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THE 2-TRANSITIVE PERMUTATION REPRESENTATIONS

OF THE FINITE CHEVALLEY GROUPS

BY

CHARLES W. CURTIS, WILLIAM M. KANTOR AND GARY M. SEITZ(!)

ABSTRACT.   The permutation representations in the title are all determined,

and no surprises are found to occur.

1. Introduction. The permutation representations of the finite classical groups

have been a source of interest among group theorists from Galois and Jordan up to the

present time. Information about permutation representations has been used to classify

various types of groups, and to investigate subgroups of the known simple groups acting,

with some transitivity assumptions, in geometrical situations.  Unusual or sporadic be-

havior of permutation representations of certain groups has led to the discovery of new

simple groups, and suggests looking for new permutation representations of the known

groups. In investigations of finite groups in connection with various classification

problems, Chevalley groups acting as permutation groups may occur in the course of

the discussion, and one can ask what are the possibilities in such a situation. (Through-

out this paper, a Chevalley group will always have a trivial center and be generated by

its root subgroups.)

These are some types of questions which serve as motivation for a systematic

study of 2-transitive permutation representations of finite Chevalley groups, of normal

or twisted types.   The conclusion we have reached is that there are no surprises: the

only such permutation representations are the known ones. A more precise statement

of the main result is as follows.

Main Theorem.  Let G be a Chevalley group of normal or twisted type, and

let G<G* < Aut G.  Suppose that G* has a faithful 2-transitive permutation repre-

sentation.  Then one of the following holds.

(i) PSL(l, q)<G*< PTL(l, q), I > 3, and G* acts in one of its usual 2-tran-

sitive representations of degree (ql - \)l(q - 1).

(ii) G = PSL(2, q), PSU(3, q), Sz(q), or 2G2(q), and the stabilizer of a point is

a Borel subgroup.

(iii) G* is PSL(2, 4) <*PSL(2, 5) <* As or PTL(2, 4) « PGL(2, 5) « Ss.

(iv) G* is PSL(2, 9) « A6 or PSL(2, 9) ■ Aut GF(9) « S6.

(v) G* is PSL(2, 11) in one of its 2-transitive representations of degree 11.

(vi) G* is PTL(2, 8) « 2G2(3).
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(vii) G* is PSL(3, 2) « PSL(2, 7) or Aut PSL(3, 2) « PGL(2, 1).

(viii) G* is PSL(4, 2)*A8or Aut PSL(4, 2) * S8.

(ix) G* is Sp(2n, 2) in one of its 2-transitive representations of degree

2"~i(2n + ,)_ with the stabinzer 0fa point being GOi(2n, 2).

(x) G* is G2(2) w PSU(3, 3) ■ Aut GF(9) or Aut G2(2) * PTU(3, 3).

It should be noted that (vi) is the only case where G*, but not G, is 2-transitive.

Several special cases of this theorem have already appeared: Parker [27] for

G* = PSp(4,3), Clarke [11] for G = PSp(2n, q) for certain n and q, Bannai [2], [3],

[4] for G* = PSL(l, q), PSp(2n, 2) or PSp(l, q) with / > 14, and Seitz [32] for G =

PSp(4, q), PSU(4, q), PSU(S, a), G2(q) with q > 3, and 3D4(q). Moreover, Seitz [32]

showed that, for a given Weyl group of rank >3, there are at most a finite number of

exceptions G to the main theorem having that Weyl group, where G* > G is assumed

to be contained in the subgroup of Aut G generated by G and the diagonal and

field automorphisms.

The method of proof is basically as follows. Assume for simplicity that G* = G

and that the Weyl group W of G has rank >3.  Furthermore, assume that G is of

normal type; while the proof for groups of twisted type is the same, it is more awkward

to state.  Let 0 = 1G + x be the character of the given permutation representation,

where x is irreducible, and let B be a Borel subgroup of G.  Using the main theorem

in [32], it is easy to show that our main theorem holds if either (9, lg) = 1, x(l) is

divisible by the characteristic p of G, or 0(1) is a power of p.   Thus, if G is a counter-

example, then x is a constituent of l£ and p t* x(1).  According to an extension of a

result of Green [19] and D. G. Higman, this is only possible if G is defined over F

and p| \W\. A major part of the proof is aimed at showing that, with few exceptions,

a suitably chosen parabolic subgroup P of G is transitive, that is, (0, \p) = 1 ; this is

proved by checking that p divides the degree of each nonprincipal constituent of lp.

From this we deduce the semiregularity of certain root groups Ur. It then follows that

x(l)l \G : C(Ur)\. On the other hand, using structural properties of some parabolic

subgroups, we show that p*|0(l) for a suitably large k. Elementary number theory

is then used to show that these two divisibility conditions are incompatible, thereby

proving the theorem. We remark that it is surprising how few properties of 2-transitive

groups are needed.

Some parts of our proof use ideas similar to those used by Bannai [2], [3], [4].

However, he uses a detailed knowledge of all the characters of GL(n, q), whereas the

character-theoretic information we use is much more elementary.

The organization of the paper is as follows. Part I is concerned with general

properties of Chevalley groups. These include the structure of certain parabolic sub-

groups, normalizers of root groups, and characters of both Weyl groups and Chevalley

groups. Some of the proofs are computational, and are not given in complete detail.

More information is given concerning the structure of certain parabolic subgroups than

is actually needed in the proof of the Main Theorem.

In Part II the Main Theorem is proved. Given the information in Part I, together
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with the main result of Seitz [32], the proof turns out to be surprisingly short. In

fact, the only involved part centers around the exceptional situations F4(2) and

Sp(2n, 2).

For the sake of completeness, we have handled cases already essentially done by

Bannai. This includes Sp(2n, 2), and also PSL(l, q). We note that Bannai's treatment

[2] of PSL(l, q) is incomplete, as it uses a result of F. Piper [29] which turns out to

be almost, but not quite, correct.  Also for the sake of completeness, we verify that

the Tits group 2F4(2)' has no 2-transitive representation.

The study of 2-transitive representations of Chevalley groups contained in [32]

and the present paper were initiated by a simple proof in the case PSL(l, q)<G* <

7TZ-(/, q), based on the first lemma and the main theorem of Perin [28].

We are indebted to Professor T. Beyer for his invaluable assistance with the

proof of (6.8).

PART I. PROPERTIES OF CHEVALLEY GROUPS

2. Notation and preliminary results. Let A be a root system in Euclidean space

En, and let k be a finite field of characteristic p, such that \k\ = q.  A Chevalley group

G associated with A, and defined over k, is a finite group generated by certain p-groups

Ua, a E A, called root subgroups, defined as in [36] for a Chevalley group of normal

type, and in [34], [36] and [9] for a Chevalley group of twisted type. If A0 is a

root system generated by some subset of a fundamental system of roots in A, then

G0 = <£/a>ar=A0 is a Chevalley group associated with the root system A0.

The groups under consideration in the main theorem are assumed to have inde-

composable root systems. We shall have to consider subgroups, however, for which

this is not necessarily the case.

Unless otherwise stated, G will denote throughout the paper a Chevalley group,

with an indecomposable root system A, such that Z(G) = 1. Let B he a Borel sub-

group of G, U the Sylow p-subgroup of B, and H a p-complement of B.  Then U<

B, B = UH, and H is abelian. There exists a subgroup N¡> H such that W = N/H can

be identified with a group generated by the reflections sx,. . . , sn corresponding to a

fundamental set of roots a,,..., an in the root system A. Letting/? = {s,.sn),

the pair (W, R) is an indecomposable Coxeter system [8], and the subgroups B, N

define a Tits system (or (B, AO-pair) in G, with Weyl group W.  We shall view the

elements of W as belonging to G when this causes no confusion.

We shall use the notations Ua. = U¡ and i/_aj. = U_¡, 1 < i < n.  We may

assume that s¡ E ( U¡, U_¡) for 1 < i < n.

Throughout the paper, the Dynkin diagram of an indecomposable root system

will be labeled as in Table 1.

The correspondence we shall use between classical group notation and 5JV-notation

is given in Table 2.

The primes in the first column of Table 2 indicate, as usual, the derived groups.

The identifications between different parts of the table were given in [30] and [34].

(See [9] for a summary.)
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Table 1

A„. » > I
î-ï

B„. n > 2
•    il     >o
n-l        n

Cn.n>2

D„.n>4

•    rS      ri

n-l        n

n-l

-o

7

3

2

-ü_>o-
2 3

Table 2

Classical Group Notation     (B, 7V)-Notation    Type of A

PSO(2n+ l,q)'

PSp(2n, q)

PSO+(2n, q)'

PSCT(2n, q)'

PSU(2n, a)

PSU(2n + \,q)

Bn(l)

C„{a)

Dn{q)

2Dn{q)

^211-1^)

2A2n{q)

B„

Bn-l

BC„

All the root systems are given explicitly at the end of [8]. The root system BCn

is not reduced and consists of the union of the vectors on pp. 252 and 254 of [8]. In

this system, roots have lengths 1, \/2, or 2. A root a E A has length 2 if and only if

a/2 is a root, and in this case, Ua = Ua/2 in the corresponding Chevalley group.

For each subset / C {1,...,«}, set

1*7 = <*,!/£/>;
G, = (B, U_j\j $ I) = (B, W,) = BW,B;
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¿/= <£//, U_¿\JtI); and

Q¡ = ( Ua\a > 0 and a = "Lm¡a¡ with m;- > 0 for some / G /).

(Of course, W¡= \,G¡ = B, L¡= 1, and Q¡ = U in case / = {1,. . . , «}.)

We have already used, and will continue to use, abbreviations, such as G¡ = Cm,

LU = L {¡J}' etc-

(2.1) Lemma. Let a, ß be independent roots.  Then

wa, uß] ç   n    uia+jß.
i,j>0;ia+jßea

Proof.   [36, pp. 24, 181].

We remark that /, / G Z in (2.1) unless A has type BCn, in which case 2/, 2/ G Z.

On several occasions we shall need more precise versions of these commutator relations

(cf. (4.8)).

(2.2) Lemma. Let I C {1, . . . , n}.

(i) Q¡ < G,, QjLj<q Gj, and G, = Q¡L,H.

(ii) Q, is the largest normal p-subgroup of G¡.

(iii) Lj is a product ofpairwise commuting covering groups of Chevalley groups,

and its structure can be found by deleting the verdees in I from the Dynkin diagram

ofG.

Proof.  The commutator relations imply (i). Since Q¡ < U, Q¡ is a p-group.

Since H is a p'-group, to prove (ii) it will suffice to show that L, has no proper normal

p-subgroup.  Let vv0 be the element of maximal length in W¡. Since U O L¡ is a

Sylow p-subgroup of L¡, and (U n L¡) C\(U n Lj)w° = 1, it is clear that L¡ has no

proper normal p-subgroup, so that (ii) is proved. Statement (iii) follows from the fact

that the structure of a Chevalley group of rank > 1 is determined by the root subgroups

and the commutator relations, which are in turn all determined from what remains of

the Dynkin diagram after deleting the vertices in /.

(2.3) Lemma  (Tits). IfL is a proper subgroup of G such that U<L

then L < G¡ for some i.

Proof.   See [32,(1.6)].

(2.4) Lemma (Borel and Tits).   Let Vx be a subspace of En such that the

root system Aj =Afl Vx contains a basis of Vx, and let Wx be the Weyl group of

Aj. Let a, ß G A - A, be such that a = ß (mod Vx) and \&\ = |/3| (where |-| denotes

a length function invariant by the Weyl group). Then a G ßWx.

Proof. [7]. (This will only be needed for very special cases in (4.2), where it

is easy to check by direct calculation.)

(2.5) Lemma. Let 2 = {Ua\a G A}. If a EAandwEW, then (Ua)w = U(a)w,

so that, in particular, 2 = {t/£(.|l <i<n,wEW}. W acts on S by conjugation.

The permutation groups (W, A) and (W, 2) are isomorphic, with the isomorphism

induced by the correspondence a *—*■ Ua.
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Proof.   This result holds for arbitrary groups having split (B, AO-pairs ([31]).

(2.6) Proposition.   View G as a subgroup of Aut G, and let Gb be the sub-

group of Aut G generated by G together with all the diagonal and field automorphisms

of G.  Then Ga < Aut G, and the index divides 6. Aut G is generated by G1 and the

graph automorphisms of G.  If G < G* < Aut G, then G* has a normal subgroup G +

= G3 (~) G* containing G of index dividing 6 such that G+ has a Tits system given by

subgroups B+, N+ satisfying B = G n £+ and N = G C\ N+. Moreover, G+ = B+G.

Proof.  See [36].

(2.7) Lemma. Let L, M be subgroups of a group T.  Then (l£, 1^) is the

number of (L, M)-double cosets in T.

The proof is omitted.

(2.8) Lemma. Let I, J C {1.n).  Then (lg/5 lgp = (1^, 1^) is the

number of (W¡, Wj)-double cosets in W.

Proof.  The statement follows easily from the axioms of a Tits system and

the Bruhat decomposition (see Remarque 2, p. 28 of [8] ), together with (2.7).

(2.9) Lemma. Let G be a Chevalley group, and let G+ < Aut G be as in (2.6).

Then 1„+|G = 1^, and each irreducible constituent of l^+ remains irreducible when

restricted to G.

Proof.  The equality follows from the fact that B+G = G+ and Mackey's

Subgroup Theorem. (2.7) and (2.8) imply that

r,G   ,G-, = nV   ,K\ = nG+    ,G + x
Ufl. iß)     (lw> lw)     viß+. lB + h

proving the second statement.

We remark in passing that (2.9) proves that if G + has a 2-transitive permutation

representation with character 8 = 1 + x, and if x E 1^+ , then G has a 2-transitive

permutation representation.

(2.10) Proposition.   Let G be a Chevalley group and G:'be as in (2.6). Let

G < G < G1", and let B be a Bore! subgroup ofG.  Suppose that n>2, and G has a

subgroup L such that LB = G.  777t?« either G <L or one of the following holds:

(i)G = PSL(3,2)and\L\ = 3-7.

(ü) G = 7TZ,(3, 8) and \L\ = 32 • 73.

(iii) G = PSL(4, 2) « As, and L**A7.

(iv) G = PSp(4, 2) « S6, and L « A6.

(v)G = G2(2),andL = G'.

(vi)G = 2F4(2),a«ii7, = G'.

(vii) G = PSp(A, 3) « PSU(4, 2), and L O G is a maximal parabolic subgroup of

PSU(4, 2) of order 26 • 3 • 5.

Proof.   This result is Theorem A of [32].
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3. Properties of the classical groups. In this section we shall discuss some general

properties of the classical groups PSp(2n, q), PSOt{l, q)', and PSU(l, q). We define

SO1" (I, q) as follows.  Let V be an /-dimensional vector space having a nondegenerate

quadratic form, and let G be the group of isometries of V.   If V has maximal index,

then G = GO+(l, q); otherwise, G = GO~(l, q). Then SO±(l, q) is the set of elements

of GOt(l, q) with determinant 1 or Arf invariant 0, depending on whether q is odd or

even.  Recall that, as in [15], an orthogonal space V is nondegenerate if rad(K) con-

tains no nonzero singular vectors.

We are primarily interested in the structure of the parabolic subgroups of the

classical groups (see (2.2)).  Further discussion of these groups will be found in §§6

and 8. Basic information on the classical groups can be found in the books of Artin

[1] and Dieudonne' [15]. Some of the arguments given here are in outline form, with

details left to the reader. Some information of a numerical nature is tabulated in

Table 3 at the end of this section; there, p is the reflection character (see (5.4)), while

o= Iq   - lG - p. We first state the main results; the proofs will be given later in

this section.

(3.1) Proposition.  Let G = PSO±(l, q)',l>l.

(i) g, is elementary abelian of order ql~2.

(ii) T., « SO*(I - 2, q)', and acts on Q1 as a group of Vq-linear transformations,

preserving a nondegenerate quadratic form. If q is even and I is odd, then the radical

of the form is Us, where s is the short root of maximal height.

(iii) Let r be the positive root in A of maximal height.  Then G2 = N(Ur) =

C{Uj)H, where \Ur\ = q.

(iv) If q is odd, then Ur is an isotropic l-space in Q,, while if q is even, Ur is a

singular l-space.

(3.2) Proposition. Let G = PSp(2n, q), n>2.

0) \Q\ I = q2n~X-  If q is odd, then Ql is special with center of order q.  If q

is even, g, is elementary abelian.

(ii) Let r be the root of maximal height.   Then Z(Q1L1) = Ur has order q, and

Gj = N(Ur) = C(Uj)H.  Ifq is odd, then Ur = Z(QX). All elements of each nontrivial

coset of Ur in Ql are conjugate in QlL1.

(iii) L j * Sp{2n - 2, q), and acts on QjUr as a group of Y -transformations

preserving a nondegenerate alternating form. If q is odd, such a form is induced by

the commutator function. Ifq is even, £, acts indecomposably on Qx.

(iv) There exists a positive root s such that UsUr/Ur is central in U/Ur and is an

isotropic \-space of Qx¡Ur. Here, \US\ = q.

(v) Q12 = Q2UX, ß2<G12, Q2Ll2<G2, Q2L12 < C{U,),and Gl2 =

{Q.2LX2)UxH = CGx2{U,)UxH.

(3.3) Proposition.   Let G = PSU(l, q), I > 4.

(i) gj is special of order q2'~l, with center of order q.

(ii) There exists a uniquely determined root r such that Z(QX) = Z(Ur) has order
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q. Iflis odd, Ur is special of order q3, while if I is even, Ur is elementary abelian.

All elements of each nontrivial coset ofZ(Qx) in Qx are conjugate in Qx. Moreover,

GX=N(Z(Q1)) = C(Z(QX))H.

(iii) L x «* SU(l -2,q), and acts on Qx fZ(Qi) as a group of F 2-linear transforma-

tions preserving a nondegenerate hermitian form.  The commutator function induces a

nondegenerate alternating form on the F -space QxfZ(Qx) preserved by Lx. (The

forms are related by (3.7).)

(iv) There is a positive root s such that USZ(Q1)IZ(Q1) is central in U/Z(Qx) and

is an isotropic 1-space of the unitary space QJZ(QX). Here, \US\ = q2.

(v)ßia=ß2tfi,ß2<GI2. Q2LX2<G2, Q2Lx2<C(ys),andGx2 =

{Q2Lx2)UxH=CGl2(Us)UxH.

These properties will be proved, for the most part, together. The case of

PS0(2n + 1, 2')' is left to the reader. We can replace G by the corresponding linear

group G = SO* {I. q)', Sp(2n, q), or SU(l, q), acting as usual on a vector space V and

preserving a nondegenerate quadratic form, a nonsingular alternating scalar product, or

a nonsingular hermitian scalar product, respectively. In each case we let ( , ) denote the

underlying scalar product, and let dim V = I.  We are assuming that rad(I0 = 0.

We can write V= Vx L ■ • • L Vk LVk+1, with Vx_,Vk hyperbolic planes,

and Vk + j either 0 or anisotropic of dimension 1 or 2. We select an ordered basis

vx,..., v¡ for V in such a way that v¡, v¡_¡+, is a hyperbolic pair in V, (1 < / < k)

and Vk+1 is either 0 or has a basis {vk+x} or {vk+i,vk+2}. Matrices will be written

with respect to the ordered basis u,,. . ., v¡ of V.

We first show that the subgroup B of G fixes a unique 1-space in V, which is

generated by an isotropic vector (or singular vector if G is an orthogonal group and q

is even). Consider B acting on V.  Since U< B and U is a p-group, U fixes every vector

in a nontrivial subspace of V fixed by B.  As B = UH and H is diagonalizable on V, B

fixes a 1-space V0 of V.  Suppose G is not orthogonal with q even. If V0 is not

isotropic, then V = V0 1 F¿ and U acts faithfully on K¿. However this implies that

U is contained in a classical group of smaller dimension, which is impossible in view

of \U\. So in this case VQ is isotropic. Now suppose G is orthogonal and q is even.

If V0 is not singular then V£ is a nondegenerate orthogonal space of dimension less

than dim V.  Also, U acts faithfully on V¡¡, as otherwise G would contain a transvection,

which is not the case. As before, order considerations yield a contradiction. Thus,

V0 is singular. We only need the uniqueness of V0. Suppose that B fixed the 1-space

V'0. Then V'0 is isotropic (or singular) and so V'Q = V$ for some g G G.  Thus B <

NG(V0) and B < NG(V'Q) = NG(V0f. The theory of parabolic subgroups implies that

g G stab(F0) and V0 = V'0. Since B fixes a unique 1-space and since H is diagonaliz-

able on V, it follows that dim(Cv(U)) = 1.

We may assume that B < NG({ vx >) = Y, so that Y is a parabolic subgroup of G.

Since K = (i>,, v¡) 1 (vx, u,)1, Y contains a subgroup Y0 such that Y0 is trivial on

<iij, t>;> and induces on (vx, v, > the derived group of the group of isometries of (vx, v,)1.

Let Q = Op(Y). Then since Y acts irreducibly on the space {vx )l/(vx >, Q is trivial on
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this space. Also, V/(vx >x is 1-dimensional and (u,> is 1-dimensional, so that (Y/Q)' is

trivial on these spaces and, hence, faithful on <Uj >i/<ü1 >. It follows that (Y/Q)' « yo.

Thus, by (2.2) we have Y = G,.

We now claim that g EG belongs to Q = ß, if and only if g has one of the

following matrix forms. This fact is verified by checking that the matrices described

in each case form a normal p-subgroup of G,, with the property that no larger p-sub-

group of Gj acts trivially on (vx)l/(vx).

(3.4) G symplectic.

/'/?2     1

-du

"*+l

ul-l

\

\a,    aH1    •••   a2    \\

(3.5)

11
G unitary.

"2     1.

'1-1

\     0

\-a,   a,_x

\

«2     1
/

Here a¡ + a¡ = {a¡^iv2 H-+ a2vl_l,a¡_xv2 +-1- a2u/-i)' an(* a ~ a<l•

(3.6) G orthogonal.

-«2      '■

"«M °

\

+ a,   aHX    ■•■   a2    lj

Here a, = -t(a¡_xv2 + • ■ • + a2u;_,), where t( ) is the quadratic form on V.

If g e ß, has one of the above forms, set vg = a¡_xv2 + • • • + a2vl_1. Then

vg satisfies the condition:

{v¡)g = a,v1 + v, + t>     (symplectic case),
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{vf)g - ~a¡vx + v, + vg   (unitary case),

(v¡)g - apx + v, + vg   (orthogonal case).

In ail cases, vg is a vector belonging to V2 1 • • ■ 1 Vk+ x, and for g G Qx and

vEV2l---lVk+x,

(v)g =v-(u, vg)vx.

Using these facts we obtain, for all g, h G ßj,

l\
(3.7) \g.h] =

°\

Wu«)' 0

0

0 %%1

where (i^, vh)' = (vh, vg) - (vg, vh).

Consequently, Qx is elementary abelian if V is orthogonal, or if V is symplectic

and q is even. In the remaining cases, Qx is special and has as center the group X of

transvections in G with direction (vx >. By (3.7), if g G Qx - Z(QX), then all elements

of the coset gZ(Qx) are conjugate in Qx.

Clearly CG(Fj) induces a group containing the derived group of the isometry

group of V\ =

have

V2L---lVk + 1. If* GO! andyECG(Vx), thengy EQX. We

{»¡)y lgy = cvx + (v)y + v,,

where c is the coefficient of vx in (vfjg.  In particular, v _j     = (v )y.  The properties

of the set of vectors {v \g EQX] show that the action of CG(VX) on Qx (if G is

orthogonal) or on QJX (if G is symplectic or unitary) is determined by the mappings

vg I—»- vgy, g G ßj, y G CG(Kj). Therefore, Lx acts on Qx (in the orthogonal case)

or on QJX (in the symplectic or unitary cases) as a group of linear transformations

on a vector space over F , preserving a nondegenerate quadratic form, or a nonsingular

alternating or Hermitian scalar product. Also Lx < CG(X).

Suppose that V is symplectic with q odd or that V is unitary. Then X = Q\,

and (3.7) shows that the commutator function induces a nondegenerate alternating

form on QJX.  The action of CG(VX) on ß, shows that this form is preserved by Lx.

Suppose that V is symplectic and q is even. Then Qx is abelian, and we will

show that ¿j acts indecomposably on Qx. Let Xx be an Lx-invariant subgroup of Qx,

not contained in X.  Let 1 ¥=gEXx be as in (3.4). As Lx is transitive on the nonzero

vectors of QJX * V2 1 • • • 1 Vk, every nonzero vector of V2 1 • • • 1 Vk appears as

vh for some h in Xx. This construction produces ql~2 - 1 elements of Xx all having

the same entry a¡. These elements, together with 1, do not form a group. It follows
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that, if g¡ is decomposable, then Qx = X x Xx, with \XX | = q'~2, and the preceding

argument gives a contradiction.

The rest of the proof involves the (B, N) structure of G.  We begin with some

remarks concerning the root systems. (Further discussion of these root systems can

be found in (6.1)—(6.4).) The root of maximal height is as follows [8, pp. 252, 254,

256]:

Bn:ctx + 2 £<*,.
i</

(3.8) C„: 2 Z «, + «„■
i<n

D„:clx +2     Z      Oj+a,,., +a„.
1«<»-1

For type Bn and Dn, this root is fixed by W2 = (sx, s3,. . . , sn), while for type Cn

it is fixed by W,. We now divide the discussion into three cases.

(1) G = SOt(l, q)\ where q is odd if lis.  Here A has type Bn or Dn. Define r

by (3.8). By the commutator relations (2.1), C(Ur) > (Uw\w EW2)> Q2L2, so

N(Ur) > Q2L2H = G2 by (2.2). Then N(Ur) = G2 by the maximality of G2, and

clearly C(Ur)H = G2.

Since U n Z,j is Sylow in £,, from the action of Z, j on g, it follows that the

space of elements fixed by Í/ n ¿, is an isotropic 1-space (singular, if q is even).

Since Ur<Q1, it follows that Ur is in this 1-space, so since \Ur\ = q, it follows that

Ur is isotropic (or singular).

(2) G = Sp(2n, q) or SU(2n, q). Here A has type C„, and Ur is elementary

abelian of order q, where r is given in (3.8). Since Wt fixes r, the commutator relations

(2.1) imply that C(Ur) > (Uw\w E WX)>QXLX. Then, as in (1), G, = N(Ur) =

C{Ur)H.  The irreducibility of L1 on gj/* shows that X = i/r.

Since each root ¥= ±a, which involves a, also involves a2,Q2 = <í/a|o¡ > 0, a =£

a,, and a involves a, or cv2>. Thus, g,2 = Q2U1. Moreover, Q2<Q12L12.

The root s — r — ax is the highest short root, and is fixed by Wi 2. The com-

mutator relations (2.1) imply C(US) > W™\a > 0,ai-av w E Wl2) = Q2L12. Then

Gl2=Q2Lx2U,H = CGl2(Us)UlH.  Also,72 = LX2WX, (7_,>with [L12, VJ =

[7,12, i/_,] = 1. Since G2 = Q2L2H, and since # normalizes ¿,2, we have g2Z,j2

<G2.

The group t^ UjUr < Z(U/Uj). Also, j is short, so \US\ = \UX I = q for 5p(2«, i)

and <72 for SU(2n, q). As in (1), UsUj\Jr is an isotropic 1-space of ö,/£/r.

(3) G = 51/(2« + 1, í). This time A has type J?C„. With respect to the basis

ojj, .. . , an of Bn, the root r = 2(a1 + • • • + an) is the root of maximal height in

C„, where r/2 is a root. The root s = a, + 2(a2 + ■ • • + an) = r - a, is highest in

£„. Here Us and t7j are conjugate under W, as are Í7r = Ur/2 and i/n. This implies

that Us is elementary abelian of order q2 and Ur is special of order q3 with center of

order q.

The only roots a not of length \/2 for which Ua < Qx are r and r/2 [8, pp. 252,
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254].  Since Z(Q{) = Q\ = X has order q, we must have Z(Ur) = Z(QX).

As in (1), the space of fixed elements for U n Lx in its action on Qx fX is an

isotropic 1-space. Since s = r - ax, the commutator relations (2.1) yield [U n ¿,, I7J

= 1. So again we find that UsXfX is an isotropic 1-space. The remainder of (3.3)(v)

can now be proved as in (2). This completes the proof of (3.1)—(3.3).

(3.9)   Lemma. Let G and s be as in (3.2) or (3.3). Let x be an irreducible

constituent of both 1% and lG'xy where 1 # x G Us.  Then x is a constituent of 1G

Proof.   Set T=Q2LX2. By (3.2) and (3.3), we know that 7"< C(x), T < G2,

and Gx2 = TUXH.  In particular, x G l£. Write

l? = (lr2)C = OC2+0.+--- + 0k)c,

where the dfs axe irreducible characters of G2 having T in their kernels. We may

assume that x £ 1g2 anc^' hence, that x G Of for some i.  Since x G lg, the Mackey

Subgroup Theorem yields

o«tf.ij>- e »r'^w-
G2wB

where the sum is taken over the distinct (G2, Z?)-doubIe cosets.

There is a double coset G2wB for which (0!"_1, 1) wn „ > 0- We can consider

w to be in W.  Since sx EW2,we may assume that every minimal expression for w as

a word in the j('s has the form w = $,. " ' S, with Sjj ¥= sx. Then (aj)w is a positive

root, so G? t~\B> UXH.■ Consequently,

o«^« oc?na <(«r-1.v» = (»r1. i)(W|l0w.

so (Ö,-, l)c/,// > 0. That is, 1^// G (6¡)UlH. But T is in the kernel of 0¡, so 1Viht

G (dj)uxHT< where Gi2 = t/,/77:  Thus, 0,. G lgn, as required.

4. Properties of the exceptional groups. We next consider some general properties

of the groups G = F^(q), 2E6(q), E6(q), En(q), and E&(q), having, respectively, Weyl

groups of types FA, FA, E6, En, and Es.

Let r be the positive root of maximal height. The commutator relations (2.1)

imply that Ur < Z(U). By [8, pp. 260, 265, 269, and 272], r is as follows.

FA: r = 2ax + 3a2 + 4a3 + 2a4,

(4.1)    E6- r=al+2a2+ 2a3 + 3a4 + 2a5 + a6,

E1: r = 2a, + 2a2 + 3a3 + 4a4 + 3as + 2a6 + a7,

Es: r = 2al + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7 + 2a8.

(4.2)  Proposition,   (i) 77ie stabilizer ofr in W is W¡, where i is given in Table

4. Also, G¡ = NG{Ur).

GOO&.igj-Offf.igj-s.
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(iii) Iw-is multiplicity-free, and the degrees of its irreducible constituents are

given in Table 4.  The reflection character of W is a constituent ofl%-

Table 4

10:0,1 Degrees in 1 ¡¡¡       Degree p(l) of reflection character

F,(q)

2EÁq)

Et(q)

En(q)

EÁQ)

fe4 + 1)

(?4 + O

<7-l

a9 + 1 ?'

q3 + 1   9 '

(?4 + O
1<7,2-1

<?-!   ?3-l

u"-u»
<7-l    94_j   96_,

(i10 + D-
193

1 9-1

1,2,9,4,8

1,2,9,4,8

1, 15,20,6,30

1,27,35,7,56

1,35,84,8, 112

Hffo3 + 1)V + O

9(94 + 1)
99-l

93-l

q{q6 + \)q14-l

q2 + 1     ç2 - 1

9(9'° + O
924-l

96-l

Proof. It is easy to check that r is fixed by W¡, so G, = <£/w, /7|n_e W¡) <

NG(Ur). Thus, G, = NG{Ur) by the maximally of G,. Moreover, if f/)w = r, then

(i/,.)"" = Ur, so w € G¡ and, hence, w E W¡ by the uniqueness of the Bruhat decom-

position. This proves (i).

To prove (ii), we must calculate the number of orbits of W¡ on (r)W (see (2.7)

and (2.8)). By (2.4) (or using [8, pp. 260, 264, 268, and 272], for each integer

m, 0m = {a E (r)W\a has m as coefficient of a,} is either empty or an orbit of W¡.

Again by [8], 00, 0,, 0_¡, 02, and Ö_2 are the orbits of W¡. This proves (ii).  In

particular, \%. is multiplicity-free.

To prove (iii), let wQ be the element of W of greatest length. Again using [8],

we find that w0 normalizes W¡; in fact, w0 E Z{W) for W of type F4, En, or Ez. We

will consider W¡ = W,(w0>.

Since wQ sends positive roots to negative roots and (a()w0 = -a¡, w0 fixes 0o

and interchanges both Ö, and 0_,, and ö2 and Ö_2. Consequently, W acts as a rank

3 permutation group on {{a, -a}|a E (r)W), the stabilizer of {r, -r) being H/(..

Since 12,' =s 1 í?. + ^, with X a linear character, we have 1$. = 1 ft. + XM'. Here,
B' 'lv        '

1 ft. - 1 w is the sum of 2 irreducible characters, so by (ii), X    is also the sum of 2

irreducible characters.

Let V be the natural module for the reflection representation of W, and let r be

the corresponding reflection character. Then a,, . . . , an can be regarded as a basis

for V.  Set Vi = <ay|/ ¥= i). Then W¡ stabilizes V¡ and is trivial on V/V¡; that is, lw.

appears as a constituent of the character of W¡ on V.  Thus, t appears in l%- with

positive multiplicity (and, hence, multiplicity 1).
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If t G 1 ¡£., then l(wo) G r|(Wo). However, if W is not of type E6, then w0 is

-lonK  Thus, W is of type Eb, in which case w0 stabilizes V¡ = V2 and is -1 on

^7^2 [8> P- 261]. In any case, Ff is the natural module for the reflection representa-

tion of W¡, so W¡ is irreducible on V¡. In particular, W¡ fixes no vector of V, so t G lfi/.-

It follows that r G X"', so the degrees of the irreducible constituents of X*' are

t(1) and \W : W¡\ - r(l).   The degrees of the three irreducible constituents of 1 jj;. can

be found by using the results of Frame [39, Chapter 5] or Higman [21], or by

guessing and ehmination. The results are given in Table 4.

In Table 4 we have also listed the index IG : G¡\ and degree of the reflection

character p of G (see (5.4)), which will be needed later. We will also need to use

another parabolic subgroup later, when G is F4(q), E6(q), or En(q).

(4.3)  Proposition, (i) Let W have type FA. Then l{¡¡   decomposes into five

irreducible characters of degrees 1, 2, 9, 4, and 8. Of these, the ones also in 1¡£

have degrees 1, 4, and 9.

(ii) Let G = E6(q).  Then 1 ̂    is the sum of three irreducible characters of

degrees 1, 6, and 20, all of which occur in 1 {¡¡2. Also, \G : G6\ = (q9 - l)(q - If1 ■

(«" - ix/- ir1.
(iii) Let G = En(q). Then l{J¡   decomposes into four irreducible characters, of

degrees 1,21,1, and 21, of which only the first three appear in 1 ̂  . Also, \G : G71

= (<,s + ix<79 + ix?14-ix<7-ir1.

Proof.   In (i), (ii), and (iii), set/ = 4, 6, and 7, respectively. Then (1$., 1$)

= 5, 3, and 4, respectively. For (ii) and (iii) this is proved in [23]. For (i) it can be

deduced by applying the graph automorphism of W to Wx ; alternatively, we could

proceed as in (4.2), replacing r by s = aj + 2a2 + 3o¡3 + 2a4. The indices \G : G A

are easy to compute.

We next claim that (1 %-, 1 w) = 3. To prove this, we must find the number of

orbits of Wj on (r)W. This is easy to do, using the roots given in [8] and the action

of the reflections on each root.

This proves (ii), since the reflection character of W appears in 1% . To find

the degrees in (iii), introduce W¡ = W¡( w0> as in the proof of (4.2).  This time, 1 jp. is

the sum of just two characters, of degrees 1 and 27.  Comparison with Table 4

completes the proof of (iii).

It remains only to show that for W of type F4, lJJJ   and 1¡}J   have in common

an irreducible character of degree 9; we already know by (4.2) that they have lw and

the reflection character in common. We will show that the third common character

ip cannot have degree 2 or 8.

Suppose 0(1) = 8. Set WA = W4(w0). The proof of (4.2) shows that (1$ , 1$ )

= 1. Then W= WXWA. Since Wx n W4 contains W1A(w0) of order 16, \W\ divides

(2s • 3)2/24, which is not the case.

Finally, suppose ̂ (1) = 2. Then <p\Wx - lWl and <p\WA - lw4 are linear. Con-

sequently, the reflections sx, s2, s3, and s4 commute mod ker ¡p, which is absurd. This

proves (4.3).
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The remainder of this section will be devoted to the study of the structure of

parabolic subgroups of G.

(4.4) Proposition.  Let G = E6(q), En(q), or E&(q), and let r and i be as

before (see (4.1) and Table 4).

(i) Q¡ is a special group with center Ur, and has order q21, q33, or q5"7, re-

spectively.

(ii) Gt m N(Ur) = OUr)H and L¡ < CiUr), where LJZ(L() m As(q), D6(q), or

En(q), respectively.

(iii) Q¿/Ur can be turned into an F -space such that the commutator function

induces a nondegenerate alternating form on QJUr. Moreover, L¡ acts on QjUr as a

group of Fq-linear transformations preserving this form.

Proof.   Again let Ö, consist of those roots with i'th coefficient 1. Then g, =

Wr, Us\s E Ö, > [8, pp. 260-270].  Let s, t E Qx. Then, since the Dynkin diagram

of G is simply-laced, the commutator relations (2.1) show that [Us, Ut] = 1 if and

only if s + t is not a root. Moreover, if s + t is a root, then s + t = r.

Conversely, if s E 0i, we claim that r - s E Oj • For, by (4.1) and the definition

of /' in Table 4, r - a¡ = {r)s¡ E (?,. Since Ö, is an orbit of W(, we can write s = (aj)w

with w E Wt. It follows that r - s = (r - <xj)w E Qx.

Thus, Q¡ is the central product of the groups Ws, Ur_s) = UsUrUr_s, each of

which is special of order q3 with center Ur. Hence, Q¡ is special. Its order is easily

found using (2.2), as is the structure of L¡. Also, L¡ centralizes Ur, so C(í/r) > Q¡L¡.

Then N(Ur) > Qd.fi = G¡, and, hence, G, = N(Ur) = C(Ur)H by the maximality of G¡.

It remains to prove (4.4)(iii). Let H consist of all the elements «(x), with x a

character of the additive group generated by the roots into F*. Then H>H, and

LJH and Q¡LJH ate groups. Let H0 = {«(x) e H\x(a¡) = 1 for all / * /}. Then |/70| =

q - 1, and/70 centralizes L¡ while acting on Q¡. Moreover, if h{x)EH0, then Us(a)h<'x)

= l/jfaia,» for all s E 0, and a E Fq. Consequently, HQ acts fixed-point-freely on

Qi/Ur-
If 0 ^ a E F , let ha E 770 be the unique element for which ha = h{\) E HQ

and x(<x,-) = a.  Then QjUr becomes an Fq -space as follows: for v E QjUr of the

form v = yUr, y EQ¡, define av = yhaUr. Since L¡ centralizes HQ, it acts as a group

of Fq-transformations on this vector space.  Finally, Ur can be regarded as a field via

the correspondence t —► Ur(t). From the commutator relations (2.1), it follows that

the commutator function is a nondegenerate alternating form on the Fq-space, preserved

by L¡. This completes the proof of (4.4).

(4.5) Proposition.  Let G = FA(q).

(0 Igj I = ql S, and LJZ(LX) « PSp(6, q). If q is odd, then g, is special with

center Ur (cf. (4.1)) of order q; Gx acts irreducibly on Qx/Ur. If q is even, then g, =

LS with [L, 5] = 1, L O 5 = Ur,L special with center Ur, and S an elementary abelian

normal subgroup of Gx of order q1 ; moreover, Gx acts irreducibly on Ur, S/Ur, and

Qjs.



2-TRANSITIVE permutation representations 17

(ii) IÖ4I = <?'S. and L4 « £0(7, q)'.  G4 has a normal elementary abelian sub-

group R4 of order a1 such that US<R4< ß4, where s = ax + 2a2 + 3a3 + 2a4.

G4 acts irreducibly on Q4fR4-

(iii) // q is odd, then L4 acts on R4 as a group of F^-transformations preserving

a nondegenerate symmetric form. The isotropic 1-spaces ofR4 are conjugates of root

groups Ua with a a long root.

(iv) If q is even, then US<G4. L4 acts on R4 as a group of F^transformations

preserving a quadratic form for which the radical of R4 is Us.  The singular 1-spaces of

R4 are conjugates of groups Ua with a a long root.

(v) G, = N(Ur) = C(Ur)H. Ifq is even, G4 = N(US) = C{UsyH.

(4.6)  Proposition. Let G = 2E6(q).

(i) ßj is special of order q21 with center Ur of order q.  Gx acts irreducibly on

QJUr. Moreover, Gx = N(Ur) = C(Ur)H.

00 IßJ = <724> and L4 « SO~(S, q)'. G4 has a normal elementary abelian

subgroup R4 of order q* such that US<R4< Q4, where s = a, + 2a2 + 3a3 + 2a4.

G4 acts irreducibly on Q4fR4.

(iii) L4 acts on R4 as a group of F'^transformations preserving a nondegenerate

quadratic form.  The isotropic 1-spaces (or singular, if q is even) are conjugates of root

groups Ua with a a long root.

Proofs. Let G = F4(q) or 2E6{q), so W is of type F4. Then W has two orbits

on A: the long and short roots. Here a2 and r axe long while a3 and s axe short. The

action of W is determined by the following equations.

(a^Sf = -ay   and   (ay)sÄ = a¡   for \j-k\>l,

(4.7) (02^' = ai + a2'   (a3^4 = a3 + °4>

(at)s2 =ax +a2,    (a3)s2 = a2 + a3,

(a2)s3 = a2 + 2a3,   and   (a4)s3 = a3 + a4.

From this information it is easy to determine all roots. In particular, let Lm (and Sm)

be the set of long (or short) roots for which m is the coefficient of a¡. Then

L\ = {ax,a1 + a2, a, + a2 + 2a3, a, + 2a2 + 2«3, ax + a2 + 2a3 + 2a4,

a1 + 2a2 + 2a3 + 2a4, ax + 2a2 + 4a3 + 2ö4, aj + 3a2 + 4a3 + 2a4},

S\ = {ax +a2 + a3, a, + a2 + a3 + a4, a1 + a2 + 2a3 + a4,

al + 2<x2 + 2a3 + a4, a, + 2a2 + 3a3 + a4, a, + 2a2 + 3a3 + 2a4},

and ßj = <Ua\ct G {r} U l\ U S>\>. Moreover, Wx = (sx, s2, s3) is transitive on both

L\ and S\ by (2.4). It follows that root groups Ua, Uß < Qx axe conjugate under

Wx if and only if a and ß axe roots of the same length.

Before proceeding further, we note the following facts.



18 C. W. CURTIS, W. M. KANTOR AND G. M. SEITZ

(4.8) Lemma.   Let a and ß be positive roots in A.

(i) Ifa + ßis not a root, then [Ua, Uß] =1.

(ii) If a and ß are long, and a + ß is a root, then a + ß is long. Suppose a, ß,

and a + ß are all long or all short. Then [Ua, Uß] = Ua+ß, ( Ua, Uß) is special with

center Ua+ß, and [g, Uß] = Ua+ß whenever l±gEUa.

(iii) Suppose a is short, ß is long, and a + ß is a root.   Then a + ß is short, 2a +

ß is long, [Ua, Uß] < Ua+ßU2a+ß, and [Ua, Uß] * U2a+ß. Moreover, [Ua, g] * 1

whenever 1 i=g E Uß.

(iv) Suppose a and ß are short and a + ß is a long root. If G = F4(q) with q

even, then [Ua, Uß] = 1. 7« all other cases, [Ua, Uß] = Ua+ß, (Ua, Uß) is special

with center Ua+ß, and [g, Uß] = Ua+ß whenever 1 ¥= g E Ua.

Proof.   This can be proved as follows. By [10], we can write a = a'x and ß =

mxa'x + «22a2, where a'x and a'2 ate roots generating a root system of rank 2 and

m¡ E Z. Now (4.8) can be checked from the structure of the rank 2 subgroup

(U±ax, U±a~2) = T, where T/Z(T) * PSp(3, q), PSp(4, q), or P5<7(4, q).

We now return to the proof of (4.5) and (4.6). By [8, p. 272], r is the only

root for which a, has coefficient 2. Thus, for a, ß E 0X = L\ U S\, a + ß is a root

if and only if a + ß = r. Also, r - a, E L \ and r - {ax + a2 + a3) E S \. Consequently,

the transitivity of Wx on L\ and S\ implies that r- aE L\ if aE L\ and r - a E

S\ if a E S\ ■ Now (4.8) implies that, except when G = F4(q) with q even, Qx is

the central product of the special groups (Ua, #,_<„> = UaUrUr_a, aE l_\ US}, each

having center Ur, so Qx is special and Z(QX) = Ur. Set L = (Ua\a E L\ U {/■}> and

5 = <f7a|a E S\ U {r}>. When G = F4(q) with q even, (4.8) implies that Qx = 7,5

with [L, 5] = 1, L n 5 = Ur, 5 elementary abelian, and L special with center Ur. In

any case, \QX \ is determined by (2.2).

When G = F4(q) with q even, 5<] G,.  For Wx permutes the groups Ua, a E

S\- Also, H normalizes 5.  Thus, we need only check that U normalizes 5.  Consider

Ua < S and Uß with ß E A+. If ß is short then [Ua, Uß] < 5 by (4.8)(ü) and (iv).

If ß involves a,, we have already seen that [Ua, Uß] = 1. Suppose ß is long and does

not involve ax. By (4.8)(iii), a + ß E S\, while 2a + ß is a root with first coefficient

2. Then 2a + ß = r, and hence [Ua, Uß] < Ua+ßU2a+ß < 5.  Thus, S< Gx in this

case.

Since r is the root of maximal height, Ur < Z(U). Moreover, Wx fixes r and H

normalizes Ur, so C(Ur) > (U, Wx) = QXLX and N(Ur) > QXLXH = G,. By the maximal-

ity of Gx we have G, = N(Ur) = C(Ur)H.  If G = F4(<7) with q even, then the graph

automorphism of G interchanges the roots r and s and the parabolic subgroups Gx and

G4. Thus, in this case we have G4 = N(US) = C(US)H.  This proves (4.5)(v) and the

last part of (4.6)(i).

The rest of (4.5)(i) and (4.6X0 ¡s either contained in the following lemma or is

obtained by very similar methods.

(4.9) Lemma.  If q is odd or G is not F4(q), then Gx acts irreducibly on Qx/Ur.
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Proof.   Suppose that M is a proper Gj-submodule of V = QjUr  Let bars

denote images in V.  Choose a G L\ US}, and suppose that 0a n M ¥= 1. Since H

acts irreducibly on 0a, 0a < M.  Thus, Ua < M for all a G /_}, or for all a G S J,

but not both asM¥= V.   Suppose a G S} • Then a + j3 G i j for some short root ß,

where Uß<Gx, and then M > [Üa. Uß] = Üa+ß by (4.8)(iv). We must thus have

a G L\- Then there is a short root ß such that a + ß G S\ ■ By (4.8)(iii), a + 2ß = r.

Also, U,<GV so by (4.8)(iii) we have [0a, Uß]<Mn Üa+ßÜa+2ß = Mn Üa+ß

and [£/a, C/J =£ 1. Thus, M n Ua+ß # 1 for a short root a + ß, and this is impos-

sible.

Thus, D.a n A/ = 1 for all a G L\ U S}. The rest of the proof depends on the

following "separation" properties, each of which is easily proved by inspection using

the transitivity of Wi on L\, S}, and L0 = {±a2, ±(<*2 + 2a3), ±(a2 + 2a3 + 2a4)}:

(a) if a =£ ß and a, ß G /.}, there is a long root X G L0 such that a + X G l} and

/3 + X is not a root; (b) if X G L0, there is a unique root X* e S\ such that X + X* G

S\, and X —» X* is bijective; and (c) if a G Í.} and (3 G 5}, there is a long root X G

í.¿ such that a + X G Í.} and ß + X is not a root.

These are used as follows. Note that i/x < G, for all X G L¡¡- Take u ¥= 1 in

Af, and let 2(u) be minimal among those subsets 2 of Í.} U S| such that u G

naez; {7a. Then choose v with |2(u)| minimal; we know this number is > 1. Let

a, ß G 2(u) with a¥= ß. Then, interchanging a and 0 if necessary, (a), (b), and (c)

imply the existence of a long root X G /_¿ such that a + X is a root in L\ U S\ having

the same length as a, while /? + X is not a root. By (4.8), we can find g G UK such

that 1 =£ hj, u] G M and |2(hj, u])| < |2(i>)|. This contradiction proves the lemma.

We now turn to G4. We will consider the following sets of roots.

L2 = {a2 + 2a3 + 2a4, ax + a2 + 2a3 + 2a4, a, + 2a2 + 2a3 + 2a4,

a, + 2a2 + 4a3 + 2a4, ax + 3a2 + 4a3 + 2a4, r],

Aj = {«j, ax + a2, a, + a2 + ot3, ax + ct2 + 2a3, a, + 2a2 + 2a3}.

Set R4 = {Ua\a G L2 U {s}>, where L2 U {s} consists of all roots with a4-co-

efficient 2. The commutator relations (2.1) imply that R4 is an elementary abelian

normal subgroup of G4. Then G4 acts on Q4fR4 and i?4. Using the methods of (4.9)

it is not difficult to see that G4 acts irreducibly on Q4fR4. Also, \UX\ = \Ur\ = q,

while \U4\ = \US\ = qifG = F4(q) and \U4\ = \US\ = q2 if G = 2/T6(<7). Thus,

|R4| = A7 if G = F4(q) and |Ä4| = q* if G = 2£-6(í).

It remains only to determine that the action of L4  on R4 is as in (4.5) or (4.6),

and that L4 * 50(7,17)' or SO~(8, q)'. From the Dynkin diagram we know that L4 is

a central extension of 50(7, q)' or 50_(8, q-)' (see (2.2) and Table 2). Thus, it suffices

to show that R4 can be regarded as an F -space having a form of the appropriate type

preserved by L4.

First note that A x consists of all roots in a system of type B3 having first

coordinate 1.  Let X= <Ua\a G A,>. We apply (3.1) to the group L4. The group X
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is elementary abelian and has the structure of an F -space. Moreover, this space has

a nondegenerate quadratic form preserved by 714.  The radical of X is 0 unless q is

even and dim(Jf) is odd; that is, when G = F4(q), with q even, in which case rad(.Y) =

Ua, where a = ax + a2 + a3. In any case, the isotropic (or singular, if q is even)

1-spaces of X are the conjugates of the root groups Ua with a a long root.

Set w = s4s3s2s3s4. Then

(A^w = {a, + a2 + 2a3 + 2a4, ax + 2a2 + 2a3 + 2a4,

(4.10) a, + 2a2 + 4a3 4- 2a4, ax + 3a2 + 4a3 + 2a4, i},

(Ax)wsx = {a2 4- 2a3 + 2a4, ax + 2a2 + 2a3 + 2a4l

ax + 2a2 + 4a3 4- 2a4, r, s}.

Also, (a2)w = a2 and (a3)w = a3, so w centralizes Lx4. Consequently, Lx4 acts on

X™ = (Ua\a E (Ax)w) as it does on X.

By (4.10), (A,)w U (Ax)wsx = l\ U {i}, so R4 = XwXWSi. In fact,Ä4 =

Xw x Y with Y = Ua2 + 2a3 + 2a4Ur. Since a2 + 2a3 + 2a4 is the only member of

L2 U {s} not involving a,, (4.8)(i) implies that [Lx4, Y] = 1. Conjugating by sx, we

find that R4 = ^Wil YSi with [¿*'4, K*»] = 1. By definition, Lx4 = (U2, U3, U_2,

U_3), so L\\ = <Uax+a2, U3, U-(ax+a2), U_3). Since [Uax+ar U_2] =Ux,it

follows that L4 = (Lx4, L\\). We will determine the action of L4 on R4 by using

the known actions of Lx4 and L"X4 = L™^1.

First we switch to additive notation: write V = R4, Vx = {X)w, and V2 = Y, so

V= Vx © V2. We know that Vx is an F -space, so each aEF   determines a scalar

multiplication v —*■ av on Vx. There is also a scalar action on (Vx)sx. We have V =

(Vx)sx © (V2)sx and (K,)s, = F2 © K2, where V2 = {Vx)sx D Vx. We thus have

two scalar actions on V'2, one determined by Vx and the others by (Vx)sx. Here,

V2 = i/j © i/0i+2a2 + 2c(3 + 2a4 © "a1+2a2+4a3 + 2a4-

Also, the commutator relations imply that

I"±l> ^jl  = l^±l' ^aj-r2c«2 + 2û3 + 2a4J  = t^tl ' ^o,-l-2a2 + 4a3+2a4]  = ^

Thus, <£/,, i/_,> centralizes K2,and consequently, s, centralizes F2 = F, n (F,)s,.

It follows that the scalar action on (Vx)sx obtained from that on Vx agrees on the

overlap of the two spaces, and consequently, V= Vx + (Vx)sx becomes an F,-space.

We know that ¿14 acts on Vx, while inducing the identity on V2, and a similar state-

ment holds for L\\. Thus, Lx - (Lx4, LSX4) acts on F as a group of F^-linear

transformations.

Consider the action of 714 « 50(5, q)' or SO~(6, q)' on the space (Vx)sx.

Clearly 7,124 = <£/3, U_3) = L\l24. Here LSX24 is contained in a proper parabolic

subgroup of Lsx4, and since a2 is long, it follows as in (3.1) that 7^24 stabilizes an

isotropic (or singular) 1-space (v) *fc rad((Kj)Sj). (Actually, rad((K,)Sj) is 0 except

when G = F4(q) with q even, in which case it is a 1-space.) Moreover,¿124 induces
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50(3, q)' or 50~(4, q)' on (v)L/(v) and acts irreducibly on this space, or G = F4(q)

with q even and ¿124 acts irreducibly on <v)l/(v) + rad((K,)s,), inducing 5p(2, q)

there. Now Lx4 is trivial on V2, so L,24 < L\\ is trivial on the subspace V2 of

(Vx)sx. Thus, if tad((Vx)sx) = 0, then V2 must be a hyperbolic plane. If rad((Kj)s,)

¥= 0, then by (3.1) we have tad((Vx)sx) = l%î\.a2+a3 = Us ^ V2; once again it

follows that V2 is a hyperbolic plane. In either case, since L\24 fixes V2 we have

(Vx)sx = V2LV2.

Similarly, V{ is the usual module for Lx4, and we can write Vx = V% 1 F2 for a

hyperbolic plane V% = (V2)s~J. We can now induce a quadratic form on V as follows.

The decomposition V = V% ® V'2 @ V2 will be orthogonal. The subspaces K¿* and

V2 will be hyperbolic planes, on which the quadratic forms are determined by Ll4

and L\4, respectively. The form on V restricts to Vx and {Vx)sx in the obvious way.

This is well defined. Indeed, as before, sx is trivial on V2 = Vx n (Vx)sx, so the forms

on Vx and (Vx)sx agree on their intersection V'2.

Finally, Lsx\ is trivial on V2 and Lx4 is trivial on V%. Thus, L4 «■ <¿14, ¿14>

preserves the form. Moreover, it is clear that the form is nondegenerate and the radical

is trivial unless G = F4{q) with q even.  In the latter case rad(k) = rad((Kj)Sj) = Us.

Since a vector in Vx is isotropic (or singular) in Vx if and only if it is in V, we can

apply (3.1) to complete the proof of the propositions.

(4.11)   Lemma.   Let G = E8(q) and let x± 1G be an irreducible character of

G.  Theny(i)>q2*(q-1).

Proof.  Let ß = ß8, and consider xlß-  By (4.4) ß is special of order 17s7,

\U,\ = \Z{Q)\ = q, and if |Z(ß) : T\ = p, then Q/T is extraspecial of order qS6p.  Let

0 be a nonlinear irreducible constituent of xlß, and set T = Z(Q) n ker ¡p. Then

\Z(Q) : 71 = p and 0 is faithful on QfT.  Thus, 0(1) = q2i. Also, 0 is determined by

<p\Z(Q). Since //" is transitive on llf = Z(Q)* and 0a G xlß for each h EH, x(l) >

q28(q - 1), as claimed.

5. The constituents of 1^. The following terminology will be used throughout

§§5-7.
(5.1)  Definition.   Fix a type of Chevalley group, of normal or twisted type,

of rank n > 3, whose Dynkin diagram is in Table 1. Let S = {0(^)1^ is a prime

power} be the set of all Chevalley groups of the given type; all have the same Coxeter

system (W, R), Where R = [sx,. . . , sn} is as in §2. Here, q is related to G(q) in

such a way that the following statements hold. (A more general situation is studied in

[5], [12], and [19].) Let B(q) be a Borel subgroup of GO7). Then there are positive

integers cx.cn such that

(i) e, = Cj if s¡ and s¡ are conjugate in W;

(ii)\B(q):B(q)nB(q)Si\ = qc';

(iii) \UA = qCl; and

(iv) all c, axe 1 for groups of normal type, the c/s for the classical groups are

given in Table 5, and for 2E6(q), cx = c2 = l,c3 = c4 = 2.
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Groups of rank n < 2 will be handled separately.

Table 5

Type of Group   cx = • ■ • = c„_,    cn

2A2n(q) 2 3

2Am-M) 2 1

Bn(q) 1 1

Cn(q) 1 1

D„(q) 1 1

2DH + i(Q) 1 2

(5.2) Proposition   [5], [12]. Let S be as in (5.1).  Then,  corresponding to

each irreducible character \¡i of W, there is a polynomial d^ (t) E Q [t], called the

generic degree associated with \¡>, having the following properties.

For each prime power q, there is a bijection \¡/ —► f^,    between the irreducible

characters \¡/ofW and the irreducible constituents f^    of lß(% such that

^07)=WD.     **(!)-M).
and

/or eac/i SMfoer / o/ {1, . .. , «}.

(5.3) Lemma. leí «(f) = l\p(l)d^(t), where the sum is taken over the distinct

irreducible characters of W.   Then for all prime powers q, h(q) = \G(q) :B(q)\.

Proof.  By (5.2), lf^ ■ 2i|/(l)^q. Evaluating both sides at 1 yields the

result.

(5.4) Proposition [12]. Let S be as in (5.1) and (5.2). Let \p denote the

character of the usual reflection representation of W.  Then f     = p is called the

reflection character of G(q). The degree of p is given in Tables 3 and 4. Moreover,

(P. io[q]j) = W f°r eachJC{l,..., «}.

We remark that groups of rank 2 also have reflection characters p, whose

degrees are given in (7.26). We also note that the degrees p(l) for E6(q) and 3D4(q)

are stated incorrectly in [12].

<P-(i) will denote the/th cyclotomic polynomial.

(5.5) Proposition.   Let S be as in (5.1) and (5.2). Fix an irreducible

character \¡/^lwofW, and set f(t) = d^ (t).  Then the following statements hold.

(i) f(t) = atkf#(t), where 0 < a E Q, 1 < k E Z, and f#(t) is a product of

cyclotomic polynomials other than f — 1; In particular, f*(0) = 1 and f#(t) is monk.

(ii) Write \G(q) : B(q)\ = g(q), so g(f) E Z[t] is a product of cyclotomic poly-
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nomials other than t - 1.  Then

f#{t)\g{t)z(t)\\[(tCi-m-irl],
1=1

where z(t) = 1, except that z(t) = (t2 - l)/(f3 - 1), when G = PSU(2n + 1, q). In

particular, if G is of normal type, then f#(t)\g(t).

(iii) Write a = afb, with 1 <a, b G Z and {a, b) = 1. Then (afb) /*(1) =

/(l)l \W\, a\ \W\, b\f*(l), and b\g(\)z(\) \1%, c¡. In particular, b\g(l) for groups of

normal type.

(iv) Ifp is a prime, then pk+l-\'b.

(v) Let q = p1, where p is a prime and j > 1. Then p \ f(q) if and only if

q=p,p\\W\,andpk\b.

Proof.  By (5.2), we can write f(t) = atkf*(t), with a G ß, k > 0, and /*(0)

= 1.  For each prime power q, f(q)\ \G(q)\, where |G(<7)| \qNg(q)z(q) Yln= x(qCi - 1),

for some positive integer A^.  Consequently, f*(t)\g(t)z(t) Tl"=,(/' - 1). Then/*(f)

is a product of cyclotomic polynomials. Since \¡/(l) = af#{l) ¥= 0, t - 1 does not

appear in the factorization of f#(t). Since 4>;(1) > 0 for all /' > 1,/*(1) > 0 and,

hence, a > 0.

In order to prove that k > 1, we first note that h(t) = 2 \¡i(\)d^(t) is, by (5.3),

a polynomial such that h(0) = 1. Therefore h(t) - 1 - 2^xii(l)d^{t), and since

each d^(t) = oc^t^ffa), with a^ > 0, and /*(0) = 1, we have, by evaluating both

sides at t = 0, the result that k^ > 0 for every \¡) ¥= 1. This completes the proof of

(i) and (ii), since all c¡ = 1 for groups of normal type.

Clearly (afb)f#(l) = f(l) = ^i(l)| \W\, so a\ \W\, and b\f#(l). By (ii),
b\g(l)z(l)ll"=1 c¡. This proves (iii).

To prove (iv), suppose pk+1 \b.  Hexef(p) = (afb)pkf*(p). Sincef(p) andf*(p)

axe integers and f#(p) = 1  (mod p) by (i), this is impossible.

Finally, suppose q = p ' with p a prime, where p \ f{q). Then p \ (afb)qkf#(q),

soqk\b. By (iv),p = q, sopk\b. Moreover,6|g(l)z(l)nf=1ct.= IJfKOiT^c,. Thus,

eitherp| \W\,p\c¡ for some c, < 2, oxp\2. But 2| \W\, sop\\W\ in any case. Conversely, if

q=p, p\ \W\, andp*|i, then f(p) - (a/b)pkf#(p) is not divisible by p.

Remark. The fact that k > 1 in (i) is Corollary B' of Green [19] ; the proof

we have given is slightly different from his. Theorem (5.5) also provides the following

additional information.

(5.6) Theorem.   Let G be a Chevalley group of rank n> 3. Associate a power

q of a prime p with G as in (5.1). Let B be a Borel subgroup of G.  Then every

irreducible constituent of lg - \G has degree divisible by p, except possibly when

q = p is a prime dividing \W\.

Proof.   (5.5)(v).

More precise information can be proved in some special cases:

(5.7) Theorem.   Let G be a Chevalley group of rank n > 1 defined over a field

of characteristic p.
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(i) Ifn<2andGis not 5p(4, 2), G2(2), G2(3), or 2F4(2), then each nonprin-

cipal irreducible constituent of 1¿ has degree divisible by p.

(ii) Suppose n>3andG is neither Sp(2n, 2), PSO(2n + 1, 2)', nor F4(2). Define

i as follows: i = I or 2 if G is a classical group; i = 1 or 4 if G is F4(q); i— 1 if G is

2E6(q); i= 1,2 or 6 if G is E6(q); i= 1 or 7 // G is E^q); i = 8 if G is Es(q).  Then

each nonprincipal constituent of lg has degree divisible by p.

This theorem and the next one will be basic to the proof of the Main Theorem.

The proof is long, and will be given in §§6, 7. We remark that a straightforward

modification of the proof yields the conclusion of (ii) if /' = 4 and G = 2E6(q). For

« = 2, the degrees of all the irreducible constituents of lg are listed in (7.26).

We also remark that, by (2.9), once (5.7) is known for a Chevalley group G, it is

known for any group G+ satisfying G <G+ < G*, where G* is defined in (2.6).

(5.8) Theorem.   Let G # 5p(2«, 2) be a classical group of (B, N)-rank n>3,

defined over a field of characteristic p.  Then each nonprincipal constituent of lg

has degree divisible by p.

Here, G12 is defined as in §2. The proof of (5.8) is postponed until §8.

In one case of (5.6), a complete result is already known:

(5.9) Lemma.  7/G has type An(q), then each constituent xoflg- lG has

degree divisible by q.

Proof. According to [33], x can be written x = 2aylg with a} E Z, where

the sum is over all J C {1,... , «}. Then also x = 2aj(lg - 1G), where q divides

the degree of lGj - lG. Thus, <7lx0).

The following technical lemma will be needed in §7.

(5.10) Lemma. Let S be as in (5.1). Fix J C {1,. . ., «}, and consider the

parabolic subgroup P(q) = G(q)j ofG(q). Let f0(t) = 1,/,(/), . . . ,fs(t) be the

(not necessarily distinct) polynomials determined, via (5.2), by 1%$. Thus

\G(q):P{q)\ = l + Zfiil)-
/=!

For / > 1, write f¡(t) = a^'f^f) as in (5.5)(i), d¡ = deg /}, and d = max,-,, d¡.

Assume that ds = d, and write k - ks.  Then

\G(q) : mil* - O « (ld+k - O + 2 fj{Q*ld+k~drk' - D-
/=l

Proof.   \G(q) : P(q)\ = h(q), where h(t) EZ[t]. Then h and the ff are products

of cyclotomic polynomials other than t - 1. Since fit) has highest term a¡x i with

a, > 0, we have deg h = d.  Thus, h(l/t) = «(r)/^. Also,//(1/f) = //*(f)//r*/. so

fji 1 H) - fj(i)ltd'+*'•  Consequently,
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h(t)tk = h(iit)td+k = (i + i fi(iit)]td+k(i + i f/ivt)\

= ^k + ±fj{t)td+k-drki.

7=1

Since d + k - ds - ks = 0, subtraction of h(t) from this last relation yields the desired

result.

We remark that is is conceivable that d + k - dj - k- < 0 for some subscripts /.

We also note that further information is obtained by replacing q by t in the conclusion

of (5.10), and then differentiating at t = 1; this will be done in §7.

6. The degrees of certain characters of the classical groups. In this section we

shall prove Theorem (5.7)(ii) for the classical groups having Coxeter systems (W, R) of

types Bn, Cn, BCn, and Dn, for n > 4. For groups of type An, the result is already

known because of (5.9). The groups of types Bn, C„, and BC„ for n = 2 and 3 will

be treated in §7.

Let En be Euclidean space of dimension n, and let ex,..., en he an orthonormal

basis. By [8], fundamental systems of roots of types Bn, Cn, and Dn are given as

follows.

Bn- ax=ex-e2,a2=e2-e3,..., a„_, = en_x - e„, an = en;

(6.1) Cn: ax=ex- e2, a2 = e2 - e3.an_x = en_x - en, an = 2e„;

Dn- al = el - e2> a2 = e2 - en.«n-l = en-l _ en' an = en-l + en-

Letting R = {sv . . . , sn} denote a distinguished set of generators of a Coxeter system

of type Bn, Cn, or Dn, we can identify sx.sn with the following linear transfor-

mations of En.

Bn,Cn, andBCn: Uf<n, (efc = ej+x, (ej+x)sj = ejt

(«/>/ = ei> i=fzI- J+1'< (enK - ~en>

Oy)s„ =e/,/<n.

(6.2) Dn : If / < n, (efo ■ e/+,, (e/+ x )s¡ = e¡,

{e¡)sj = e,., i*j, j + 1; (e„>„ = -e„_,,

(en-i>ii = _en> (e/X ■ e/«/*n-l,n.

The group W can be viewed as a transitive permutation group on the set

{±e,,. .. , ±e„}, which we shall denote by {± 1, . . . , ±n}.

(6.3)   Lemma. Let (W, R) be a Coxeter system of type Bn, C„, BC„, or D„,

for n>4, with R= {sx, . . ., s„} as in (6.2).

(a) Wx = (s2, . . . , sn) is the stabilizer of {1}, when Wis viewed as a permutation

group on the set {±1, . . . ,±n}.  The double coset space Wx\ WfWx has 3 double
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cosets, corresponding to the orbits of W, on the set {± 1, . . . , ±n}.

(b) W2 = (sx, s3,. . . , sn) is the stabilizer of the pair {1, 2}, when W is viewed

as a transitive permutation group on the set of 2«(« - 1) unordered pairs {±i, if),

i =£/.   The double coset space W2\ W/W2 contains 6 double cosets, corresponding to the

orbits of W2 on the set of unordered pairs {±i, if), i #/.

Proof.  The proof of (a) is immediate, and is omitted. For (b), one first checks

that W2 is exactly the stabilizer of {1, 2} because \W: W2\ = 2n(n - 1). It is then

easy to verify that there are exactly 6 orbits, with representatives {1, 2}, {1, 3},

{-1,2}, {3,4}, {-1,3}, and {-1,-2}.

(6.4) Lemma. Let G be a classical group having a Coxeter system of type Bn,

Cn, BC„ orDn, with « > 4. Then lg is multiplicity-free and contains lg . More-

over, (lg,, lgt) = 3 and (lg2> lg2) = 6.

Proof.  By (2.8), (lg   lg ) = (Ie., 1%) for all / and/.  By (6.3), (l\% , 1* )

= 3 and (1{¡/,, 1{¡L) = 6. Finally, since the unordered pairs {±/, ±j) correspond to

the right cosets W2w, the orbits of Wx on this set correspond to the double cosets

W2wWx.  Since there are 3 orbits, we have (l{J¡ , l|¡¡ ) =3. All the statements in the

lemma follow from these remarks.

(6.5) Proposition. If G has a Coxeter system (W, R) of type Bn, with « > 4,

then (5.7)(ii) holds.

Proof. We begin with a closer examination of the double coset space W2\ W/W2.

By (6.3), this space can be identified with the W2-orbits on the set of unordered pairs

{±/, ±/}. The following table lists a representative of each orbit, the size of the orbit,

and an element of W of minimal length which carries {1, 2} to an element of the

orbit. The latter elements are the unique elements of minimal length belonging to the

various double cosets, and we shall index the double cosets by these representatives.

Double Coset

Representation
Orbit Representative     Size of Orbit

(6.6)

{1,2}

0,3}

M,2}

{3,4}

{-1,3}

{-1,-2}

1

4(n-2)

2

2(n - 2X« - 3)

Ain - 2)

1

WS 1

w7 = s.

r>*  =  S2

w* = hs3sih

Jn-lalanan-l

W? = S, $2   1   2

Let £0, . . . , £s be the standard basis elements of the Hecke algebra H(G, G2),

in the sense of [13]. Then

1
'      IG I        *-•        X'

|Lr2l xSG2wfG2
0 < i < 5.
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Note that £0 is the identity element of H{G, G2). Let L^ denote the left multiplica-

tion by £(- on the space H(G, G2). We note that H(G, G2) is commutative since lG

is multiplicity-free (by (6.4)). We shall compute the matrix of the left multiplication

Z,£j with respect to the basis £0,..., |g, and determine the characteristic roots of

this matrix (which will all occur with multiplicity one). This will lead to a proof of

(6.5).

(6.7)  Lemma. The matrix M of the left multiplication ¿¿j with respect to the

basis ?0, £,, . . . , |s is given by

M =

where x = q°l = q°2 =

X = x2 +x-l,

= qCn~l, and y = qc", and

P =
(x"-3 - 1X1 + x"-*y)

% =
1

{(2x2 - \Xx2"~by - 1) + Xx"-3(x -y)},
x-1

"~2 - 1)(1 + x"~3y)(xn

1

v = x2n~6y, 0 =
(jc + l)(x2n-6y _ „n-2

y + x"'1 - X)

x-1

(The index parameters c, ate given in Table 5, §5.)

Proof.   We have, by [13],

M/=Z buktk
k=0

where

bllk = |G2rMG2w*G2 nw*G2wfG2|

= |G2r1KG2w*G2DG2wfG2|

= \G2\~l\G2w*G2w* n G2w*G2|,

using the fact that wf is an involution for / = 0, 1,.. . , 5. Thus, bxik is just the

number of left cosets of G2 that are contained in both G2wfG2wj£ and G2w?G2.

Also, M is just the matrix (bxik). We begin the computation of bxikhy finding a set
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of G2-coset representatives in G2w\G2. We have

2(n-2) \ /2(n-2) \

U w2wx\ u^ y w2w'xA,W2s2W2

where

wi,i = s2> wi,i = S2S1'

and i
Wl,2  7 S2S3> Wl,2 T S2S1S3>

• t
Wl,2(n-2) = S2 ' ' " Sn-lSn ' ' " S3>     Wl,2(n-2) - S2S1  '    * Sn-lSn        *S3-

Moreover, the above unions are all disjoint and the elements wx ¡ and w', -, 1 < i, /

< 2(« - 2), are easily seen to be the unique elements of minimal length in the cosets

containing them. Then by standard arguments for groups with fiA'-pairs (see [8] ),

/2(>»-2) \ /2(n-2)

G2S2G2 = [    U    BW^fij UÍ    y   BW2w'XJB

(l{n-2) \        /2(«-2) \

«(    U    G2wXtiUJu[^V    G2w'XJUj,

where the unions are all disjoint. Moreover, using the root structure in G (see [30]),

we have

G,s2¿/ = G2s2U2

G2s2s3U=G2s2s3i/3U3

G2s2 • ■ ■ sn_xsn ■■■s3U= G2s2 ■ ■ ■ s„_xsn • • ■ s3lf23"s»"S3 ■ - - lf3U3

and

G2î2Sj U = G2s2sx U^1 Ux

G2Vi • • • W, * * • s3U=G2s2sx ■ ■ • sn_xsn ■ • • s3U23-s"s"-^s'lf43U3.

Since |i/j | = • • • = \Un_x | = x and \Un\ = y, we conclude from the uniqueness of

expression in the Bruhat decomposition that

G2s2 U contains x left G2 cosets,

G2s2s3U contains x2 left G2 cosets,

^2S2 " ' ' sn-\sn ' ' ' s3^ contains x2n~sy left G2 cosets,

G2s2sx U contains x2 left G2 cosets,

G2s2sx • • • sn_xsn • • • s3 contains x2n~4y left G2 cosets.

In particular, G2w\G2 contains
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(x + x2 + • • • + x"~2 + x"~2y + + x2n-S
y)

+ (x2 + ■ ■ • + x"~3 + x"~3y + ■ ■■ + x2n~*y) = x(x + l)n

left G2-cosets, when t¡ is given in the statement of (6.7).

We shall now give, in tabular form, the distribution of the G2-cosets in

G2w*G2wf. (Zeros are omitted in the tables, except in the totals.) Determination of

the double coset containing a given w G W is made by applying w to {e,, e2} and

finding the orbit to which {(ex)w, (e2)w} belongs. Determination of whether l(ws¡)

> l(w), for example, is made by computing (af)w~x, using the fact that

l{ws¡) > l(w)   if and only if   (c^vv-1 > 0.

This information is used in combination with

wBs¡ CBwBU Bws¡B,   and   wBs¡CBws¡B

if l(ws¡) > l(w). In computations with root systems we shall use the notation Sa

for the linear map x —> x -2(x, a)al(a, a), where aEEn. After each case some

remarks will be made on some of the less obvious parts of the calculations.

G2w*G2w*

WS

X(X + 1>7

WÎ w.

0

G2w*G2w* w: WÏ w:

G2Wj 2ÍAvjf

G2wx 2Uw\*

G2Wl',2n-SBwl

G2wl,2n-4Bw*

G2w'x xBw\*

G2w\ 2Bw\*

•

C2Wl,2„-sM

G2w\,2n-4Bw*

x-1

^2

x2"~6y

X2n-Sy

.2n-S

X2n-Ay

Totals r\+ux2 XV ax" x2v

Remarks.   G2wx xBw\* = G2s2U2s2 C G2 U G2s2U2, since s2U2s2 = {1} U

s2U*s2 and s2U2s2 C G2s2U2.
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G2w*G2w% wg      wj wj wj      WJj w?

G2wxxUw*

G2w12Uw*

G2Wl,2n-4Uw2

G2w'xxUw*

G2W'l,2n-AUw2

1

X

i x2"-6y

x- 1

x(x - 1)

„2rt-6 W* - 1)

Totals

Remarks,   wj = 5e2.

(*-!>?

x2"-V

X27?

G2wuÍAv* = G2s2U2w* = G2i2i/2î2(s3w*) = G2s2w* U G2w*(72î2W2,

and (a2)wj = (a2)5£2 < 0, giving 1 coset in G2w\G2 and x - 1 cosets in G2w^G2.

G2wx2Uw* = G2s2s3lf3U3w*2 = {G2s2U2w*)UpS3,

and the first computation can be applied to all G2wxjUw^, 1 < / < 2« - 4. Also,

G2w\,. Uw* C G2w*G2,      1 < /' < 2« - 4.

G2w\Uw^      w*      wj

G2vvu<7w*

G2wX2Uw*

G2wl3Uw*

G2wl,2n-6Uw*

G2wl,2n-5Uw*

G2Wl,2n-AUw*

G2w'xxUw*

G2w'X2Uw*

G2w'X3Uw%

G2w'l,2n-6Uw*

G2w'l,2n-SUw*

G2w\,2n-4Uw*

Totals

1

X

X

„2

(X + 1)5

x-l

x(x - 1)

v3

x2n-ly

X(X - 1)

x2(x - 1)

x2"-6y

x2"-6y

X2n-Sy

X2n-Sy

x2"-*y

(x + l)2V
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G2w\*Uw4'      wj w* w|     w%

G2wnUw*

G2Wj 2Uw^

G2wl,2n-5U<

G2wl,2n-4Uw*

G2w\ j Uw%

G2w'x2Uw%

G2W\,2n-SUw%

G2W'l,2n-4^Wt

x2n-ly

x-l

x(x 7 1)

x2n-1y(x - 1)

x2n~sy

x(x - 1)

~3

x2"-sy

x2n~*y

Totals xu x2v

Remarks,  w* = 56l_e35e2:

ForG2wniAv*,(a2)wJ<0.

For G2wx2Uw\, (a3)w\ > 0, (a2)s3w4< < 0.

For G2wl3Uw$, (a4)w^ > 0, (a3)s4w| > 0, (a2)s3s4w^ < 0.

For G2wl2n_sUw*, (a4)w* > 0, (a5)s4w| > 0, .

(a3)s4 - ■ ■ s„- • ■ s4w% > 0,

(a2)s3 • - • sn ■ ■ ■ s3s% < 0.

For G2wl <2n-4Uw%, (a2)s2 • • • s„ • • • s3w* > 0.

G2w^Uw^      wj  w*  wj  w^       w^ w]

G2wlxUw*

G2wl,2n-4UwS

G2w\, C/W*

C2WÍ .211-4 W"

Totals 0 I 0

x2"-6y

x2"-5y

(x + IX

x- 1

x2"-6y(x - 1)

xix - 1)

t

x2n~sy(x - 1)

(*2 - Dr?
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Remarks. wiî = 5£2+ei.

This completes the proof of (6.7).

(6.8) Lemma. 77te characteristic roots of M are:

e0 = x(x + 1)(1 + jc"-3^*"-2 - IX* - IT"1.

9X = (x"-2y + \Xx"-2 - IX* -if1,

02 = (x"'1 - X)(l + x"-3y)(x - l)-\

03 - -(x + 1X1 + x"-3y),

64 = (x + lXx"~2 - 1),

05 =-(* + 1 +x"-3(y-x)).

The proof of (6.8) was done by machine computation. The program was

written by Professor T. Beyer of the University of Oregon Computer Science Depart-

ment.

Since ¿ç   has 6 distinct characteristic roots, it follows that the Hecke algebra

rl(G, G2) is generated by £j. Recall that £0 = lG2|-12;çeC2x is the identity in

H{G, G2), V = CG£0 is a (CG, H(G, G2)) bimodule, and V regarded as a left CG-

module affords the permutation representation 1G . The next result is known [21],

but is presented here in a slightly different form.

(6.9) Lemma.  Let A be the matrix of right multiplication by £j on V.

(i) 77ze minimal polynomials of A and M are the same, and coincide with the

characteristic polynomial p(t) of M.

(ii) lg2 = l$[qa]2 has exactly 6 irreducible constituents f0M, f, q, .. ., fSf(/,

which are afforded by the subspaces of V belonging to the characteristic roots 8Q,

.. . ,0S of A.  The degree of f/i(J is the multiplicity of 8¡ as a characteristic root of A.

(iii) For 0 < /' < 5, let pt{t) = p(t)f(t - Of). Then the degree of Çiq is given by

f/.flO) = P@¡Tl(trace pjA)).

Proof.  Since the 6 x 6 matrix M has 6 different characteristic roots, we know

that the characteristic and minimal polynomials of M coincide. Since ß —► Lß is a

faithful representation of the algebra ff(G, G2), we have p(|,) = 0 in H(G, G2). Also,

i, —* A induces a matrix representation of H(G, G2), therefore p(A) «■ 0. On the

other hand, fi(G, G2) is a subspace of V, and is invariant under right multiplication by

£j. Therefore, if, for some polynomial f(t),f(A) = 0, we have f{Rçx) = 0, where R^r

is the right multiplication by £, in H(G, G2), then /(£,) = 0. Therefore p(r)l/(r)» and

we have shown that p(r) is also the minimal polynomial of A.

Since H(G, G2) is isomorphic to the centralizer ring HomCG(F, V), Khas 6

irreducible CG-submodules, each appearing with multiplicity one. On the other hand,

V is the direct sum of the six subspaces belonging to the characteristic roots of A, and

these are CG-submodules of V.  It follows that the irreducible CG-components of 1G

are afforded by the subspaces belonging to the characteristic roots of A, and that the
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dimensions of these subspaces are the multiplicities of the characteristic roots of A.

Part (iii) follows from part (ii) and a result of Feit and Higman [16, Lemma

(3.4)], since p(f) has simple roots. This completes the proof of the lemma.

The next lemma is also known [21, Theorem (5.2)]. We include a proof since

our situation is slightly different.

(6.10)   Lemma.   Let A be the matrix of the right multiplication by £, on V

and let s>0 be an integer.  Then trace As = \G : G2|t?í0, where r)s0 is defined by

Proof.  If J is an element of H(G, G2), write (£)Ä for the right multiplication

by £ on V.  We then have

s
ttace(As) = trace0fi)A = Z % trace(£,)Ä.

/=o

Moreover, ttace(£0)R = dim V = \G : G2|. It suffices to show that ttace(£j)R = 0 for

i > 0. Let G2wfG2 = \Jgj¡wfG2 (disjoint), for i = 0,. .., 5. Then the elements

(&jiwi%o)i,j f°rnl a Das's f°r ^  ^or ' = u.5 we have

(6.11) gjPftoit - 5X/**»w#o.
l,k

with nonnegative rational coefficients a'ilk. If for some t =>* 0, fljyj # 0, then

multiplying (6.11) on the left by (gjtwf)~l yields

ft,»

with blh > 0. This is impossible, so the lemma is proved.

We are now ready to finish the proof of Proposition (6.5).  Let M be the matrix

in (6.7), with x and y viewed as indeterminates. Let cx,. . . , cn_x, cn be a system

of index parameters associated with a system of groups with TiA'-pairs of type Bn (see

(5.1)). The possibilities for the c/s are given in Table 5.

(6.12)   Lemma.   Let

F{x, y) = (xn- IX*"-1 - IX*"" V + 1X*"~2J' + D/(* - D2Cc + 1),

for n>A. ForG = G(q) E S,and qci = ■ • ■ = qc"~i = x, qc" = y, we have

]G:G2\ = F(qCl,qCn).

Proof. Table 3.

By (6.7) there exist polynomials tj^jr, y) E Z[x, y] such that fx =

2?=o %fy°l, qCn)ti, as in (6.10). Define Ts(x, y) = F(x, y)r}s0{x, y), for s > 0.

Then Ts(x, y) E Z[x, y], and Ts(qc\ qc") = trace A', s > 0.

Let t be an indeterminate, and fix i E {0,. . . , 5}. Write pfx, y, f) =

p(í)(í - Ojf1, where p(r) is the characteristic polynomial of M. We then have

p¡(x.y.t) = U(t-oj) = Z hix>y)*k>
j*i fc=0

with hk(x, y) E Z[x, y].
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(6.13) Lkmma.   l.et

K(x, y) = Fix, y)( £ hk{x, y)nkt0(x, v)j.

Tlien

Kuf\qc") = trace ptf\q'",A).

Prooi .   The result is immediate from (6.10) and (6.12).

(6.14) Proposition.   Let t be an indeterminate, and let

W H Ht'1* *'")-*#''• *'"))>

and

dfit) = K{tcl,tc")l5f(t).

Then dfq) = Çiq(\) for all q.

Proof.   Immediate from (6.9)(iii) and (6.13).

Thus, dft) is the generic degree of the characters f(-   , 0 < /' < 5 (cf. (5.2)).

Now suppose q is a power of the prime p.   We have to show that p divides

f,-i<7(l) except possibly when c, = cn and q = 2.

Using (6.8), direct computation (which is omitted) shows that 5/0 G Z[t], and

that ±5/0 is monic except in the following cases:

(a) 5/0 = ±25/0, with 5/0 monic, /= l,2,ifc, = cn;

(b) 54(0 = 2ô4(r), 5S(0 = 25j(0, with 5/0 monic, if c, = 1, c„ = 2.

Using the fact that dff) G Q[t\. and that K(t°l, f2) G Z[t], it follows that

dft) e -?[i] if 8/0 is monic, and dft) = HJ/O. with d'ff) G Z[/] in case 5,(0 =

2b\(i) with 5/0 monic.  Now we apply (5.3) to conclude that q (and, hence, p) divides

dff) if dft) G Z[t], and that p divides J/0 'n a" cases except possibly when q = p =

2 and one of the situations (a) or (b) above prevails.  Case (a) is a genuine exception,

and is provided for in the statement of the theorem.

It remains to show when q = p = 2, and £•,=■•• = cn_, = 1, cn = 2, that

i/4(0 and ds(t) are both even.  In this case, G = PSO~(2n + 2, 2)'.  Assume one or

both of J4(2), d5(2) is odd. The odd degrees must be associated with characters in

1G   - 1G   because of the formulas of the degrees in 1G   given in Table 3. The sum

of the generic degrees of the characters in 1G   - 1G   is, by Table 3.

/(/) = (r" + 1 + l)(/2n - l)(r"_1 - 1X/ - l)"V - l)"1

-(/n+i + oo"- oo-ir1.

Since f(t) has leading term equal to t2, it follows from (5.5) that r2 divides the generic

degrees of the characters in 1G   - 1G .  If d(t) is a generic degree for which d(2) is

odd, we have t2\d(t), and 2d{t) G Z[t]. These imply that c/(2) is even, a contradiction,

and Proposition (6.5) is proved.
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(6.15) Proposition.   If G has a Coxeter system (W, R) of type Cn or BCn

with n>A, then (5.7)(ii) holds.

Proof.  We begin by considering a system (W1, R') of type Bn. Then, as in

(6.1), we can choose an orthonormal basis e,, . . . , en of En so that the roots in A'

are ± e¡, 1 < /' < n, and ± (e, ± e;), for 1 </</<«.  For a fundamental system we

take a', = e, - e2,.. ., a'n_x = e„_, - e„, and a; = e„.

Now let A be the set of roots consisting of ± 2e¡, 1 < i < «, and ± (e¡ ± ej), for

1 < / </ < «.  Then A is a system of type C„, and as a base we may take a, = e, -

e2,... , a„_j = e„_, - e„ and an = 2e„. There is an obvious bijection from A' to

A sending a'¡ to a¡ for each i.  Also, for / = 1,. . . , n, the fundamental reflection s'¡ is

actually identical to s¡. Thus, (W', R') = {W, R). In particular, W'= W and W2 = W2.

It follows that all calculations and results used in the proof of (6.2) continue to

hold if G = G(q) has Coxeter system {W, R) of type C„. We find that p divides the

degree of each nonprincipal irreducible constituent of lg   except when cx = • • ■ =

cn-\ = cn = l and 9 = 2, where G = C„(2) s 5p(2«, 2). Thus, (5.7)(ii) holds for

type C„.

If G has Coxeter system {W, R) of type BCn, then the above remarks show once

again that (5.7)(ii) holds for G.

(6.16) Proposition.   Let G have a Coxeter system (W, R) of type Dn, with

n>A. Then (5.7)(ii) holds.

Proof. We proceed as in the proof of (6.5). Let {a1,. . . , an} be a fundamen-

tal system of roots of type Dn, expressed in terms of an orthonormal basis ex,. .. ,en

of En according to (6.1). The fundamental reflections s,.sn are given in (6.2).

The notation is chosen so that the first « - 1 generators are the same as the first « - 1

generators of the Coxeter system of type Bn considered in the proof of (6.5). The

group W acts as a permutation group on {± 1,. .., ±n} as in (6.3), and is a subgroup

of index 2 in a Coxeter group of type Bn.

By (6.3), W acts as a permutation group on the set of unordered pairs {±i, ±/},

i ¥= /, in such a way that W2 is the stabilizer of {1,2}, and the orbits of the set of

pairs relative to the action of W2 correspond to the {W2, W2)-double cosets in W.  By

(6.3) there are 6 orbits. The following table is the analogue of (6.6).

Orbit Size of Double Coset

Representative Orbit Representatives

(6.17)

{1,2}

{1,3}

{-1,2}

{3,5}

M,3}

{-1,-2}

1

Ain-2)

2

2(« - 2X« - 3)

4(« - 2)

1

w.* —
0

w? = sî = <2

wî = s,

wî = s~s~s

*»—l^n—1 S„ S.n-2*n-l*nùn-2

2°3'>1'>2

w? = s,

w£ = wjjjw;
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Proceeding as in the case of Bn, we let ij0, £,, . . . , |s denote the standard

basis elements of the Hecke algebra H(G, G2), and proceed to calculate the matrix of

the left multiplication ¿^ .

(6.18)   Lemma.   The matrix M' of the left multiplication L^x with respect to

the basis £0, %x, . . . , £5 is

/o   x(x 4- 1)tj'

I       , N       , '2

M' =

1     X 4- p'x1

0     (x + I)2

0

xv p'x3

(x - l)q       0 r¡'x

i  2
vx

'„2

\

1

0

where

x = q,

X = x2 +x-l,

5'

0

x

0

1

0

0

0

0

\

0'      v'(x 4- l)2

P'x S'

0 T?'(x 4- 1)      7}'(X2 - 1)

'  2
VX

x-l

„n-2

[{2x2 - l)(x2"-6 - 1) 4- hc"-3(x - 1)] ,

n-3\,     jx"-2 - 1)(1 4- x"->)

x - 1

P =
fr""3 - 1X1  + *"-4)    g. - (X + IX*2""6 - Xn~2  4- y"-'  - X)

x-l X- 1

Proof.   As in the case of Bn, we begin by finding a set of shortest W2-coset

representatives in W2w\*W2. Using the same notation as in the case of Bn, we have

W2s2 W2 = í y 4 W2wx ¡jut 2\J   W2w\/J   (disjoint),

where

Wl,l =S2>

Wl,2 = S2S3>

Wl ,n-2 = s2 *    ' Sn-1 '

n-2sn>

sn-2sn-lsn>

wl ,n-l - s2 ' ' ' sn--¡s¡

wl,n = h

Wl^l + 1 = S2 S„S,n3n-2>

and

1,2/1-4 = s2 " ' ' snsn-2 ' ' " s3>
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w'xj = s2Sj s2wxj   for 1 </' < 2« - 4.

As in the case of Bn, this is verified by checking that the elements of {wu} and {w'xj},

when applied to {1, 2}, give all the elements in the W2-orbit of {1, 3}. Note that

Wj „_2 and wx n_x have the same length as words in [sx.sn}.

Following the procedure we used in the case of Bn, we find the entries in M' by

calculating the distribution of left G2-cosets in G2w*G2w^ in the different (G2, G2)-

double cosets. The first step is to find G2-coset representatives in G2w\G2. This is

done using the root structure in G2, and the formulas G2w, xG2s2U = G2s2Ul,

^2^1,2^2 = (^2î2s3c; = G2s2s3U3lf23, etc. The following tables give the required in-

formation.

G2w*G2w*      u>* w; wî  wT w;

G2wxxUw*

G2wXn_2Uw*

G2Wl,n-lV<

G2w'XtXUw*

G2W'l,2n-4Uw0

jn-2

ji-2

,2n-5

„2n-4

Totals 0 \x(x+ l)n'|0 | 0 I 0  | 0

G2w\G2w\      wj       w\* wï W%       W3 w

G2Wj j Uw\*

G2wX2Uw\*

G2Wl,2n-SUw*

C2W1,2,1-4^1

G2w\ i Uw*

G2<,2n-SV"ï

G2w'l,2n-4UW*X

x-1

x2

Sn-6

„2n-5

,2n-5

¿ln-4

Totals X + p'x XV u'x3 x2v'
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G2w*G2w*      W%     W* wï    w!

G2wxlUw*

G2Wl,2n-4Uw2

G2w\ i Uwl

G2w'x2n_4Uw

Totals

,2n-6

x-l

,2/1-6 (x-Û

Oc-Du'

,2/1-4

X2T)'

vv?

Remark.   In checking these results, it is useful to know that wj has the

following expression as a product of two commuting reflections:

£    _   ri ç —PC»

2 ~    (<>n)Sn-2Sn0(a„-i)sn-2-s2 ~ ùe2 + e„ öe2-e„-
Wï =

G2w*G2w*3     w*      w w wï wï wî

C2W1 1 Uw3

G2wx2Uw%

G2wï3Uw%

•

G2Wï,2n-6Uw3

^lin-su**

G2Wl,2n-^3

G2w'xxUw%

G2w\2Uw%

G2w'x3Uw*

*
•

G2^\,2n-6^*3

G2*\,2n-SUw3

G2<,2n-AUw*3

Totals

1

x

X

J2.

X- 1

x(x - 1)

~3

,2/1-7

,2/1-6

Jln-S

xix-l)

x2{x-l]

-4

„2n-6

(X + 1): 0'

K2n-5

J2n-A

V'{X 4- l)2
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G2w\G2w%     wg w\ wj    w% wj WÏ

G2wxxUw%

G2wx2Uw%

G2Wl,2n-SUw*

G2Wl,2n-4Uwt

GjWjji/wJ

G2w'12iAvJ

G2W\,2n-SUw

G2w'l,2n-4UW4

„211-7

x-l

x(x - 1)

•

x2n_7(x - 1)

X2n-S

x{x - 1)

„3

„În-S

„2n-4

Totals 1 px r „2n-4

Remark.   In this case, it is helpful to express wj as a product of three com-

muting reflections:

w4* = ^2+£n5e2_en5ei_63.

G2w\*G2w%     wg  wj wj  wg       wj

G2wlxUwf

^2^1,2^4^*

G2w'uiAv*

♦

G2w'x2n_4Uw*

Totals 0

_2n-6

„2n-5

(X + 1)1,'

x-1

x2n-\x - 1)

jrf> - 1)

■

x2"-s(x - 1)

{x2 - Dn

Remark.   As in the case of Bn, this time wj? = 5ei+e2.

These computations prove Lemma (6.18).

(6.19)  Lemma.   |G:G2| - (q2"'2 - l)(q" - l)(q"-2 + i)/(q2 - i)(q + i).

Proof. Table 3.

We are now in a position to complete the proof of (6.16). We proceed as in the
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case of Bn. We note that the matrix M' is obtained from the matrix M by setting

y = \. Consequently, setting j> = 1 in (6.8) gives the roots of A/'. Thus, using (6.19),

we have a formula for the degrees of the irreducible constituents in lg , as in (6.14).

Let 8¡{t, 1) = Tlj^jiOjit, 1) - 6¡{t, 1)). A direct computation, which we omit,

shows that 8¡{t, 1) E Z[t], and that ± 8¡(t) is monic except in the following cases:

8¡{t, 1) = ±28'¡(t), with 5J(r) monic, in case i = 3 and / = 5. As in the B„ case, we

conclude that the generic degrees dt{t) are in Z[t] if 5/r, 1) is monic, and d£t) =

lM't{t), with dt(t) E Z[t] in case i = 3 or í = 5. Apply (5.3) to conclude that q, and

hence p, divides d¡{q) in case d¡(t) EZ[t], and that p divides d¡{q) in all cases except

possibly when q = p = 2 and / = 3 or 5.

It remains to prove that when q — p = 2, neither of the degrees d3(2) nor ds(2)

can be odd. This follows in exactly the same way as at the corresponding point at

the end of the proof of (6.5). This completes the proof of Proposition (6.16).

7. Proof of Theorem (5.7): Conclusion. The remaining cases of (5.7) will be

handled separately. Except for the treatment of 2F4(q) in (7.26), we will not use the

intersection matrix approach of §6. Instead, we will primarily use an ad hoc method

based on the algebraic properties of the polynomials discussed in §5. If h(t) E Q[t]

and h(f) = aktk +ak+xtk+l + • • • + a,t', where A: < / and a, E Q, we will say that

h{t) leads with aktk and has highest term a¡t'.

(7.1)  Proposition. 7/G = E6{q), then Theorem (5.7) holds.

Proof.  By (5.4), lg   contains the reflection character p. By (4.3)(ii) and

Table 4, lg   - 1G is the sum of p and an irreducible character, both of which have

degrees divisible by q.  In view of the symmetry between G, and G6, we now need

only consider lg2. By (4.3)(ii), lg2 O lgr

Suppose some irreducible constituent of lg   - lG has degree not divisible by p.

Then, by (5.6), q = 2,3, or 5. Also, by (4.3)(ii), Table 4, and (5.2), one of the two

irreducible constituents of lg   - lg   has degree not divisible by p, and we can write

/,(') +/2(0 = (r4 4- lXr9 - l)(r - lF^f12 - l)(f3 - l)"1

-rZ-iXf-irv-ix*4-!)-1,
where fft) E Q[t],/,(1) = 15 and /2(1) = 30. Since some f¡(t) is not monic, and

since the right side of (7.2) leads with r3, we can write fx{t) = {a/c)t3f*(t) and

/2(0 = (*/<0'3/2#(0. as in (5.5), where (a/c) 4- (b/d) = 1 and {a, c) = {b,d)=l.

Then c = d and a + b = c.  Also, \W\ = 27345 and r?3|c imply that q = 2 or 3 (see

(5.5)(v)).

The right side of (7.2) is divisible by $s(r), where 4>s(l) = 5. Also, 5|/,(1) and

5|/2(1), while 5 cannot divide both a and b.  As f*{t) is a product of cyclotomic poly-

nomials by (5.5)(i), 4>s(r) divides one and, hence, both f/it)'s. As 52 \ f¡{l), 5 t" a, b.

Also, 52 + ¡W|, so $5(r)2 t f,*iO-   Since S\fß), it follows that 5+ c.

We now have: a + b = c; (a, b) = 1 ; 5 -f a, b, c; q3\c; and a, b, c\ \W\. Since

these conditions cannot be satisfied, this is a contradiction.
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In each of the cases 2E6(q), En(q), Es(q), and F4(q), we shall use the following

notation. The representation 1G. is the sum of 1, ^q (the reflection character; see

(5.4)) and three other characters of G.  Accordingly, we apply (5.5) and write

(7.3) fiit) + f2(t) + f3(t) = l(t) - 1 - d/t),

where 1(f) G Z[t] is the polynomial such that l(q) = [G(q) : Gfq)], and fff) G ß[r]

for/ = 1, 2, 3 are the generic degrees of the three other characters of G in 1G . Let

V>j, <p2, ip3 he the irreducible characters of W such that f¡(t) = d^ff), j = 1,2,3.

Write fff) = ajtkif?(i) as in (5.5), and let d¡ = deg fff), / = 1,2,3. Arrange the

indexing so that d = d3 = max{dx, d2, d3), and set k = k3.

(7.4) Lemma.  Let G = 2E6(q), En(q), Es(q), or F4(q), and let h(t) =

2 \¡i(l)dy (t) as in (5.3).  77te leading term of h(t) - 1 - <p{l)dç{t), where y is the

reflection character, is, respectively, 2t, 27t2, 3512 and t. In each case this term is

<PjO)tk' for some / « 1,2 or 3. If G is 2E6(q), En(q) or E&(q), then fff) is monic.
IfG = F4(q),thena, = Vi.

Proof. We use the formula for \G(q)\ and Table 4 to check the first statement.

Next apply Table 4, and note that the right side of (7.3) leads with t, t2, t2, Vit,

respectively. Consequently, this term has the form a¡tk¡, (ct. + af)ikl or (at +<% +a3)tkl,

respectively. Therefore 1 = af, af + a¡ or ax + a2 + a3 if G = 2E6(q), En(q), or

E6(q), and H = a;-, a¡ + a, or ax + a2 + a3 if G = F4(q).

The set of numbers {<px(l), >p2(l), V30)} is, respectively, {2, 8, 9}, {27, 35, 56},

{35, 84, 112} or {2, 8, 9} (see Table 4). The coefficient of the leading term of

h{t) - 1 - ^0^(0 is at least <¿>/l)ay, <p£i)a¡ + v/l)o,, or <px(V)ax + <p2(l)a2 +

(¿>3(l)a3, depending on the form of the leading term of (7.3). The only possibilities

are as follows: a¡ = 1 and <¿>/l) = 2, 27, or 35, respectively, if G = 2E6(q), E7(q) or

Es(q); and a¡ = Vi and «¿>/l) = 2 if G = F4(q). This completes the proof of (7.4).

Next apply (5.10) to (7.3) to obtain

/.(OO'"*""1"*1 - O +/20)0<,+*-'/2"*2 -1)

= /(00* -1) - if+k -1) - d/t)(td+k-"-b - 1)

where a = deg(c/^,(0) and r* is the highest power of t dividing djif). Differentiating

(7.5) and setting t = 1 yields

nA fx(l)(d+k-dx-kx)+f2(l)(d + k-d2-k2)

= l(l)k -(d + k)-y(\)(d + k-a-b).

(7.7) Proposition.  If G = 2E6(q), then Theorem (5.7) holds.

Proof.   Assume the result is false. By Table 4, q\p(l), and sop i"//<?) for

some / = 1,2,3. For ;' chosen as in (7.4), we have / #/.

In this case the right side of (7.3) leads with t and has highest term t2 '. Then

d = 21. From Table 4 we have a = 16, b = 2. Then (7.6) becomes

(7-8)        fx(l)(21 +k-dx -Â:1)+/2(l)(21 +k-d2-k2)= \9k-33.
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By Table 4, {fx(\),f2(\),f3(\)} = {2, 8, 9}, and by (7.4),/)<l) = 2 and ffit) is

monic. We claim that for s = 1, 2 or 3, /s(l) = 9 implies ks > 3.  By (4.3)(i) and

(5.2) the constituent of lg    - \G - p with generic degree///) also appears in lg  .

Writing down the analogue of (7.3) for lg  , we obtain an equation in which the

right-hand side leads with r3.  By (5.5)(i), t3\fs(t), and ks > 3, as required.

If it = 1, then fx(t) 4- f2(i) = l{t) - 1 - d^(t) -f3(t), and the right side is in

Z[t] since l(t) - 1    dJJ) leads with t.  Thus kx = k2 > 3 and dx = d2 < 21. By

(7.4) we have /3(1) - 2. Then (7.8) reads (21 + 1 -dx - Jfc,)(17) =19-33,

which is impossible.

Therefore k > 1, and we may assume kx = l,/,(f) is monic, and /,(1) = 2.

Then k2 = k3 > 3. Write /2(f) = (alc)tkf2U) and f3(t) = (b/d)tkf3*(t), according to

(5.5).  As the highest term on the right side of (7.3) is r2 ', we have dx < 21 and

(a/c) 4- (b/d) = 1.  Thus c = d and a + b - c.   By (5.5), qk \c\ a and b divide \W\; and

c\ \W\22.  Since (a, b) = 1 and k > 3, these conditions are impossible, and the proof

of Proposition (7.7) is completed.

(7.9) Proposition.  If G - E7{q), then Tlieorem (5.7) ItoUt

Proof.   Assume the result is false. We proceed as in the case of 2Eb(q).  By

Table4.c7lp(l), so p \ f¿q) fot i - 1, 2 or 3. With/ as in (7.4),/;(1) = 27 and

fj(t) is monic.

In this case, the right side of (7.3) leads with t2 and has highest term t33. Thus

d = d3 = 33 and by Table 4, a = 17 and b = 1.  Then (7.6) reads

("MO)     /,(1)(33 +k-dx-kx) 4-/2(l)(33 +k-d2 - k2) = 118/t- 138.

If k is 2, then f3(t) is monic, and as in the case of 2Eb(q), we have kx = k2 and

dx =d2. Then (7.10) reads (35 4- 56)(38 - Jx - kx) = 236 - 138, which is impos-

sible.

Consequently, k > 2, and we may assume that kx = 2, and that f\(t) is monic.

Then dx < 33, k2 = *3 > 3, and d2 = d3. Write f2(t) = (a/c)tkf2#(t) and f3(t) =

(b/d)tkf3(t) as in (5.5). Then since the highest term on the right side of (7.3) is i36,

we have (a/c) + (b/d) = 1, so c — d and a + b = c.   Moreover qk\c by (5.5), a and b

divide \W\, and c\ \W\. We may assume that /2(1) = 35 and /3(1) = 56.

(7.11)   Lemma.   Each nonprincipal irreducible constituent of lg   lias degree

divisible by q.  Moreover, 1 ™   = 1 4- \p 4- ̂ , 4- r, where <p is the reflection character

and dT(t) is monic.

Proof.   By (4.3)(iii). 1¡J¡   decomposes as in the statement of (7.11), and r(l) =

21.  It suffices to show that dT(t) is monic.  From (5.2) and (4.3) we obtain

dT(t)+fx(t) = (r5 4- l)(t9 + l)(f14 - 1)0 - 1) ' - 1
(7.12)

-t(t6 4- l)(r14     l)(r2 4- 1) '(/2 - 1) '.

Since fx(t) is monic, dT(t) E Z[t\. The right side of (7.12) is monic of degree 27. so

if dT(t) is not monic. degWT(/))< 27 and dx - 27. Apply (5.10) to (7.12) to obtain
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</T(0029 " v - 1) = {t5 + l)09 + l)014 - 1)0 - l)"'02 - 1) - (t29 - 1)

(7-]3) - t(t6 + 1X/14 - DO2 + ir'02 - i)" '(î29-17-1 - i).

where u = deg(JT(f)) and tv is the highest power of t dividing d7(t). Differentiate

(7.13), and evaluate at t = 1, to obtain

(7.14) 21(29-m-i») = 6.

which is impossible. This completes the proof of (7.11).

We now complete the proof of (7.9) by obtaining properties of a, b and c that

lead to a contradiction. Since a\y2{\) and b\y3(\), we have 3-fa, b;2ia, and 5fô.

The possibilities for q are 2, 3, 5, 7, and we have qk\c, and c|/2#(l), and /2*(l)l \W\,

by (5.5). Since 52 -f \W\ and 72 -f \W\, it follows that q = 2 or 3. Finally, neither

5 nor 7 divide c, otherwise 52 or 72 divide f3(\) or f2{\). respectively, which is

impossible.

By (7.11), dT(t) is monic. Since dT(\) has to be a multiple of 7, a check of the

cyclotomic polynomials in the formula for the order of En{q) shows that <I'7(0|t/T0).

Subtracting (7.12) and (7.3), we find that *7(0l/2(0 + /3(0- Since 7 cannot divide

both of a and b (since a + b = c) we conclude that <I>7(0 divides one and hence both

of /2(0 and f3(t). Since 72 i" |IV|, this shows that 1 \ a and 7 \ b. It is now easy

to check that there are no possible solutions for a, b, or c. This completes the proof

of (7.9).

(7.15)  Proposition,  if G = E6{q), then Theorem (5.7) holds.

Proof.   Assume once more that the result is false.  By Table 4, r/|p(l), so

P t" ffcl) f°r some ' = 1» 2, 3. With /' as in (7.4), ff\) = 35, and fft) is monic.
The right side of (7.3) has highest term r57, so that (/ = il3 = 57.  By Table 4.

a = 29 and l> = 1.  Thus (7.5) reads

(7.16) /,(1)(57 +*-<*, -*,) +/2(1)(57 +k-d2 -k2) = 21(11* - 13).

The right side of (7.3) leads with t2. Then each k¡ > 2. and some k, = 2.  We assert

that k > 2.   If not. then k = 2.//0 = /3(0 is monic, and /3(1) = 35.  Moreover dt <

57 and d2 < 57.  As in the previous cases, two k¡\ and two </(.'s must be equal.   It

follows that A-, = k2 and i/, = </2.  Now (7.16) reads

(7.17) (84 + 112X57 + 2 -dx -kt)= (21)9,

which is impossible. Thus k > 2.

We may now order the fftfs so that kl = 2; then ]\{t) is monic and k2 and

A:3 > 2.  If/30) G Z[t], then f2(t) also belongs to Z\t\. which is not the case. There-

fore /3(0 G Z[t]. and this time t/2 = c/3. and k2 = k3.

Put <x2 = afc, a3 = b/c as in (5.5).  Then (afc) + (bfc) = 1 so a + /» = <• = c.

By (5.5), qk\c, where A > 3.  Also (a, b) = 1. and we may assume that /2(1) = 84

and/3(l)= 112.  Thus 5 + a,5tii,32t  a. 3 + ft. 2J + a. and 25 -f A.

We claim that 1 1 a, b.   Since/,(/) is monic. the argument used in the proof of

(7.9) shows that *7(f)|/,(rt. so by (7.3) and Table 4. we have <I>7(/)|/2(0 +/3(/).  As
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7I/X1) and 72 + fß) for / = 1,2,3, it follows that $7(r) divides one, and, hence, both

of/20) and/3(r). Thus, 7 \ a, b.

As <73|c, q = 2 or 3. Suppose q = 3. Then 33|c, while c = «4i<l 4-16

which is impossible. Thus q — 2, and both a and b are odd. But this leads to an

impossible diophantine equation. This completes the proof of (7.15).

(7.18)  Proposition. Let G = F4{q). Then the f¡(tys can be numbered so

that the following statements hold.

(i)deg/30)=15.

(ii) 9 < deg fx{t) < 15, 8 < degf2(t) < 15.

(iii) fx(t) = iWfit), fi*(t) E Z[t), /*(0) = 1,/,(1) = 2. 7« particular, fx{2)
is odd, and 31/, (3).

(iv)r2l/20),/3(0-

(v) 2|/2(2),/3(2), and 3|/2(3),/3(3).

(vi) Theorem (5.7) holds for F4{q), <? > 2.

Proof.   By (7.4), iffß) = 2, then fft) = ilA)tfj*{t). Since the right side of

(7.3) leads with (H)r, if / =£ /', then k¡ > 2.

Reorder the /,(r)'s so that / = 1. Then (iii) holds. The highest term on the

right side of (7.3) is rls, so for some t> 1,d¡ = 15. We may assume i = 3. Then

(i), (iii), (iv) hold.

Suppose that /2(2) or /3(2) is odd.  Using (7.3), with t = 2, and noting that fx(2)

is odd, it follows that both/2(2) and /3(2) are odd. Write a2 = (a/b), a3 = c/d, with

(a, b) = (c,d)=l. Then by (5.5), 2k\b, c and k > 2. If d2 < 15, then from (73),

it follows that a3 = 1 or ]i, a contradiction. Thus <72 = d3 = 15, and a2 4- a3 = 1

or Vi. This implies that k = 2, and k2 = 2. Now (7.6) reads /,(1)(15 4- 2 -dx - 1)

= 11, which is impossible as/,(l) = 8 or 9.

Similarly, if /2(3) or /3(3) is not divisible by 3, then the corresponding denomi-

nator of a,- is divisible by 9. From (7.3) it follows that 3 divides neither /2(3) nor

/3(3). As above, k2 = k, d2 = d3 = 15. Since 27 -f \W\, k = 2. This leads to the

same contradiction as before.

This proves (v) and, hence, also (5.7) for lg . We must also prove (5.7) for

lg . Let q be even. Then G has an outer automorphism interchanging G, and G4.

Thus, the degrees of the irreducible constituents of lg   and lg   agree for all even q.

By (5.2), the corresponding generic degrees agree. Hence, for all q, the degrees of the

irreducible constituents of lg   and lg   agree. Since (5.7) is known for lg , it must

hold for lg . This proves (vi).

It remains only to prove (ii). We will show that f¡(q) > qn{q — 1) for each / and

all odd primes q.  Once this is known, it follows that d¡> 8 and also <7, > 9 as ax =

Vi. We already know that dx < 15 and d2 < 15.

Consequently, consider G = F4(q) with q an odd prime. By (4.5), g1 is extra-

special of order qls with center Ur.  Let x be a nonprincipal irreducible constituent of

Iß of degree fftf). Then x is faithful, so there is an irreducible constituent 9 of

XlG, with Ur £ kerô.   Applying Clifford's theorem, we obtain 6|g, =
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a(f, + • • • + ft), where a G Z and the f('s are distinct conjugate irreducible characters

of ß,. Then fyli/,. = ?/(l)ty for a nonprincipal linear character \p¡ of Ur. Moreover,

one and, hence, all f;'s are faithful, so since Qx is extraspecial we must have f;(l) = qn.

Since H is transitive on the q - 1 nonprincipal characters of Ur, each such character

appears as a <p-. Thus, x(l) >{q ~ 1)<77, as required.

We remark that a much more detailed analysis similar to the above can be used

to show that, for all i = 1, 2, 3 and all q = 2",fx(q) > q6(q3 - l)(q - 1). From this

it follows that dx > 11 and d2 > 10.

We next prove Theorem (5.7) in case G is a classical group having (B, AO-rank 3

(except for PSO+(6, q)' « PSL(4, q), which has already been handled in (5.9)).

(7.19)   Proposition.   // G is PSp{6, q) with q>2, PSO(l, q)' with q odd,

PSO~(8, q)', PSU(6, q), or PSU{1, q), then Theorem (5.7) holds.

Proof.  1G   - lc - p is irreducible, where p is the reflection character. Since

|G : Gx | = 1  (mod q), Table 3 shows that p and this character have degrees divisible

by p.

It is easy to check, as in §6, that 1G   D 1G   and 1G   -lS   is the sum of two

irreducible characters. Let fx(f) and f2(f) be the corresponding generic degrees (see

(5.2)). Then

(7.20) /i(?) + f2(q) = 10 : G21 - |G : G, |.

Thus,/,(0 +/2(0 leads with t2 for PSp{6, q) and PS0{1, q)', t3 for PSU(6, q) and

PSO~(&, q)', and ts for PSU(1, q). Since \W\ = 48, by (5.5)(v) we may assume that

q = 2, so G is PSU(6, q) or PSO~(S, q)'.

In these cases, if (7.19) is false we are led, as in (7.1), to an equation of the form

a + b = c with 8|c and a, b odd divisors of 48. There is obviously no solution.

(7.21) Lemma.   // G is Sp(2n, 2), n>3, then each irreducible constituent of

1G   - 1G   has even degree.

Proof.  If n > 4, the lemma is proved exactly as at the very end of the proof

of (6.5).

Let n = 3, and deny (7.21). By (1.24), fx(t) +/2(0 leads with t2, and we again

have an equation a + b = c with 4|c, 8 \ c, (a, c) = 1, and a, b, c\ \W\ = 48. We may

thus assume that 3\b and 3 \ a.  As in §4, it is easy to check that /,(1) = /2(1) = 3,

so *3<01/i(0 by (5.5)(ii). But 4>3(0 divides the right side of (7.20). Consequently,

*30)l/2(0- Since 3\b, 34>3(1) = 9 divides/2(1), which is a contradiction.

We remark that the degrees of the constituents of 1G   can be found in [3] when

G = Sp(2n, 2), n>4.

(7.22) Proposition.   Theorem (5.7)(i) holds when « = 2. More precisely,

the degrees of the irreducible constituents of \p are as follows; moreover, in each list,

the second degree is that of the reflection character, while the third and fourth char-

acters occur with multiplicity one in 1G. for precisely one i.

(i) For Sp{4, q): 1, %q(q + l)2,Xq(q2 + 1), Viq(q2 + 1), q\
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(n) For PSU(A, q): \,q2(q2 4- l),q3(q2 - q + \),q(q2 -q + 1), q6.

(iii) ForPSU(S,q): \,q3(q2 4- l)(q2 - q + l),q2(qS + l)l(q + 1),

q\qS +l)l(q + l),q10.

(iv) For G2(q): 1, (\l6)q(q + 1)V + q + l), (1/3MÍ/4 + q2 + 1).

{\¡3)q{q* +q2 + l),(H2)q{q + l)0y3 4- l).q6.

(y)For3D4(q): 1, *4?V 4- l)2,q3(q*-q2 + \),q(q* - q2 4- 1),

Kq\q 4- 1)V - q2 + l).qi2.

(vi) For 2F4(q): 1%,

q2(q + \)(q2 + 1)(V + q" + q3 + \)Kq  + y/2~q + l)(i/3 -<yV5/4- 1),

tffo3 4- lXfl6 4- l)/fo 4- 1X«72 4- l).qS{q3 + IX«,6 + 0/C? + DO,2 4- 1),

<72fa 4- 1)(<72 + IK?9 + i6 4- <73 4- \)/4(q-V2q~+ i)(q3 + qy/2~q~ 4- 1).

5*</V 4- 1)(</6 4- 1)V2.

Proof,   (i)-(v) are proved as in the proof of [32, Theorem D] using information

in [32]. (We note, however, that the value of p(l) for 3D4(q) is incorrectly stated on

[12, p. 111].) We will outline the proof for G = 2F4(q).  Here W is dihedral of order

16, has 4 irreducible characters of degree 1, and 3 of degree 2.  By (5.2), l£ has 7

irreducible constituents, 4 appearing witli multiplicity 1, and 3 with multiplicity 2.

The degrees of the former are found on p. 115 of [12]. while one of the latter is the

reflection character. This leaves two characters.  Each of these appears in lg. for

i = 1 and 2; of the characters occurring in 1^ with multiplicity 1, each of the ones

discussed in [12, §10] appears in lg. for precisely one i.

Thus, consider lg     We may take the index parameters to be c, = 1, c2 = 2.

If W = <s,, s2> as in §2, let £S2 be the corresponding element of the Hecke algebra

//(G, G,).  Then, with respect to the standard basis £,, £SJ. £î2J,j2. $j2(slî2)2-

íjj2(Sls2)3, right multiplication by £J2 has the following matrix.

M =

q\q + O

d2-\

1

0

0

0

q2-

q + 1     (q2

0

0

0

q3

ix</ + n
/

Here M has characteristic roots q2(q 4- 1), -(q 4- 1), q2 - 1. and q2 ± y/2q - 1.  Now

the proof can be completed as in (6.1)(ii).

8.  Proof of Theorem (5.8).   Replace G by the corresponding linear group G =

5p(2/i, (,). SO* (I, q)'. or SU(l, q). and let V be the underlying vector space for the

usual representation of G.   Then G, is the stabilizer of an isotropie 1-space (or singular

1-space, for orthogonal groups of characteristic 2), G2 is the stabilizer of an isotropie

(or singular) 2-space, and G,2 is the stabilizer of an incident isotropie (or singular) 1-

and 2-space.
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For most of this section, we will assume the existence of isotropic (or singular)

4-spaces; the remaining cases will be discussed at the end of the section. The following

inner products are then readily computed.

(1g,-1g1) = 3.   Og2,lg2)=6,   (1S12-lc12)=l7;
(8.1) ' ' 2 2 12 12

(l(3,-lg2) = 3,   (lgrlgl2) = 5,   (lg2.lg,2) = 9.

Those inner products not involving G12 were already given in (6.4). The remaining inner

products are not difficult to check using the geometry. Let Vx be an isotropic (or singu-

lar) 1-space of V contained in an isotropic (or singular) 2-space V2 of V. Suppose G12

stabilizes V. and K,. Then to find (\G.    ,lG    ) it suffices to find the number of orbits
1 2 G|2'   g x2'

of G12 on the pairs (Ax, A2), where A¡ is an isotropic (or singular)/-space of V andAx <

A2. Given (AX,A2) and (^4',, A'2), consider the subspaces V2+A2 and V2 + A2. If these

are isometric by an isometry r such that \\ - Vx. V^ = V2, A\ = A\,ar\dAT2 = 42,then

Witt's theorem guarantees that (.4,, A2) and (A'v A'2) are in the same orbit of G, 2. Using

these facts, one can list the 17 orbits of G,2. The other inner products are computed

similarly.

Write

1GX = 1G+P + Xi    and    lg2 = 1G+P + X, +X2+X3+X4.

where p is the reflection character and \x, x2, X3- and x4 are distinct and irreducible.

By (5.4). (p. lg ) = 2, so by (8.1): (x,. lg12) = 2. Then (8.1) shows that we can

choose notation so that

lgia = 1G +2p + 2X, + 2x2 + X3 + X4 + X5 + X6.

where 1G, p. x,. X2- X3- X4- Xs- and Xt are distinct irreducible characters of G.

Clearly G, induces a classical group on VxfVx, with G12 corresponding to the

stabilizer of an isotropic 1-space.  Thus, lg1    = lc    + a, + o2 with a, and o2 dis-

tinct nonprincipal irreducible characters.  Then

(8.2) oG +oc-=(\G\2-\Gi)G =p+Xl +2x2+X3+X4+X5+X6.

We will decompose the characters oG and o2.

By tlieMackcy subgroup theorem,

{°ï.og2)= ¿2 {orl.o2)
G , vv G , 1 1

where the sum ranges over the double cosets of G, in G.  We can choose w G W with

I', ¥= \\w < V2. so Gl,v C\GX <G12.  Since a,|G12 and a2|G12 both contain lc

it follows that (oG, o2) > 1. Consequently, by (8.2) both oG and o2 contain \2

The same calculations show that, for i = 1,2,

1 G 1   G 1      (' 1   '■ 1

(where vv is as above). We can thus number the ofs so that p C a, and \, G a.
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We next consider (lg , of). There are three (G2, G,)-double cosets: G2GX,

G2xGx, and G2yGx, Vx 4- (V2)x is an isotropie (or singular) 3-space and (Vx, V2y) =£

0. Then G2 n G, fixes Vx and {V2)x. Since Vx 4- (V2)x is an isotropie (or singular)

3-space, it follows that G2 O G, is conjugate in Gx to a subgroup of Gx3. Note that

a, and o2 are constituents of lg1  Just as X\ and x2 are constituents of lg . Thus,

(lcxnc , o-,)GxnG   > 1 for i = 1, 2. Also, G/ f) G, fixes K, and (F2)j>, and hence

also the isotropie (or singular) 2-space Vx + {V\ n {V2)y), so it is conjugate in Gx to

a subgroup of G, 2. As before, we find that, for i = 1,2,

Ug2.cf) = (l,a,)C2nCl +0.^00, +0.0OJn0|>3.

We can thus number the x,'s so that of D p 4- x2 4- x3 and G2 3 Xi + X2 + X4-

Finally, consider 0g12, of). The (GJf G12)-double cosets are GX2GX, GX2xGx,

Gx2yGx, Gx2wGx, and GX2zGx, where

(i)(F2)^=F2and(K1)x^K1,

(ii)F1^(K2)7and(F1,(F2)j) = 0,

(iii) F, <£ (F2)w and rad(K, 4- {V2)w) = (Vx)w, and

(iv) Vx <jt (K2)z and rad(K, 4- (K2)z) is a 1-space (of (K2)z) other than {Vx)w.

Then Gf2 C\GX fixes the orthogonal 1-spaces Vx and (F,)x, so Gf2 n^ is

conjugate in Gx to a subgroup of G12. Similarly, Gj*^ f\Gx and Gf2 nfj, are

conjugate in G, to subgroups of G12. Since G\2 C\GX fixes the isotropie (or singular)

subspaces Vx, Vx 4- (Vx)y, and Vx 4- (V2)y, it is conjugate in G, to a subgroup of

G123. Considering the group induced by Gx on F[/Kj, we find that a¡ occurs with

multiplicity 2 in IG j23 just as xx and x2 occur with multiplicity 2 in lg.2- (In fact,

all that was needed for this was (lg.,, lg.) = 5, and this holds so long as isotropie

or singular 3-spaces exist.) Consequently,

0g12."f)>4(l,ai)<;12+(l,al)Ou3>6.

We can thus number the x/s so that

(8.3) of = p 4- x2 4- x3 4- x5    and    of = x, + X2 + X4 + X6-

By (5.7), p divides p(l), x,<0 for 1 = 1,2,3,4, ax{\) and a2(l). Consequently,

by (8.3) we have plxsO), XôÎO, as required.

It remains to consider the cases where V has no isotropie (or singular) 4-space.

In the case of (B, AO-rank = 2, (5.7) applies. Thus, we need only consider the case of

{B, AO-rank 3, where G is 5p(6, ç), 5í/(6, .7), 5(7(7, q), or 5CT(8, q)'. Here the

computations are very similar to the above, so we just sketch the proof.

The relevant inner products are as follows.

(8.4) (1c,-Ic1) = 3,   Og2, lga) - 5,   dg12,lg12)=16;

Ocrlc2) = 5,   Ogj.lg^-S,   Og2,lg12) = 8.
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This time

»O, = 10+P + Xi,    lg2 = lG+P + Xi +X2+X3,

and

lg,2 = lc + 2p + 2X, + 2x2 + X3 + X4 + Xs-

with 1G, p, and the x/s distinct irreducible characters of G. Define ax and a2 as before.

Then (of, of) > 1, so x2 G of, of. Also, (lg , 0?) > 1 for /' = 1, 2, so we may
C G

assume that o, D p + x2 and o2 3 Xi + X2 •

Since G, induces a group on V\fVx having a rank 2 (5,/V)-pair, 1GJ   contains
c

just one of Oj, o2, namely, the reflection character of Gx. Let a, G 1G j   and let

o¡ * a,. As before, we find that (lg12, of) > 3, (lg2> of) > 2, (lg12> of) > 6,

and 0g,2» of) > 5. If a¡ = Oj we can renumber so that of = p + x2 + X3 + X4

and of = Xi + X2 + X5 • If o¡ = o2, then we renumber so that of = p + x2 + X3

and of = Xi + X2 + X4 + Xs- In either case we obtain the desired divisibility,

completing the proof of (5.8).

PART II. 2-TRANSITIVE REPRESENTATIONS

9. Counting lemmas. The proof of the Main Theorem depends on two

elementary counting lemmas.

Let G be a transitive permutation group on a finite set Í2, with corresponding

permutation character 0.   Let a G Í2. Set m = |Í2| = 0(1).

(9.1) Lemma. Let P <G be transitive on Í2, and let 1 ¥= Q < P. Suppose Q

intersects I G-conjugacy classes 2,,. .., 2, of nontrivial elements, let xx.x¡ be

a system of representatives for these sets, and let c¡ = |2f n Q\.  Then

m{\Qa\ - 1) = I>,.0(*,).
1

Proof.  Each orbit of Q has size \Q : Qa\, while Q has (0|Q, 1Q) = Ißf12xeß0(x)

orbits. Consequently,

Simplification yields the lemma.

(9.2) Lemma.   Suppose G is 2-transitive on HI. If x G G, then

m - 11 |G : CG(x)|(0(x) - 1). In particular, if B(x) = 0 then m - 11 |G : CG(x)\.

Proof.  Since 0 - 1G is irreducible, |G : CG(x)\(9(x) - 1)/(0(1) - 1) is an

algebraic integer.

(Remark.   In fact, if a ¥= ß, there are |G : CG(x)\(m - B(x))¡m(m - 1)

conjugates of x mapping a to ß. This follows from an easy counting argument.)

10. Initial reductions. Let G be a Chevalley group and G < G* < Aut(G).

Suppose G * has a faithful 2-transitive permutation representation on a finite set Í2,
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and let a E Í2. Set m = |Í2|. Let 0* be the permutation character of G* on Í2, so

0*(1) = m.  Set 9 = 0*|G.  Let W, R, n and p be as in §2.

If g E G*, let £l(g) denote its set of fixed points. Recall that a subgroup of G*

is semiregular if only the identity fixes a point.

Clearly, G is transitive on Í2, so \G:Ga\ = m.

(10.1) Lemma.  Ga is maximal in G.

Proof.   [40, 10.4 or 12.3].

(10.2) Lemma. If n - 1, the Main Theorem holds.

Proof.  First suppose that (0, if) > 1. Since x = 0* ~ Iq* 1S itreducible, by

Clifford's theorem xlG is the sum of irreducible characters of the same degree. But

(xlG, lg) ¥= 0, so plx(l). Thus, p t" m, so G* contains a Sylow p-subgroup of G*.

By (2.3) and (10.1), G* is a Borel subgroup of G*.

Suppose next that (0, if) = 1, so G = GaB. From the lists of maximal sub-

groups in [6], [20], [26], [37], [38], [39], it is straightforward to check that the

only possibilities are those listed in the Main Theorem.

From now on we will assume n > 2.

(10.3) Lemma.   Let G + and B+ be as in (2.6). If B + is transitive on Í2, then

G is as in cases (vii) or (viii) of the Main Theorem.

Proof.   If B+ is transitive then G+ = B+(G+)a. From (2.10) it then follows

that G is as in the Main Theorem.

From now on we will assume that B + is intransitive.

(10.4) Lemma,  m is not a power of p.

Proof.   Otherwise, as G is transitive, G = GaU.  Thus, U is transitive, whereas

we are assuming B + to be intransitive.

(10.5) Lemma. 0 is a constituent of if, (0, 0) divides 6, each irreducible

constituent of 9 is G+-invariant, and G* acts transitively on the nonprincipal irreducible

constituents of 9.

Proof.  By (2.6), |G* : G+| |6. Set x = Ö* - 1G. and xlG+ = £,+••• + ?*

with the f(. irreducible. Then k\6 and the f,- are conjugate characters under the action

of G* = G+N(B+) (by the Frattini argument). Since B+ is intransitive, some and,

hence, all f,'s are constituents of 1^+. By (2.9), each f,- remains irreducible when

restricted to G.

It remains to show that 0 is multiplicity-free. Since each f,|G occurs with the

same multiplicity e, and since 9(g) = 0 for some g E G, we must have S^fe) = -lie.

Thus, e= 1.

(10.6) Lemma.   7/p -f" m, then G = An(q), Ga is conjugate to G, or G„, and

the Main Theorem holds.
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Proof. Suppose p\ m. Then we may assume that U <¡Ga. By (2.3) and

(10.1), Ga is a maximal parabolic subgroup. Suppose 0 - 1G is irreducible. Then

there are just two (Ga, Ga)-double cosets. Thus, G is An(q) and Ga = Gx or G„.

Suppose that G*> G+. By the Frattini argument, G* = GN(B), so there is an

element x G G* - G+ such that x normalizes B.  However, since G is transitive, G* =

GG* = GN(Ga), so we can find y EG with xy G N(Ga). Since Ga = G^y>By,ye

Ga and x G N(Ga). This is impossible as the graph automorphism of G interchanges

G, and Gn. Consequently G* = G+ and we are in case (i) of the Main Theorem.

Now suppose 0 - 1G is reducible. By (10.5), G*> G+ and there are 3, 4 or 7

(Ga, Ga)-double cosets; here, 4 or 7 can occur only for G = D4(q). Moreover G*/G +

induces a group of graph automorphisms of the Dynkin diagram. As in the previous

paragraph we argue that Ga is a maximal parabolic subgroup, fixed by a nontrivial

graph automorphism, for which there are 3,4, or 7 double cosets. By (5.4), pG9.

Since all irreducible constituents of 0 - 1G are conjugate in G*, by (5.4) each appears

in if for each maximal parabolic subgroup P of G.  Consequently, 0 C if for each

such P.  In particular, G =£ An(q).

If G = E6(q) or Dn(q), we can choose P so that if - 1G - p is irreducible.

Consequently, 0 = if for such a P.  But it is easy to check (using Tables 3 and 4)

that p(l) + lf(l) - 1 -p(l). This completes the proof of (10.6).

From now on we will assume that p\m.

(10.7) Lemma,   p does not divide the degree of any irreducible constituent of

0- 1G, where 0 - 1G C if.

Proof.  This is clear since p\m.

(10.8) Corollary. G±An(q).

Proof.   (10.7) and (5.9).

(10.9) Corollary. Ifn>3, then q = p is prime, where q is related to G as

in (5.1). Ifn = 2, then G = 5p(4, 2), G2(2), G2(3), or 2F4(2).

Proof.  (5.6), (5.7)(i), and (10.7).

(10.10) Lemma.  Assume G is not Sp(2n, 2), F4(2), G2(2), G2(3), or 2F4(2).

(i) If G is a classical group, Gx2 is transitive on S2. In particular, G1 and G2

are transitive.

(ii) If G is an exceptional group, G¡ is transitive (where i is as in (4.2) and Table

4).

Proof. (10.5), (10.7), (5.7), and (5.8) show that (0, lg ) = 1 for (i) and

(0, lg.) = 1 for (ii).

(10.11) Lemma.  Let G be as in (10.10). Let Ur and Us be as in (3.1)-(3.3)

or (4.4H4.6).

(i) If G is PSp(2n, a) or PSU(l, q), then Z(Ur) and Us are semiregular on Í2.

(ii) If G is PSO*^, q)', then Vr is semiregular on £2.
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(iii) 7/G is exceptional, then Ur is semiregular on Í2.

Proof.  Let X be any of the groups claimed to be semiregular. For 1 # x E X,

we will show that C(x) is transitive on £2. Once this is known, since C(x) acts on Í2(x)

we will have £l(x) = 0 or Í2, so since G* is faithful on SI the desired semiregularity will

follow.

We must thus show that (0, lg^)) = 1. Suppose G is exceptional. By (4.4)-

(4.6), N(Ur) = G, and G, = CG(x)H.  For wEW, G¡wB = CG(x)HwB = CG(x)wB,

so there are equally many (G¡, B)- and (CG(x), ¿?)-double cosets.   Then (lgc(x)> if) =

(lg,- 1b)> s» 0°-5) and (10.10)00 imply that (lf(x), 6) = 1.
Next suppose that G = PSp(2n, q) (with q ¥= 2), PSU{1, q), or PSO% q)', and

that AT = Ur. In the first two cases, let i = 1, and in the last, let í = 2. Then, by

(3.1)-(3.3), G¡ = N{X) = C(x)H. Since G¡ is transitive by (10.10), as above, so is

ax).
Finally, suppose G = PSp{2n, q) (with q ± 2) or />5í/(í, q), and that * = Us.

By (3.9), each irreducible character common to if and lf:(x) 1S contained in lc12-

Thus, by (10.5) and (10.10), no irreducible constituent of 0 - lc is a constituent of

lg(l), so that (0, lgw) = 1 again.

(10.12) Lemma. Assume that the conclusions of (10.10) hold. Define i as

follows: if G is exceptional, i is as in (4.2); if G is orthogonal, let i = 2; and if G is

symplectic or unitary, let / = 1.  77ie« m - 11 |G : G¡\(q - 1).

Proof.  Set X = Z(Ur). Then, by (3.1)-(3.3) and (4.4)-(4.6), \X\ = q = p,

G i = N(X), and G¡ = C{X)H.  Since 77 is an abelian group acting irreducibly on X, it

induces a fixed-point-free group of automorphisms of X.  Thus, |G, : C{X)\ \q - 1, so

|G : C(X)\\\G : G¡\(q - 1). The result now follows from (9.2) and the conclusions of

(10.11).

(10.13) Lemma.   Assume that the conclusion of (10.12) holds for G, and

that n> 3. Then qk -f" m, where k is as follows.

{f)k = 2n-l ifG = Sp{2n,q).

(ii) k = 2n-lifG = PSO{2n + l,q)' with q odd.

(iii) k = 2l-2ifG = PSOi(2l, q)'.

(iv) k = 2l-3ifG = PSU{1, q).

{y)k = 7.ifG = F4{q).

(vi)k=9ifG = 2E6(q).

(ñí) k= 11 if G = E6(q).

(viii)fc= 17 if G = E1(q).

iix) k = 29 if G = E6{q).

Remark.   The powers listed in (10.13) are not intended to be the best possible.

They merely provide a goal in the following sections: in §§11, 12 we show that qk\m.

Proof. Since the proofs in the various cases all follow the same pattern, we

will only give samples of the method, including the hardest situations. Suppose i?k|ffj,
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and write m = qkx.  By (10.12) we can write (m - l)y = |G : G,\{q - 1) with y GZ.

Thus, (qkx - l)y = \G : G¡\(q - 1). Using the indices |G : G,-| as given in Tables 3 and

4, together with elementary number theory, we will obtain a contradiction. We

illustrate with the three cases G ■ F4(q), Es(q), and PSO±(2l, q)'.

1. G = F4(q). Here (qnx - l)y = (a4 + 1)(<712 - 1). Taking congruences

mod q1, we find that y = qnz + q4 + 1 with 0 < z G Z.  Then

(qnx - l)077z + q4 + 1) = (q4 + \)(q12 - 1).

By (10.4), x is not a power of p; thus z =£ 0 and x ^ q3. Then x < ^3, as otherwise

(i7(o3 + 1) - l)o7 < (q4 + l)q12, which is impossible.

Since q1x - l\(q4 + 1)(<712 - l)x implies that q7x - l\(q4 4- 1X<?S ~ x), we

can write (q4 + l)(o5 - x) = (q1x - \)v with v G Z.  Rewrite this u + os =

(ï4 -H l)x + q^xv - q2). If xv > q2, then u + qs > (q* + l)x + q1 > q1, so v >

qs and (q* + l)(qs - x) > (q7x - l)qs, which is impossible. Also, since x is not a

power of p, xv ^ q2. Thus, xv<q2, and hence

(<74 + l)q3 > (q* + l)x = vrqs + q\q2 - xv) > qs + q1,

which is again impossible.

2. G = Es(q). Here

(q29x - l)y = (qi0 + l)(q24 - 1X<?3° " O/O?6 " 1).

Taking congruences mod q29, we can rewrite this

(10.14) (q29x - \)(q29z + (o10 + 1X<?24 " 0 V4) = {ql° + DO?24 - 1X<?3° - 1),

where z GZ. We firs* show that z > 0. For otherwise, z =• 0 and

?24 V°-1I(<710 + 1)0724-1X,30-1).

However, q24 -q10 - 1 is relatively prime to q10 + 1 and <724 - 1, so 1 s q30 =

o6(o10 + 1) (mod a24 - q10 - 1), which is clearly false. Thus, z > 1, and (10.14)

yields x <ql°. Multiplying the right side of (10.14) by -<7Sx2 and taking congruences

mod q29x - 1, we find that q29x - 1 \(q10 + 1)(-1 + q5x){q -x). Then x > q

(since xi^qhy (10.4)), and hence q29x - 1 < (a10 4- l)qsx2 - 1.  It follows that

q29 <(q10 + l)qsx<(q10 + l)qis, which is impossible.

3. G = PSOi(2l, q)'. Here

(a2'-2* - \)y = (ql ± IX?'-1 * IX?'"' ± D(q'~2 * D/(í2 - O-

Taking congruences mod q2l~2,we find that y(q2 - 1) = fl2,_2z + o' ± <7/-2 - 1 with

z G Z.  Then z = 1 (mod q2 - 1), so that z > 1. By (10.4), x > 1. Thus,

O?2'"2 - DO?2'"2 * i' ± q'~2 - D< (?2'-2 - DO?' ± D(o'-2 ? 1),

which is impossible.

11. The classical groups. The proof of the Main Theorem will be completed in

§ §11—13. In this section we assume that G is a classical group and W has rank > 3.

Frequent use will be made of §3. Recall that q is a prime by (10.9).
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(11.1) Lemma.   G ¥= PSp{2n, q), q>2.

Proof.   Suppose G = PSp(2n, q) with q an odd prime. Then (3.2) implies that

Z(QX) = Ur has order q, and Qx is an extraspecial group of order q2"-1. Lx *

5p(2« - 2, <7) acts on Qx/Ur as described in (3.2).

By (10.11), Í/, and Us are semiregular in Í2. Again by (3.2), UsUr/Ur corresponds

to an isotropie 1-space of Qx/Ur, all elements of each nontrivial coset of Ur in Qx are

conjugate in Qx, and Lx is transitive on these cosets. Thus, all elements in Qx - Ur

are conjugate, so Qx is semiregular on Í2. Then q2"~l \m, contradicting (10.13).

(11.2) Lemma. G^PSO^l.q).

Proof.   Suppose G is PSO±{l, q). By (11.1), q is odd if / is odd. Lx =

SO±(l - 2, q)' acts on the elementary abelian group Qx of order ql~2 in the natural

manner as a group of Fq-transformations preserving a quadratic form, and Ur cor-

responds to an isotropie (or singular, if q is even) 1-space. Thus, by (10.11), isotropie

(or singular) 1-spaces of Qx are semiregular.

By (10.13), q'~2 -f" m, so Qx is not semiregular. Then (gi)a is a nontrivial sub-

space of Qx ; moreover, it must be anisotropic (or nonsingular). Consequently, l(g,)al

< q2 for each a, so ql~4 divides the length of each orbit of g,.

Let v i= 1 be any element of Qx whose set Í2(u) of fixed points is nonempty.

Since g, acts on Í2(u), ql~4\ |£2(u)|. Since vEQx is an anisotropic (or nonsingular)

vector, |7, : Clx{v)\ is divisible by q('~3V2 or q^'~4^2, depending on whether / is

odd or even. Thus, in (9.1) (applied to P = Gx, which is transitive by (10.10)), each

summand is divisible by g'-4^'-3^2 or ql~4q^~4^2, so that one of these powers of

q divides m.   Since we may assume that / > 7, it follows that q'~2\m.  This contradicts

(10.13).

(11.3) Lemma.   G*PSU(l,q).

Proof.  Suppose G is PSU(l, q). Here Qx is extraspecial of order q2l~3,

Z{QX) = Z(Ur), and L, * SU(l - 2, q) acts on QX/Z{QX) as a group of Fq2-transforma-

tions preserving a nondegenerate hermitian form (see (3.3)). Also, U¿Z(U¿)lZ(Uj) is

an isotropie 1-space, and all elements of UsZ(Ur) - Z(Ur) are conjugate in LXQX.

By (10.11), Z(Uj) and Us are semiregular, but by (10.13), Qx is not semiregular.

Take 1 i=gEQx with a nonempty set £l(g) of fixed points. Then g ^ Z(QX). There

is an extraspecial subgroup T of CQx(g) of order q2l~s. Since Z(T) = Z(QX) is semi-

regular, for each a € Í2(g) we have Ta n Z(T) = 1. Then Ta is abelian, so \Ta\ < ql~3.

Consequently, ql~2\ \Sl(g)\. Also, gZ(Qx) is an anisotropic vector of the F 2-space

Q\/Z(QX), so the number of conjugates of gZ(Qx) under Lx is also divisible by ql~2.

Then ql~ï\[Lx:CLxQx(g)\. By (9.1) (applied to P = Gx, which is transitive by

(10.10)), <?'"y-2|«z.  This contradicts (10.13).

12. The exceptional groups. We again recall that q is prime.

(12.1)   Lemma.  G is not E6(q), En{q), or Es{q).

Proof.   Suppose G is E6(q), En(q), or Ea(q). All root subgroups are conjugate
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to Ur, and hence are semiregular by (10.11). By (10.10), G¡ is transitive on Í2, where

/ = 2, 1, or 8, respectively. Consequently, for all a G Í2, (Q¡)a contains no nontrivial

element of a root group.

By (4.4), Q¡ is extraspecial of order q2i, q33, or 17s7, respectively. Since

(ô/)a n Z(Qi) = 1. it follows that (Q¡)a is abelian, and hence (from the theory of

extraspecial groups) that \{Q¡)a\ < \ZW¡\Jq~. Then \Q¡:(Q¡)a\ is divisible by qll, a17,

or o29, respectively. Since a is arbitrary, q11, o17, or q29 divides m.  This contradicts

(10.13).

(12.2) Lemma. G ¥= F4(q), q > 2.

Proof.  Suppose G = F4(q), q>2. By (10.7) and (5.6), q = 3.

By (4.5), G4 has a normal subgroup R4 such that R4 is elementary abelian of

order 37, and L4 « 50(7, 3)' acts on R4 preserving a nondegenerate quadratic form.

Moreover, the isotropic 1-spaces in R4 are all conjugates of Ur, where r is the root of

maximal height. Since Ut is semiregular on £2 by (10.11), all nontrivial isotropic

vectors in R4 are semiregular. R4 is not semiregular, as otherwise 31\m, contradicting

(10.13). We will apply the formula in (9.1) to P = G4.

Let v be a nonisotropic vector in R4. The centralizer in L4 of v stabilizes <u> and

(vr1, so that Ci4(v) * 0±(6, 3), and consequently R4 contains 33z conjugates of v

under the action of L4, where z G Z. Clearly, R4 centralizes v and acts on £2(u). If

v fixes a, then (R4)a contains no nonzero isotropic vector, so \(R4)a I < 32. Thus,

3s I |£2(u)|.  Now (9.1) implies that 33 • 35|m, contradicting (10.13).

(12.3) Lemma.  GJ=2E6(q).

Proof.   Suppose G = 2E6(q). Since q is prime, by (4.6) Qx is extraspecial of

order q21 with center Ur. Also, by (10.11), Ur is semiregular on £2. Thus, for each

a G SI, (Qx)a is abelian, and consequently |(ßj)a| < q10. Then ql * \m, contradicting

(10.13).

13. Completion of the proof. At this point, we have proved the Main Theorem,

except when n = 2 or G is G2(3), F4(2) or Sp(2n, 2). These cases will be completed

in this section. (At the end of this section we will also handle the Tits group 2F4(2)'.)

(13.1)  Lemma. Ifn = 2, then G = 5p(4, 2) or G2(2), and the Main Theorem

holds for these cases.

Proof.   The case G ■ 5p(4, 2) « 56 is clear. Since G2(2)' « PSU(3, 3) the

case G = G2(2) has been handled in (10.2). Suppose n = 2 but G * Sp(4, 2), G2(2).

By (10.9), G = G2(3) or 2F4(2).

If G = G2(3), by (7.26) we know that the degrees of the 6 irreducible constituents

of if are 1, 36 , 91, 91, 104 and 168. Since 0 - 1G decomposes into 1 or 2 irreduc-

ible constituents of if of the same degree not divisible by q = 3, we must have m - 1

= 0(1) — 1 = 91, 104, or 2 • 91. Then m \ \G2(3)\, which is a contradiction.

Similarly, if G = 2F4(2), (7.26) and (10.7) imply that m - 1 = 33 • 52 or 33 •

13, and again m + l2F4(2)|.
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(13.2)  Lemma. G=éF4(2).

Proof.  Define fx(f) as in (7.19), so 9 < deg fx < 15. As usual, let p be the

reflection character of G. Then by Table 4, p(l) 4- 1 + |F4(2)|. If l%a = 1 4- f, 4-

Ç2 with f,, f2 conjugate characters, them m = \G : Ga\ is odd, whereas p|«i by §10.

Thus, 0 - 1G is irreducible, and from (7.19) it follows that 0 = lG + X where xO) =

fx{2). By (7.19), fx{t) = Mfit), where 3 < deg /* < 15 and (by (5.5))

(13.3) ff{t)\{t + 1)402 + 1)204 4- 1)02 4- t 4- l)2(r2 -1 4- 1)204    t2 4- 1).

First consider the case /,(1) = 9. Then {t2 + t + l)2\fx#{t). Also./fO) is

divisible by precisely one of t 4- 1, t2 4- 1, r4 4- 1. Using this information, together

with (13.3) and the restriction on deg/*, it is easy to write down all the possibilities

for/jO). In each case, we find that xO) + 1 + IF4(2)|.

Thus./^l) # 9. By Table 4,/1(l) = 2 or 8. By (4.3)(i) and (5.2), x is not

contained in both lg   and lg , so that G, or G4 is transitive on il. Since q = 2,

by (4.5) both Gx and G4 have central involutions. Thus, as in (10.11) we find that

/j*(2) = m - 1, which divides |G : G, | = |G : G4| = 32 • 5 • 7 • 13 • 17. As 3 t /,(1),

t2 4-1 + 1 \f*(t), and hence 71" fx*(2). Also,/,(l) = 2 or 8 implies that fx*(t) is

divisible by at least two of t 4- 1, t 4- 1, t2 4- 1, r2 4- 1, r4 4- 1. In view of (13.3) and

deg/f > 8, it is now easy to write down the possibilities for/*(2) and check that

/,(2) 4- 1 = /*(2) 4- 1 \ |F4(2)| except when /*(*) = {t2 -1 4- l)(f2 4- l)(r4 4- 1).

But in the latter case, m = fx{2) 4- 1 = 256, and this contradicts (10.4).

(13.4) Lemma. IfGisSp{2n,2),thenGaisGO±{2n,2).

Proof.  We may assume « > 3. By the proof of (11.1), 9{x) # 0 for 1 ¥= x E

Ur. By the proof of (10.11), G, is intransitive, so that as in (10.10) we must have

(0, lg ) > 1. Since 0 - 1G is irreducible, 0 C lg .

Consequently, 0 is precisely the permutation character of G in its permutation

representation on the cosets of GO±(2n, 2). There are (22n - l)0(x)/0(l) transvections

in Ga: just count the pairs (x, a) with x a transvection in Ga. Since this is also true

of the representation of G on the cosets of GO±{2n, 2), Ga contains 2"-1(2" + 1)

transvections.

Regard G as acting as usual on a 2n-dimensional vector space V.  The subgroup

X of Ga generated by its transvections is irreducible. For suppose M is an ^-invariant

c-space of V with 1 < e < 2« - 1. If 1 < e < 2« - 1, M is fixed by at most 2e - 1 4-

22n_e - 1 transvections. We may thus assume that e = 1 and Ga fixes M.  Then

|GJ < |G, |, which is not the case.

From [25] it follows that Ga is contained in an orthogonal group, so the max-

imality of Ga yields the lemma.

(^Remark.   In fact, only Lemmas 2.3, 2.6, and 4.1 of [25] are needed in our

situation.)

This completes the proof of the Main Theorem.

(13.5) Theorem.  The Tits group 2F4(2)' has no faithful 2-transitive permuta-

tion representation.
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Proof.   Let G = 2F4(2), and suppose that G' has such a representation on a

set £2. Let a G £2. Then lg> is the permutation character, so that lg- = 1G 4- X 4-

X or 1G 4- X 4- x 4- x', where X is the nonprincipal linear character of G and x (and x) are

nonlinear irreducible characters of G having the same degree.

As G = G'B = G'U, (X, if) = 0, while (lg^, if) > 1 by (2.10). We may assume
that x is a constituent of if. Clearly 2|£2| = 2 + x0) or 2 4- 2x(l) must divide |G|.

By (7.26), x(l) = 212, 2 • 52 • 13, 33 • 52, 33 • 13, 2 • 3 • 13, or 2s • 3 • 13. It

follows that x(l) = 2 • 3 • 13, |£2| = 40, and lg- = 1G + X 4- x- Let £2* be the set

of right cosets of G'a in G.

In the notation of [12], x = da2(2). In particular, x appears with multiplicity 1

in one maximal parabolic subgroup of G and does not appear in the other (see the

proof of (7.26)). Thus, either Gx or G2 is transitive on £2. Choose the notation so

that G, is transitive. Then 5| \GX\.

The structure of Gx is determined in [17, §10]. (Note that the correspondence

between our notation and that of [17] is: G, = P2, Lx = R2.) According to [17,

(10.1)], ¿, is the holomorph of Zs. We know that Gx = QXLX is transitive on £2,

where |£2*| = 80, so a Sylow 5-subgroup of Gx must be semiregular on £2*. On the

other hand, |G : G^l = 80 implies that 5| |G^|, so some element of G' of order 5 fixes

a. This will be a contradiction if we can show that all elements of G of order 5 are

conjugate.

From [17, (10.2)], it follows that [Lx, L\l*2Si] = 1, where Lx n £*i*a*i = l.

Set M = (¿, x L\lS2Sl) <s1s2s1>. Then \M\ = 52 • 2s, and M has a normal self-central-

izing Sylow 5-subgroup F. We will show that NG(F) acts transitively on the nontrivial

elements of F.

First consider CG(F), and suppose it has even order. Then the subgroup U2lS2Sl

of NG(F) centralizes some involution v G CG(F). According to [17, (10.3)(iii)],

U2iS2Sl contains the central involution t of Gx, so that G, = CG(0 as Gx is maximal

in G. Thus, v G C(t) = Gx, so t;G CG,(Fn Gt) = CGl(Os(Lx)). However, CGl(Os(Lx))

= Os(Lx) x U2lS2Sl (this follows from [17, §10], in particular, from the paragraphs

following (10.3) and (10.10)). Then v G U¡lS2Sl, whereas U2ïS2'1 is fixed-point-free

on F n ¿'1*2*1.

Thus, \CG(F)\ is odd. Since |GI(2, 5)| = 2s • 3 • 5, it follows that M contains

a Sylow 2-subgroup of NG(F).

Since \G:NG(F)\ =■ 1 (mod 5), \NG{F)\ = 3|M| or 13|A/|. Suppose WG(F)\ =

13|M|. Since 13 4/ |G¿(2, 5)|, CG(F) = F x X with \X\ = 13. Here NG(F)<NG(X).

Applying Sylow's theorem to both F and X, we find that \G:NG(X)\ = 1 (mod 65).

An easy check shows this to be impossible.

Thus, \NG{F)\ = 3|Afl. Let X < NG(F) with \X\ = 3. Suppose 3| \CG(F)\. Then

CG(F) = F x X.  With the same notation as before, t G î/*»*2*> <,NG(X) and

|t/*t*2*i | = 4 imply that 16 (XX). Then X < CG(t) - Gx, whereas 3 t |G, |.

Consequently, X is fixed-point-free on F   It is now easy to see that NG(F) = (M, X)

is transitive on the nontrivial elements of F.  This completes the proof of (13.5).

Added in proof.  Since this research was completed, further results have been
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obtained which can simplify both the proof of the Main Theorem and much of §§6—

7.  Howlett [44] proved that p divides the degree of each nonprincipal constituent of

if, provided that G is an untwisted Chevalley group other than G2(2), G2(3), F4(2),

5p(2«, 2), and PSO(2n 4- 1, 2)'.  In his thesis [43], Hoefsmit obtained inductive for-

mulas for the degrees of the irreducible constituents of if when W has type An, Bn or

Dn (cf. Benson and Gay [41] in the case of Dn). Presumably one can deduce precisely

when p divides the degrees in if - 1G. Finally, Benson, Grove and Surowski [42]

have obtained all the degrees in if for G = F4(q) and 2E6{q). It should be noted that

these results-and especially those of Hoefsmit—are far from easy.

Assuming that results imply that p divides each degree in if - 1G, except for

G = G2(2), G2(3), 2F4(2), F4(2), 5p(2n, 2), and 7>50(2« 4- 1, 2)', the proof of the

Main Theorem would proceed as follows. Begin with (10.1)—(10.7). Eliminate the

cases G = G2(3), 2F4(2) and F4(2) by checking that 1 4- x(l) (and 1 4- 2x(l) in the

case G2(3)) does not divide |G|, whenever x is an irreducible constituent of if - 1G

such that p-Tx(l)- Finally, handle 5p(2«, 2) as in (13.4).
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