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ABSTRACT.   In this paper we generalize, to vector spaces over alge-

braically closed fields of characteristic zero, two well-known classical results

due to Laguerre and Grace, concerning, respectively, the relative location of

the zeros of a complex-valued polynomial and its polar-derivative and the rel-

ative location of the zeros of two apolar polynomials.   Vector space analogues

of their results were generalized, to a certain degree, by Hörmander, Marden,

and Zervos.   Our results in this paper further generalize their results and, in

the complex plane, improve upon those of Laguerre and Grace.  Besides, the

present treatment unifies their completely independent approaches into an

improved and more systematic and abstract theory.  We have also shown that

our results are best possible in the sense that they cannot be further generalized

in certain directions.

1.  Introduction.  Let F be a vector space over a field K of characteristic

zero. A mapping P from F to À' is called [9], [8, p. 55], [5, pp. 760-763] an

abstract homogeneous polynomial (a.h.p.) of degree « if for every x, y in E,

P{sx + ty) = ¿ Ak(x, y)sktn~k     Vs.tEK,
k=0

where the coefficients Ak(x, y) axe elements of K which are independent of s

and t and depend only on x and y. Let P„ denote the class of all «th-degree

ah.p.'s from E to K. The nth-polar of P is the mapping (see [6, Lemma 1 ] for

its existence and uniqueness) P(xx, x2, . . . , xn) from Fx/Tx...x/T to £

which is linear in each xk and symmetric in the set {xk} such that P(x, x,... x)

= P(x) for every x in F.  We may then specify the kth-polar of P by the relation

P(xl, . . . ,xk,x)= P(xl, . . . ,xk, X, X, . . . , x).
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If P G P„, the null-set Zp(x, y) of P (relative to given elements x, y of E) is

defined by

Zp(x, y) = {sx + ty # 0|s, t E K; P(sx + ty) = 0}.

From now on we shall assume that K is an algebraically closed field of

characteristic zero. As is well known [6] (see also [1, pp. 38-40], [12, pp.

248-255]), such a field has a maximal ordered ("real closed" according to

van der Waerden) subfield K0 such that K =KQ(i), where -i2 is the unit ele-

ment of K. Since every element z in K has the form z = a + ib with a, b in K0,

we define z= a - ib, Re(z) = (z + z)/2, and |z| = (a2 + b2)l/l. A subset A of

K is called KQ-convex if 2"_,p/a,/- G A for every a¡ in A and p¡ in K0+ (the set

of all nonnegative elements of K0) such that 2"_,py = 1. Adjoin to K an ele-

ment co (called infinity) and furnish K U {co} (denoted KJ) with the following

structure:  (1) the subset A' of Kw preserves its initial field structure; and (2) a

4-co = co4-a = cofor every a in K, a • co = co • a = co for every a E K - {0},

and to-1 = 0, 0_1 = co. Given an element f of K, we define

<ps{z) = U{z-t)     VzGA^.

A subset A of Ku is called [16, pp. 353-373], [15, pp. 25-26] a generalized

circular region of Ku if either A is one of the sets 0, K, K^, or A satisfies the

following two conditions:

(1) <ps{A) is K0-convex for every f G K - A;

(2) co G A if A is not K0 -convex.

D{K^) denotes the class of all generalized circular regions of Ku. The empty

set 0, K, Kw, and single-point sets (and their complements in Ku) are trivial

generalized circular regions of Ku. The characterization (due to Zervos [16,

pp. 372-387]) of the class DQi^), when K is the field C of complex numbers,

leads to the following result [16, p. 352] :  The nontrivial generalized circular

regions of Cu are the open interior {or, exterior) of circles or the half-planes,

adjoined with a connected subset (possibly empty) of their boundary.  General-

ized circular regions of Cw, with all or no boundary points included, will be

termed as (classicat) circular regions of Cw.

The class of generalized balls of K^ consists of the following subsets of

K ut-
il) 0, K, Ku, and the sets of the type {z E K\azz + ßz 4- ßz 4- y < 0}

or {z G A"|ozz 4- ßz 4- ßz 4- y < 0} for some a G K0+, y G K0, and ß G K;

and

(2)  the complements in Ku of the sets in (1).

It is trivial to show that generalized balls are generalized circular regions of Ku.
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2. Circular cones. In this section we give some definitions and concepts

leading to the construction of certain subsets (called circular cones [15, pp. 36-

40] ) of a vector space F over K and we prove some results which will be fre-

quently used in our work. Throughout this paper E2 denotes E x E and L [x, y]

the subspace of F generated by the elements x and y of F. We define an equiv-

alence relation "~" on F2 as follows:  We say that (xx, yx) ~ (x2, y2) if and

only if L[xx, yx] = L[x2, y2]. The equivalence class [(x, y)], containing the

element (x, y) of F2, is called nontrivial if x and y axe linearly independent

(trivial otherwise). By axiom of choice we choose a unique element from each

nontrivial equivalence class and call the set N (C E2) of elements thus chosen

as a nucleus of F2.  Note that N is nonempty if the dimension of F is at least

two. We define a mapping G from N into D(KJ) as a circular mapping.  We

then define a mapping Tc (for a given G) from N into the class of all subsets

of F by

(2.1) TG(x, y) = {sx + ty ± 0 \s, t E K; sft E G(x, y)}.

Finally, given a nucleus N of F2 and a circular mapping G from N into D(K^),

we define the subset E0(N, G) of F by

(2.2) E0{N,G) = \jTc{x,y)

and call it a circular cone in F relative to N and G. (The union in (2.2) is taken

over all elements (jc, y) E N.)

Remark (2.1).   In a two-dimensional vector space F, every cone E0(N, G)

is of the form

E0(N, G) = {s*0 4- tyQ ï 0 \s, t E K; sft E A)

for some A E D(KW), where x0, y0 axe any two linearly independent elements

of E, N = {(x0, y0)}, and G(x0, y0) = A. Now we describe the class of sets

which were used by Hb'rmander [6] and Marden [10] for their generalizations

of the theorems of Laguerre [7] and Grace [4] respectively. The sets of this

class, which we term as hermitian cones, are subsets F, of F of the form F, =

{x ¥= 0 \H(x, x) > 0} (or the ones obtained by replacing in this expression the

inequality ">" by "<", ">", or "<"), where H(x, y) is a hermitian symmetric

form [9] defined from E2 to K.  The following proposition shows that every

hermitian cone is necessarily a circular cone.

Proposition (2.2). Let F, be a hermitian cone in F.  Given a nucleus N

of E2, there exists a circular mapping G from N into DQi^) such that the cir-

cular cone E0(N, G)=EX and EXC\ L [x, y] - TG(x, y) for every (x, y) E N,

where TG is as defined by (2.1).
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Proof. We prove this proposition for the case when the hermitian cone

Ex is given by Ex = {x E E\x =£ 0; H(x, x) < 0}. The proofs for the remaining

three cases are similar.  If (x, y) belongs to N, then x and y are linearly inde-

pendent and

Exf) L [x, y] = {sx + ty ¥=0\H(sx 4- ty, sx 4- ty) < 0}

= {sx + ty¥= 0\asT + ßsT + ßst + ytt < 0}

where a = H(x, x), ß = H(x, y), and y = H(y, y). We now construct a circular

mapping G from N into D(KW) as follows:   For every (x, y) E N, define

G(x,y)= {pEK\app+ßp+ßp- + y<0} ifx$Ev

G(x, y) = {p EK\app + ßp + ßp + y < 0} U {co}   if x G Ex.

It is easy to verify that £", n L[x, y] - TG(x, y) for every (x, y) E N. Conse-

quently, the circular cone E0(N, G) coincides with Ex. This completes our proof.

The following example shows that there do exist circular cones which are

not hermitian cones.

Example (2.3).   Let 77 be a hermitian symmetric form having a Lorentz

signature [6, pp. 58—59], then [6, p. 58] there exist linearly independent ele-

ments x0, y0 of E such that H(x0, x0) = 1, H(x0, y0) = 0, and H(y0, y0) < 0.

Now we choose a nucleus A'' of E2 such that (xQ, y0) E N (which is always pos-

sible).  Let £, = {xE E\H(x, x) < 0}.  By Proposition (2.2), there exists a cir-

cular cone E0(N, G) such that E0(N, G) = Ex. Note that each set G(x, y) in

(2.3) is a generalized ball (with no boundary point included in it) of Ku

i— ̂ ou>) an(*> hence, a generalized circular region of K^. Since (cf. (2.3))

G(x0, y0)={pEK\ \p\2 < -H(y0, yQ)},

we see that G(x0, y0) has at least three boundary points (see [16, Theorem 2,

p. 381]). We adjoin to G(x0, y0) a suitable nonempty proper subset of its

boundary (e.g., a single-point set) so that the resulting set A (say) becomes a

generalized circular region different from a generalized ball. Now we define an-

other circular mapping G0 from A^ into D(KW) which agrees with G everywhere

except at (x0, y0), where we define G0(x0, y0) = A. Then E0(N, G0) is a cir-

cular cone (containing Ex) which is not a hermitian cone. For otherwise, by

Proposition (2.2), there would exist a circular mapping (via (2.3)) Gx (say) from

AT into D(KW) such that

rc0(Vo)=£oW Go)n UWol =:rGl(Wo)-

This would then imply that A = Gx(x0, y0), which contradicts the fact that
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Gx(x0, y0) is a generalized ball (cf. (2.3)). Hence EQ(N, G0) is a circular cone

which is not a hermitian cone.

Remark.   This method of construction suggests the existence of a large

class (at least as large as the class of all hermitian cones defined by hermitian

symmetric forms of Lorentz signature) of circular cones E0(N, G0) different

from hermitian cones.

In the light of Example (2.3), we now state the following

Theorem (2.4).   The class of all circular cones in E contains properly the

class of all hermitian cones in E.

3. A generalization of Laguerre's theorem.  Our main result of this section

uses circular cones and is expressed in the following theorem which generalizes

the results of Laguerre [8, Theorem (13.2)], Hörmander [6, Theorem 1] (cf.

also Marden [8, Theorem (14.1)]), and Zervos [16, Corollary (4.2), p. 360]. We

assume that the dimension of F is at least two.

Theorem (3.1).  IfPE?n and E0(N, G) is a circular cone in E such that

Zp(x, y) Ç TG(x, y) for every (x, y) G N, then P(xx, x, . . . , x)i= 0 for all

nonzero elements x and xx in E - E0(N, G).

Proof.  Let F0 = EQ(N, G) and x,xx be any two nonzero elements of

F - F0, so that x, xx ^ TG(xQ, y0) for any (x0, y0) EN. If x, xx axe linearly

dependent, then x, = ax for some a E K - {0}. Consequently, P(x,, x,..., x)

- a • P(x) =é 0. For, the vanishing of P(x) would contradict the fact that x G

E-EQ.

If x and xx axe linearly independent, then there exists an element (x0, y0)

G N such that x = ax0 + ßy0 and xx = axx0 + ßxy0 for some elements a, ß,

a, ,ßx ofK for which aßx - axß =£ 0.  Since K is algebraically closed, we can

write

p(sx+r*,)=n (v - v* Vs* *G K'
i=i

where the elements 5;- and 7;- of Ä' depend only on x, xx and are independent

of s and t. Since P(y]x + 8]xx) = 0 for all /, we see that

y.x + 5yx, = tyct + o\a,)x0 4- {7jß + ofr)y0 G TG(x0, y0)

and that

(3.1)       (7,.a + 5pjlitfi + 6y.0,) G G(xQ, yQ)     V; = 1, 2, . . . , «.

Now

F(JC) = 6,52 ...5n¥=0,   P{xx) = {-l)n7xy2  •••7„#0,
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and consequently y¡, b^O for all /. If p¡ = 7y/5y, then py- ¥= 0, co for all /.

Therefore (due to (3.1))

(3.2) P/ = (PiOi + al)l(p.ß + ßl)EG(x0,y0)   for all/.

Let U he the homographie transformation [16, p. 353] of Ku given by

U(p) = (pßx-al)l(-pß + a)   for all pEK„.

Then (3.2) implies that p¡ = U(p'j) E U(G(x0, y0)) for all /. Since x, xx £ £"„,

obviously a/ß and a, ¡ßx do not belong to G(x0, >»0) and so 0, co Ç? U(G(x0, v0)).

By using the definition of a generalized circular region, we know [16, p. 353]

that U(G(x0, y0)) is a K0-convex subset of K not containing the element 0.

Therefore

(3.3) M>/*°-"    /=!
But we know [6, p. 57] that

1     "
P(xvx,...,x) = ---ZPr

/=i

Now (3.3) completes the proof of Theorem (3.1).

Successive applications of Theorem (3.1) for hermitian cones (a proper sub-

family of circular cones) give the following result.

Corollary (3.2) (Hörmander [6, Theorem 1]).  Let PE?n and Ex

be a hermitian cone defined by

Ex = {xEE\x±0;H(x, x)>0},

where H is a hermitian symmetric form from E2 to K.  If P(x) # 0 for every

x E Ex, then P(xx, x2, . . ., xn) =£ 0 for every xx, x2, . . . , xn E Ex.

Proof.  Let N be a nucleus of E2. Since E - EXU {0} is also a hermi-

tian cone, Proposition (2.2) implies the existence of a circular mapping G (given

by (2.3)) such that f-f,U{0}= E0(N, G) and

(£•-£, U {0}) n L [x, y] = TG(x, y)     V (x, y) E N.

Clearly, then Zp(x, y) Ç TG(x, y) for every (x, y)EN and the proof of Corol-

lary (3.2) is obvious by successively applying Theorem (3.1) to P and its succes-

sive polars.

Second application of Theorem (3.1) leads to the following corollary which

is an improvement upon a classical theorem of Laguerre (see [8, Theorem (13.2)] ),

in the sense that we use generalized circular regions of Cw in our result while
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Laguerre used the (classical) circular regions in his theorem.

Corollary (3.3). Let f(z) = Zk=Qakzk be an nth-degree polynomial from

C to C  Given the elements f,,..., Çk (k<n-l)inC,we define the sequence

fk(z) (more precisely /fc(f,, . .. , fk, z)) of polar-derivatives offby

4(z) = (n-k + l)fk_x{z) + (tk - z)f'k_xiz),

where f0{z) = f(z). If all the zeros of f lie in a generalized circular region C of

Cw, then (for each k)

/*&!.....r*.*)*o   vsv...,sk,z$c

Proof.  Any element x in C2 can be uniquely written as x = sx0 4- ty0 =

{s, t) for some s, / G C, where x0 = (1, 0) and y0 = (0, 1). Then (cf. Remark

(2.1)) the set

EQ{N, G) = [sx0 +tyQ*0\s,tEC;s/tEC}

is a circular cone in C2, where N = {(x0, yQ)} and G(x0, yQ) - C.  Define an

«th-degree aJi.p. from C2 to C by

P(x) = P{sx0 + tyQ) = ¿ akskt"-k     Vx = (s, t)EC2.
k=0

Setting z = sft, if = sJft,, and x¡ = (s/( jy), we observe that (cf. [8, p. 45] and

[8, equation (14.6), p. 56])

(3.4) P{x) = tnf{z)

and

t\X, , . . . , X., X, . . . , X)

(3-5) '
= k«-*)!/«!] -tx---tk-tn-kfkax,...,tk,z),

for all nonzero elements xv ..., xk, x of C2. Consequently, Zp(x0, y0) C

tg(xo> y<¡) ~ Eo(N' G) anc* the proof immediately follows from successive ap-

plications of Theorem (3.1).

Our last application of Theorem (3.1) leads to the following corollary, a

result due to Zervos [16, Corollary (4.2), p. 360].

Corollary (3.4). Let f(z) = Zk=0akzk be an nth-degree polynomial from

KtoKandletf'(z) = i:n:=xkakzk-1.  Given the elements f,, ... , f k  (k <

« - 1) in K, we define the sequence fk(z) {more precisely fk(Çx,..., ffc, z))of

polar-derivatives of f by

fk(z) = (n-k + l)fk_x(z) + (Sk - z)f'k_xiz),
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where f0(z) = f(z). If all the zeros of f lie in a generalized circular region C of

Ku, then (for each k)fk{$x,..., Sk, z)± 0 Vf,.\k, z £ C

Proof.  The proof of this corollary is exactly the same as that of Corol-

lary (3.3), when C is replaced by K.

The following example shows that Theorem (3.1) is best possible in the

sense that it cannot be generalized for vector spaces over nonalgebraically closed

fields of characteristic zero.

Example (3.5). Let K0 be a maximal ordered field (so that A'q is a non-

algebraically closed field of characteristic zero [7, pp. 233, 250] ). Take E = Kq

with a basis consisting of elements x0 = (1, 0) and y0 = (0, 1). Let C be the

generalized circular region of K0 given by C= {-1}. (Though we have defined

the generalized circular regions for an algebraically closed field of characteristic

zero, but the definition remains the same for a general field as in [16, pp. 353,

373] or [15, p. 26].) Then (cf. Remark (2.1)) the set

E0(N, G) = [sx0 +tyo±0 \s, t EK0; s/t E C} = TG(x0, yQ)

is a circular cone in E, where N = {(x0, y0)} and G(x0, y0) = C.  Now define

an a.h.p. P G P3 by

P(x) = P(sx0 + ty0) = s3 4- s2t 4- st2 +f3=(s4 t)(s2 4-12)

for every x = (s, t) E E. Obviously Zp(x0, y0) Ç TG(x0, yQ) as s2 + t2 cannot

vanish unless s = t = 0 (cf. [l,p.36]). Therefore, the hypotheses of Theorem (3.1)

are satisfied by P and E0(N, G). Given x = (s, t) and x, = (s,, tx), we see [9,

equation (2.4)] that

P(xx, x.x) = (1/3) • [s,3/>/3s 4- txoP¡bt]

= (1/3) • [Sj(3s2 4- 2sf 4-12) 4- tx(3t2 + 2st + s2)].

If we choose x - (1 + \/6, 1) and xx = (1, - 2), then x and xx do not belong

to E0{N, G) whereas P{xx, x,. . . , x) = 0.

Now we give another example to show that Theorem (3.1) and its Corol-

laries (3.3) and (3.4) are best possible in the sense that the generalized circular

regions G(x, y) or C (used in those results) cannot be replaced, in general, by

generalized circular regions adjoined with arbitrary subsets of their boundary.

Example (3.6).   Take E = C2, K = C, and C = {z G C|Im(z) < 0} U {1, 2}.

Then C $ ^(C^), but the interior of C does belong to ^(C^). If we take x0 =

(1, 0), y0 = (0, 1), N = {{x0, y0)} and define G{x0, y0) = C, then E0{N, G) =

{sx0 + ty0 ¥= 0|s, t E C; s/t E Q = TG{x0, y0) is a circular cone in E. Next,

we define an aJi.p. PE?2 from C2 to C by
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P\x) s P(sxQ + tyQ) = 2t2 - 3st + s2 = (s - f)(s - 2t),

for all x = (s, t) G C2. Then Zp(xQ, y0) Ç TG(x0, y0). If x, = (s,, tx), then

[8, p. 45]

P{xx.x.x) = (1/2) • (s^P/ds + t^P/dt),

= (1/2)- [sx(2s - 3r) + r,(4/ -3s)].

Choosing x = (4,3)and*, = (0, 1), we notice that x, xx ^ EQ(N, G) whereas

P(xx, x,. . . , x) = 0. This shows that Theorem (3.1) no longer holds for the

type of sets G(x, y) chosen above.

If we express the above facts in terms of an ordinary polynomial from C

to C, we obtain (see relations (3.4) and (3.5)) the following statement:  If f(z)

= z2 - 3z 4- 2, then all the zeros of/lie in C (as defined above) whereas

/,(f,, z) = 0 for f, =0 and z = 4/3 (both being outside C). This shows that

Corollaries (3.3) and (3.4) do not hold in general for the type of sets C con-

sidered above.

In the following examples and succeeding remarks, we show that there

exist polynomials and circular cones (hermitian, or otherwise) satisfying the

hypotheses of Theorem (3.1). This fact, together with Theorem (2.4), estab-

lishes that Theorem (3.1) is a strengthened generalization of Hbrmander's the-

orem [6, Lemma 2].

Example (3.7).   Let H he a Hamel basis for a (finite or infinite-dimen-

sional) vector space F over K. Then every element x of F can be uniquely

written (except for the order of its terms) as a finite linear combination of ele-

ments of H.  (The proof is similar to the one given by Wilansky [14, The-

orem 1, p. 15] for the case when K = C.) We write x = 2a ■ h (h being in H

and a in K) and, realizing that this means ~Lm=xan • hn for a certain finite set of

scalars a„, we shall still understand that the summation 2a • « is carried over

all of H with zero coefficients for all but a finite number of elements h in H

Given x = 2a • h, we shall denote by 2a the sum of all the coefficients of «

in the expression for x.

Given any nucleus N of E2, we take the circular cone E0(N, G), where G

is the circular mapping from N to D(KW) defined as follows: For every {x, y)

E N (with x = 2a ■ h and y = 2/3 • h) we define

G(x,y) = Ku        ifZa=Lß = 0,

= <-22ß/zZa>,      otherwise.

Therefore, in the two cases we respectively have
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Tn{x,y)= {sx + ty*0\s, tEK},

and

TG{x, y) = isx + ty ± 0 \s, t E K; s/t = -ZßjLaf

= <zE L[x,y] |z=Zs ■h*Q;l28 = o\.

Consequently, the circular cone E0{N, G) is precisely given by

E0{N, G) = íz EE\z =Zo • « =¿ 0; Es = 0>.

Now we define an «th-degree a.h.p. P from E to K by

Pix) = (Za\"     Vjc = Za • A G £

Obviously then Zp{x, y) Ç TG{x, y) for every (jc, v) G N. I.e., P and E0{N, G)

satisfy the hypotheses of Theorem (3.1).

Example (3.8).   In a two-dimensional vector space E over K with basis

{jc0, v0}, let us take any circular cone E0{N, G) given by (cf. Remark (2.1))

E0{N, G) = {sx0 +tyo*0\s, tEK;s/tEQ, for some CGD(KW), where

N = {{x0, y0)} and G{x0, y0) = C.   If only a nonempty proper subset of the

boundary of C is included in C, we observe (as at the end of Example (2.3))

that the set E0{N, G) is not a hermitian cone. (Note that for K = C, a choice

of such circular cones E0{N, G) can easily be made by taking a generalized cir-

cular region C in 7XCW) such that a proper nonempty connected subset of the

boundary of C is included in C.) Given such a circular cone E0{N, G) in E, we

can always find an nth-degree ali.p. P from E to K such that the null-set

Zp(x0, y0) of P is contained in TG{x0, y0) = E0(N, G). We show this as fol-

lows:  Take any elements p,,. . . , p„ (one or more may possibly be on the

boundary of C) of C and define

P(x) = P(sx0 + ty) = fl(s- Pjt)     V x = sx0 + ty0 E E.
/=i

Clearly, then Zp(x0, y0) G TG(x0, y0).

Hence: For every circular cone (hermitian, or otherwise) in a two-dimen-

sional vector space E over K, we can always find an a.h.p. from E to K satisfying

the hypotheses of Theorem (3.1).

Example (3.9). As in Example (2.3), if Ex = (x E E\x # 0; ff(jt, x) < 0}

is a hermitian cone with H as a hermitian symmetric form of Lorentz signature,

then there exist linearly independent elements x0 and v0 such that H(x0, x0) -

1, H(x0, y0) « 0, and H(y0, y0)<0.  If we set F = {y G E\H(x0, y) = 0}, then



POLAR RELATIONS OF ABSTRACT HOMOGENEOUS POLYNOMIALS 125

Hiy, y)<0 for every y in F and any element x of F can be uniquely written

(cf. [6, p. 58] ) as x = tx0 + y, where y EF and t = H{x, xQ). We can then

define an «th-degree aJi.p. P from F to A" by P(x) = f for every jc in F. Fol-

lowing the construction of Example (2.3), we can take a circular cone E0(N, G0)

which is not a hermitian cone and which properly contains F,. From the defini-

tion of P, we see that Pix) = 0 if and only if x EF. Since F CEl and F, O

L[x, y] Ç TGq(x, y), it then follows that Zp(x, y) Q TGo(x, y) for every (x, y)

EN. Hence:  For every circular cone belonging to the class of circular cones

discussed in the remark following Example (2.3), we can always find an a.h.p.

satisfying the hypotheses of Theorem (3.1).

Remarks. Examples (3.7)-(3.9) show that there exist circular cones and

aJi.p.'s satisfying the hypotheses of Theorem (3.1). In Examples (3.8) and (3.9),

however, these cones may not necessarily be hermitian. Furthermore, Examples

(3.8) and (3.9) exhibit a class of circular cones for which we can always find an

a Ji.p. satisfying the hypotheses of Theorem (3.1). This class consists of the fol-

lowing type of circular cones:

(a) all circular cones (hermitian, or otherwise) in a two-dimensional vector

space F over K;

(b) all hermitian cones F, defined by a hermitian symmetric form of

Lorentz signature;

(c) all circular cones E0(N, G) obtained via the construction in Example

(2.3) (these are not hermitian cones-see remark following Example (2.3)).

4. A generalization of Grace's theorem.  Before stating our theorem, we

define the concept of apolarity (equivalent to the one given by Marden [10])

for a pair of aJi.p.'s, without introducing an additional operator [10, equation

(2.2)].  Our definition is as follows:   Let P, Q be aJi.p.'s (both of degree «)

given by

P{sx + ty) = ¿ C{n, k) ■ Ak(x, y) ■ skt"~k,
k=0

Q(sx + 0>) = ¿ C(n, k) • Bk(x, y) ■ skt"-k,
fc=0

where C(n, k) = n\/kl(n - k)l. We say that P and Q axe apolar with respect to

(linearly independent) elements x, y of F (written briefly, PlQ[x, y]) if

¿ (- 1)*C(«. k)Ak(x, y)Bn_k(x, y) = 0.
k=0

Note that the above definition makes sense only when x, y axe linearly inde-

pendent. For, otherwise, any two polynomials of the same degree turn out to be

apolar as shown below:  If x and y axe nonzero linearly dependent elements of
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F (of course P, Q are apolar whenever x or y is zero), there exists a nonzero

scalar a in A" such that y = ax. Therefore

P{sx + ty) = (s + ta)n -P{x)=¿Z C(n, fcK"*^*) ' s**""*.
fe=0

Gisx + ty) = (s + fa)" • ßCc) = ¿ C(n, k)an-kQ(x) • sktn~k.
fc=0

That is, Ak(x, y) = a"-kP(x), Bk(x, y) = an ~kQ(x), and

¿ (- 1)*C(«, k)Ak(x, y)Bn_k(x, y) = a"- P(x) • Q(x) •(!+(- 1))" = 0.
t=o

Consequently PI Q[x, y]. That is why we shall assume (throughout our dis-

cussion of apolarity) that x, y axe linearly independent and that the dimension

of F is at least two.

Successive applications of Theorem (3.1) give the following lemma, which

will be found useful in proving our main result.

Lemma (4.1). Let PE?n and E0(N, G) be a circular cone in E.  If

Zp(x, y) C TG(x, y) for some (x, y) E N, then P(sxx + txy, . . . ,snx + tny) ¥=

0 for all nonzero elements sjx + t¡y E L [x, y] - TG(x, y), 1 </ < n.

Proof.  Applying Theorem (3.1) to the polynomial P and the circular

cone TG(x, y) in the subspace L [x, y], we see that P(xx, x0.x0) ¥= 0

for all nonzero elements xx, x0 in L[x, y] - TG(x, y). If we put

Pl(x0)=P(xl,xQ,...,xQ)     V*oeF,

then F, is an (« - l)th-degree ah.p. such that ZPy (x, y) C TG(x, y). We con-

clude again from Theorem (3.1) that P(xx, x2, x0, .... x0) ¥= 0 for all nonzero

elementsx,, x2, x0 in L[x, y] — TG(x, y). Continuing, similarly, we can prove

the lemma under consideration.

Now we prove the following theorem, which generalizes the theorems of

Marden [10, Theorem (3.1)], Zervos [16, p. 360], and Grace [8, Theorem (15.3)],

[4]-

Theorem (4.2).   Let E0(N, G) be a circular cone in E and P, QE?n such

that Zp(x, y) C TG(x, y) for some (x, y)EN. If P1 Q[i r¡] for some %,t\E

L [x, y], then

(4.1) ZQ(x, y) n EQ(N, G) * 0.

More precisely,

(4.2) ZQ(x, y) n TG(x, y) * 0.
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Proof.  Note that statement (4.2) implies statement (4.1).  Suppose, on

the contrary, that the assertion (4.2) is false. Then ZG(x, y) C L[x, y] -

TG{x, y). Since K is algebraically closed, we can write

Ks%+ft?) = n (V - yfi = t cin> k)Aksktn-k,
7=1 k=0

Gis% 4- tn) = n (P> - afi - Z ci"> W/f1-*,
j=l k=0

where the coefficients a;-, ßj, y¡, 5;., Ak, Bk are all elements of A' which depend

only on %, r¡ and are independent of s and t. Obviously, since L [x, y] - L [%, v],

Zp(x, y) ~ Zp($, t?), and ZQ(x, y) = Zq(%, rj), we notice that afi 4- j3;rj are all

nonzero elements in L[x, y] - TG(x, y). By Lemma (4.1) then

(4.3) P(ax!i + ßxV,.--,<*J + ßnV)*0.

Let Sk denote the sum of all possible products of the form j3, • • • ßk • ak+,

. . . an got by permuting 1, 2, . . . , n in all possible ways. Then the definition

of polar gives

(4.4) Piax% 4- ßxq, . . . , aj + ßj) = ¿ Sn_kP{xl.xj,
fc=0

where x¡ = % for / < k and x¡ = q for / > k.  Comparing the expressions for

ö(s£ 4- tq), we get

(4.5) C{n,k)-Bk={-l)n-kSk.

Since

m + tq) = P(s^ + tv, . ...sÉ + fij)

= ZC(n,k)-P(xl.xn)-sktn-k,
fc=0

where jc- = ? for / < k and x¡ = q for / > k, we obtain

(4.6) ¿k=Pixi.*„)   foralU.

Consequently, the assertions (4.3)-(4.6) contradict the fact that

Z(-\fC(n,k)-AkBn_k = 0.
k=0

This completes the proof of Theorem (4.2).

First specialization of this theorem to hermitian cones gives the following

corollary, a result due to Marden [10, Theorem (3.1)].

Corollary (4.3). Let Ex = {x E E\x ^ 0; H(x, x) < 0} be a hermitian
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cone in E, where H is a hermitian symmetric form defined from E2 to K. Let

P, Q e P„ such that PL Q [x, y] for some x, y in F. // Zp(x, y)QEx, then

ZQ{x, y)nEx* 0.

Proof. We take a nucleus N such that (x, y)EN (this is always possible).

Proposition (2.2) then implies the existence of a circular mapping G such that

E0(N, G) - F, and F, n L[x0, yQ] = TG(x0, y0) for every (x0, y0)EN. Con-

sequently, Zp(x, y) Ç TG{x, y) and PI Q[x, y]. The proof is now complete in

view of Theorem (4.2).

Our second application of Theorem (4.2) gives the following corollary, an

improvement upon Grace's theorem [8, Theorem (15.3)] in the sense that we

use generalized circular regions instead of the classical ones.

Corollary (4.4). Let C denote the field of complex numbers and let f,

g be nth-degree polynomials (from C to C) given by

(4.7) A2) = Z c("' *)V*,   &) - ¿ C(«, k)Bkzk.
k=0 k=0

If fand g are apolar, i.e. 2£_0(- l)fcC(«, k)AkBn_k = 0, and if all the zeros

of f lie in a generalized circular region C of Cw, then at least one zero of g lies

in C.

Proof. Proceeding as in the proof of Corollary (3.3) and using the same

notations, let us take N = {{x0, y0)}, G(x0, yQ) = C, and define

E0{N, G) = {sx0 + tyQ ¥=0\s,tEC; sft EC}= TG(xQ, y0),

P(x) = P(sx0 + tyQ) = £ C(n, *>4 j*i"-*     Vx = (s,t)EC2,
k-0

Q(x) s Q(sx0 + tyQ) « ¿ C{n, k)B/tn-k     Vx = (s,f)eC2.

Then P{x) = t" • f(sft) and Q(x) = t" • g(sft) for all nonzero elements x = (s, /)

G C2. Obviously Zp(x0, y0) C TG(x0, y0) and PL Q[x0, >-p], where (x0, y0)

E N. Now Theorem (4.2), applied with (x, y) = (x0, y0) = (?, t?), gives

Zq(x0, y0) n TG(xQ, y0) ^ 0. Consequently, there exists a nonzero element

(s, t) E C2 such that g(s/t) = 0, s/t E G(x0, y0).  I.e. g(z) = 0 for some z G C

This proves our corollary.

Last application of Theorem (4.2) gives the following result due to Zervos

[16, p. 363]. In fact, Theorem (4.2) is a generalization of his result to vector

spaces of any dimension (finite or infinite).

Corollary (4.5). Let f, g be nth-degree polynomials {from K to K) de-

fined by the expressions (4.7). If f and g are apolar and if all the zeros of f lie
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in a generalized circular region C ofK^, then g has at least one zero in C.

Proof. The proof is same as that of Corollary (4.4) when C is replaced

by AT.

In the remainder of this section, we discuss the validity of hypotheses and

the degree of generality of Theorem (4.2).

It is known [8, p. 60] that there exist infinitely many polynomials (from

C to C) which are apolar to a given polynomial, and Szegö ([11,§9, Theorem l'],

see also [8, p. 61]) has given a method for constructing such polynomials. The

following theorem presents such a construction for aJi.p.'s from E to K.

Theorem (4.6).   Given elementsx,y EEand an a.h.p. P E ?n, there exists

an a.h.p. Q* E P„ such that Q*L P[x, y].

Proof.  Let P be given by

m + tv) = Z Ci"> *M*& ^/"
fc=0

kJi-k

and let us take any adi.p. Q E ?n given by

n

ete + tv) = z cin> *)**(£> i?)**'""*
*=0

= f[[tß,n)-s-y(%,n)-t\.
/=!

Now define an aJi.p. R E ?2n by

R(s% + tn) = ¿ (- l)kC(n, k) ■ Ak(%, q) ■ Bk{%, n) • s2*r2<"-*\
*=o

Finally, given the elements x, y of E, we choose (there must exist one) an ele-

ment px 4- vy in ZR (x, y) and define an aJi.p. Q* E ?n by

Q*(s% + tn) = fl (o*(t t))'S- yf{%, t>) • t)
/=i

= Z C{n, k)B*k{i-, q)sktn-k   (say),
fc=0

where 5/ß, tí) = v2yß, r?) and yf{%, t?) = p28ß, q). We claim that Q*lP[x,y]

as follows:  For convenience of notations, we shall write Ak{x, y), Bk{x, y),

E*ix' y)> àjix< y)> ̂ d y¡ix' y) simply as Ak, Bk, Bk, 8j} and y¡ respectively.

So that 5* = v2 • y¡ and yf = p2 • S¡. Let Sk (resp. Sk) denote the sum of all

possible products of the form 5, • • • 8k • yk+, • • • yn (resp. 8\* • • ■ 8% ■

Tk +1 * ' ' 7*) got by permuting 1, 2,.. . , n in all possible ways. Then

S* =   2k  2(n-k) . s
k *■ "n-k
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But the expressions for Q*(sx 4- ty) and Q(sx + ty) respectively imply that

{-l)»-kS*k=C{n,k)B*k   and   (-1)""% = C(n, k)Bk.

Therefore

F* = (-l)"-v2V("-*)-Fn_fc

and

¿ (-l)feC(«, k)AkB*_k =(-1)" ■ t {-l)kC(n, k)AkBkp2kv2(-n-V
k=0 fc=0

= (- l)nR(px + uy) = 0.

This establishes our claim.

The following example shows that Theorem (4.2) cannot be further gen-

eralized for vector spaces over nonalgebraically closed fields of characteristic zero.

Example (4.7).   Using the notations of Example (3.5) and taking the

vector space F (= K^), the circular cone E0(N, G), and the ah.p. P E P3 of that

example, let us define an ah.p. Q E P3 by

Qix) = Q(sx0 + tyQ) = 2t3 + st2 + I0s2t + 5s3 = (s + 2t)(5s2 + t2)

for every x = (s, t) E E. Then Zp(x0, y0) C TG(x0, y0), as shown in Example

(3.5).  Also, we can easily verify that PL Q[x0, y0].  Therefore P, Q, and

EQ(N, G) satisfy the hypotheses of Theorem (4.2) when (x, y) = (x0, y0) =

(jf, rj).  Since 5s2 4-12 cannot vanish unless s = t = 0 (cf. [1, p. 36]), we notice

that Zq(x0, yQ) n EQ(N, G) = 0, contrary to the conclusion of Theorem (4.2).

Next, we give another example to show that Theorem (4.2) and its Corol-

laries (4.4) and (4.5) are best possible in the following sense:  The generalized

circular regions TG(x, y) ox C (used in those results) cannot be replaced, in gen-

eral, by generalized circular regions adjoined with arbitrary subsets of their

boundary.

Example (4.8).   Let us take the vector space F (= C2), the set C, the

circular cone E0(N, G), and the 2nd-degree ah.p. P of Example (3.6) and define

another 2nd-degree ah.p. Q from C2 to C by

Q(x) = Q(sx0 + ty0) = - 7/2 - 2st + 5s2 =(s + t)(5s - It)

for every x - (s, t)EC2. Then it is trivial to see that PL Q[x0, y0] and

Zp{x0, y0) Q TG(x0, y0), whereas ZQ{x0, y0) n E0{N, G) = 0. That is, The-

orem (4.2) is no longer valid (in general) for the type of sets G(x, y) considered.

If we express the above example in terms of ordinary polynomials (from

C to C), we obtain (due to relation (3.4)) the following statement:  If f(z) =

z2 - 3z + 2 and g(z) = 5z2 - 2z - 7, then / and g axe apolar and all the zeros
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of/lie in C, whereas no zero of g lies in C. I.e., Corollaries (4.4) and (4.5) do

not hold (in general) for the type of sets C chosen here.

Remark.   In Examples (3.7)-(3.9) and the succeeding remarks, we have

already shown the existence of aJi.p.'sPE?n and circular conesE0{N, G)

(hermitian, or otherwise) such that Zp(x, y) Q TG(x, y) for every (x, y) G N.

Consequently, in the light of Theorem (4.6), there exist apolar aJi.p.'s and

circular cones (hermitian, or otherwise) satisfying the hypotheses of Theorem (4.2).

This fact, together with Theorem (2.4), establishes that Theorem (4.2) is a

strengthened generalization of Marden's theorem expressed in Corollary (4.3).
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