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ON THE TOPOLOGICAL EXTENSION TO THE BOUNDARY

OF BIHOLOMORPHIC MAPS IN C^1)

BY

R. MICHAEL RANGE

ABSTRACT. Let F: Dx —► D2 be a biholomorphic map between bound-

ed domains in c" with piecewise smooth strictly pseudoconvex boundaries. It is

shown that F is Holder continuous of some positive order, and hence F extends

to a homeomorphism of the closures of the domains. This generalizes recent re-

sults of G. M. Henkin and N. Vormoor for domains with smooth strictly pseudo-

convex boundary.

Introduction. Recently Henkin [10] and Vormoor [16] proved indepen-

dently the following higher dimensional version of a classical result in the com-

plex plane:  a biholomorphic map between two bounded domains in C" with

smooth, strictly pseudoconvex boundaries extends to a homeomorphism of the

closure of the domains.  Both proofs, although quite different from one another

in many aspects, have one fundamental idea in common:  they make use of the

invariance of the Carothéodory metric under biholomorphic maps.

Henkin's method seems to be more powerful, as he can show that such a

biholomorphic map is actually Holder continuous of order Vi.

Most recently Fefferman [4], by a different method, was able to prove

that biholomorphic maps between strictly pseudoconvex domains with C°° bound-

ary extend as C°° maps to the boundary.

In this paper we generalize the result of Henkin and Vormoor to domains

with piecewise smooth strictly pseudoconvex boundaries (see § 1.7 for the precise

definition). We show that a biholomorphic map between two such domains is

Holder continuous of some positive order which depends on the minimal angle at

the corners of the domains. The proof combines the techniques of Henkin and

Vormoor with a careful analysis of the situation at the corners.

One of the key steps of the proof involves an estimate from below for the

Carathéodory metric.  At the local level, this estimate is reduced to the case of

smooth boundaries by using the monotonicity of the metric; the further reduc-

tion to the case of a ball is elementary, though quite delicate. In order to pass
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to the global level one adapts the techniques of Hörmander [11] and Diederich

[3] to the case considered here.  By using the uniform estimates for solutions of

the 3-equation (cf. Range and Siu [14]), I had obtained a simple proof of the

required approximation theorem (Proposition 3.1). After completion of this

manuscript, I received a preprint of [7], in which a similar proof is given for the

case of smooth boundaries.  I thus decided to omit the proof in this paper and

refer the reader to [7] instead.

For domains with smooth strictly pseudoconvex boundary more precise

estimates for the Carathéodory metric have been obtained by Henkin [10] and

Graham [6], [7].

Another basic step is an estimate for the distance to the boundary under

biholomorphic maps (Theorem 4.11), which may be of independent interest.  It

is this result which reflects most deeply the geometry of the domains near the

corners. Part of the proof is based on an analogue of Schwarz's Lemma for

sectors of a disc.

For a summary of the contents of the various paragraphs the reader is

referred to the opening statements of each paragraph.   § 6 contains some open

questions which arise naturally from the work in this paper.

1. Preliminaries. In this paragraph we introduce some notations, discuss

the basic properties of the Carathéodory metric and define precisely the domains

which are considered in this paper.

(1.1) For a point z = (zx,. . . ,zn)inC", we set

For a G C", r > 0, B(a, r) = {z EC": \z - a\ < r} denotes the open baU with

center a and radius r.  For M E C" and z EC",

d(z,M)=inf{\z-P\:PEM}

denotes the Euclidean distance from z to M.

The natural pairing between a cotangent vector a and a tangent vector v

is denoted by <a, v). In particular, if/is a C1 function near a point z, and v =

(vx,-u„)GC",then

0/(z),ü>=¿0//3z,)(^f
i=i

(1.2) For a complex valued function / defined on a set D E C", the

supremum norm of fin D is denoted by
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ll/llD = sup{l/(z)l:z£Z)}'

For a (0, 1) form a = 2a(.(iz(., Ilall^ = maxilla,-!^: 1 < /' < n}. When no con-

fusion can arise, we may drop the subscript D. No other norms for function

spaces are used in this paper.

For an open set D EC", the space of holomorphic functions on D is de-

noted by Oip). We introduce two subclasses of 0{D):

V(D) = {fE0{D): WfWD<l},

and, forPED,

¥P(D) = {fE T(D): f(P) = 0}.

(1.3) In order to avoid introducing many irrelevant constants, we use the

following notation. If A, B are functions of a variable x,A%B means that

there is a constant y, such that A{x) < yB(x) for all x under consideration.  If A

and B depend also on some parameter y, A ^ B uniformly in X means that the

constant y can be chosen independently of X.  Finally A ~ B means that A<B

and B < A.

(1.4) For a bounded domain D in C", the Carathèodory distance dc: D x

D —> R is defined by

dc{zx, z2) = suV{p{f(zx),f{z2)): fE HD)},

where p is the Poincaré metric on the open unit disc (cf. Behnke and Thullen [2,

Chapter VII, §8]).  In this paper we work with the infinitesimal form CD(z, v)

of the Carathèodory distance of a domain D. For each z ED, CD(z, • ) is the

function defined on the complex tangent space of D at z by

CD(z, v) = sup{l <3/(z), »>l:/€ ?{D)}

(cf. Reiffen [15]).  It is easy to see that

sup{l <3/(z), »>l:/€ T(D)} = sup{l<3/(z), v)\:fE VZ(D)}.

We call the function CD the Carathèodory metric of the domain D.

The Carathèodory distance dc of D is related to its infinitesimal form CD

as follows.  Let <p: [a, b] —> D he a differentiable curve; its length L(<f>) with

respect to dc is defined by

£(0) = sup ¿<*c(«f,), **_,)),
v=l

where the supremum is taken over all finite partitions a = f0 < tx < • • • < tr =

b of [a, b]. One has
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LiÏÏ = fa cDM),4>'(t))dt

(cf. Reiffen [15]). This result wiU not be needed in this paper.

The following property of the Carathéodory metric is fundamental.

1.5. Lemma. Suppose F: Dx —> D2 is a holomorphic map between two

bounded domains in C".   Then

CD2(F(z),F*zv)<CDl(z,v)

for all z EDx,vE C".  In particular, equality holds if F is biholomorphic.  (F*z

denotes the Jacobian matrix of F at z.)

The proof is straightforward.

By applying this lemma to an inclusion map, one obtains

1.6. Lemma.   The Carathéodory metric is a monotonically decreasing func-

tion of the domain, i.e., for Dx C D2,

CD2(z,v)<CDl(z,v)

for all z ED, andvEC".

(1.7) A bounded domain D in C" is said to have a piecewise smooth

boundary if there exist

(i) a finite open covering { Uj}k=x of an open neighborhood U of 0D, and

(ii) C1 functions p;-: Uj —* R (1 </ < k), such that

(a) D n U = {x E U: for 1 </ < k, either x$UjOt pfx) < 0},

(b) for 1 < i'j < • • • < ij < k, the 1-forms dptl, . . . , dpf¡ are linearly

independent over R at every point x E Ç\ (,_ x U¡ .

We caU { Uj, pjLi a frame for D.

For Kj<k, define Sf = {x E Uf. p¡(x) = 0}.

D is said to have piecewise smooth strictly pseudoconvex boundary, if there

is a frame {¿X, p,}?L j for D, such that, for 1 <j<k, the function p;- is C2 and

strictly plurisubharmonic on U-. We note that any sufficiently small C2 perturba-

tion of the functions p;-, 1 </ < k, gives again a domain with piecewise smooth

strictly pseudoconvex boundary.

2.  Local estimates from below.  In this paragraph we establish an estimate

from below in terms of the distance to the boundary for the Carathéodory metric

on "small" sets near the boundary. The precise result is as foUows.

2.1. Proposition.  Let D be a domain with piecewise smooth strictly

pseudoconvex boundary.  For each z0 E 3D there is a ball B = B(z0, e) stic«

that for allzEB DD and u G C"
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cBnD{z,v)^\v\d{z, wrx<2.

The proof of this estimate consists of a stepwise reduction to the case of

a ball.  For smooth strictly pseudoconvex boundaries more precise estimâtes have

been obtained by Henkin [10] and Graham [6], [7]. We give a simplified proof

for the case we are interested in. The proof will involve a series of lemmas.

2.2. Lemma.  If Br is a ball of radius r, then

CBr{z,v)Z\v\d{z, WrTX12

forallzEBrandvEC".

Proof.  By reducing the problem to the case of a disc and explicit calcu-

lations one obtains

(see, for example, the proof of Satz 5 in [15]).  Since for z EBr, r2 - \z\2 <

2r(r - Izl), the desired estimate follows.

2.3. Lemma.  Let W be an open neighborhood ofO in C". Suppose p E

C2(W) is real valued, p(0) = 0, dp(z) =£ 0 for all z EW, and the Hessian of p is

positive definite at all points of W. Let M = {z EW: p(z) = 0}. Then there is

a neighborhood V E WofO, such that for all z E V~ = {z E V: p(z) < 0} one

has

Cv-(z,v)^ \v\d(z,M)-x'2.

Proof.  For p EM, let n   he the unit normal to M at p pointing to the

side p < 0.  The strict convexity of p implies that there are positive constants

r and Ô such that B(0, 28) EW and for each p E B(0, 28)r\M, if we set Bp =

B{p + rnp, r), then

(0 P e Wp,

(ii) 5(0, 25)n{z G W: p(z) < 0} C Bp.

Let V = B{0, 5). Given z G V~, choose p E MDB(0, 25) such that d{z, M) =

lz-.pl = d(z, dBp). By the monotonicity of the Carathèodory metric (Lemma

1.6) and Lemma 2.2 one obtains

CvJz, v) > CBp(z, v) £ ItMz, dBp)-x'2 = \v\d(z, M)'1'2.    Q.E.D.

2.4. Lemma.  Let U be open in C".  Suppose p E C2(U) is strictly pluri-

subharmonic and dp(z) + 0 for all z EU.  Let S = [z E U: p{z) = 0}.   Then for

each z0 E S there is a ball B(zQ, e) such that
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CBiz0, e)n{p<0}(z' ») £ ^\d(z, S)'1'2

for ail z E B(z0, e)n{p < 0} and v G C".

Proof. Choose e so that B(z0, 2e)EU and so that there is a biholomor-

phic map T: B(z0, 2e) —> W onto an open neighborhood W of 0 in C with the

foUowing properties:

(i)  the (real) Hessian of p ° T~l is positive definite on W;

(U) T(B(z0, e)) is contained in the neighborhood V given by Lemma 2.3

applied to W and p ° T~l ;

(iu) the Jacobian determinant of T is bounded from above and below in

B(z0,2e).

The map T is obtained as follows. After an affine change of coordinates

we can assume that z0 = 0 and 3p(z0) =(1,0,..., 0). Then the inverse z =

F_1(w) of T is defined by the equations

1 32o
zi =wi -2Z-T7^riQ>v^pr zu = wM,    p = 2, ...,«.

v,p   v¿vazp

By the chain rule, 32(p ° T~1)(0)ldwvdwfl = 0 for p, v = 1.n, which

implies (i) at 0, and hence in a neighborhood of 0; (U) and (Ui) are trivial.

Now if z GZ?~ = B(z0, e)(~î{p < 0}, one obtains, by Lemmas 1.5 and 1.6,

CBJz, v) = CnB-}(T(z), T*zv) > Cv-(T(z), T*2v)

>\T*zv\d(T(z), T(B(z0, 2e)nS))-1'2

>\v\d(z, B(z0,2e)nsy112 = \v\d(z, ST1'2,

where the last two inequalities foUow from Lemma 2.3 and (iii) above.   Q.E.D.

(2.5) We can now conclude the proof of Proposition 2.1.  Let { Up P¡}f= x

he a frame for D.  After renumbering, we can assume that z0 G S1- for / = 1,

.. . , / and z0 $Sj for/ = I + 1,. . . , k.  By applying Lemma 2.4 to Uj and

Pj, one obtains e • > 0 for / = 1,. . . , /, such that

CBi:0,ej)n{pj<o}iZ' u) % ^d(z, S,.)"1/2.

l^te = min1</</e/. By (1.6)

CBiZQ,e^DÍ2'^^d(z,S¡)-ll2

for aU z EB(z0, e)C\D and/ = 1, . . . , /.  Since in a neighborhood of z0,

d(z, 3D) = min1< ^ ¡d(z, SX the conclusion foUows.

3. The global estimate. The technique for passing from the local estimate

of §2 to an estimate for the Carathéodory metric on the whole domain goes
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back, in case of the Bergman metric, to Hörmander [11, Lemma 3.5.2] and was

later modified by Diederich [3].  For the case considered here, the main ingredi-

ent is the following approximation result, whose proof is essentially due to Die-

derich.

3.1. Proposition.   Let D be a domain with piecewise smooth strictly

pseudoconvex boundary. Let z0 E 0D and e > 0 be given.   Then, for all r¡ > 0

and sufficiently small 5 > 0, there is a constant L = ¿(5, tj) such that, given f E

F(B(z0, e)C\D) and f GB(z0, 8)HD there is FE Q(D) which satisfies

(i)   HF-/llñ(z0)6)n£» <V,

CO F(r) = /(f), 3-FGO = 3/GO;
(iii)   \\F\\D<L.

A simple proof for domains with smooth strictly pseudoconvex boundary,

which uses a modification of Hörmander's technique and the uniform estimates

for solutions of the 9 -equation, is given in [7, Theorem 2].  This proof carries

over to the domains considered here; the required estimates for the 3-equation

for this case are proved in Range and Siu [14].

3.2. Theorem. Let D be a domain with piecewise smooth strictly pseudo-

convex boundary. Then there is e > 0 such that for all z ED with d(z, 3D) < e

and v EC"

CD(z,v)^\v\d(z, dDT1'2.

Proof.  By compactness of 3Z> we can cover dD by finitely many open

balls B(zx, eA), A — 1.m, with centers zA E 3£>, such that Proposition 2.1

is valid for each B(zx, eA), and if B(zx, 5A) is a ball with the properties described

in Proposition 3.1 applied to B(zx, eA), then dD E \Jm=x B(zx, 5A).  Fix t? > 0

and let Lx = L(q, 5A) be the constant given by Proposition 3.1.  Let L =

max1<A<m ¿A, and choose e > 0 such that { z G D: d(z, 3D) < e}  C

\Jm=x B{zx, 8X). Proposition 3.1 implies that for z G B(zx, 5A)n£>

(*) CD(z, v) > (1/¿)CS(ZJV>6 x)nD{z, v).

Moreover, by Lemma 1.6 and Proposition 2.1,

(**)        CB(zx,6x)nD(z> v) > CB(zX,ek)nD(z' v) > 7aIuI¿(z, 3Z))_1/2

for some constant 7A > 0 and each X = 1, . . . , m.   Setting y = min1<A<m yx,

(*) and (**) imply

CD(z,v)>(y/L)\v\-d(z, WTXI2

for all z G D with d(z, dD) < e.   Q.E.D.

Remark.   By introducing a peaking function at z0 G 3Z) and arguing as in
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Diederich [3, §6], one can prove the foUowing sharper relationship between the

local and global Carathéodory metric (see also [6]).

3.3. Proposition.   Let D be as in (3.2) and z0 G 3D. For any neighbor-

hood Vofz0 one has

lim        %#^=l
z—>z0;zBDn V      CD(z, V)

for all v EC".

4. Estimates for the distance to the boundary. In order to study the be-

havior of the distance to the boundary under biholomorphic maps, we follow an

idea of Vormoor [16] and relate the distance to the boundary to an auxiliary

function which transforms in an obvious way under such maps.

4.1. Definition. Let D be a bounded domain in C" and PED. For z E

D, define

hDP{z)=     sup     \fiz)\.
/= Fp(D)

hD P(z) is closely related to the Carathéodory distance between F and z.

By using the invariance of the Poincaré metric on the unit disc, one easily obtains

.   (j,     ,       1     ,       1  + hD PÍZ)

4.2. Lemma. IfDx and D2 are bounded domains in C" and F: Dx —» D2

is a holomorphic map, then

hD2,FiP)iFiz)) < hD, j>{z)   for all zED.

If F is biholomorphic, equality holds.

The proof is trivial.

4.3. Proposition.  Let D be a domain with piecewise smooth strictly

pseudoconvex boundary, and let PED.   Then

1 - hDP(z) <, d(z, 3D)   for zED.

In case 3D is C°° and strictly pseudoconvex, this is Satz 2 in Vormoor

[16] ; the idea of the proof given there carries over to the more general case. The

main tool required is the foUowing parametrized version of the weU-known con-

struction of "peaking functions" for strictly pseudoconvex domains (cf. Gunning

and Rossi [8, Corollary IX, C7], Henkin [9] and Ramirez [13] ; for the construc-

tion in case of C2 boundaries, see also Range and Siu [14]).
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4.4. Theorem.  Let D be a domain with piecewise smooth strictly pseudo-

convex boundary with frame { U¡, P¡}k-X-  For each j = 1, . . . , k there is a

function Fß, z): U- x W —* C, where W is a neighborhood of D, such that

(a) F- E CX(U- x W) and is holomorphic in z;

(b) Fß, S) = 1 for SE dDn{Pj = 0};

(c) \Fß, z) l< 1 for SE 3D n{P/ = 0} and z E D - {?}.

The proof of (4.3) is now quite easy. By (c), \Fß, P)\ < 1 for ? G 3D n

{Pj = 0}, and hence, after shrinking Uj, we can assume that

(*) \Fß,P)\ <q<l   for Se Uj and/= 1.*.

For/ G { 1,. . . , k} and f G {/-, let 0;- j. be the automorphism of the unit disc

A, which takes the point Fß, P) into 0 and 1 into 1. By (*), l0;'/f(w)l <KX<

°° for w E A and for all / and f under consideration. Together with (a) it follows

that </>■ j. ° Fß, • ) E Tp(D) and that its first order partial derivatives with respect

to z are bounded on D by a constant K which is independent of / G { 1, . . . , k}

and S G 3Z) n{p;. = 0}. Given zED, choose f G 3D such that Iz - f I = d(z, dD),

and / G {1, . . . , k} such that pß) = 0. Then

I -h{z)< 1 - l0/>f c F/fc z)l < |«/>f o F.(r> ?)_0.r o Fß, z)|

< nZílf - z\ = nKd(z, 3£>).   Q.ED.

We now estimate d(z, dD) from above.

4.5. Proposition.   Let D be a bounded domain with piecewise smooth

boundary and let FED.   Then there is an integer m>0 and a constant e > 0

such that

d(z, dD)m ^l~hD p(z) for zED,      d(z, dD) < e.

IfD has smooth boundary, m can be chosen to be 1.

Remark.   In case D has smooth boundary, this is Satz 4 in Vormoor [16].

However, there seems to be a gap in §5 of the proof given there [16, p. 244].

In order to prove the proposition we need a geometric lemma. For SEC",

v a unit vector in C", 0 < o¡ < n and y > 0, we denote by C(f, v, a, y) the open

cone with vertex S> axis in the direction of v, aperture a/2 and height y.

4.6. Lemma.   Let D be a domain with piecewise smooth boundary.   Then

there are constants e > 0, 7 > 0 and 0<a<n such that the following holds.

For each z ED with d(z, dD) < e there is f (z) G dD and a unit vector u(z) G

C" such that z lies on the axis of the cone C(S(z), v(z), a, y) and

(i) C(S(z),v(z),a,y)ED,

(ii) d(z, dD)~ lz-f(z)l.
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Proof.  Let { K, P¡}k=x be a frame for D. Suppose z0 G 3D and that,

after renumbering, Pj(z0) = 0 for/ = 1, . . . , / and py(z) =-= 0 for/ = / + 1, . . . ,

fc.  Choose 5(z0, e#) such that pf(z) =£ 0 for z G B(z0, e#) and / > /.  Let tT=

- 2j=1 grad p^z,,) ando = v/\ v\. Note that'5; =£ 0, since grad px(z0).

grad p¡(z0) ate linearly independent (cf. (1.7) (b)). Now choose 5 > 0 and y >

0, such that

B(z0, 8) D D E U {z: z = f + Xv, 0 < X < y} C D.
fSß(z0,e#/2)na£)

Since u is not tangent to 5;- near z„ for / = 1, . . . , /, one can choose 0 < a <

it so that for f G B(z0, e#/2)n 3D the cone C=C(Ç, v, a, y) E D.

Given z GB(z0 8)DD, choose f = f(z) G5(z0, e#/2)n 3D such that z =

f(z) + Xv for some 0 < X < y. Since C(J(z), u, a, 7) C D

lz-f(z)l^c?(z, 3D)<lz-f(z)l.

This proves the lemma for aU z G B(z0, 8) n D. To prove the general

case, cover 3D by finitely many such baUs B(zx, 8K) and choose e > 0 so that

{z E D: d(z, 3D) < e} C (J B(zx, 8X).   Q.ED.

We now come to the proof of Proposition 4.5. Let a, y, e be the constants

given by Lemma 4.6. We may assume that a = n/m, where m is a positive inte-

ger. Define

R = {XEC: X = reie,0<r<y, loi < a/2}.

Let <p: R —> A = {w G C: lwl<l}bea biholomorphic map which carries the

interval {XER: 0<X<7> onto the interval (-1, 1) in A in such a way that

0(0) = 1 and cp(y) = -1 (note that tb extends to a homeomorphism R —*■ A).

tb can be constructed explicitly (cf. [1, p. 384]), and it has the foUowing impor-

tant property:

0 is holomorphic in a neighborhood N of 0, and <p(X) = 0(Am), where tb

is biholomorphic at 0.

Hence we can choose N and t? > 0 such that

(4.7) l?(Xm)l>T?   fotXEN

Let now t ED and d(t, 3D) < e, and let Cf¿(f), v(t), a, 7) be the cone

given by Lemma 4.6. Define

S(t) = {zEC":z = f(f) + Xv(t), X E R}.

Then S(t) C D, and there is Xf, 0 < Xf < 7, such that t = f(f) + Xtv(t). More-

over, by 4.6 (ii),

(4.8) Xf= \t-i(t)\^d(t, 3D).
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From now on we assume that e is so small that XtEN and tb(Xt) > 0 whenever

d(t, 3D) < e.

Let <I>f: A —+ S(t) he the holomorphic map given by

•*f(w) = f(i) + 0-1(w)*u(O.

Since Q = {$f(0): t ED and d(t, 3D) < e} is relatively compact inD, a simple

normal family argument shows that there is q < 1 such that I l/l I q <q for aU

/G ¥p(D). Define the automorphism Ta, a G A, of A by

ra(z) = (z-a)/(za-l).

The derivative of ra is bounded from above and below on A, and the bounds

can be chosen independently of a for la I < q.  This implies

(4.9) d(Ta(z), 9A) ~ diz, 9A)

for aU zE A, lal <q.

For arbitrary / G ¥P(D), the function 7y0<Df(o) ° / ° *f: A —► A maps 0

into 0.  Hence, by Schwarz's Lemma and (4.9)

1 - Iwl < 1 - lr/o*t(0) °/° *,(w)l < 1 - l/° *f(w)l.

For w = 0(Xr), this gives 1 - l0(Xf)l ̂  1 - l/(r)l, and since/was arbitrary, one

gets

(4.10) l-l0(Xf)l< l-hDP(t).

Finally, since 0(Xf) > 0 and 0(0) = 1,

1 - l0(Xf)l = 10(0) - 0(X,)l = 10(0) - tJ(Xm)\ >r¡-Xm,

where the inequality follows from (4.7).  The above estimate, combined with

(4.8) and (4.10), completes the proof of the general case of the proposition.

In case D has smooth boundary, the disc sector S(t) in the above proof

can be replaced by an analytic disc, and the above arguments go through with

m=l.   Q.ED.

Combining Propositions 4.3 and 4.5, and Lemma 4.2, one obtains the main

result of this paragraph.

4.11. Theorem. Let Dx and D2 be two bounded domains in C" with

piecewise smooth strictly pseudoconvex boundaries. Then there is a positive

integer m, such that, if F: Dx —>D2 is a biholomorphic map, then

d(z, oDx)m <, d(F(z), 3D2) < d(z, SD^1 ""   for all zEDx.
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5. The Holder continuity of biholomorphic maps.  In this paragraph we

prove an estimate for the growth of the Jacobian of biholomorphic maps near the

boundary. This will imply the Holder continuity of such maps.  First, we prove

an elementary estimate from above for the Carathèodory metric.

5.1. Lemma.  Let D be a bounded domain in C".  Then, for all z e D and

v E C", one has

CD(z,v)< \v\d(z, dD)~x.

Proof.  LetzED,r = d{z, dD) > 0, and let vEC" with lui = 1. By

applying Schwarz's Lemma to the analytic disc {w E C": w = z + Xu, IXl < r}

C D, one obtains, for an arbitrary / G FZ(D): l<9/(z), v)\ < llr, which clearly

implies the statement of the lemma.

Now let Dx, D2 be bounded domains with piecewise smooth strictly pseudo-

convex boundaries, and let F: Dx —*D2 he a biholomorphic map.  Let z ED

and v E C". Then CD2(F(z), F*zv) = CDl(z, v), by Lemma 1.5.  Together with

Theorem 3.2 and Lemma 5.1, this implies

lF*ztMF(z), dD2Txl2 < \v\d(z, dDxTx,

and hence

IF^uI < \v\d(F(z), dD2)xl2fd(z, dDx).

Together with Theorem 4.11, this implies
V

(5.2) llF„zll <d(z, dDxrl + 1l2m    forallzGZV

We now apply the following generalization of a theorem of Hardy and

Littlewood; for the case of the unit disc, a proof can be found in Goluzin [5,

Chapter IX, §5, Theorems 3 and 4], and the method of proof extends readily

to the more general situation.

5.3. Lemma. Let D be a bounded domain in R" with piecewise smooth

boundary.  Suppose fis a Cx function on D, such that, for some 0 < a < 1,

Igrad fix) I < d(x, dDfx for x E D.   Then, for allxx,x2E D,

\f(xx)-f(x2)\<\xx-x2\\

(5.2) and (5.3) now prove the main result of this paper.

5.4. Theorem.   Let Dx and D2 be bounded domains in C" with piecewise

smooth strictly pseudoconvex boundaries.  Then there is a > 0, such that, if F:

Dx —*■ D2 is a biholomorphic map, then
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\F{zx)-F{z2) \<\zx -z2\a

for all zx, z2 EDX.

(5.5) Remark. As stated in Proposition 4.5, if D2 has smooth boundary,

the integer m in (5.2) can be chosen to be 1. Hence, in this case, a in Theorem

5.4 can be chosen to be lA. Thus, in particular, one obtains Henkin's result [10,

Theorem 1].

By applying the Theorem to F and F~x, one obtains

5.6. Corollary. Let F be a biholomorphic map between two bounded

domains with piecewise smooth strictly pseudoconvex boundaries.   Then F ex-

tends to a homeomorphism between the closures of the domains.

6. Some open questions.  (6.1) Theorem 3.2 is not the best possible state-

ment.  By considering the projections of the vector v onto the holomorphic tan-

gent spaces of the hypersurfaces which make up the boundary of D, one should

obtain more precise estimates. Specifically, how do the precise results of Graham

[6], [7] generalize to the domains considered in this paper?

(6.2) Proposition 4.3 is valid also for analytic polyhedra, but it is clearly

false if D is not holomorphically convex.  For which other classes of domains

does it hold?   This problem is probably related to a question of Kohn [12, §7,

III].

(6.3) As Henkin [10] has shown, a biholomorphic map between two do-

mains with smooth C2 strictly pseudoconvex boundaries is Holder continuous of

order lA (see also Remark 5.5). In view of Fefferman's result [4], this is prob-

ably not the best possible result. Specifically, is there a differentiable extension

in case of C2 boundaries?

(6.4) The proof of the continuous extension of biholomorphic maps given

in this paper makes heavy use of the strict pseudoconvexity of the boundary.

However, it is not at all clear, at least not to this author, that this condition is

necessary. Thus, it is reasonable to ask:  Is Corollary 5.6 valid for domains of

holomorphy with smooth boundary?
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