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A LEMMA IN TRANSCENDENTAL
NUMBER THEORY

BY
ROBERT SPIRA

In this paper, we discuss a faulty lemma of Gelfond of use in the theory of alge-
braic independence of transcendental numbers. We then replace Gelfond’s lemma
by a clearly stated simpler lemma which is much easier to apply.

Gelfond’s [1, p. 140] lemma is:

“LEMMA. Suppose p, q, p>q’, r, r, are positive rational integers, e>0 and y are
fixed, and all the numbers ay, oy, . . ., o4, as well as the numbers By, B, . . ., B, are
distinct and arranged in order of increasing absolute values, in other words, |o|
S|oks1| and |Bx| S |Bx+1|- We set |aj|=c, |B,|=B and suppose that there exist
constants y,>0, y, >0, yo+y, <1, such that a <(pq)", B<(pq)’s. We also suppose
that there exists a constant y,, such that the inequalities

|y — | > exp (—yzq In pg),
k=1k#i
|y—ox| > exp(—y.qlnpg), 1=5isgq, 1

are satisfied. Further, if the function f(z) has the form

IA

k

IA
Q

f@) = Z S Ao

k=0 s=1
where the numbers A, , are not all zero, then at least one of the numbers
f9B), O0=ss=n-1,15ks=sr
rnr 2 [Apgl, A= (L+y1+2ya+e)/(1—y1—v0)
is different from zero for sufficiently large pq.”

Smelev [2] also makes use of this result.

We next discuss Gelfond’s lemma.

First of all, the phrase *“the numbers A4, , are not all zero,” in the original is
literally *“the numbers A, , in the aggregate are different from zero.” This phrase is
repeatedly mistranslated in [1] as ““all different from zero.”

Next one gets the impression that p and g are independent integer variables
subject to p>q’. This condition is also written elsewhere as p <q”. The theorem as
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it stands does not say whether y is positive or negative, and the only place where
‘" appears in the proof is in the statement *‘The condition p>gq?, appearing in
the formulation of the lemma serves only to simplify the proof and may be replaced
by a much weaker condition.” The proof given fails at several points, and it is hard
to see how to make use of either of the conditions, though both hold with different
¥’s, in the various applications. Perhaps the explanation for this peculiar condition
is that in one of the uses of the lemma, the general condition with which we
replace p <g” reduces to a condition where p <g” can be used.

One also gets the impression that either r or r, is running, depending on the size
of pg. Indeed, r must be running, as otherwise the condition of the existence of y,
such that |8,| <(pg)’e would be trivial. However, the lemma could be interpreted
as having r fixed. The quantity g is running, so apparently we are dealing with a
sequence of «;’s. When the lemma is used it turns out that we are not dealing with a
sequence of «,’s, nor with a sequence of 8,’s.

It appears that there are hidden assumptions which are intuitively verified when
using the result.

We now give a lemma which will replace the one above. It also omits the
condition of the existence of y, and the associated conditions on the «,’s. Further,
it decreases A, and we note that Gelfond states that this can be done. The new
lemma adds conditions, conditions (iii) and (iv), on the rate of growth of the
parameter r;. In the applications, one has r; bounded or with a known rate of
growth. In Gelfond’s ““proof™, the author believes Gelfond is implicitly assuming
a small rate of growth for r;, as he appears to be abstracting from two different
situations where this occurs. Our omission of the constant y, and the associated
conditions does not depend on the assumptions about r;. This improvement of the
lemma is due to a different method of estimation of the full Hermite interpolating
polynomial.

LEMMA. Let N be a positive integer variable. Let p=p(N), q=q(N), r=r(N) be
positive integer functions of N such that p-q=m tends to o with N. To eachq=q(N)
let there correspond a set A, of q numbers o, ;, g o, . . ., &q,q, Which we write also by
an abuse of notation as ay, ..., a, To each r=r(N) let there correspond a set B,
of r numbers B, 1, ..., B, which we also write as B, ..., B,. We assume also that
there exist positive constants y, and vy, such that yo+y,<1, and for p, q, and r
(determined by N),

() |Br.il <(p-g),

(i) |eq, | <(p-@).

Let ¢ be given, ¢>0. Define
A= (1+y,+e)/(1—=y,—y0), ry = the least integer = [Apq]/r,

and assume finally, that
(iii) ry!'Sm"1™, for N sufficiently large, and
(iv) rry=0(m).
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Then there is an N,, such that for any particular N greater than N,, if the function
f(z) has the form

p-1 a
@)= 2 2 Apes,

k=0 s=1
where not all A, are zero, and if ro 2 ry then at least one of the numbers
9B, 0sss=rn-L12ksr
is different from zero.

Proof. Without loss of generality, we can take r,=r,. We will arrive in the
proof at various minima for N,, and it will be understood that we take the largest of
these. We set e=35. Without loss of generality, we can take |4, | <1, where at
least one A, ; has absolute value 1. For we can divide all the coefficients of f(z) by
the coefficient with largest absolute value. Arguing by contradiction, assume
N> N,, and A and r; given as above and that

f9B) =0, 0sssn-1,15ksr

Let I be the circle [z| =1 and T, the circle |£|=m*~":1. We take N so large that
m22. Then T is inside T',. Now y,+y; <1, 50 yo < | —y,. Thus, the points 8, lie in
the interior of T'}, as |B8,| <(p-g)o=m’o<m!~?1. Since f9(B,)=0, 0Sssr, -1,
1 £k =r, we have that

M S&) = [(§=BI(E—B2)- - - (- B)]g(é),

where g(¢) is analytic everywhere.
Now, for z on T, or indeed anywhere in the interior of T,

1 g8 ..
3 mz‘:;df— g(2)

by the Cauchy integral formula, so

110) = e=Boe—p-- =P 7 [ g s

as we can divide out [(§—p8,)---(£§—B,)]": in (1) for £ on I';. Hence, again by the
Cauchy integral formula

@ 0= |, z*{f (= gﬂf—f)zd‘f} .

Now,

|f90)| < (2 )2 2m lr:‘lla7f

=B E=B)]" (&
fpl [(f-ﬁl)w(é—ﬁr)] f—zug‘
[<z—ﬁl>~ C(z=B)]" £(O)
=B (¢-B)l &=

sl
=~ max {"wm“’x max
21? l2l=1 {El=ml-7

It
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Also
€=z 2 [§[—|z] = m ™71,
[€—Bj| 2 [El=1B;l 2 m*~"i—m™,  j=1,...,1,
lz=B;l = 1+B;] £ 1+m, j=1,...,r
Thus,
. . I+m¥e 1™ 1
3) |f0)| =s!'m*~" [ml_yl_myo] e ::!23’-(71 | f(&)].

Next, we have

le®| = exp (Re (§x,)) = exp (|€as]) = exp (|os| |€]) = exp (m'sm’~71) = €™,

SO
p=-1 q
max (@] S max > > [ger
1E=ml-" Fl=ml=-v1 T 29
4) p-g(mi=ra)p=len

IA - HIA

m-em. mm(l —71).

Thus, from (3) and (4) we obtain
' LS n11—71 oy, + -
lf( )(O)I s! m mmtve* 1)[

A

l+m=% 1™

Topreryimi| memmmesy
— 1

(5

rim Tt m T A o rm. 4

mmm =M= vom. 4

IA - IA

using (iii), where

I —mYotrn-1

- r
(6) A =me"‘[ I+m”% ] lm(l-ro-rlxm-rrl)_

To obtain our first main result (7) below, we need only show A=m’" for N
sufficiently large. Now, Am<[Am]+1=rr,, since ryr is the least multiple of
r2 [Am], unless [Am]=r,r, in which case Am—rr; <1. In either case,

m -~ VoY Am =11y < mi~Y 71,

Let G(m) be a positive function of m. We have G(m) < mé:™ for m sufficiently large
for any given ¢, >0 if and only if ¢, Z (log G(m))/(m log m) for m sufficiently large.
Thus, if lim,,_ . (log G(m))/(mlog m)=0, then we can conclude that we can
assign &, as we please, and then take m beyond some fixed lower bound and have
G(m)=mta™,

Thus, if we take G(m) successively as m, e™, m* =7~ "1, 451m K, >0, we obtain
m<m®™t em<m™t mr v~ ti<ami™t, 4Kim<m®™t for m sufficiently large.
Finally, if m is sufficiently large, 1+m %<2 and 1/(1—m’*"1"1)<2, so, using
rry < Kym from (iv), we obtain

[—"———1 l;;:?w:o- 1]"1 S 47 s 45T <mtm,

for m sufficiently large.
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Thus, for m sufficiently large, 4 <m°™, and we have
%) [fO0)] < mt+o-AA=ro=rm,

We note that (iv) could be replaced by

) lim (rrl log [IH'L]) / (mlogm) = 0.

—mYot?1-1

We now apply the theory of full Hermite interpolation. Let «,, . . ., «, be distinct
complex numbers and let ky, . . ., k, be positive integers and let k, + - - - +k,=k+ 1.
Let y{ be constants, j=1,...,¢,v=0, 1, ..., k;—1.J. L. Walsh [3, pp. 49-50] gives
a method of proof for the existence and uniqueness of a polynomial P,(z), of degree
<k, called the full Hermite interpolation polynomial, satisfying

®) POw) =y, j=1,..,q;v=0,1,... k—l.

I. S. Berezin and N. P. Zhidkov [4, pp. 145-147] construct such a polynomial, by
first constructing polynomials P; ,(z) satisfying

(€) PN(ag) = 8,68, s=1,..,4;v=0,1.. k-1,

where §; ; and §, , are Kronecker deltas, so that

ki—-1

@ ki-
(10) Pu2) = 2 D ¥WP2).
i=1 j=0
Writing
(11) w(z) = (2= )1z —ag)*2- - - (2— )",
they find
N W(Z) l kd-f-ll . n'dn (f-ai)k‘
0 = g 2, o ()] L
In the special case of k;=ky="--- =k,=p, we obtain
_ oWz 17E 4" (E—a:)")
= 2, el (5]
where | Sisq and 05j2p-1, and w(z)=[(z— ;) - - (z—,)]?. Next, we write
m~1
P @) = D G,
k=0

so C,=P®(0)/k!.
Using (12), Gelfond now estimates |C,| by a complicated algebraic expansion of

5= 5 (55)

and arrives at his intricate conditions on the «;’s. We proceed by an integral estimate.

’
F=ay
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Let c=m"1. We have

Ce = P{3(0)/k!

1 wiz) 17°E?] . dz
" 2mi l2i= 2¢ ((z"“i)p—jﬁ ,,Zo n! (z=e) Bi'") T
S0
-j-1
< w2 17571 wp |1
[Ci| S 2 'gla;i =) j! go Y] z—o)"B;, o) 1
Now, on |z| =24, since |o;| £, we have
(13) o = |z—ay £ 3a,
S0
1 p-1-1 1
|G| 2a(3a)"""1’(3a)’ﬁ ( z o1 (3a)"lB,-',,|)(2a)'1"‘.
"\ & n
Next,

_ "_' (f—“i)p_ 1
R R = L
so, using (13)

n! 1 1 2

—_ . = n! .
|Bia| = Py 4am AP on+1 n. dP-D*n

Thus,

1 p-i-1 2 1 :
1G] = 2a(3a)"(’"1)(3a)’ﬁ ( Zo (Ba)* aq(p-1)+n) o)1

3

1 ) . L p-j=-1
qp-1) P .n
S Gy 307709 ( 2 3)
< 393am(p). 2301

< 2-p 3ar32pym

< m238mgm — m233mm71m,

and taking G(m)=m? respectively 3°™, we obtain m2<m®™2, 33m<m®™2 for m
sufficiently large. Thus,

(14) |Ci| £ exp ((8+y1)m log m).

We next show that for k£ and r nonnegative integers, we have

2=0 dz'

2=a

The proof is as follows. For r=0, k=0, we have e**=1, z°=1. For r=0, k>0, we

have
d k

= etz

dz*

—_ K k —_ K
=a, zIz:a"‘“&

z2=0

= (a) e
z2=0
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so we have the result. For k=0, r>0, we have

- o, 4, 0
— Z'e*? = z'e*? =0, - = 0.
dzk z2=0 2= 0 dz z2=q
For k=1, r>0, we have
d T oa2 r—-1,a2 T o2 r—1 M
E-zze“ = rz' " le**+ az'e” =rz =1 ifr=1,
2=0 2=0 z2=0
= (0 otherwise,
dr .
ZZ= 1 ifr=1,

= 0 otherwise.
Finally, let k> 1, r>0, then

d* S k (P) o K '(k) k-
—_— T = i ~Peaz = r. r f = k
dzkzeaz z2=0 pZ'o (p)(Z)pa e z2=0 ’ p ¢ nr
=0 if r>k
%zkl = (k) k=1)- - -(k=r+1)ak=" if r < k,

=0 if r>k,

and the results are easily seen to be the same.
Hence, we obtain
dr

P ) = C zk
Nes) ,;o v
(15) et g
= Z Ci 5= 2'e%*
dzk 2=0
Thus,
AJ i = Z r sP:‘.';"(%)

f

= 2 Gf™(0).

0

Choose A4;; so |4, ;|=1. Then from (7) and (14)

]
uM,

z2=0

3
|
-

b
L]

n-1
< > (Gl If®(0)] £ mexp [y +8+1+8—M1—yo—y.))m log m]

k=0
= mexp [(y; +1+28—(1 +y, +¢))m log m]
= mexp (—dm log m).

This is a contradiction for m sufficiently large, thus proving the lemma.
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