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SPECTRAL ORDER PRESERVING MATRICES

AND MUIRHEAD'S THEOREM

BY

KONG-MING chongo.1)

ABSTRACT.  In this paper, a characterization is given for matrices which

preserve the Hardy-Littlewood-Pólya spectral order relation < for «-vectors in

Rn.  With this characterization, a new proof is given for the classical Muirhead

theorem and some Muirhead-type inequalities are obtained.  Moreover, suf-

ficient conditions are also given for matrices which preserve the Hardy-Little-

wood-Pólya weak spectral order relation «.

Introduction.  Spectral inequalities (i.e. expressions of the form /■< g or

f«g where •< and -« denote the Hardy-Littlewood-Pólya spectral order

relations between measurable functions [2, §1]) are of considerable importance

in various branches of analysis (see [1] through [7] ) and also of great inter-

est in themselves (see [5] for example). In this paper, we make a further in-

vestigation into spectral inequalities by introducing a new concept called spec-

tral order preserving matrices. We characterize this concept and show how

this characterization can be used to give a new proof of the classical Muirhead

theorem. With this, we also obtain some Muirhead-type inequalities.

1. Preliminaries. In the sequel, we employ the following notation. If

x = (x,, jc2, • • •, xn) G R" is any n-tuple of real numbers, we denote by

x* = ix*, x*, ■ ' ', x*) the n-tuple in Rn whose components are those of x

arranged in decreasing order of magnitude, i.e., x*>x*> • ••>x* and there

exists a permutation it of the intergers 1, 2, • • •, n such that x*,^ = xt,

1 < i < n.  If a = (av a2, • • •, a„) G R" and b = (bv b2, • ■ •, bn) G R",

then we say that the weak spectral inequality a -<-< b holds whenever
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for 1 < k < n, and that the strong spectral inequality a -< b holds if a « b

and if, in addition, there is equality in (1.1) for k = n. Moreover, we say that

a and b are spectrally equivalent or a is a rearrangement of b (written a

~ b) whenever the components of a form a permutation of those of b. Thus,

a ~ b if and only if a* = b* or, equivalently, both a -< b and b -< a hold.

As in [2] and [5], the spectral inequality a-< b (respectively a« b)

is said to be strictly strong (respectively strictly weak) if a ^b  (respectively

if the inequality (1.1) is strict for k = «).

For any vectors a, b G Rn, the strong spectral inequality

(1.2) a + b^a* + b*

is easily seen to hold, by virtue of the fact that there exists a permutation n

of the integers 1, 2, ■ • • •, n such that

flwi \ + b~/t \ ^ 2,M\ + ft,./-,-» 5* ' ' * > fl_/„\ + b~r„\7T(1) t(l) f(2) T(2) T(") "CO

and that

¿¡«Vw + W^tf + 'D

for Kk < n.

If a -< c and b -< c, then it follows from (1.2) that

(1.3) ra + (l-r)b^c

whenever 0 < r < 1.

Let a¿, b¡ G R"1, i= 1,2, • • •, m, be m pairs of vectors such that

a¡ < h¡, 1 < / < m. If a, b G Rni+n2+-+"m  are vectors whose components

are those of a/s h¡, 1 < t < m, respectively, then it is easily seen that a -< b,

i.e., (an, • • •, ain.) -< (bn, • • • , bin.), Kt<m, implies

(aiv'"-aini''"'amV'"'amnJ

(1-4)
<Q>tl>'~,b1   ,-~,b  v---,b      ).

1 m

Furthermore, if a = (a,, • • •, a„) and b = (Z>j, ■ • •, bn) are such that

(«j, * • •, ak) ~ (ôj, • • •, bk) for some   1 < k < n, then it is clear that

a ~ b if and only if

/(1.5) K+i'•••'û„)~(Vn> •••'*,,)•
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2.  Spectral order preserving matrices.  If P is an n x n permutation

matrix, i.e., a matrix whose rows (or columns) form a rearrangement of those

of an identity matrix, it is clear that Pa ~ a for all (column) vectors a G Rn.

Observe that P also preserves spectral orders and spectral equivalency, i.e.,

Pa -< Pb, Pa « Pb or Pa ~ Pb whenever a ■< b, a -« b or a ~ b respec-

tively. It is therefore natural to extend this notion to general m x n matrices

by calling a matrix strong spectral order preserving, weak spectral order pre-

serving or spectral equivalency preserving if it preserves the corresponding no-

tions of spectral orders between vectors in R". Note that nontrivial spectral

order preserving matrices exist, e.g., the matrix i\ \) preserves all spectral

orders, i.e., ■<, -<-< and ~.  If confusion does not arise, we shall simply call

a strong spectral order preserving matrix spectral order preserving.  It is clear

that the product of two spectral order preserving matrices is again spectral or-

der preserving.

Proposition 2.1. A positive (strong) spectral order preserving matrix is

weak spectral order preserving.

Proof.  Let A be a positive spectral order preserving m x n matrix.

Let a, b GRn be such that a« b. Then, by Theorem 1.1 in [6], there

exists c£fi"  such that c > 0 and a + c ■< b.  Since A is positive spectral

order preserving, we have Aa <>4(a + c) <Ab which implies that ^la« Ab*

The following theorem shows that there are actually only two types of

spectral order preserving matrices, rather than three.

Theorem 2.2. An    m x n matrix is istrong) spectral order preserving

if and only if it preserves spectral equivalency.

Proof.  Clearly, the condition is necessary. To prove that it is. also suf-

ficient, let A be any m x n matrix which is spectral equivalency preserving,

i.e., Aa~Ab whenever a~b where  a,b6Ä".  Let c,dGR" besuch

that c «< d. We may assume c f d, otherwise, there is nothing to prove.

Then, by Lemma 2 on p. 47 in  [8], c can be derived from d by a finite

number of transformations of the form rl + (1 - r)P, where 0 < r < 1, /

is the identity matrix and P is a permutation matrix. Hence we need only

prove that Ac -< Ad whenever c = (rl + (1 - r)P)d for some 0 < r < 1

and for some permutation matrix P.  But

Ac = rM + (1 - r)APd < Ad

by (1.3), since Pd ~ d implies APd ~ Ad.

Alternatively, by Rado's theorem [9, Theorem la, p. 321], there exist

d¡ G R", i = 1, 2, • • •, n such that 0 < ri < 1, d¡ ~ d, i = 1, 2, • • •, n and
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2^!^»! and c-S^i^d,. Thus

Ac = fZrlAd.<Ad
i-i '

by (1.3), since Ad¡ ~ Ad, i = 1, 2, • • •, n.

There is a general method by which we can generate all (strong) spectral

order preserving matrices.  Before coming to it, we give the following defini-

tion made specially for this purpose.

Definition 2.3.  Let C = {xf = (xn, • • •, xin): i = 1, 2, • • •, m} be

any finite collection of not necessarily distinct vectors in R". Then a full

permutation matrix generated by C is a matrix whose rows are all the dis-

tinct rearrangements of x, x 6 C, i.e., whose rows consist of all the different

permutations of (xn, xn, • • •, xin), i = 1, 2, • • •, m, and possibly with each

distinct rearrangement of x repeating itself as many times as x appearing

in- C

Lemma 2.4. An m x n matrix A is spectral order preserving if, given

any n x n permutation matrix P, there exists an m x m permutation matrix

Q such that QA = AP, i.e. if any rearrangement of the columns is equivalent

to some corresponding rearrangement of the rows.

Proof.  Let a~b, where a, b£P", then a = Pb for some n xn

permutation matrix.  Since there exists an m x m permutation matrix Q

such that QA = AP, we have Aa = APb = QAh ~ Ab.

Lemma 2.5.  A full permutation matrix is (strong) spectral order pre-

serving.

Proof.  We need only prove the lemma for the case of a full permutation

matrix generated by a single vector (in R"), the general case then follows

easily, by virtue of (1.4).

Let A be any full permutation matrix generated by a vector x =

(x,, x2, • • •, xn). It is not hard to see that two distinct permutations of x

remain distinct under the same transposition, i.e. only the elements in two fixed

positions are interchanged. Regarding the transposition between any two

columns of A as a mapping from the set of rows of A into itself, we see

that this mapping is 1-1 and hence onto.  Since any permutation is a product

of transpositions, any rearrangement of columns of A consequently establishes

a one-to-one and onto correspondence between the set of rows of A and it-

self. Thus a rearrangement of the columns of A corresponds to a rearrange-

ment of its rows, and so, by Lemma 2.4, A is spectral equivalency preserving.

Hence A is spectral order preserving, by Theorem 2.2.
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Lemma 2.6. Let a = (av a2,---, an), b = (bv b2, ' • ', bn) and c =

(e,, c2, • • •, cn) be vectors in Rn such that a ~ b and 2?=1c? < 2"=1a?,

then

t a.c. < t a]

unless a = c and, in particular,

£«,*,<£«?i=i * * i=i *

unless a = b.

Proof.  This is a direct consequence of Cauchy-Schwarz inequality [8,

Theorem 7, p. 16].

Theorem 2.7. A matrix is (strong) spectral order preserving if and only

if it is a full permutation matrix.

Proof.  We need only prove the necessity of the condition since its suf-

ficiency has been established in Lemma 2.5.

Let A be a spectral order preserving matrix.  Suppose by contradiction

that A is not a full permutation matrix.  Let a = (at, • • •, an) be a row

vector of A whose components have the largest sum of squares, i.e. 2"=1a?

is greatest. Let  C be the collection of row vectors of A. Since A is not a

full permutation matrix, C does not contain all rearrangements of its elements.

In view of (1.5), Theorem 2.2 and Lemma 2.5, there is no loss in generality in

assuming that  C does not contain a rearrangement b of a, i.e., bÖC but

b ~ a and b =£ a.  Let "superscript f" denote transpose (of a matrix); it then

follows from Lemma 2.6 that Aa* contains a component (viz., ~L"=iaJ) which

is strictly greater than any of the components of Ab*, and so Aa* "t Ab*,

showing that A is not spectral order preserving, by Theorem 2.2, since af ~ bf.

Corollary 2.8. If a and b are (column) vectors in Rn, then a -< b

if and only if A& -< .4b for all full permutation matrices A.

Proof. The condition is clearly sufficient, for the identity matrix is a

full permutation matrix.

That the condition is necessary follows immediately from Theorem 2.7.

The following theorem is very useful in enabling us to discuss the case of

equalities in inequalities arising in connection with spectral order preserving

matrices.

Theorem 2.9. Let A be any m x n spectral order preserving matrix.

If a, b G jR" are such that a -< b, then Aa ~ .4b if and only if either a ~ b

or all entries in each row of A are equal.
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Proof.  Clearly, the condition is sufficient, by Theorem 2.2. To prove

that the condition is necessary, we first consider the case that .4a = Ab. Since

A is spectral order preserving, A is a full permutation matrix generated by

some collection  C of vectors in Rn, by Theorem 2.7. If not all row vectors

in A are constant, then there is a vector x = (xv x2, • • •, xn) G C with

x^Xj, for some i, j suchthat  1 <í</<«.  Since Aa = Ab, we have

x1a1 +-1- Xflf +-H Xjd] +-1- xnan = x1b1 +-\- x¡b¡ + • • • +

+ Xjbj +-h xnbn which also holds if we interchange x¡ and x¡. Thus,

it follows that

(x.-xj)((arbi)-(a.-bj)) = 0

or a¡ - b¡ = a.- - b,. Similarly, it can be proved that ax - bx = a2 - b2 =

• • • = an~ bn= c, say, since there are rows of A which are permutations of

(xt, • • •, xn). But a ■<b and so c = 0 which implies that a = b.

Next, suppose Aa ~ /lb. If a < b but a / b, then, by Lemma 2 on

p. 47 of [8], there exists a finite sequence c/( i = 0, 1, • • •, n, of vectors

in R" such that a = c0 -< Cj ■<•••■< cn = b where c,_ j = rfy +

(1 - r,)c!, 0 < r, < 1, c, ~ c,, i = 1, 2, • • ■, n. Since

Aa = AcQ <Acl<---< Acn = ,4b

and Aa ~ Ab imply Aa = Ac0 ~ Ac1 ~ • • ■ ~ Acn = Ab, we need only con-

sider the case that a = rb  + (1 - r)b' where 0 < r < 1 and b' ~ b. Now,

Aa = rAb + (1 - r)Ab' and ¿a ~ Ab ~ >lb', so ylb ~ Mb + (1 - r>4b' ~

.4b'.  By Proposition (2.15) on p. 22 in [7], we conclude that Ab =Ab'. But

Aa = rAb + (1 - r)Ab' and so Aa = Ab which, by the preceding paragraph,

implies a = b, a contradiction.  Hence a ~ b.

Remark. The first part of the proof given for Theorem 2.9 ■clearly in-

dicates that a spectral order preserving matrix with at least two entries unequal

is 1-1 on (column) vectors whose sums of components are equal.

In view of Theorem 2.9, it is natural to give the following definition.

Definition 2.10.  A spectral order preserving matrix is said to be strict

if at least two entries in one of its rows are unequal.

We can now restate Theorem 2.9 using the above definition.

Theorem 2.11.  Let A be a strict spectral order preserving m x n

matrix. If the spectral inequality a < b is strictly strong, where a, b G R",

then the spectral inequality Aa -< Ab is also strictly strong.

3.  Muirhead-type inequalities. We can now show how to obtain the

classical Muirhead's theorem from Theorem 2.7.
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Theorem 3.1 ,(Mutrhead). // a, b, x G R" are such that a ■< b and

x¡ > 0, i = 1, 2, • • •, n, then

where S! denotes summation over all the distinct permutations of x =

(x,, x2, ' ' ', xn). There is equality if and only if either a ~ b or xl=x2 =
••• = *„.

Proof. Let A be a full permutation matrix generated by the vector

log x ■ (log Xj, log x2, • ' ' , log xn). Then A is spectral order preserving,

by Theorem 2.7, and so ,4a •< .4b. Now, by Corollary 2.6 in [2], we have

e^a « eAb which clearly implies that

^¡expiaj logXj + • • • + an log*,) < X!exP(ôi Io8 *x + ' ' ' + ¿„ log bn),

i.e., S!^1 •••;#•< Six** •••**/».

Since exponential is a strictly convex function, it follows from [2, The-

orem 2.5] that there is equality if and only if .4a ~ Ab which is the case if

and only if either a ~ b or log xt = log x2 = • • • = log xn, i.e., xt = x2 =

••• = *„, by Theorem 2.10.

Remarks. 1. The present version of Muirhead's theorem is clearly equiv-

alent to the one given in [8, Theorem 45, p. 45] where 2! denotes summation

over all n! permutations of x = (x,, x2, ' ' ', xn), since each distinct permu-

tation of x repeats the same number of times.

2. Theorem 3.1 remains valid if a « b and x > 1, i.e., x¡ > 1,1 <

i < n. This can be easily verified using Proposition 2.1 and [2, Theorem 2.3].

When Theorem 2.7 is used in conjunction with Theorem 2.9 and [2, The-

orems 2.3 and 2.5], many new rearrangement inequalities can be generated.

We do not go into the details here and we content ourselves with the following

Muirhead-type inequality.

Theorem 3.2. If & = (av a2, • • •, a„), b = (bv b2, • • •, bn) and

x = (Xj, x2, •••, xn) are n-tuples in R" such that a-< b and x¡ > 0, i =

1, 2, • • •, n, then

nid + x\*xa* ■ ■ • Xa-) < n ¡(i + A1**2 • • • **")

where II! denotes multiplication over all the distinct permutations of x =

(*,, x2, ••', xn). There is equality if and only if either a ~ b or xx =

x2 - • • * = xn.

In particular,
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(1 + yXlx2---xnf < (1 + X,)(l + x2) • • • (1 + xn)

unless x,=x2 = •• - = xn.

Proof. The first part follows in exactly the same way that Theorem 3.1

was proved, except that we use the strictly convex function t t-» log (1 + ef),

t G R, instead of the exponential function.  The last part is easily obtained on

substituting (1/n, 1/n, • • • , 1/n), (1, 0, 0, • • • , 0) for a, b respectively.
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