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TORUS INVARIANCE FOR THE CLIFFORD ALGEBRA. I

BY

MICHAEL C. REED

Abstract. A problem in Quantum Field Theory leads to the study of a representa-

tion of the torus, T3, as automorphisms of the infinite dimensional Clifford algebra.

It is shown that the irreducible product representations of the Clifford algebra fall

into two categories: the discrete representations where the automorphisms are

unitarily implementable, and all the others in which the automorphisms are not

implementable and which cannot even appear as subrepresentations of larger

representations in which the automorphisms are implementable.

I. Introduction. Let X be a real infinite-dimensional Hubert space, C(X) the

associated Clifford algebra, we denote the unique C*-closure of C(X) by si. Let

{xk,yk; k = (ky, k2, k3)d, ki an arbitrary integer, d>0 fixed} be an orthonormal

basis for X. Let 0(a) denote the orthogonal transformation on X which sends

Xk -> xu cos (k ■ a) — yk sin (k • a),

yk -> xk sin (k ■ a)+yk cos (k ■ a),

where o = (als a2, a3) e R3. The transformation 0(a) induces an automorphism

ra of C(X) and thus of si. The map

F3 ^-> Aut (si)

is a strongly continuous representation of the torus F3 as automorphisms of si.

The problem is to classify those representations, -n(-), of si on separable Hubert

spaces in which ra is unitarily implementable, that is, in which there is a strongly

continuous unitary representation, U(a), of F3 on the separable Hubert space such

that Tr(ra(A))= U(a)Tr(A)U( — a). In this paper we begin a study of this problem by

treating the most accessible class of representations, namely the irreducible tensor

product representations. These representations fall into two classes: the discrete

ones in which ra is trivially unitarily implementable, and all the others in which ra

is not unitarily implementable and which cannot even appear as subrepresentations

of larger representations in which ra is unitarily implementable.

The reader is referred to the paper of Shale and Stinespring [6] for the construc-

tion and basic properties of the algebras C(X) and si. The fact that ra is imple-

mentable in the discrete representations is already contained in their paper. For

information about infinite tensor products of Hubert spaces, the reader is referred

to [4] or the brief summary in the appendix of [5].
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It is appropriate to briefly describe the origin of this problem in Quantum Field

Theory. If we quantize in a three dimensional cube B, of side length b, the Fermion

field

9(f) = b-3'2 2 (/' e-ikx)t?<**k+U> eikx)L\B)at
k = (ki,k2.k3)2nlb

is an operator-valued distribution from £2(£) to the bounded operators on any

separable Hubert space, 3V, on which the operators {au, a*}k give a representation

of the canonical anticommutation relations. That is, the operators {ak, a*}k are

assumed to satisfy

[ak, ai]+ = 0 = [at, a*]+,       [ak, af]+ = 8W/.

If we identify opposite faces of the cube, then B=T3, and the group of transla-

tions modulo the cube is also £3. These translations induce a unitary action of £3

on £2(£3) byf(x) -+f(x—a) which in turn induces the action

9(f(x))^9(f(x-cc))

on the Fermion field. One is mainly interested in representations of the anti-

commutation relations in which there is a continuous unitary representation of

the torus, U(a), such that

<p(f(x-*)) = U(a)cp(f(x))U(-a)

which requires eik"ak=U(a)akU( — a) and e~ikaat=U(tt)atU(—a). Such a repre-

sentation is called translation (modulo the cube) invariant. The smallest C*-algebra

containing {ak, a*}k gives a representation of C(X), the correspondence being

ir(xk) = (\/V2)(ak + at),       ir(yk) = (l/i^2)(ak-at).

Thus a representation of the canonical anticommutation relation will be translation

invariant if and only if ra is unitarily implementable in the corresponding repre-

sentation of the Clifford algebra, C(X), and its C*-closure, si.

II. Irreducible product representations.    Let Jf* be the lattice of points

{(kx, k2, k3)d; d > 0,kt an integer}

linearly ordered, starting with (0, 0, 0), so that first the sphere about (0, 0, 0) of

radius d is exhausted, then the sphere of radius y/2 d and so forth. £_ will always

indicate the predecessor of k, k+ the successor.

Let Cl denote distinct copies of a two dimensional vector space over the complex

numbers. We will denote by Hv the closed separable subspace of H=C§kCk

generated by the c0-vector

* = ?(«>
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where \ßl\2+ \ßl\2 = L On each space //„, the operators

Pr   I-I    0\1      /0   0\

& ( o  l)J ® (i   o) ®

h ti í)l «O
a„ =

«? =

-Zc=P +

A=/N

(/* denotes the identity operator on Cl)

satisfy the canonical anticommutation relations. The family of operators

{ap, a* ;p^l} on 0'p=o C2 are the standard representation of the anticommutation

relations [2] which is irreducible. Thus the operators {ap, a* ; p á /} on F/„ generate a

C*-algebra which is the image of all the bounded operators on 0¿ Cp, á?((X)ó Cp),

in the bounded operators on Hv, 3&(HA, under the natural injection; we denote the

image also by 38(§Z)P=0 Cp). Since the C*-algebra, siv, generated by the ap, a*

contains &((S)'p=o Cp) f°r eacn '» ■* equals the norm closure of U/^«8>¿=o O-

Although the algebras siv for different s are isomorphic we keep the index v to

indicate that siv is the representation of si (the C*-closure of the Clifford algebra)

on //„.

The algebras siv and siw are spatially isomorphic if and only if v and w are

weakly equivalent [3], [4] which means that 2* |1 — |(t>*, h'a)| | <oo where v

= 0* vk and w = Ça?)k wk. Clearly, ra is unitarily implementable in a representation

of si if and only if it is implementable in all spatially isomorphic representations,

so we need examine only one representation from each class.

A product representation is called discrete if it is spatially isomorphic to a

representation siv on //„ whose generating vector

"9©

has either ßk = 0 or ßk = 0 for each kejf.  For such a representation define

A: Jf^{0, l}by

A(*) = 0   if# = 0,

= i  if # = o.

Then

(**)

(7(a) = exp I" -J 2 (*• «X«* «* - A(A:)/)j

^/exp [-/(*•«)(! -A(*))]

0 exp[

0 )

-i(k-aL)X(k)]J

is a continuous unitary representation of F3 which implements tœ. {/(a) makes

sense and is a continuous unitary representation of F3 on //„ since on c0-vectors, w,
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which differ from v in only a finite number of components, all but a finite number

of the operators in the infinite tensor product (**) act like the identity; thus (7(a)

is well defined on the set of finite linear combinations of such vectors which is

dense in //„. The fact that U(a.) implements t„ is a calculation.

III. Implementability in irreducible product representations. The following

theorem settles the question of implementability of ra for the irreducible product

representations :

Theorem. Let sé be the unique C*-closure of the Clifford algebra of a real infinite-

dimensional Hilbert; ra: T3 -> Aut (sé) the representation of the torus, T3, as auto-

morphisms of sé described in §1. Let {sév, //„} be an irreducible product representation

of sé. Then, if {sév, //„} is discrete, ra is unitarily implementable. If {sév, //„} is not

discrete, t„ is not implementable, and further, {sév, /£} cannot appear as a sub-

representation of a larger representation in which ra is implementable.

We will use the following lemma which states that the contragredient action of

t* on any state cu e sé* must be continuous at the origin in £3 if co is a vector state

of a representation of sé in which t„ is implementable.

Lemma. Let -n()be a representation of sé on Jf in which t„ is implementable (by

a continuous, unitary representation of T3). Let v eJif, then

(3.1) sup     \(ir(ra(A))v,v)-(7r(A)v,v)\—>0   asa-^->0.
Aerf.\\M = l

We omit the easy proof; an important converse statement, which says that if

(3.1) holds for all v e Jif then the representation can be imbedded in a larger one in

which Ta is implementable, is due to H. Borchers [1].

We turn now to the proof of the theorem. For the discrete representations the

implementing representation of £3 is written down explicitly in §11. For the non-

discrete representations we show that (3.1) does not hold when

-fffl
is a generating vector of //„. We first suppose that the representation is nondiscrete

and
min {ß°k, ßi}-r>0   as k -> co.

Then there is an e>0 and a subsequence {£„}"= i such that \ß°kn\ \ß\n\ Sïe2 for all n.

Define

äk =

Then, äk e sév, \\äk\\ = 1 and

\(ra(äk)v,v)-(äkv,v)\

Y\(I-2a*ap)
p = 0

ak -(,!/>(? Mi/')-

e"---lirais
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Thus, whatever 8>0 is given we can find an a, |a|<8 and an n so that

\(T*(äk„)v, v)-(äkv, v)\ âe2 which shows that (3.1) does not hold.

It remains to consider the (more difficult) case where min {ßk, ßk} —>- 0. Let

o: Jf -* {0, 1} be the function so that ßkM -*0,ö() the function which takes the

value one when o is zero and vice versa. Then we must have 2* \ßkik)\2 = a0- Other-

wise, we let w = (g* wk where wk = (?) if o(k) = 1 and Q) if a(k) = 1. Then v would be

weakly equivalent to w since

2ii-i(t>*,w*)ii = 2ii-ii3Hi
k k

= 2|i-0-|pTT)1,2I ^ cJlflFT < oo
k k

which contradicts the hypothesis that v is nondiscrete; therefore 2* \ßkk)\2 = co-

We may also assume that 0^ßk(k}^ 1 since there is another c0-vector u in Hv with

that property and we can replace v by u.

Now, suppose 8>0 is given. We will construct an operator ANesiv, \\AN\\ = l,

and an a with |a¡| < 8 so that \(ra(AN)v, v)-(Av, v)\ ^-q/2>0 where r¡ is independent

of 8 and AN. Let St = {k; k e X, a(k) = i}, i=0,1. Since Z\fiiki\a = ao,

riLo Wk)\2 -+ 0 as p -> oo. Thus, either UpSo \ßiik)\2 -* 0 or UpSl Wk)\2 -> 0; we

suppose the latter (the proof is not different in the other case); we may suppose

further that Si is contained in one octant. Since \ßlik)\ -> 1 and Sy is infinite we can

choose finite, disjoint subsets Ry^Sy and R2l=Sy so that

(i) $=nnMk)\ 2<i
4-

(2) ̂ UhM^U-
(3) For each k e R2, maxi = lt2>3 \kt\ ^N+J.keRl (\ky\ + \k2\ + \k3\) (where TV is a

positive integer).

Let
w = /(g) vk\ ®(®Vk\eh = /<g Cj\ ® /(g) C¡\.

V/VeBi       / \/VeÄ2      / \keRy        ) \keR2        I

Then w can be written as a sum of eigenvectors (not necessarily normalized) of

2*eRiuR2 a*tf*; let {f,)fày denote the eigenvectors of the form Uy ® u2 where u2 has

eigenvalue zero and Uy does not; let {g,)f¿y denote the eigenvectors of the form

Uy ® u2 where Uy has eigenvalue zero and u2 does not. Then

(1) {f,)fày, {g,}f=2i are all orthogonal vectors in h.

(2) i^2fi1ny;ii2^i and iúir=\kÁ\2=h
(3) Each y; and g¡ is an eigenfunction of J,keR1uR2 k¡a*ak, 1=1,2,3, and for some

/ the absolute value of the eigenvalue corresponding to fi plus N is less than the

absolute value of the eigenvalue corresponding to gt.

We now define an operator AN on h as follows. Suppose the element of the

collection {fi^Jy, {g,)f=y with the largest norm is among the fis, call it fv Then

choose a sequence of g's, call them glf .. .,grv which satisfy

(3-2) iÍ«#«l|2á ll/il <
f»Tl
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and define

a ? - n      a &     I      H&II2      \ e
ANji - 0,        ANgi - ^/jQ^p^JA

and extend AN by linearity to the subspace Jtx spanned by fx and {êt}l~v Then

||i4w||^l on Jtx and

(^(/i+2a)« (¿+2>)) -Jj'fi * iii/^ii2-

We now return to the remaining members of the collection {f}f¿i, fejfii, find

the element with largest norm and proceed to define AN on a new subspace Jt2

orthogonal to J(x and so forth. When either the sum of the squares of the norms

of the elements left in {f¡}f¿x or in {g,)fix is <tV> we stop and define A to be the

zero operator on the rest of h (requiring that the sums of squares of the norms be

eye in both collections insures that an inequality like (3.2) will be true). On h,

\\AN\\ = l and

(/ Mi M2        \       i Aíi AÍ2        \ \ L        'I

M 2 f+2 ft » 2 ¿+ 2 *>   = 2 2 ('< % (iXrV) = 2-\
\7=1 7 = 1      /     \7=1 7=1      // 1 = 1  7 = 1

Since AN is a bounded operator on h = (0Rí C\) <g) (0ñ2 Cf), ANesév, and

T*(AN)=U0(a)ANU0(-a.) where U0(a) = exp [iJ,BiXJR2(ak)a*ak], since £j and £2

are finite sets. Thus

(ra(AN)v, v)Hv = (U0(a)ANU0(-a)v, v)Hv

= (ANU0(-a)w, U0(-a)w)ti

no

= 2 ew"in)t2
n=l

where 25 = i in = 7i = 2~6 and cp(n) = (<px(n), 92(n), 93(n)) has the property that, for

each n, there is some i for which \<Pi(n)\ 2: N (this follows from (3)) above and the

fact that A takes the /'s into the g's and vice versa). Suppose âte(ra(A)v, v) ä 77/2

for all o inside a cube centered at (0, 0, 0) of side length 28. Then

&• Í f f (t«(An)v, v) da =  f f i" ̂ (t^tj, p) ¿a ï: &
JoJoJo JoJoJo ¿

but

#« P P P W^K »)da = âls ! 5 (-——1—-_Ve*«»)_i)rn4 =?2
A

which is a contradiction if A is large enough. Therefore, if N is large enough we

have ât4(T„0(AN)v, v)}^v/2, for some a0 = («ï, «2, «3) with |«?| =8. That is

(3.3) \(rao(AN)v,v)-(ANv,v)\ t>rtJ2.
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Since for any 8>0 we can find an N, a corresponding AN, and an a0 so that the

inequality (3.3) holds,

F3
sup     \(ra(A)v, v) — (Av, v)\ -/-> 0   as a —> 0.

¿e^.lWIISl '

This completes the proof of the theorem.

Acknowledgements. The question of torus invariance was suggested to the

author by A. S. Wightman. The author had several helpful discussions with Hale

Trotter and Gianfausto Dell'Antonio.

Bibliography

1. H. Borchers, On the implementability of automorphism groups, Comm. Math. Phys. 14

(1969), 305.

2. P. Jordan and E. Wigner, Über das Paulische Äquivalenzverbot, Z. Phys. 47 (1928), 631.

3. J. R. Klauder, J. McKenna and E. J. Woods, Direct-product representations of the canoni-

cal commutation relations, J. Mathematical Phys. 7 (1966), 822-828. MR 33 #7004.

4. J. von Neumann, On infinite direct products, Compositio Math. 6 (1938), 1-77.

5. M. Reed, On self-adjointness in infinite tensor product spaces, J. Functional Anal. 5

(1970), 94.

6. D. Shale and W. F. Stinespring, States of the Clifford algebra, Ann. of Math. (2) 80 (1964),
365-381. MR 29 #3160.

Princeton University,

Princeton, New Jersey 08540


