fails to hold if
n>ky. (The value of k, is * ambiguous™.)

THEOREM 15A. (1) €A(T—-N"B)E€/(T—N""'B) for n>0 iff the mapping
f(2) = EA(D*f(2)), which evaluates at X the (n—1)st formal derivative of each
f(2) € B, is a bounded linear functional on B.

(2) Condition (1) holds for all n>0 if [~ <|A| <I* and

(3) holds for no n>0 unless [~ < |A\| <I* and A+#0.

(4) Ambiguity on the boundary: For each X “‘on the boundary” there exists j, a
positive integer, 0 or oo such that condition (1) holds if j,Zn>0, and fails to hold if
n>jy.
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We construct any finite dimensional invariant subspace N by choosing points
A, i=1, ..., j, satisfying Q* =|A| £ O~ and A;#0, and choosing positive integers
m;, with m;<k,, if A, is “on the boundary™. Let N be the subspace with basis
{A=2)3"=(A\=2)z" | i=1,...,j, 1 £n<m}. Since

A=T)A=2)3:"=(A=2)I") = A=2);"* 1 =(A=7)""?

if n>1, or =0if n=1, it is clear that N is invariant. That every finite dimensional
invariant subspace must be of this form follows easily from Theorem 14A and the
well known structure of operators in finite dimensional spaces.

Dimension C; is finite iff f=(g(z)), —(g(2))- for some rational function g(z).
The formal equation z~}f=z"1(1/A)(A—z)f+(1/X)f shows that every finite dimen-
sional invariant subspace is doubly invariant.

We construct any finite codimensional subspace NV by choosing points A, i=1, .. .,j
satisfying I~ = |A\| £1* and A#0, and choosing positive integers m;, with m; <,
if A; is ““on the boundary”. Let N be the set of f(z) € B which vanish to degree at
least m; at each A, (that is, &,(D"f(z))=0if A=}, and 0 =n<m;). Codimension N is
Sioimi [Tie; (z—A)™ is the minimal polynomial of Tu. 1t is clear that any N
chosen as above is not only an invariant subspace but is doubly invariant also.

Conversely if N is invariant of finite codimension, the minimal polynomial p of
T can be factored as above. It is an easy consequence of Theorem 15A that A, and
m; must satisfy the restrictions listed above. By Lemma 1, N=%¢(p(T)B) so N is
included in the examples above.

10. When B is an algebra. As sets of power series, & < B. Throughout this
section we shall investigate the case where & =B. Theorems 1 and 2 show that
F =B iff f(z) € B and g(z) € B imply that f(z)g(z) € B.

Note 1. Thenatural map from & to B which sends f(z) to f(z) is norm-decreasing:
If@) 8= AT)1|s< | AT)| = | f(2)|5.1f F = B thismap (which preserves products)
is 1-1 and onto so & and B are topalgebraically isomorphic. Thus we can transfer
ideal theory from & to B and {z"}, is a Schauder basis in Z.

THEOREM 16. Suppose F =B. Then (1) spectrum T=D={z| R;<|z|£R,}.
O<R,=Q =I"=<I*=Q*=R,.

(2) jx21 for each point X “on the boundary”. There is one maximal ideal of B
corresponding to each point A of D, and the associated multiplicative functional is & .

(3) If f(z)=3 b,z" € B, then the Laurent series > b,z converges uniformly (as a
Sfunction) on D to the function f(z) (which must then be continuous on D and analytic
in the interior of D).

Proof. Let N be a maximal ideal in #(=B) and let F be the associated multi-
plicative linear functional. z— A € N for a unique complex A, so F(z—A)=0. Then
F(z*(z— X))=0 for all n. Thus F(z"*!)=AF(z"), and we also know that F(1)=1, so
Fis &,. By Theorem 15, part (3), we must have /- < |A|£I* and A#0.
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Now suppose A € spectrum 7. Then there exists a maximal ideal NV in #(=B)
such that z—Ae N. Thus spectrum T<{A|[~ <|A|</* and A#0}. But by
Theorem 6, D<spectrum 7. (1) and (2) follow immediately.

The multiplicative functionals &, are all of norm | on # and so are uniformly
bounded on B for all A € D. Thus convergence in B implies uniform convergence
on D. Since for each f(z)=3 b,z" € B, the series converges in B to f(z), part (3)
follows.

THEOREM 17. If & =B every doubly invariant subspace is a closed ideal and vice
versa. E;= B iff f has no zeros on D.

Proof. Since T-! is bounded, a doubly invariant subspace N is invariant under
both T and T-1. Pick fe N and g=3 b,z" € B. Since fe Z, gf=> b,z"fe Nso N
is an ideal. That every ideal is doubly invariant is trivial.

We conclude that E, = B iff fis contained in no proper ideal iff &,(f)#0 for all
Ae D.

NortEe 2. If we had been working with a one-sided basis {y,}¢ the statements of
the last two theorems would have to be varied slightly. In particular, &, would be
bounded for A=0. Also in the above theorem we would replace E, by C,, and
“doubly invariant™ by ‘‘invariant”.

THEOREM 18. Assume & =B. Suppose f does not vanish on the zero-centered
circles of radii R, and R,. Then E, is of finite codimension. E; is the set of functions
vanishing to at least the same orders at the same points as f.

Proof. Let M=B/E,=%/E,. Since E, is a closed ideal, M is topalgebraically
isomorphic to a quotient Banach algebra. Each maximal ideal in M is the quotient
of a maximal ideal in B containing E,, the smallest closed ideal containing f.
Thus the associated linear functionals to maximal ideals in M are of the form
[g] = €(g) for precisely those A for which &,(f)=0. Using the same arguments
as in the proof of Theorem 16, we may conclude that spectrum Tjs=zeros of
JSf<interior of D.

f(z2)=73 b,z" converges uniformly in some neighborhood of spectrum Ty so the
usual functional calculus defines f(Tar) =2 b,T4s where the series converges in the
uniform operator topology. Now f(Tam)[1]1=3 b,Ta(l]1=3 ba[z"]=[f]=0. Also,
since f(Ta) commutes with Tas, f(Ta)[z™]=f(Tas)Tag[1]=0 for all m. Lorch [,
Theorems 8 and 9] shows that if under the usual functional calculus, a function of
an operator is zero, that operator satisfies a polynomial identity. Part (2) of Lemma
1 then shows that E, is finite codimensional.

According to our description of invariant subspaces of finite codimension, E;
must be the set of all elements of B vanishing at certain specific points to at least
certain specific orders. But clearly every element of E, vanishes wherever f does,
and to at least as high order as f (note that we do not admit the concept of an
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element in B vanishing at A “on the boundary” to any order higher than j,).
On the other hand, fitself vanishes only as f does. Thus E; must be as advertised.

(Note: working with one-sided bases we must replace E, above by C;.)

NoTe: When B=4, the method used in the above proof allows us to find the
spectrum of f(Tn) for any (doubly) invariant subspace N and any fe #. The
analogous problem when B is the space H2 (and # = H*) has been solved by P.
Fuhrmann [14].

11. Shifts on ¢, and /;. In this section we study “shifts on ¢, and /,”, that is
weighted shift operators on the usual basis of these spaces. The fact that the norm
of an operator on ¢, or /; can be calculated from the coefficients of its matrix makes
possible more precise information in this setting.

We use two-sided spaces. We define ¢, to be the set of sequences e={c,}%
converging to zero in both directions, and with the sup norm. For /; we require
>%w |€a] <00 and this sum is the norm.

The transformation Te=d where d;=2>2 _ , a;;c; is a bounded linear operator
from ¢, to ¢, if the matrix (a;,) satisfies lim;_, a;;=lim,. _, a;;=0 for all j, and
sup; >% -« |ai;| <o, and this last constant is then the norm of the transformation.
For /; the requirement is sup; 22 _ |@;;| <o and this constant is the norm of T.
(Cf. [2, p. 217 and p. 220] for similar results for the one-sided spaces.)

The usual basis of ¢, or /, is {y,}*. Where y, is the sequence with 1 in the nth
place, 0 elsewhere. This is an N-basis (see Theorem 10).

In the remainder of this section we shall assume that T is a shift on ¢, or on /;.

THEOREM 19. In ¢y, f(z)=3 b,2" € F iff-

lnm |bi-j| JIZf] = lxm =0 and sup z |6 - ”sz < .
it

and this constant is || f(T)|. For l,, the corresponding requirement and constant is

A = sup. z 16| Hi}l

Proof. The matrix of f(T) with respect to the usual basis in ¢, or in /; satisfies
|a| = b -] | 2] /] 2]
COROLLARY 3. If f(z)=73 b,z" € &, then in the strong operator topology

lim j b, T = f(T).

k,j=® n= —k

Proof. First, calculation of operator norms by the formulas of Theorem 19
shows that | 3] _, b,T"| < | A(T)|.
We must show that
k)

* lim > b,I"g =f(T)g forallgeB.

k,j—= n= ~k
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This equation holds for g=z™, because z™f lies in B for all m, and (*) simply
expresses the fact that the Laurent series for z™f converges to z"f in B. Because of
the uniform boundedness of the operators proven above, (*) then extends to hold
for all elements in the closed span of {z"}%.,.

COROLLARY 4. If N is a doubly invariant subspace and f € &, then N is invariant
under f(T)(®).

THEOREM 20. (1) If f=3 b,z"€e F thenf* € F andf~ € #.
) If fe &%, f*(2) is bounded on the region |z| < R,, and f~(2) is bounded on the
region R, < |z|, both bounded by | f(T)|.

Proof. (1) is a simple consequence of Theorem 19. When R, < R,, (2) is implied
by Theorem S.

We may assume |f(T)|<1. Then by Theorem 19, |f*(T)|<1. We have
|ba| RES |6.T™| S | f*(T)| £1, for all n20, where the middle inequality follows
from Theorem 19, and the first inequality is derived as follows: By Theorem 10,
the spectral radius of T=R,. Thus the spectral radius of T*=R} < || T"|.

We calculate |f*(A)| S35 |ba] |A"=2 |ba| RE(JAI/R)*S (1 = (JA|/Ry)) =5, for
|A| < R;. Since we also will have |(f*)*(T)| =1 for n>0, a repetition of the above
argument shows that | f*(})|* <s, for all n>0. We conclude that |f*(A)| 1.

A similar proof works for f~.

We have proved in Theorem 20 that if R, = R, and f € &, then f(z) is the * Fourier
series” of a function bounded and measurable on |z| =R,.

COROLLARY 5. If R;<R; or if R,=0, T has no reducing subspaces. Suppose
Ry;=R, and N is a reducing subspace. Then there is a measurable subset E of the
circle |z| = R, such that N is the set of f(z) in B vanishing on E, in the sense that
N={fe B| p(2)f(z)=f(2)} where p(z) is the *“ Fourier series” of the function which
is equal to 0 on E, and | on the rest of the circle.

Proof. By definition a reducing subspace is the range of a nontrivial projection
which commutes with 7. Thus we have N=p(T)B and (p(T))?*=p(T). Corollary 2,
in §3 shows this can only happen if 05 R, = R,. In this case we have (p(2))*=p(z)
as formal series, so p(z) is the ““Fourier series” of a measurable function taking
on only the values 0 and 1. The corollary follows without difficulty(*).

(®) Added in Proof. In The commutants of certain Hilbert space operators, (to appear) A. L.
Shields and L. J. Wallen have proven that any operator commuting with a weighted shift on
the one-sided 2 space is a weak limit of polynomials in the shift. Therefore Corollary 4 holds
for these shifts also.

(*) Added in Proof. A weighted shift on ¢, or /; has no nontrivial reducing subspaces. The
author is grateful to M. Hilden for the following argument: For convenience assume R;=1.
Suppose p(z) =32, baz", and let f(e'®)=3 7 bne'™®. Re f(e') = p(e'®) =characteristic function of
E. By Theorem 20, f(e'®) € H®. Then g(e*®) =2/ e H=. Im g(e*)=0 a.e. Since a function
in H® is determined within a constant by its imaginary part, g(e'®), f(e'®) and p(e'®) are all
constant.
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The above proposition is true (and well known) for the unweighted shift on an

orthonormal basis in Hilbert space. Helson [3, p. 7] attributes it to Wiener. Halmos
[4, p. 493] seems a bit doubtful about that

THEOREM 21. B=% iff

| |
supj_zw |'z’|'| |izl‘ =7 < o (for co)

and iff

Iz+7]
p N < oo (forl).

Proof. Suppose B=%. Then Note 1 of §10 implies that there exists a constant K
such that | f(T)|| = K| f] for all fe B. In co: f(z)=37. _ |2"| ~*z" has B-norm |
Then

i+m
Kz |AT)| = su
VOl = 2 T
using Theorem 19. In /;: f(z)=]]z"|| ~*z™ does the trick
Conversely: If f(z) € B, then in c,,

Dl =swp 3t 5 s Ut s 3 e

where we used (2.1) at the last step. We must also check that z*f € B for all n and
all f € B. This follows since

[Eall

W <%

which implies R, >0, and then T~ is bounded by Theorem 10
In /;,

D =53 3 bl {57

" 1]
= Su b z‘ I (__l"———) é SUp s————7°
o 3 1o 12N (i) € 1 sup i
since 37 a [ty 12~ =11

12. One-sided bases. Suppose throughout this section that we had started with
a one-sided basis {y,}& and the sequence a={a,}7 to determine a shift operator T

We derive conditions guaranteeing B=%. This will lead, in §13, to theorems
concerning invariant subspaces.

THEOREM 22. If there exists m>0 such that

© k-m

TR
k=2m i=m "Z‘" "zk_i"
then B=% and I* =0.
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Proof. Let f=37 b,z* and g=3>§ c,2" lie in B. Then f=p+u and g=q+v
where p=37"1b,z" and g=37""! c,z". The product u(z)v(z) lies in B. In fact

e

k=2m i

k

:Z lbici -z < M2|u| |v] i z “zs"”ﬁkzk T < 0,

k=2mi=m

where we use (2.1) at the middle inequality. Then fg=pqg+pv+uq+uv lies in B.
B=%.To show I * =0 note that we have

S Eall
sz 17577

Thus lim, |2%]/]z*~™] =0 and lim,_. o |z]*=0.

< 0.

THEOREM 23. Suppose {yn}s is an N-basis (see Theorem 10) and ||Ty|=1. Then
if there is an m>0 such that

2 |2+
2. S T <

B=% and I'* =0.

Proof. As in Theorem 22 we let f=p+u and g=q+v and show wuv lies in B.
Note that {y,}m is also an N-basis for the space it spans and that T; restricted
to this space has norm 1 also. Using (6.1) and (2.1) we obtain

i+7
- = sup 1 lad
luv] £ 3 luc,!| < NM|u] || > 5—%
j=m j=m
= NMul || ,Z sup ‘" : ”," < ®.

The proof that I * =0 is the same as in Theorem 22.

13. Invariant subspaces. If T is a shift with weights a={a,}? on a one-sided
basis {y,}g then for n20, B,=%/T"B) is an invariant subspace of T. {y}® is a
basis for B,. T restricted to B, is a shift operator on that basis with weights {a,}2, ;.

THEOREM 24. If for each n>0, B, (considered on its own as the domain of the shift
operator T) is an algebra (as described in §10), and if in addition I *+ =0, then the only
invariant subspaces of T in B are the subspaces B,.

Proof. First note that for the power series representations of all B,, we have
I*=0 also.

Let N be an invariant subspace. Let n be the largest integer such that N< B,.
Choose fe N with fe B,\B,.,. In the power series representation of B,, (f),=
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€o(f)#0. By Theorem 17 and the comment after it C,=B,. Since C;< N we are
done.

COROLLARY 6. For a one-sided shift the only invariant subspaces are of the form
B, if any of the following conditions hold:
(a) For each nz 0, there is an m>0 such that

© k-m
Ap+i+19n+i+2° " "Anig <

k=om i=m | Gn+1Qn+2° " Qnyg-i
(For brevity denote the expression inside the above summations by a,;.)

(b) The basis is an N-basis with |Ty| =1 and for each n20, there is an m>0
such that 3 3% o SUDizm Qg+ 3y < ©-

(c) The basis is the usual basis of the one-sided c, space, I1* =0, and for each
n20, Supizo 2j=o Gni; <.

(d) The basis is the usual one in the one-sided I, space, for each nz0,
SUPy, 520 Gni+ i <0, and I'* =0.

Proof. The conditions in (a), (b), (c) and (d) guarantee that /* =0 and that B,
is an algebra for all n 2 0. Theorems 22, 23, 21 and 21 again are used in the respective
four parts. (Although Theorem 21 is stated for two-sided bases, the corresponding
result for one-sided bases is true and proven similarly.)

NotE 3. Using different methods N. K. Nikol'skii [5], [16] has discovered very
similar results to (b), (c) and (d).

The condition: |a,| decreases monotonically and {a,}7 €/, for some p21, is
stronger than all four conditions of the above corollary.

In [15], Donoghue gave the first example of a weighted shift whose only invariant
subspaces are of the form B,. His example: {y,}§ an orthonormal basis in Hilbert
space, a,=2"".

Nikol'skif [12] has found shifts in /, for which a,#0 (all »), and a, — 0 but
which have additional invariant subspaces of a different form.

A shift on the usual basis of /; where the sequence of “weights” a=1, 1/2, 1, 1/2,
1/4, 1/2, 1, 1/2, 1/4, 1/8, 1/4,... satisfies condition (d) of the corollary. This
gives an example of an operator T no polynomial of which is compact, and whose
lattice of invariant subspaces is order anti-isomorphic to the positive integers.

Some development of the theory of the adjoint of T is necessary in order to
prove the next theorem.

To each bounded linear functional F on B we shall assign the “ Laurent series”
S b,z", where b,=(z"", F)=F(z""). We say f(z)=2> b,z" € B* with norm |f(z)|*
=|F|. If f(z) e B* so is Tf(z)=2zf(z) and we have (Tg(2), f(2))=(g(2), Tf(2)) for
allgeB.

For g(z)=7> c,z" € B we have |(g, z*)|=|c-.| £ M| g|/|z~"|, (using (2.1)). Thus
lz*|*< M/|z7*]. But 1=(z"" z")<[z™"| |2*|*. Thus |z*|*21/|z7"|. Finally
note that for f(2)=3 b,z"€ B*, |b,| =|(z™", f(2)| £ [ f@|* |z~ = M| SD[*/|2"]*,
which is the analogue for B* of (2.1).
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It follows that the same proofs and statements as those in Theorems 11 and 12
hold for B* with

I+* = Q-’ I—* = Q+’ Q+* = I-, Q-* = I+’
R* = R’_, and R* = Rg.
(Be it understood, however, that {z*}Z, may be no Schauder basis in B*.)

(13.1)

THEOREM 25. Suppose f* is analytic on a neighborhood of the set |z| < Q* and
[~ is analytic on a neighborhood of |z| 2 Q~. Then E, is either of finite dimension,
finite codimension, or is B itself.

In particular, if I - S1*, then E, is the set of all series in B *‘ vanishing as f does”’.
We know necessary and sufficient conditions that E; is finite dimensional (§9). In
all other cases E;=B.

Proof. Case 1. Suppose Q- < Q%*. (This includes the case where /- =I*))
Choose real positive s and ¢ such that s< Q~, Q* <, f(z) is analytic on a neigh-
borhood of the annulus s < |z| £, and f(2) has no zero on the zero-centered circles
of radii s and ¢.

Let {y.}2. be the usual basis of /, =B’ and let a’={a,}°, be defined by a,=¢
for n=20 and a,=s for n<0. These conditions define a shift operator T and a
power series structure on B’. An easy calculation using Theorem 21 shows that B’
is an algebra. We have Ri=Q'*=I'*=tand R;=Q'~=I""=s.

If g(z) € B, g*(z) is analytic in the region |z| <¢ (Theorem 11). But > Q*, so
by Theorem 12, g*(z) € B. Similarly g~ € B, so g B. The map from B’ to B
which sends the series g(z) to the series g(z), being defined by a matrix (the infinite
unit matrix with respect to the bases {z"}*,, in B’ and B), is bounded. We conclude
that convergence in B’ implies convergence in B.

f*(2) is analytic on a neighborhood of the region |z] < Q'* =t so f*(z) e B’.
Similarly f~(z) € B’ so f(z) € B'. Since f(z) has no zeros on the circles of radii R;
and R;, Theorem 18 shows that the smallest doubly invariant subspace of B’
containing f(z) is finite codimensional. This subspace is spanned by the elements
{z"/(2)}2 ». Thus this sequence holds a polynomial in its B’ span. It follows that it
holds a polynomial p of degree m in its B span, which lies within E,. As in Lemma 1,
we see that [z"]7~! spans M= B/E,. E, is finite codimensional.

Finally as in the end of the proof of Theorem 18, we can conclude that E, must
be the set of elements in B “vanishing as f does”.

Case 2. Suppose Q* < Q~. The positive and negative parts of each of the series
{z"f}2 are analytic respectively on a neighborhood of |z{| £ Q* and of 0~ 2|z|.
Thus these series lie in B and in particular in E,. If we suppose E,# B, then there
is a series g(z) € B* such that (z*f, g) =0 for all n. By (13.1), the series g(z) converges
on the annulus Q* <|z| < Q".

Pick positive real s and ¢ with Q* <s<t< Q~, such that f*(z) is analytic on a
neighborhood of |z| =5, f~(2) is analytic on a neighborhood of ¢<|z| and such
that g(z) has no zeros on the zero-centered circles of radii s and ¢.
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Let B’ be the same space constructed in Case 1, using the above s and ¢. Since
Q' =s and Q'* =1, we know that g(z) € B'. Since the operator T-! is bounded
in B’ we see that the series {z"g}Z .. all lie in B’ and that their span is E;, the smallest
doubly invariant subspace of B’ containing g. Since B’ is an algebra, Theorem 18
shows that E; has finite codimension in B’.

By (13.1), for B'*, the dual of B’ we have Q' ~*=rand Q'**=sand so z*f(z) e B'*
for all n. Now for all n and m, (z"g, z"f)=(g, z"*"f)=0. Thus {z"f| —c0 <n< oo}
lies in the annihilator of E,. But the annihilator of a finite codimensional subspace
is finite dimensional. Hence E; is finite dimensional.

NoTE 4. This theorem has two generalizations to one-sided shifts. The first says
that if the radius of convergence of a nonzero f(z) is greater than Q*, then C; is
finite codimensional. To prove it use a Case 1 type proof as in the theorem and
apply the note after Theorem 18.

The other generalization concerns left shifts. A left shift may be defined as the
linear map which acts on a basis {y,}¢ by sending y, to 0 and y, to (a,) y,-,
(n>0) for some scalar sequence {a,}7. Using the same power series representation
as we have been, the left shift sends f(z) to (f(z) —(f)o1)/z. Note that for a two-sided
shift the mapping 7_: f~(z) = (Tf(2))~ is similar to a left shift on a one-sided
basis (with a, =(a_,)"?). If f~(2) is analytic on a neighborhood of |z|2 Q~, and is
not cyclic under T_ then there is an element g(z)=g*(z) in B* such that

Ty, Trg*) =0

for all n, m2 0. A proof similar to Case 2 shows f~ generates a finite dimensional
subspace under the action of T_. Translating to left shifts we obtain: If the power
series f(z) is analytic on a neighborhood of |z| = Q*, then either f(z) is cyclic under
the left shift or generates a finite dimensional left invariant subspace. Simple
considerations (as in §9) show this second possibility can occur iff f(2) is a rational
function.

This property of left shifts was proven for {y,}& an orthonomal basis in Hilbert
space and a, =1, for all n, in [6]. The proof of Theorem 25, Case 2, is a modification
of the proof of Theorem 3 in [7].

14. Further analysis of the spectrum. In Theorems 14 and 15 we have found the
point spectrum of T and the set of A such that €4(A—T)B)#B. It follows from
these theorems that these sets do not intersect since &, is not defined at S®,, A~ "z".
For A in the remainder of the spectrum A—T is 1-1 and (A—T)B is dense in B.
What is the range of A—T7?

THEOREM 26. (1) If Q* <|A| or if |A| < Q" then the range of A—T includes all
S(2) € Bsuch that f *(z) is analytic on a neighborhood of |z| £ Q* and f~(2) is analytic
on a neighborhood of Q~ <|z|, e.g. f=y.. But (2) if Q= <|A|<Q*, f(2) is in the
range of A—T, and the series f(z) converges in a neighborhood of A, then f(\)=0,
e.8. [#yn.
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Proof. (1) Suppose Q* <|A|. The proof for |A| < @~ is similar. Suppose f(z) is
as described in the hypothesis.

Case 1. In addition |A| < @~. Then (A—2z);f *(2) is analytic on a neighborhood
of |z|£Q*, (A=2)-}f~(2) is analytic on a neighborhood of Q- =|z|, so these
series lie in B. Direct calculation shows (A—T) applied to the sum of these series
yields f(2).

Case 2. In addition Q- <|A|. Again (A—2z);1f*(z) lies in B. The product
(A—2)7Y(z) converges to an analytic function on r<|z|<|A|, where r<Q-,
so this series lies in B, too. Again, (A—T) applied to the sum of these series yields
f@).

(2) Let (A—=T)g(2)=f(2) for some g(z) € B. It is sufficient to show that g(z) is
analytic in a neighborhood of A. We will prove g*(z) is analytic there. g~(z) can
be shown analytic there in a similar manner.

(A=2)g*(2)=f*(2)+constant. Thus if g*(z) is not analytic in a neighborhood
of A, the radius of convergence of g*(z) must be |A|, and g*(z) must have a single
pole at A. Theorem 13 is concerned with power series whose radius of convergence
is less than Q*. It shows that g*(z)=g,(z) +g2(z) where g,(z) is analytic in a
neighborhood of A, while g,(z) has Hadamard gaps in its power series and must
have the same singularity on its circle of convergence as g*(z). But a series with
Hadamard gaps cannot have an isolated pole on its circle of convergence [8,
Chapter XI].

We shall outline a description of the sets

S; = {A| kernel (A—T) # 0 and (A—-T)B = B}
and
S; = {A| (A\=T)B is closed but not equal to B}.

We know for A€ S,, dim (ker (A—-T))=1, Q* |\ £ Q" and A#0. For A€ S,,
codim(A—T)B=1, I- <|A\|SI* and A#0. By [9, pp. 369-370], A€ S, iff (A—-T)
has a right inverse (A—T)® but no inverse. Also, A € S, iff (A\—T) has a left inverse
(A=T)* but no inverse. By [9, Theorem 4, p. 376], S; and S, are open sets.

Suppose A € S;. (A—T)? is not unique. But by easy calculation we may verify
A=-TP¥fD=A-2):Y*@+(A—=2)-Yf(2)+ce(z), where ¢ is some nonfixed
scalar and e(z)=>%, A~"z". But e(z) € B. We may conclude that A€ S, iff the
mappings

0)) @)= QA-2)37f*(2)
and
(2 fF@—= Q=222

are bounded (since these mappings are defined by matrices). We may now let c=0
above to fix (A—T)~%.

Suppose A € S,. (A—T)* is not unique. But we can fix it by choosing a subspace
H, satisfying (\—T)B @ H,=B and letting kernel (A—T)“= H, (see [10, Theorem
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1, p. 209] for details). We shall choose H,=the constant functions. Then by easy
calculation we may verify (A=T) (2)=((A=2)Zf*(2)* +(A—2)3(2))~. We
conclude that A € S, iff the mappings

(3 fr@—=((A=2)2f*@2)*
and :
C)) @ = ((A=2)7(2)"

are bounded.

The complement of S; (resp. of S,) has 1 or 2 components, each component
containing the set Q- < |z| or the set |z| < Q* (resp. I* 2 |z| or |z|=1").

Proof. If o were a nonempty compact and relatively open subset of the comple-
ment of S;, lying in the region Q* <|z|] < Q~, and C were a properly chosen curve
(see [10, p. 218ff.] for details) then P,=[,(A—T)*dA would be a nontrivial
projection. Since C may be chosen not to wind around 0, then as in Theorem 8 we
can easily show P,=0. The proof for S, is similar.

Let
m+n 1/n
R{ = lim (sup Il |a,|) © R = lim (inf)im,
n—s© \m20 jopmy n-so \m20
Rf = lim ( sup )1’", and R; = lim ( inf’ )1”‘.
n—© \m+ns0 neo \m+ns0

We have R} <I*<Q*=<R{ and R; Q=1 SRi. A proof similar to that
of Theorem 4 shows mappings (1), (2), (3) and (4) are unbounded if, respec-
tively, |A|<Rf, |A|>Rz, [A|>RJ, |A|<Ri. Thus S,={R:} <|z|]<R;} and
S:={R1 <|z| < R$}. Equality holds if {y,}Z. satisfies the hypotheses of Theorem
10. We indicate the method of proof: Let T;! be the mapping (on the ‘“Taylor
series” elements of B) whichsends >¢ b,z"to >& b, ,.z". As in Theorem 10 we can
calculate the spectral radius of T;* which turns out to be (R$) ~!. Then mapping (3)
is T7:Y(1—=AT;Y)- 1.

Finally we consider the possibility of weakening the requirement that {y,} be a
Schauder basis. Let us assume {y,} and {F,} are biorthogonal sequences, with | y,|
and |F,| uniformly bounded, {y,} complete, and {F,} total.

If T, is defined by the equations F,(T,f)=F,_i(a.f), then everything in this
paper and [11] remains true (aside from minor modifications in §10) when {y,} is
one-sided. The difficulty lies in Theorem 2, for which a proof is given in [17] in the
one-sided case. For the two-sided case everything not depending on Theorem 2
remains true, i.e. §7-9 and 11-14. Moreover, using alternate but similar proofs
Theorems 1, 3, 4, 6, 7, 8 and 10 remain true if f(T') is redefined to be the operator

satisfying f(T)1=f(z).
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