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DIFFERENTIAL GAMES

WITH LIPSCHITZ CONTROL FUNCTIONS

AND APPLICATIONS TO GAMES

WITH PARTIAL DIFFERENTIAL EQUATIONSf1)

BY

EMMANUEL NICHOLAS BARRON

ABSTRACT.   In § 1 we formulate a differential game when the dynamics

is the inhomogeneous heat equation.  In §2 we state the basic theory of differ-

ential games when the controls must choose uniformly Lipschitz control func-

tions.  We then prove some general theorems for the case when the controls may

choose any measurable control functions.  These theorems hold for games with

any dynamics.   In § 3 we apply our theory developed to our particular example

and in §4 we prove the existence of value for games with partial differential

equations.

Introduction.  For constants M, L>0, let V+(M, L) denote the upper

value of a differential game with any dynamics of fixed duration when the player

y is restricted to choosing control functions which are Lipschitz (Af ) and the

player z is restricted to choosing control functions which are lipschitz (L). We

will show that a differential game has value V (in the sense of Friedman [1], [2] )

if lim^«, lim^» V+(M, L) = lim^„ lim^,» V+(M, L); furthermore V =

lhriM-oo hm^» V+(M, L).

For the particular case of games with ordinary differential equations we will

show that the equality of the iterated limits is necessary as well as sufficient;

furthermore, if the value, V, exists then the double limit lim(Af ,/,)_►(„t*,yv+iM, ¿)

exists and equals V.

Finally, for games with ordinary differential equations, Friedman [2], [3],

Elliott-Kalton [5] and Fleming [6] have shown the existence of value when

the so-called Isaacs minimax condition holds. Using the results of the present
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paper mentioned above, we shall extend the Friedman-Elliott-Kalton-Fleming theo-

rem to games with partial differential equations.

1. Preliminaries. We denote the «i-dimensional Euclidean space by Fm.

Consider the initial-boundary value problem:

(1.1) du/dt = b2u/dx2 +f(y,z)     (0 < f < 7, 0 < jc < B),

(12) u(0,x) = <p(x),

(1.3) U(f, 0) = a(t),

0-4) u(t,B) = b(t).

Let Y, Z be given compact subsets of some Rp, Rq respectively. We assume

/is Lipschitz continuous in (y, z) E Y x Z,

,.,. <p is continuous in x E [0,B],

a and b are continuous in f G [0, T].

<K0) = a(0), 0(F) = ¿(0).

The set Y (Z) is called the control set for the "player".y (z). A measur-

able function y(t, x) (z(t, jc)) with values in Y (Z) for almost all (f, jc) G [0, 7]

x [0, F] is called a control function for y (z). If we substitute in (1.1) any con-

trol functions y = y(t, x), z = z(t,x) (0 < f < 7, 0 < jc < B) we obtain a differ-

ential equation:

(1.5)    du/dt = d2u/dx2 + f(y(t, jc), z(t, x))     (0 < f < F, 0 < jc < B).

Denote by G the Green's function for the problem (1.1)—(1.4). When.j> and

z have chosen the control functions y(t, x) and z(t, jc), respectively, then a solu-

tion of (1.2)—(1.5) is given by

u(t, jc) = fl fB G(t, jc; t, %)f(y(r, %), z(t, %))d% dr

(1.6)

b(T)\dT.+ $BQG(t,x;Q,%)<?(%)d%+$l
3G

6=0 o? Í=B

The condition (A) insures that each integral appearing in (1.6) is well defined.

Note that « given by (1.6) is continuous on [0, 7] x [0, B] and satisfies (1.5)

almost everywhere. We call u(t, x) the trajectory corresponding to y(t, x), z(t, x).

We introduce a functional, called a payoff functional:

(1.7) P(y, z) =/0r/o h<f. x, u(t, x),y(t, x), z(t, x))dx dt

where n is a given function.

We shall assume:
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h(t, x, u, y, z) is uniformly Lipschitz continuous on
(B)

[0,7] x [0,F] xF1 xYxZ.

Unless otherwise noted, conditions (A) and (B) will hold throughout this paper.

The condition (B) insures that the payoff (1.7) is well defined for each par-

ticular choice of control functions y(t, x), z(t, x). The aim of y will be to maxi-

mize the payoff and the aim of z will be to minimize it. The precise circum-

stances under which these two conflicting aims are to be carried out when y and

z choose measurable control functions is explained in Friedman [1], [2]. We

shall use and conform to Friedman's notation. Thus, for example, we use his

concepts of upper 5-value, Vs, lower 5-value VB, upper value, V+ = lim6_>0K5

and lower value V~ = lim6_>0V6. Here, for a any positive integer, we set 5 =

T/a and partition the interval [0, T] into a subintervals 7;- of length S :

(1.8) 71={rG[0,7]:0<r<5,}>

(1.9) Ij = {tE[0,T]:8j_x<t<Sj}     (2 </<«),

where 5;- = / • 6, 1 </ < a, 50 = 0, 8a = T. Also Yj and Z;. are the classes of

measurable functions defined on L x [0, B] whose values are almost everywhere,

contained in Y, Z, respectively. Proceed as in Friedman. Finally, S-strategies

T5, r6 for y and A6, A6 for z are as defined in Friedman [1], [2].

Following Friedman, we say the "game associated with (1.1)—(1.4) and

payoff (1.7) has value, V, if V+ = V~. Then V+ = V."

We shall use all of the results quoted in Friedman [1], [2] relating to Vs,

v6,v+,v~.

2. Differential games with Lipschitz control functions. We shall state and

prove the results of this section for the dynamics (1.1)—(1.4) and payoff (1.7)

although the results are valid for games with ordinary differential and integral

equations as dynamics. For other dynamics the proofs are similar. Let f\A de-

note the function / restricted to the set A.

Notation. Given positive constants M, L, let YM(I x J), ZL(I x J) be

the classes of all functions defined on the cross product 7 x / of intervals I and

J C F1 which are uniformly Lipschitz continuous on I x J with Lipschitz con-

stant M and L, respectively, and whose values are in given compact subsets Y C

RP and Z C Ri, respectively. A function in Ym(I x /) (ZL(I x /)) will be de-

noted by yM = y ¡At, x) (zL = zL(t, x)).

Let y^(7 x /) (Z£(7 x /)) denote the subclass of functions in YM(I x /)

(ZL(I x /)) which are some fixed element of Y (Z), say y (z), at (0, x) (if

(0,x)G7x/).

Remark 2.1.   1. By the Arzéla-Ascoli lemma, YM([0, P] x [0,F])and
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ZL([0, T] x [0, B]) are compact in the topology of continuous functions (or in

Lp, 1 <p < °°, Lp denotes the usual Lebesgue spaces). Since ^([0, 7] x

[0, B]) and Z¿([0, 7] x [0, B]) are closed sets, they are also compact.

2. In the above notational definitions we could require that y, I be fixed

functions of jc, i.e. y = y (0, jc), I = 1(0, jc), jc G [0, B], but the added re-

striction above is more convenient.  The proofs go through with y, z fixed func-

tions of JC.

3. In this paper, for convenience we deal with the intervals [0, T] and

[0, B], however we can certainly use other initial points (f0, x0) so that we are

on the rectangle [f0, 7] x [jc0, B]. In this case y = y(t0, x),z = z (f0, jc).

When one or both players in a differential game must choose a Lipschitz

function, then we call such a game a Lipschitz differential game. We state the

setting in the following.

Partition [0, 7] into the a subintervals of equal length 6 = 7/or given by

(1.8), (1.9). Let Yf = YM(I¡ x [0, F]), Z\ = ZL(I¡ x [0, F]).

Let MrSJ be any map from Z, x Yf x Z2 x Yf x • • • x Z¡_x x

Yf_x x Z, into Yf and let Mr6 = (^r6-1,. . ., Mrs'a).

Let LAS-' be any map from Yx x Z\ x Y2 x Z\ x • • • x Yf_x x Zf_x

x Y¡ into Zf and let LA6 = (LA6-1.LAs>a).

Let Mrs j denote any function in Yf and let MrSJ (2 <j < a) be any

map from Yf x Zx x • • • x ij?, x Z^j into Yf. Let ̂ rg = (^rg,,...,
Mr     \

Let Lás , denote any function in Zf" and let lA5)/. (2 </ < a) be any

map from Z\ x 1^ x • • • x Zf_t x Yf_x into Z^. Let LA6 = (LAS>X,. . . ,

¿At   ).

Given any pair (Là6, Mr6) we can uniquely construct control functions

yM(t, x) and zL s(t, jc) with components yM¡, zL¡ on 7;. x [0, B] by zL1 =

Xi-^.i =Air6'1(^,1)andfor2</<a

(2.1) Zl,/ = L*t,fiLA>yM,\.zL,j-l>yM.}-\)>

(2.2) YMJ =Mr&,Í(ZL,l>yM.l.H,j-X>yM,j-V H,i)>

We call a vector wr5 (LAS) such that the function y*M(t, x) (zL6(t, x)) is

a member of rM([0, 7] x [0,F]) (ZL([0, 7] x [0,B]))an upper'8-(M)

strategy for y (lower 6-(L) strategy for z).

We call the pair (yM, Zl¿) the (M, L)-outcome, or simply the outcome

of the pair of 5-strategies (LA6, Mrs ). We write the corresponding payoff (1.7)

in the form
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(2.3)

■*!%,,. "r1*1.LA6ta,Mr5-*].

We call the above scheme an tipper 6-(A/, L) game and denote it by M'LGS. Thus,

in MiLGs, y chooses an upper 6-(Af) strategy Mrs, z chooses a lower 8-(L)

strategy LAS and they "play" according to (2.1), (2.2). The payoff of this "play"

is given by (2.3). The number

Vb(M,L)= inf     sup ••• inf    sup   P[LA6 x,Mr6'1,

(2.4) V,^6'1        LA6,aMr«.«

, AfpS.cq
aB,a

is called the upper 8-(M, L) value of the game M,LGh.

Similarly we define the concept of a lower 6-(Af, L) game M'LGS and lower

8-(M, L) value VS(M, L). Here y chooses a lower 8-(M) strategy Mrs, z chooses

an upper 8-(L) strategy LA6 and they play in a fashion similar to (2.1), (2.2).

Then K6(Af, L) is given by

VAM L) =  sup     inf  • • •   sup     inf P[urs „¿A5-1,...,MV5 a, LA8-a].

Mrsx ¿a6-1        "r6ia iA6-a

Note that our definitions of lower 8-(M) strategies, ̂ rg , and upper 8-(L) strat-

egies, ̂ A8, require that the outcome functionsyM5 = yMts(t, x) and z\ =

zsL(t, x) be members of YM([0, 7] x [0,5])andZ¿([0, 7] x [0,F]), re-

spectively.

Definition. Denote by VS(M)= Vs(M, °°) (K6(A/)= VS(M, «»)) the upper

8-(M, oo) value (lower 8-(M, <*•) value) of the (Af, ̂ -differential game. That is,

in the (AÍ, °°)-game, z can choose any measurable control function.

ämilarly, denote by Vs(L) = Vs(~, L) (V6(L) ■ K6(«>, L)) the

upper S-(<», L) value (lower 6-(«>, L) value) of the (<», I)-differential game.

Thus, in the (°°, L)-game, y chooses any measurable control function.

Definition. The pair of sequences M-LG = ({M-LGb }, { M-LG6 }), 8 =

T/a, a = 1, 2,. . ., is called the (M, Lydifferential game associated with the

initial-boundary value problem (1.1)—(1.4) and payoff (1.7).

If ]ims_+0Vs(M, L) Qim6_>QV6(Jlf, L)) exists, we call it the upper

(Af, L)-value (lower (Af, L)-value) of the (Af, I)-differential game M,LG and de-

note it by V+(M, L) m lim6^0Fs(A/, L) (V~iM, L) = ]imB_0VB(M, L)).

If V±(M, L) exist and V+(M, L) =V~(M, L), then we denote V+(M, L)

by V(M, L) and call it the (M, L)-value of the (Af, I)-differential game.

Remark 2.2. The definitions and results for Vs (M, L), VS(M, L) are similar

to Friedman's definitions and results for Vs, Vs in [1], [2]. The proof exten-
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sions to V8 (M, L), Vs (M, L) are clear and we shall consider them established and

shall use the results throughout. In particular V±(M, L) exists uniformly in (M, L).

Lemma 2.1. For each M>Q,L>0,

(i)   V+(L) > V+(M, L) > V~(M, L) > V~(M),

(Ü)  V+(L) > V+(M, L) > V+(M),
(iii) M> M' > 0 implies V±(M, L) > V^M1, L),

(iv) L > L' > 0 implies V±(M, L) < V*(M, L').

The proof of Lemma 2.1 is immediate upon comparing classes of control

functions.

The main purpose of this section is to establish the following:

Theorem 2.1. Let (A), (B) hold. If

,,« lim    lim  V+(M,L)=   lim   lim   V+(M, L)
\¿-3) M-*<*> L-»«» i,-*«» M-*<*>

then the differential game associated with (1.1)—(1.4) and payoff (1.7) has value

V, i.e. V = V+ = V~ and

V= lim   lim   V+(M,L)=  Um   lim   V+(M, L).
L-+<*> M-*00 M-*1* L-*<*>

Note that by Lemma 2.1 each iterated limit in (2.5) exists.

For simplicity we will prove Theorem 2.1 in the case B = T although the

proof can be carried out in general.

We introduce various intermediate concepts of values in which the controls

will be restricted to choosing various types of functions. We also will introduce

a double partition on the interval [0, 7] which we shall use in introducing still

more types of values. In the following definitions of these various types of

values we give only a formal description. The precise details are tedious and are

similar to those given above and in Friedman [1], [2].

Partition [0, 7] x [0, B] into 5-squares, S = T/a, a a positive integer:

Ix x7fc = [0,S,] x7fc,

7;. x Ik = {(t, x) E [0, T] x [0,B]: 8._x <t<8j,8k_x<x<8k}

for 1 < j,k < a, 8j — j • Ô, 50 = 0, Sa = T = B. We call I¡ x Ik a S-square.

Partition [0, 7] also into rj-intervals, tj = T/ß, ß a positive integer: Kx =

[0, ij, ], Kr = {f G [0, T] : tj,_, < f < T?r} for 2 < r < ß, nr = r • 77, tj0 = 0,

Vß = T.

All the control functions below take values in the given compact sets Y or

Z.   If the controls are measurable we mean this in the sense of almost everywhere.

If the controls are continuous we mean everywhere.

Definition,   (i) y V5 -upper 5 -value with y choosing control functions
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which are constants on S-squares. That is, on each I¡ x Ik,y = y(t, x) will be a

constant. The corresponding S-strategies are denoted by A6, yrs. Note that for

a pair (A6, ^r8) the z-outcome is a measurable function.

Similarly ZV6 denotes the upper 5-value with z choosing controls constant

on ô-squares. The corresponding 8-strategies are denoted by ZA6 , T . Here the

y-outcome of a pair (?AÖ , r8 ) is a measurable function.

(ii) y 5 f^-upper Tj-value with y choosing control functions which are con-

stants on 5-squares. The ^-strategies are denoted by Av,y,sT,T\ The z-outcome

of a pair is measurable.

Similarly for z s Vn, z chooses constants on §-squares. The corresponding

Tj-strategies are denoted by r,8A , rT?.
0

(iii) « ̂ 5 (7>)-upper S-value withy choosing constants on 5-squares and z

0
choosing elements of z£([0, 7] x [0,5]). Denote the 5-strategies by LA6 ,yr8.

0
Similarly for ZV6(M), z chooses constants on 5-squares and y chooses from

^([O, T\ x [°.5])- The 5-strategies are denoted by ZA6, Mrs.
0

(iv)     6 V ''(L)-upper Tj-value with y and z choosing as in (iii). Denote the

0
17-strategies by LAn, ^6rT?.

0
Similarly for z sVn(M). Denote the corresponding strategies by z,sAr),

0
AfpTJ

Similarly we define lower 5- and rj-values and strategies.

We offer some explanation for y qVv. The others are similar.  In this upper

Tj-game, z moves first on [0,17J and chooses a measurable function defined on

[0, T?,] x [0, B]. Then y moves on [0,17 J by choosing a function, say y x, de-

fined on [0, i)x] x [0, B] and which is a constant on each [0,17J x /., 1 </

<a. Thus y j =yx(t, x) is a piecewise constant function on [0, r}x] x [0,5].

This choice for y in [0, r¡x ] determines y 's move in (r¡x, r¡2], (t¡2 , r¡3], etc. up

to (t?/_i , i?|] for some 1 < / < a, where (ri¡_x,rii] is the first 17-interval to con-

tain the point 8x,r¡,_x <8X <v¡, since y must choose the same function up to

8X. In (t?/_,, r¡¡) y must choose the same function in (t?,.,, 5,) but then may

choose another piecewise constant function defined on (5,, rj,]. Then y must

remain with this choice up to 5 2 and the game proceeds.

We come to the basic lemma of this paper.

Lemma 22. For every 5 > 0

(i)   Urn i>6 V" = , Vs,        (ü)  lim 2/S K„ = z K8 ,
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(iii) lim       V* =   Vs ,        (iv) Um y¡6 Vn=yV5,

0 0
(v) lim zS V \M) = ZV6(M) uniformly in M,

0 0
(vi)  Um zSVJM) = ,VS(M) uniformly in M,

i}-»0   •

0 0
(vü) Um      V\L) = yV&(L) uniformly in L,

0
(viù) Um     s V (L) = yV&(L) uniformly in L,

tj-+0

Proof,  (iü) We must show the foUowing:

Fix 6 > 0. Let e > 0 be given. Then there is an rj0(e) > 0 and
i-w W 'S*

(2.6) there exists A^ such that r¡ < t?0 impUes y Vs > P[An(y),y] - e

for aU controls .y which are constants on S-squares;

(2.7) there exists J,'6rTl such that r? < t?0 impUes yVB < P[z, y'6rr>(z)] +

e for aU controls z which are measurable functions, with the ^-outcome of

(z, y,0rri(z)) a function which is constant on 5-squares.

EstabUshing (2.6), (2.7) yields (iii) in view of the fact that, as is easily seen,

J,>6r> = infsupP[AT)O0,;'] =   sup   inf F[z, >'6r"(z)],

V$ = inf sup F [y, A5(y)] = sup   inf P [Ts(z), z],

a« y >T6 «

where y is constant on 6-squares.

To show (2.6) we have that there exists an upper S-strategy A0 for z such

that

(2.8) yVs>P[y,A*(y)]-e

for all controls y constant on 6-squares.

Let (y, z  ) denote the outcome of (y, A°(y)) given a control,)' con-

stant on 6-squares. Note that 7s h a measurable function.

Define the lower 17-strategy A^ for z as foUows:

Given any control y, constant on 6-squares, let y have components y =

(yi.yß). Let

where F is an arbitrary point in the control set Z,

*a = Â'ij.aCWi) = 2íl*1x[03l
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shifted to the right in t by a distance t?, and, for 3 </' < ß

Zl ~ Aij,/lzl'-Pp Z2'->,2> • ' • ' Zj-l>yj-l) ~ Z   >Kj_xXlOM]

shifted to the right in t by a distance 17. Here, as above, K¡ = [t E [0, 7] : t?¿_ x

<t<rij},rtj = i-r},ri = T/ß.

LetA^CA^,...,^). _ _

Let (y, zn) denote the outcome of (y, A^y)). Note that zn = zn(t, x)

differs from 7s = 76(t, x) only in that 7 is a shift of 78 by one interval [0,i)x]

of length n to the right, and z~n is arbitrary in [0, ff1] : 7n(t - tj, x) = 76(t, x)

for (/, x) G [tjj, 7] x [0,5]. Thus, we can choose T?0(e) such that i?0(e) < 5 and

(2.9) \\7tl-7s\\Ll<e   forrj<T,0(e)).

Then, by elementary manipulations of (1.6), there is a positive function a(r) with

a(r) —► 0 as r —-»-0 such that

(2.10) ||5; - h*|| < a(r?) < e      (t? < ri0(e)),

where u6 , un are the trajectories corresponding to (y, 75) and (y, 7 ), respec-

tively.

By (2.9), (2.10) and the continuity of h, there is another positive function

a(r), a(r) —>-0 as r —► 0 such that for all controls y constant on 5-squares,

\P(y, z6) - P(y, z„)l < °(V) < e   when r¡ < Tj0(e).

Combining this with (2.8) yields (2.6).

To show (2.7), we have that there exists a lower 5-strategy fory, yr6

such that

(2.11) yrs<P[yr6(z)>z} +e

for all measurable control functions z.

Given any control z, let (yB,z) denote the outcome of (yT6 (z), z). Then

y6 is a function which is constant on 5-squares, and z is a measurable function.

Since every lower 5-strategy can be considered to be an upper 5-strategy, if

we define for all 77, y-<T'n = yrs then y>ör'n is well defined as an upper t?-strat-

egy. Furthermore, the y-outcome of (z, y' rn(z)) for any given control z will

be constant on 5-squares. Thus by (2.11), for every 17

yVs<P[z,y-sr«(z)] +e

for all measurable control functions z, which is (2.7).

Proof of(ív). Since it is easily seen that yS Vn > yV6 for all 77 smaller

than 5 we need only show that given e > 0, there is rj0(e) > 0 such that
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(2.12) 0 < yi 6 Vv - y V6 < e   when r¡ < 7j0(e).

Note that

y¡6Vn=   sup   infFp-Sr^Xz].

Thus, there is a lower rç-strategy y* Tn for y such that

(2.13) y8Vt)<P[y-6rr)(z),z]+e

for all measurable control functions z.

Given a measurable control z with components z = (z,,. .. , za) we de-
/s* I U

fine the following lower ô-strategy yV6 foi y:

The control z = (z,,. . . , za) has components z = (F,,. .. , Iß) in the

Tj-game (rj < 6) which can be seen to be merely the restriction of the a-compo-

nents to 7j-intervals. Let (z, "y ) denote the outcome of (y,& Tn(z), z). Then "y

is constant on 5-squares; say "y   has components ("yx,. . . , ya) with each "y¡ a

piecewise constant function defined on {f : 6._, < f < 8j} x [0, B].  Let

^6,1 =7i>   y^s,2(yl>Zi) = y2'

yr6,j(yi>zi> •• • '?/-i>z/-i) = >V   for3</<o.

That is, given a control z = (zx, . . . , za), play z against *• T^. The .y-outcome

of this play is a function constant on 6-squares. Define yrs to be the strategy

giving the same jy-outcome.

Thus, by (2.13), with n < 6,

y,6yr,<P[yr6(z),z)+e

for all measurable controls z; which yields (2.12) in view of the fact that

,K6=sup infPpTa(z),z].

The proofs of (i), (ii), (v), (vi), (vii), (viii) are similar. Thus, in (vii) for example,
0

when we define the lower rj-(L)-strategy ̂ A^ for z we have

0

where F is the point in Z at which aU the functions in Z£([0, T] x [0, B] ) are

determined at (0, jc). That is, for all zL E Z£([0, 7] x [0,F]) zL(0,x) = z.

Thus 7Lf, (f, x) = F for aU (f, x) G [0, rjj ] x [0,5]. Proceed to define LAnJ
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0

as before by shifting the control function obtained from l A8 one interval in the

I-axis of length 77 to the right. Then, if 7,      denotes the z-outcome of
0 0 0

( A^y^y) for a controly, constant on 5-squares, where ^A^ = ( A^ x, . . .,

0

A   ß), it is clear that

^,„G^([0,7] x [0,5]).

Again, we may choose T70(e) such that \\7Lr) - 7[ || < 0(17) < e, 77 < 7?0(e),

for some positive function a(r), a(r) —► 0 as r —► 0, where z£ is the z-outcome of

0

(y, LA8(y)). Proceed as in the proof of (iii).

Definition.   Let y0V6(M, L) denote the upper 5-(Af, L) value of an

(M, ¿)-differential game when y must choose controls from ^([0, 7] x [0,5])

and z chooses controls from Z£([0, 7] x [0, 5]). Similarly z0V6(M, L) de-

notes the upper 8-(M, L) value when z chooses controls from z£ ([0, 7] x [0,5])

and y chooses controls from YM([0, 7] x [0,5]).

0 0
Let V*iM) = v0Vs(M, ~) (V6(L) =     t/8(~, L)).  Recall that in

y0V (M, <»), for example, z can choose any measurable control function and y

chooses from Y^([0, T] x [0,5]).

0 0
Similarly we define lower 5-values y0V6(M, L), z0V6(M, L), VS(M), V6(L).

Again we remark that y0V±(M, L), z0V±(M, L), etc. exist and we refer to

Friedman [1], [2] as above.

Lemma 23.   For each 5 > 0 and e > 0

(i) 77jere ex/sis ¿,(5,6) such that

z 6 K" + e/52 > V\L)   for L >LX(8, e), 77 > 0.

(ii) There exists L2(8, e) such that

tiS Vn + e/82> Vn(L)   for L > L2(8, e), 77 > 0.

(iii) There exists Mx(8, e) such that

V\M) > y6 V" - e/52   for M > Mx(8, e), 77 > 0.

(iv)  There exists M2(8, e) such that

Vn(M)> yS Vn - e/5 2   for M > M2(8, e), 77 > 0.
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(v)  There exists ¿}(6, e) such that

2 5 K"(W) + e/62 > y0V\M, L)   for L> L\(8, e),M>0,n> 0.

(vi) There exists L\(8, e) such that

0
ï6 Vn(M) + el82> y0 Vn(M, L)   for L > L\(h, e), M > 0, n > 0.

(vii) There exists M¡ (6, e) such that

0
z0V\M, L) > yS V"(L) - e/62   for M > M\(5, e), L > 0, n > 0.

(viii) There exists M2(8, e) such that

0
z0Vn(M, L) > yS Vn(L) - e/62   for M > M\(8, e),L>0,v> 0.

Proof,  (i) Fix 6 > 0. Since

>6F"=   inf    supPt^A^^),^],
«.6Ajj    y

given e > 0, there exists a lower rj-strategy z,s A   for z such that

(2.14) z,5^>nz-s\(y)>y] -e/2

for all measurable controls y.

Given any controly, let y have components y = (yx, . . . ,yß). Let

(7n,y) denote the outcome of (z,s Av(y),y). Then 2^ is constant on 6-squares

and y is measurable.  Let 7n have components 21 = (7X, . . . , 21) where

*|-MA,.|.     '/ = Z'5¿r,./(Wl>W2.5-l^/-l)        (2</<W-

We can define a lower 77-(L)-strategy, LA , for z with the following prop-

Assume without loss of generality that r¡ < 6.

erty:

Given any measurable control y, the z-outcome of ( A (y),y) denoted by

(y, 7Lr¡) satisfies

(2.15) II 7L„ - z„HL, < o(L) < e/62   when L > Lx(8, e)

where o(r) is a positive function, o(r) —► 0 as r —► °°.

Indeed, we can define ^A^ such that 7L n agrees with 7 for every 77-inter-

val not containing points of the 6-partition. For those n-intervals which do con-

tain points of the 6-partition, 7L    is the Unear function joining the constants of

21  within a distance   e. We do this in both f and jc. Thus, at each 6-point we

introducean error term of Ce/62 and 7L ^willbe amember of ZL([0,T] x [0,F])
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with L > Lx(8, e) > Ce/82  (Cis a constant depending only on the control

setZ).

By the continuity of A it then follows from (2.15) that for all measurable

controls y

\p(?L,n>y) - *<?* y)\ < el28*   when L > M5> e>

so

P(7v,y) >P(7Liny) - e/252   (L > 1,(5, e))

and so using (2.14), (i) follows. The proofs of (ii)-(viii) are similar.

Lemma 2.4. For each e > 0 and for each L>0,M>0

(i) 77iere exists 8X(L, e) such that

V\L) > z>6 V"-e  for 8 < 8X(L, e), « > 0.

(ii) 77iere existe 52(¿, e) such that

V)>MK,-«   /or5<52(L,e),T?>0.

(iii) There existe 53(Af, e) such that

V\M)<y¿Vr, + e   for8 <8AM, e),r¡>0.

(iv) TTiere existe 54(Af, e) such that

Vn(M) < y¡B K„ + e   for 8 < 54(A/, e), tj > 0.

(v) There exists 8\(L, e) such that

0
y0V*(M, L)>Zi& V\M) -e   for8<8\(L,e),M>0,v> 0.

(vi) TTiere existe 8\(L, e) such that

0
y0 V^M, L) > Z(6 Vnm -e   for8< 8\(L, e), Af > 0,77 > 0.

(vii) TTiere existe 8\(M, e) sticft that

0
z0V\M, L)<y>sV«(L) + e   for8<8\(M, e),L > 0,77 > 0.

(viii) TTiere exists 8\(M, e) such that

0
z0 Vn(M, L) < yiS Vn(L) + e  for8< 54(A/, e), L > 0,77 > 0.

Proof,  (i) Let e > 0 be given and fix L > 0. Since for fixed L,

ZL([0, 7] x [0,5]) is compact (in the topology of continuous functions or L1),

there exists a partition 7r of [0, 7] x [0,5] such that given zLEZL, there is

>
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a function zn which is a constant on each rectangle of the tt partition with

||zL - zj| < e. Note that tt is independent of which zL E ZL we choose and de-

pends only on L and e.

Choose ax = ax(L, e) such that if we partition [0, 7] x [0, B] into

8X(L, e) = T/ax squares, then the 6-partition will be finer than the ir-partition.

Thus, given zL EZL, there exists a function z, constant on 6-squares, for aU 6 <

8X(L, e) with ||z- zAx <e.

Now, since

V(L)= inf   supfl'A.M-»'!

- 's*

there exists a lower Tj-(L)-strategy *'Ar) for z such that

(2.16) V%L)>P[L\(y),y] -e

for aU measurable controls y.

With the above 6, (L, e) it is easy to see that we can define a lower Tj-strate-

gy z* A_ for z with the foUowing property:
£**/

Given any measurable control y, the z-outcome of (z> An(y),y) denoted

by (7n, y) satisfies

(2.17) llSi..i,-*f|ll£i<«   when 6 < 0,(7., e)

where 7L>T} is the z-outcome of (L A^( y), y). Here 7n will be a function which is

a constant on 6-squares.

By the continuity of A and by (2.17) there is a positive function o(f), o(r)

—*■ 0 as r —*■ 0 such that for aU measurable controls y

\P(7n, y) - P(7Lv y)\ <o(8)<e   when 6 < 8, (L, e).

Combining this with (2.16) yields (i). Similarly (ü)-(vüi) are shown.

Theorem 22. Let (A), (B) hold. Then

(i) Urn ZV* exists, soy Urn   V5 = ,V+ and Urn V+(L) = ZV+,
S-*Q 6->0 L-*oo

(Ü) Urn   V-(L) = ZV+,
£-*oo

(in)       Urn VVS exists, say Um VVK = VV~ and Um   V+(M) = VV~,
6-+0 ' 6->0 ' ' Af-K» '

(iv)        Urn   K-(M) = „K-,
M-*«° *



DIFFERENTIAL GAMES WITH LIPSCHITZ CONTROL FUNCTIONS 53

0 0 0
(v) lim    V 8 (M) exists for each M, say lim    V 8(M) = z V +(M),

«-►0 Ô-+0

0
and  Um y0V+(M, L) = zV+(M)for eachM>0,

L-

L-*oo

y0e(vi) lim vOV~(M,L) = zV+(M)foreachM>0,

0 0 0
(vii) lim   VVJL) exists for each L, say lim     VAL)=    V (L),

e-*o  ' 6->-o '

0
and lim   z0V+(M,L)=   V ~(L) for each L>0,

Ai-»»

0
(viii) lim   z0V~(M, L) = VV~(L) for each L>0.

AÍ-*°° '

Proof,  (i) Given e1 > 0 and 5 > 0, let e = 52e1. Then by Lemma

2.3(i) there exists Lx(8, e) such that

Zr6 V" + e > V\L)   foTL>Lx(8,e),n>0.

In particular

(2.18) z,svn+e>Vn(Lx(8,e))   for aU 77 > 0.

Given this ¿,(5, e), by Lemma 2.4(i) there exists 5,(7,,, e) such that

F*(7,(5, e)) > ,/" - e   for 5 <5,(L,, e), 77 > 0.

In particular

(2.19) V*(Lx(8,e))>zSi,Lite)V"-e   for all 77 > 0.

Combining (2.18), (2.19) we obtain

(2.20) z,6^+e>^(¿i(o,e))>z>5i(Li)e)F"-e   for all 77 > 0.

Letting 77 —*■ 0 in (2.20) and using Lemma 2.2(i) and Remark 2.2 we obtain

(2.21) z V6 + e > F+(X,(5, e)) >ZVS »(Li,e) - e.

Let 5 -*0. ThenLx(8, e) —► «>and 5,(1,, e) = 5,(5, e) —► 0 so that

(2.21) implies

lim inf z Vs > lim  V+(L) > Um sup z V6.
6-»0 £-»<» 5-»o
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As remarked before, Um^«, V+(L) exists since V+(L) is monotone decreasing

in L; lim^« V+(L) = inf¿ V+(L). Thus

Urn ZVS    exists and   Um 2V6 = ZV+ =  Um V+(L).
6->0 6-+0 L-»«»

(U) Given e1 > 0 and 6 > 0, let e = ôV. Then, by Lemma 2.3(U) there

exists L2(6, e) such that

z5Vr)+e>Vv(L)   foiL>L2(8,e),v>0.

In particular

(2.22) z6Vv + e>Vri(L2(8,e))   for aU tj > 0.

Given this 7,2(6, e), by Lemma 2.4(U), there exists 62(Z,2, e) such that

Vn(L2(8, e)) > 2p8 K, - e   for 6 < 62(L2, e), tj > 0.

In particular

(2.23) ^a(8.c))>,,62(i2>e)^-e foraUrj>0.

Combining (2.22), (2.23) we get

(2.24) ,/,+«>W«.«))>íitl(Il)()Krí   foraUr,>0.

Letting jj —► 0 and using Lemma 2.2(h) and Remark 2.2 we obtain from (2.24)

(2.25) , V6 + e > V-(L2(8, e)) > z V6 2(L2,e) - e.

If we let 5 —* 0, then Z,2(6, e) —► °° and 62(¿2, e) = 62(6, e) —► 0. Then

(2.25) yields using part (i)

zV+> Urn  V-(L)>ZV+.

Thus ZV+ = lim^o. V~(L) = iafL V~(L). Similarly we prove (iü)-(viü).

We introduce one final notion of value.

Given a positive integer y, let p = T/y and partition [0, 7] x [0, B] into

ju-squares:

JjxJk = {(t,x)E[0,T] x [0,B]:pJ_x<t<pj,pk_1<x<pk}

for 1 < /, k < y, where p¡ = / • p, p0 = 0, py = T = B.  We caU J¡ x Jk a

/¿-square.

Definition. Let y ¡¡V* denote the upper n-value with z choosing control
z',5

functions constant on 6-squares and y choosing control functions constant on

¿¿-squares. The corresponding 17-strategies are denoted by z,&At), y-'1rn.

Similarly we define y „ Vn.
z',6
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Lemma 2.5. For each e > 0 and for each L>0,M>0,

(i) 7Tiere existe 5 ,(¿, e) such that

0
ytllV\L)>yflt V* -e   for 8 <8X(L, e),p., t? > 0.

2.6

(U) TTiere existe 82(L, e) such that

0
yit Vn(L) > yil Vn-e   for 8 < 52(L, e), p, r? > 0.

z,6

(iii) TTiere existe 53(AÍ, e) such that

0
, MF"(A/) < z MK* + e   /or 6 < 53(Af, e), p, t? > 0.

(iv) 77iere existe 54(A/, e) sucA that

0
z ̂ „W < z u ̂  + e    f°r Ô < 64(M' £)> M, T? > 0.

The proof of Lemma 2.5 is similar to that of Lemma 2.8 and is omitted.

Lemma 2.6.

0
(i) Um V+(L)= Urn  V+(L),

L-+<*> £,-*oo

0
(ii) Urn   V~(L)=  Urn  V~(L),

0
(iii) Um   V+(M)=  Um   K+(Af),

M-K» M-

0
fiv) Urn   V~(M)=   Urn K_(Af),

7 AÍ-+« Ai-»oo

(v) Um   Um y0V+(M, L) =  Urn   Urn   V+(M, L),
M-*°° L->oo Ai-»«» L-*<*

(vi) Urn   Urn    0K (AÍ, L) = Um   Um   K (Af, Z,),

(vü) Um   lim   z0K+(AÍ,¿) = Um   lim   V+(M, L),
L-*<*> M-*™ L-*<" M-*<*>

(viii) Um    lim zQV~(M, L) = Um   lim   V~(M, L).
£-»oo  M-*°° ¿->oo Aí->-oo
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0
Proof,  (i) Since V+(L) < V +(L) for every L,

0
lim V+(L)< lim   V+(L),

i-»«» ¿,-»00

we need only show

0
(2.26) Hm   V+(L)< Urn V+(L).

L-na £-»oo

Since

VS(L)= inf supP[LA5(y),y],

given e> 0, there is a lower 5-(I)-strategy ^A6 such that

(2-27) Vs(L)>P[LA6(y),y] -e

for all measurable controls y.

Let(z¿ 6,y) denote the outcome of (¿A6(y),y) given a control y

with components y = (y,,. .. ,ya).  Suppose 7LS has components 7LS =

(zL ,,..., z¿ a). Define the lower 5-(¿0)-strategy forz as foUows for some

L0 to be determined.

Let z G Z denote the fixed element such that zL(0, x) = z for aU zL G

Z£([0,7] x [0,5]).  Let

0 0

0
where 7L   , is the function defined on [0, 5,] x [0,5] obtained by joining z

to 7L , = LA6 , linearly within a distance e of the i-axis.

Let z play the same linear function in every 5-interval until it meets

7L 6 . Assume without loss of generaUty the Unear function meets 7L 6 in the

first 5-interval. Then let

0      0 0

L°A5,2(7L(jtXtyl) = zL0,2 = zL,2

and, for 3 < / < a

0      0              0 0 0

L°^6,/(?£0>i.^i» ?l0,2^2.7Lo>/_x,yj_x) = 7LqJ = 7LJ

where

*i.i = L26f/*ifl,71, • • • » 2£,/_i.y,_i).
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0 0 0
Let L°A8 = (L°A6 x.L°A5 a). Let L0 > max{L, C/e) where C is a con-

stant bounding the control set Z.  Then

0 0 0

«*,dl s(%.».*L0,*>e&([0,T) x [0,F]).

Also it is clear that there is a positive function a (r), a (r) —► 0 as r —*■ 0 such

0
that II Z£   g - 7L g|| j < a(e). Thus, by the continuity of A, there is another

positive function o going to zero with its argument such that for every measurable

control y

0

(2.28) \P(y,7Lofi)-P(y,7L>s)\<a(e).

Combining (2.27), (2.28) and using the fact that

0 0
VB(L)= inf  supP[z'A6(v),v]

/°   y

we obtain

Vs(L)>V6(L0)-e-a(e).

Since a is independent of 6

0
V+(L)>V+(L0)-e-o(e).

Hence
0

Um   V+(L)> Um   V+(L).
L-*<*> L-*<*>

Similarly we prove (ü)-(viü).

Theorem 23. Let (A), (B) hold.  Then

0 0
(i)   Urn  zV+(M) = yV~,      (Ü) Urn yV~(L) = zV+.

M-*°° L-*"

Proof. We wül only prove (ü); (i) is similar. By Theorem 2.2 and Lemma

2.6 lim^ V+(L) = ]hnL^„ V+(L) = ZV+.

Thus, given e > 0, there is I0(e) such that

0
(2.29) ZV+ +e> V+(L)   forL >L0(e).

0 0 0
Since V+(L) > V~(L) > yV~(L) for aU L > 0 we have by (2.29)
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0
2V+ + e>yV~(L)   for L>L0(e).

That is

0
Um yV-(L)<zV+.

0_
Note that lim^,,,, y V  (L) exists by monotonicity. Thus we have left to show

0
(2.30) V~(L) + e> ZV+    for I sufficiently large.

Since
Z(6r> = inf sup P[z, T"(z)]

2   r"

there exists an upper 77-strategy Vv for y such that

(2.31) z.sV^Pfrr^z)] +e

for all controls z constant on 5-squares.

Recall that 77 = T/ß, 8 = T/a.. For convenience and without loss of gener-

aUty we choose a, ß such that a divides ß.

Let Q6 = {class of aU controls z which are constants on 5-squares with

values in Z). Then Qs is a component subject of ¿'([0, 7] x [0, 5])

(being finite dimensional).

Thus, there are a finite number of control functions z1.zs EQS such

that given any z G Q& there is an index 1, 1 < 1 < s, such that \\z - z'|| 1 < e.

Note that the zl, 1 < 1 < s, can be chosen so that they coincide for no (t, x) G

[0, 7] x [0,5]. Note also that s = s(5, e).

Define the foUowing upper 7}-strategy rT) fory:

Let z G Q6 be given having components z = (z,,..., zß). Let

r"'1(z,) = r"'1(zíiJCi><l0>B1)=yí

where ||z, - z'l^ i x[ 0B] \\L f < e, Kx = {t G [0, 7] : t?0 = 0 < / < 77,}, y[ =

rT}'l(zi\KiX[0>B]) fot each zx,with \\zx - z'\KlXlo,B]hx <e-

f^2(zx,y[,z2) = r"'ViJCi xl0J}], y[, z'\KiXl0>B]) = y2

where K2 = {tE [0, T] : t?, < t < 7j2},

y5=r"'2(z'|iCiX[0iB1,yí,z,'|JC2><[0>Bl)   foreachz2.

In general we continue in this fashion until we reach the 77-subinterval say

K, = {t E [0, 7] : T?,,, < t < 77,} such that t?, = 5,. In K,



DIFFERENTIAL GAMES WITH LIPSCHITZ CONTROL FUNCTIONS 59

$r>''(zvy,v*vyt»>-"yLi>zd

= rn'(z ijfjxio^i'^i.z 'jc,_,x[03]> yi-i>z i*/x[o,B])=!-y»'

fo*i+i ={íe[0,F]:T?/<í<T7/+1}

pn.I-r l(Zj> ^ f a> j,i.Zji> ^l_ i > Z/> ̂  ^+ ^

- l V 'ÍTjXlO^l' yl.Z 'iCjXlO^l'^I' Z   «|+1X[031'        "/+1

where ||z/+1 - «*lx/+1x[o.*l^i <e«

y¡+i - l        V ikxx[o,b]> y\.z 'ji:,x[o,bi»^/»z ík1+1xio,b]>

for each z/+, with

'ZI+1  ~Z   Itfí+jXlO.Bl'ljr,! <C-

Proceed as above up to completion of the game. Define

r" = (r"'1,...,r"'0).

Then T11 is defined on aU of Q6 and since there^are a 6-partition points 60 = 0,

6,.6a_j in [0, T], by the definition of r* there are at most sa .y-re-

sponses for every z EQ5. If we let

2 ~(z ltfjX[o,B]' z l*r2x[o^)' ••• .2 Ijc,x[o^]>

2 Ijc/+1x[o,b].zP'iC0X[O,S])

then, by the way in which 7 was defined it is clear that 7eQ6 and

(2-32) ||z - 211 x < e.
L

m
Note that for each z G Qs, the .y-outcome of (z, r^iz)) is a measurable

function.
as

Since there are at most s01 ̂ -responses of T ̂  against any control z G Qs

there is a positive integer 7 = 7(6, e) such that we can modify rn into an

rj-strategy ̂ 'T"1, where ju = p(8, e) = 7/7, having the property that given any

control z EQS

(2.33) II*"-*"!! !<e
as a» as fa

where yn is the ̂ -outcome of (z, r^iz)), >»M is the ̂ -outcome of (z, y,Mr'7(z))

and y*11 is constant on /i-squares. Indeed the modification is similar to that

carried out in Lemma 2.4. Note that p is independent of tj.
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Now, (2.32) and (2.33) imply that the corresponding trajectories are with-

in e of each other. Thus combining (2.31), (2.32), (2.33) and using the con-

tinuity of h we obtain

(2.34) ,fiVn<y.*V« + oié)
z,ô

where o is a positive function going to zero with its argument and is independent

of 77, p, 8.

Now, by Lemma 2.5(i), for each L > 0, there exists a 5,(7,, e) > 0 such

that

(2.35) yißV\L)>yillV0-e
z.S

when 5 < 5,(1, e), 77 > 0, p = p(5, e). Combining (2.34), (2.35) yields

0
(2.36) M yn < y¡ir>(¿) + 0(e),     6 < 5,(¿, e), p = p(8, e), 77 > 0,

for another function a as above.

Let 7} —► 0 in (2.36) and use Lemma 2.2(i), (vii) to obtain

(2.37) zVs<yVß(L) + a(e),    6<8x(L,e),   p = p(8,e).

Let (i) 5 —■► 0, (U) p —> 0, (iü) L —*■ °° in (2.37). Thus, using Theorem 2.2

0
zV+< Urn  yV~(L) + o(e)

which is (2.30). This completes the proof of (U).

Theorem 2.4. Let (A), (B) hold.  Then

(i)      Um   Um  V+(M,L)=   V~,      (üi)  Um    lim   V+iM, L) = tV+,
M-*" L-*" £-+00 j|f-»os

(U)    lim    Um V~(M,L) = yV~,      (iv) 1 Um   Um   V~iM, L) = ZV+.

Proof. We only prove (i); the others are similar.

By Theorem 2.2(v)

Urn    0V+iM,L) = zV+iM)

so

0
Urn   Urn y0V+iM, L) = Urn zK+(Ai).

M-*°° £-*oo ' M-*"

By Theorem 2.3(i)
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0
lim  zV+(M) = yV^.

Therefore

lim    lim v0V+(M, L) = VV~.
AT-*«. L-»«. y y

But, by Lemma 2.6(v)

Thus

lim    lim y0V+(M, L)= lim    lim   V+(M, L).

lim   lim   V+(M, L)= yV

Corollary 2.4.

(i) Um    Um  V+(M,L)=  Um   V+(M),
M-K» L-»oo M-*">

(ü) Um    lim  V~(M,L)= lim   V~(M),
M-*<* L-*°° M-*°°

(üi) Um    lim   V+(M,L)=  lim  V+(L),
L-*°° M-+" L-*<*>

(iv) lim    lim  V~(M,L)=  Um  V~(L).
L-+°° M-*" L-*°°

We now are in a position to prove Theorem 2.1 which we restate here for

convenience.

Theorem 2.1.  Let (A), (B) hold. If

(2.38) Urn   Urn   V+(M, L) =  Um    lim   V+(M, L)
M-*°° £-+«• L-*"> M-*">

then the differential game associated with (1.1)—(1.4) and payoff (1.7) has value

V;i.e. V= V+ = V~ and

V=  Urn    Urn V+(M,L)= Urn   Urn   V+(M, L).
M-+" L-*" L-*°° M-*">

Proof. We always have

(2.39) zV+>V+>V->yV~.

By Theorem 2.4 and the assumption (2.38), from (2.39) we get

Urn   Urn   V+(M, L) = ZV+ > V+> V->yV~=  Um   lim   V+(M, L).
L-+<*> M-*<*> Af-»-<» L-*"

That is, if (2.38) holds
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lim   Um   V+(M, L) = ZV+ = V+= V~ =   V~ = lim   Um   V+(M, L).
£-»oo M-*°° M-*" L-*"

Remark 2.3. Again we emphasize that the iterated limits in (2.38) always

exist. Note, e.g. that (2.38) holds when either Um^,£)-*(o.,oo) V+(M, L) exists

or when one of the limits in (2.38) is uniform, e.g. if Üm^^o, V+(M, L) is uni-

form in L.

By Theorem 2.4, V+(M, L) may be replaced by V~(M, L) in (2.38). In

fact, if the iterated limits in (2.38) are equal, Theorem 2.4 impUes

Ün^oo liirk-., V~(M, L) = lim^M hmL_x V~(M, L).

Remark 2.4.  Let z<yV+, ZiyV~ denote the upper and lower values, re-

spectively, of the differential game associated with (1.1)—(1.4) and payoff (1.7)

when both y and z are restricted at each step to choosing control functions which

are constants. z>yV+, zyV~ are Fleming's W+ and W~ (see [6]).

(2.40) T/+ >     I/+ >     v~>   V-
z'      ^ z,y'      -^ z,yT     ^ y'

and, if the hypotheses of Theorem 2.1 are vaUd V+ = ZV+ -   V~ = V~, we

have

V+ =     V+ =     V~ =   V~ = V~z,y z,y ' y' T
-+ =   r/+ =

Remark 2.5.  All of the theorems and lemmas of this section remain valid

for more general payoffs of fixed duration of the form

P(y, z) = g(u) + ¡I f* h(t, x, u, y, z) dx dt

with suitable continuity restrictions on g and h. Furthermore, the results are vaUd

for differential games governed by general paraboUc or hyperboUc problems in

general domains.

We speciaUze now to the case when we have differential games governed by

ordinary differential equations and estabUsh a general result holding in this case.

Consider a system of m ordinary differential equations

(2.41) dx/dt = r(t, x,y, z),     t0<t< T0,

with initial condition

(2.42) x(tQ) = x0.

Let Y, Z be compact subsets of some EucUdean spaces F p, Rq, respectively.

Note that x here is not a spatial variable, but represents an m-vector solu-

tion of (2.41), (2.42).

We assume
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r(t, x, y, z) is continuous in (t, x, y, z)

e [f0, 70] x Fm x Y x Z;jc • r(t, x, y, z) < k(t)(l + \x\2)

where /fro k(t) dt < °° and, for any F > 0

\r(t,x,y,z)-r(t,x,y, j)\

(Al) <*Ji(iXJjt-3E| + |^-J| + U-7|)

for aU t G [f0, F0],j> G Y, z GZ, |x|<F, |jT|<F

where fcÄ(f) is a function depending on F and

satisfying fj'o kR(T)dt < °°.

Consider a payoff

(2.43) F(>-, z) = í(jc(70)) + /fr° h(t, x(t), y(t), z(t))dt.

Assume

g(x) is continuous in Fm and h(t, x, y, z) is Lipschitz

*• *' continuous in (f, jc, .y, z) G [f0, F0] x Fm x Y x Z.

Consider the ordinary differential game of fixed duration associated with

(2.41), (2.42) and (2.43). AU terminology and notations concerning these games

wiU conform to Friedman [1], [2].

When the controls y, z must choose Lipschitz M, L functions on [f 0, 70]

we define as above V*(L), V^M), V\M, L). We also define similarly z V6,

yV\... etc.

Theorem 2.5.   Consider the differential game of fixed duration associated

with (2.41), (2.42) and payoff (2.43). Assume (A,), (B,) hold and assume the

game has value V, V = V+ = V~ . Then, given e > 0, there exist M0, L0 de-

pending only on e, r, g, h such that

M>M0,L>L0   imply   | V+(M, L) - V+\< e,   I V~(M, L)-V~\<e.

Proof. By a modified result of Friedman-Fleming-EUiott-Kalton (see for

example [2], [3], [5], [6]) given e > 0, there is 60(e) such that

(2.44) \zV6 - V+\< e,   \yVs - V~\< e   when 6 < 60(e).

Fix 6 < 60(e). By Lemma 2.3(f), there exists L0 =LX(8, e) such that

r>6 K" + e > K"(I)   for¿>¿0,Tj>0.

Note that we have placed, without loss of generaUty, e = eô2.

Let 7? —■*• 0. Using Lemma 2.2(f) we obtain
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(2.45) zVs+e>V+(L)      (L>L0).

From (2.44) and (2.45)

(2.46) V+ +2e> V+(L)      (L > LQ).

Since we always have for each M > 0, V+(L) > V+(M, L) > V~(M, L) >

K_(A/)by(2.46)weget

(2.47) V+ + 2e> V+(L)> V+(M, L)> V~(M, L) > V~(M).

From Lemma 2.3(iv) we have the existence of MQ = A/2(5, e) such that

(2.48) Vn(M)>yttK„ - e   forM>M0,v> 0.

Let 17 —► 0 and use Lemma 2.2(iv) in (2.48)

(2.49) V~(M) >yV6-e   for M > M0.

Combining (2.47), (2.49) and using (2.44) we get

V+ +2e>V+(L)>V+(M,L)

> V~(M, L) > V~(M) >V~-2e     (M> M0, L > L0).

And since V+ = V~ we have the result. Note we have in fact shown

Urn   V+(L)=V+=       Urn V+(M,L)
£->•- (M,L)-+(°°,°°)

lim V~(M, L)=V~= lim    V~(M).
(M,Ly-> (<*•,<*>) W-»oo

Remark 2.6.  Theorem 2.5 shows that when we know a priori that the

ordinary differential game of fixed duration has value then we can in fact choose

our controls to be Lipschitz. Theorem 2.5 combined with Theorem 2.1 shows

that

Um    Um   V+(M, L)= lim    lim   V+(M, L)
AÍ-+00   £->oo £->oo  M~*<*>

is a necessary and sufficient condition for value to exist in the case of ordinary

differential games.

Remark 2.7. We can easily modify the proofs of the results in §2 so that

we can consider the controls to be infinitely differentiable rather than merely

Lipschitz. In fact we would have the condition

Urn Urn  V+(e, y) = lim Um   V+(e, y)
e-*0 7-+0 -/—»O e-+0

where V+(e, y) denotes the upper 8fe, 7)-value wheny, z choose control func-

tions given by
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y At) = JpAt - s)y(s)ds,   zy(t) = fpy(t - s)z(s)ds.

That is, ye, zy are, respectively, the e, y moUifiers ofy, z, where y, z are measur-

able control functions.  Here pe is a suitable C°° function.  See [9] for the theory

of moUifiers. This fact is useful in that the infinitely differentiable functions are

actually constructable.

Remark 2.8. By monotonicity

Urn    Urn   V+(M, I) = sup inf V+(M, L)
Jlf_»oo   £->oo Af       £

and

Um   Urn    V+(M, L) = inf sup V+(M, L).
£-*ooAf-»oo £     M

Thus, by Theorem 2.1, the condition that value exists may be reformulated

as

inf sup V+(M, L) = sup inf V+(M, L).
L     M ML

3. Approximating games. In this section we introduce a class of differen-

tial games associated with a system of ordinary differential equations whose solu-

tion approximates the solution of (1.1)—(1.4). Under the assumptions (A), (B)

in the setting of Lipschitz control functions we will show that the upper and

lower values of the approximating games converge to V+(M, L), V~(M, L), re-

spectively. Also, we will apply Friedman's results [2], [3] on ordinary differen-

tial games to obtain information about our game governed by (1.1)—(1.4), (1.7).

Partition [0,5] of the x-axis by a partition fin consisting of n subintervals

of equal length 8n =■ B/n, where n is a positive integer:

n„:0 = xo<x, <*2<* ••<*.<*,+! <'-'<x„.1 <x„=B,

xt - / • e„.

Consider now the ordinary differential game Gn associated with the ordinary

differential system

(3.1) ^L=-L[Awit) + yit)]+Finy>nz)t    0<i<7,
dt       02

initial condition

(3.2) w(0) = w0

and payoff

P„("y, "*) = ¡I Z  enKt, x¡, uft), y ft), zft)) dt
/=0
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corresponding to the partition fln of [0, B],

Here we have

'ux(t)

w(t) =

u2(t)

K-i(0. n-l xi

'«(*l)

*(*2)

*(*«-!> B-1X1

7(f) =

A =

"o(0
0

0

«.(0
L        Jn -1 x i

-2 1 0 0 ••• 0 0 0

1-2 1 0 • •• 0 0 0
0      1   -2   1   •••  0  0     0

«(0

0

0

b(t)
Jn-l XI

0     0     0 0  •••  0  1   -2

"y(t)

>o(') 1
y¿t)

y*-i(0
nxi

Jn-ixn-l

nz(t) =

zoW

2,(0

z„-i«
nXl

F(^, "z) =

7(^1- *,)

/(^2- Z2)

U(.yn-i'zn-iU n-lXl

Note that (3.1), (3.2) are equivalent to the system of (« - 1) ordinary dif-

ferential equations

(3.4)        ^"=^["«'-l(0 + "'+l(r) " 2"í(í)1 + WW»'
n

i </<« -1,



DIFFERENTIAL GAMES WITH LIPSCHITZ CONTROL FUNCTIONS 67

(3.5) «¿O)- *(*,),      KKn-l,   u0(t) = a(t),   un(t) = b(t),

for the « - 1 function u¡(t).

In F" + I we use the norm

1*1 »(¿Ti*/)   •

Note that if we let

(3.6) /„(/. w, ny.nz)=—[Aw + y]+ F("y, nz),

°n

(3-7) h„(t, w, "y, nz) = "¿  0„«(f, x,, «,, y(, z,),
/=o

then assuming conditions (A), (B) will imply conditions (A,), (B,) hold for/n

and «„, for each «.

In the above game, Gn, y chooses a measurable function y = y(t, x) with

values almost everywhere in Y and we place yk(t) = y(t, xk), 0 < k < « — 1.

Then "Xf) is the vector above. Similarly for "z(t). We shaU define the concept

of solution to (3.1), (3.2) for each choice of "y, "z to be given by the solution

of the integral equation

(3.8) w(t) = w0 + fa fn(s, w(s), ny(s), "z(s))ds,     0<t<T.

A solution then is uniquely determined for each choice of controls "y, "z under

the condition (A).

We have need of the

Theorem 3.1. Let (A), (B) hold. Let y choose y = yM(t, jc) G

^([0,7] x [0, F]), z choose z =zL(t,x) G ZL([0,7] x [0, F]). Place

these functions in (1.1) and solve the system (1.1)—(1.4) obtaining a function

u = u(t, x) given by (1.6). Put yMk(t) = yM(t, xk), zLk(t) = zL(t, xk), 0 <

k < « - 1, in (3.1) and solve the system (3.1), (3.2) obtaining a vector w(t) =

(ti,(f),..., M„_j(f)). Then, given any e > 0, there is an N depending on the

functions f <¡>, a, b and the constants M, L, e, such that for each i = 1,2,...,

H-l

|«(f, x) - u¡(t)\ < e,  0 < f < T, x,_x <x<xit

whenever n> N.

The proof of Theorem 3.1 is given in [7] for the homogeneous case. Our

condition (A) on /, <p, a, b and the Lipschitz continuity of yM, zL insure that
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the proof can be easily carried out in our inhomogeneous case as pointed out in [7].

Definition.  A function g defined on 7 x [0,5], where 7 is a subinterval

of [0, 7] is x-piecewise constant corresponding to the partition IIn of [0,5] if

g = g(t, x) is a constant in the x direction on each subinterval of Tln; i.e. g(t, x)

= 0,(0, x¡_, < x < x¡, t G I, 1 < i < n.  If the partition nn is understood we

simply say that g is x-piecewise constant.

A function g is x-piecewise constant with A-slope restriction corresponding

to the partition Un of [0,5] if g = g(t, x) is x-piecewise constant corresponding

to the partition Iln and

\g(t, x¡_x)- g(t, x¡)\ < A \x¡_, - xf|

for all t G I, 1 <i</!, where A is a positive constant. If fl„ is understood we

simply say that g is x-piecewise constant with .4-slope restriction.

Denote by YM(I; fl„) the class of aU functions defined on 7 x [0,5] which

are Lipschitz (constant M) in t and which are x-piecewise constant with A/-slope

restriction corresponding to the partition IIn and which take values in the given

compact set Y.  Similarly, ZL(I; IIn) is the class of aU functions defined in 7 x

[0,5] which are Lipschitz (constant L) in t, which are x-piecewise constant with

¿-slope restriction corresponding to the partition IIn and which take values in the

given compact set Z.

For a given partition fln, the terminology and concepts of the ordinary

differential game associated with (3.1), (3.2) and payoff (3.3) wiU conform to

Friedman [1], [2].   As such we let " Vs,n V8 denote the upper and lower 5-

values, respectively, for 5 = Tla, a a positive integer.

The defining upper and lower 5-strategies wiU be denoted by T8, T6 ,

"A8, "A6. Then, as in Friedman [1]

«<* "K8=inf   supp [»A"r8],   nV+=hmnVs,
(38) »A6 T8 6"*°

(39) "V6= sup   infPn[T6,"A8],   »V~ = lim"K6.
v ' ' «r6 "a* 6_>0

Note that when y, z are restricted to choosing lipschitz control functions

then the solution u(t, x) of (1.1)—(1.4) given by (1.6) is continuous in (i, x)

with uft, x) and uxx(t, x) also continuous and u(t, x) then satisfies (1.5) every-

where. Then, by Theorem 3.1 it is easily seen that when n is sufficiently large

d»iW     bu(t, x)
<e,     tE [0, T],x¡_x <x<x,,

dt dt

where w(t) = (ux(t),..., un_x(t)) is a solution of (3.1), (3.2). Thus
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\\fn(t, w,ny,nz)\\
dw

dt
=    sup

ie[

/ n   B\dUj(t)\2V

o^ivèo"! * 1/
But

îî-U-NJ =Jo9«(f, jc)

dt
dx < \c(t)\

where c(t) is a continuous function on [0, 7], independent of «. Hence

(3.10) \\L(t, w, ny, "z)||<    sup     Ic(f)| < C= constant
ie[o,r|

for all controls "y, "z determined from Lipschitz functions. Similarly

(3.11) ||«„(f, w, ny,nz)\\< C.

Definition. When y is restricted to choosing functions in YM([0, T] ; Iln)

and z is restricted to choosing functions in ZL([Q, T] ; Un), denote by " Vs (M, L),

"V6(M, L) the upper and lower, respectively, 8-(M, ¿)-values of the differential

game associated with (3.1), (3.2) (or (3.4), (3.5)) and payoff (3.3).

Thus, if we denote functions in YM([0,T\; fln) by nyM(t), then nyM(t)

is the vector

TWO
W)

"^(0 =

yMn-lW

nyM<f> *y

Similarly, if functions in Z£([0, 7] ; n„) are denoted by nzL(t), then nzL(t) is

the vector

"2l(0 -

ZLO(0

ZilW

LzLn-l«J

= "z,(t, x).

Denote the corresponding 6-strategies by nA/r6, nMr6, nLA6 and nLAs

As in §2 we have

»i/iVb(M,L)=  inf      sup   P„[nLA6,nMrb],

nLAs nMrs

»V6(M,L)=  sup    inf   Pn["Mr5,nLA6],
nM-r    nL A6



70 E. N. BARRON

and by (3.10), (3.11), lim6^0 " V5(M, L) = " V+(M, L) and lim6^0 " VS(M, L)

= " V~(M, L) exist uniformly in n, M, L when (A), (B) hold.

We wiU use results similar to those stated in §2 for Vs (M, L), K6(A/, L).

The proofs will be similar. Also we shall use definitions and results for " Vs (M),

nVAM),nVs(L),nV6(L) and limits as 5 —> 0.   The notation used is ob-

vious.

Definition. Let "F8(Af, L) denote the upper 5-(Ai, ¿)-value of the dif-

ferential game associated with (1.1 )—( 1.4) and payoff (1.7) when the players y, z

are restricted to choosing control functions which are members of

YM([0, 7] ; fl„) respectively. Thus

nVs(M, L)=  inf     sup   P[nLA6,nMrs].

nLA5 nMrs

Similarly we define

nV6(M, L)= sup      Urn P[nMrs,nLA8].

"Mr6 "lab

Again we use results similar to §2. For example when (A), (B) hold

(3.12) nV+(M, L) = Urn nV5(M, L),
6->0

(3.13) nV-(M, L)=hm "V&(M, L).
6-»0

We now prove various lemmas concerning the intermediate games.

Lemma 3.1. Let (A), (B) hold.  Given e > 0, there is an N depending on

e, f, <p, a, b, h, M, L, such that when n>N

(3.14) \nV+(M,L)-V+(M,L)\<e,

and

(3.15) \nV-(M, L) - V-(M, L)\ < e.

Proof. We only show (3.14); (3.15) is similar.

Since

VS(M, L)=  inf   sup P^Ag.^r8],

£¿6 Mr6

for e > 0 given, there is an upper 5-(A/)-strategy ̂ r8 for y such that

(3.16) VB(M, L) <P[zL,Mrs(zL)] + e

for aU controls zL G ZL([0, 7] x [0,5]).

Given any control zL = zL(t, x) G Z£([0, 7] x [0, B\), let (zL, yM)
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denote the outcome of (zL, *Y*(zL)).   Note that y¡, - yBM(t, x) E

YM([0,T] x [0,F]).

From well-known properties of equicontinuous classes of functions we can

define a 6-strategy "^r5 for^ having the following property:

Given any control z¿ = zL(t, jc), there is a constant Nl = N1(e, M, L)

such that

(3.17) Il yM - nyM\\t j < e   when n > Nl
Li

where nyM is the y-outcome of (zL, nMTb(zL) and nyM E YM([0, T] ; ÏI„).

Let uM denote the solution of (1.1)—(1.4) corresponding to (yM, zL) and

let nuM denote the solution of (1.1)—(1.4) corresponding to (ny\, zL). We

have by (1.6) and the uniform continuity of/and

\uM(t,x)-"uM(t,x)\

< fl ¡I G(t, jc; t, %)\f(yM(T, %), zL(r, %))

-f(nyM(T,S)zL(TA))\d1;dT

the existence of a positive function a(f) —* 0 as f —► 0 such that

(3.18) || uM(t, jc) - nHM(t, x)\L < o(n) < e   when « > Nl.

Thus, since « is continuous, there is another positive function a(f) —»• 0 as

f ^-+ »o, independent of 6 or any controls such that by (3.17), (3.18)

<3'19) \P(yM> ZD - nHJ*M> zl)\ < o(n) < e

when n> Nx for all controls zL.

By (3.16) we have using (3.19) that when n> Nl

(3.20) Vb (M, L) < P [zL ,nMrs (zL)] + 2e

for aU controls zL GZ¿([0, 7] x [0,F]).

We must show (3.20) holds for aU controls "zL E ZL([0, 7] ; ITJ. By

using e-nets forZ¿([0, 7] x [0,F]) and recalling the definition of

Zi([0, 7] ; n„) it is easily seen that ZL([0, 7] ; n„) is a compact subset of

L\[0,T] x [0,F]) independently of«.

Given nzL E ZL[(0, 7]; IIn), let zL denote the function in

ZL([0, 7] x [0, F] ) constructed from "zL by joining the midpoints of each step

of nzL by a linear function. We know that z¿ constructed in such a manner is

indeed in ZL([0, T] x [0, B] ) because of the ¿-slope restriction on nzL. Thus

zL wiU have Lipschitz constant L independent of n. Thus, there is a constant
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A^'icA/.Dsuchthat

(3.21) \\nzL-zL\\  x<C6nL<e   when n>Nxx
L*

where C is a constant depending only on the control set Z.  Note that by com-

pactness of Z¿([0, T] ; n„) we can determine N u as independent of which

"zL G ZL([0, 7] ; n„) we choose.

Define for any control nzL the upper 5-strategy nMf8 for y as foUows:

If \\nzL - zL\\ x<e(n>Nu) then

(3.22) L
nMf&(nzL) = nMT8(zL) = "yM.

Note that we are able to do this with N11 independent of 5 since the approxi-

mation is in the x-variable, not t.

Thus, by (3.21), (3.22) and the continuity of A, there is another positive

function independent of 5 or controls, o(f), with o(f) —► 0 as f —► °° such that,

for all controls nzL,

(3.23) \P("y8M, zL) - P("yM, "zL)\ <a(n)<e   when n>N11.

Let n > N = N(e, f, A, & a, b, M, L) = nax(Nl, A/11). Then, by (3.23),

(3.20) we have for aU nzL G ZL([0, 7] ; II,,)

VS(M, L)<P["zL, nMfs(nzL)} + 3e     (n>N).

This implies V6(M, L) < "V8(M, L) + 3e (n > N) so that V+(M, L) <

nV+(M, L) + 3e. Similarly we can show V+(M, L) > nV+(M, L) - 3e when

n > N and thus (3.14) is established.

The proof of the following is similar to the proof of Lemma 3 in [8].

Lemma 3.2.   Let (A), (B) hold. Let nu(t, x) denote the solution of (1.1)-

(1.4) when y chooses

"yM = VjiO) = "yM(t. *)G yM(lo, T) ; n„)

and z chooses

nzL = nzL(t) = »zLit, x) G ZL([0, T] ; nw).

7ei w(t) denote the solution of (3.1), (3.2) corresponding to the controls

y M A11) = nyM^ **)> zlA0 = "zl0' xk) (1< * < « - !)•  We also write these

as u("yM, nzL), w(nyM, nzL), respectively.  Then, given e > 0, rAere is a con-

stant N = N(e, h, f, (¡>, a, b, M, L) such that

\P(u("yM, nzL)) - P„(w("yM, nzL))\ < e

whenever n> N.
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Proof.  By (1.7) and (3.3)

\P(M(nyM, nzL)) - Pn(w(nyM, nzL))\

= I/o ilA('' *'M(í' *}' "y***' x)> nz¿u x))dx dt

- (I "¿ dnh(t- xi> UiO),yMi(t), ZLi(t))dt
i=0

< il    Z¡   (T ' *& *• "Q' *>' yM&> ZLiW àX
i=Q        '

n-l

£ e„ h(t, x¡, u¡(t), yMi(t), zLi(t))
i=0

dt

n-l

< £   (UT* \h(t,x,u(t,x),ym(t),zLi(t))
,=o J VJ *i

- h(t, x¡, u£i),yMAy), zLi(t))\ dx dt

1=0 '

- h(t, x, Ui(t),ym(t), zLi(t))\dx dt

n-l

+ ZflfT1 \Kt.x,uAy),yMft\zLi(t))
/=0 '

- h(t, x¡, uff),yMfí), zL.(t))\ dx dt.

Using now the continuity of« and Theorem 3.1 the lemma follows.

Corollary 3.1.   Let (A), (B) hold.  Then, given e > 0, there is a con-

stant N = N(e, f, h, (¡>, a, b, h, M, L) such that

(3.24) \nV+(M, L)-nV+(M, L)\ <e     (n>N),

(3.25) \nV-(M, L)-n V~(M, L)\ <e     (n> N).

Theorem 3.2.  Let (A), (B) hold.  Given e > 0, there is a constant N =

N(e, f, <¡>, a, b, h, M, L) such that

| V+(M, L)-n V+(M, L)\ <e     (n> N),

| V-(M, L) - " V-(M, 7)| < e     (n> N).

Theorem 3.2 foUows immediately from Lemma 3.2 and CoroUary 3.1.
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Theorem 3.3. Let (A), (B) hold. Consider the ordinary differential game

associated with (3.1), (3.2) (or (3.4), (3.5)) and payoff (3.3). Assume the game

has value for every n: " V+ = " V~ = " V.   Then

rt^ lim   Um   "V + (M, L) =  Urn    Urn nV+(M, L) = nV= nV+ = T

uniformly in n.

Proof.   By (3.10), (3.11)

lim   lim   "V+(M, L),    Um   Urn   "V+(M, L)
£-►<*> M-*°° M-*°° L-*°»

exist uniformly in n.

By Theorem 2.4 and the Friedman-EUiott-Kalton-Fleming theorem [2],

[3], [5], [6]

(3.27)
"t/+="t/+= lim   lim   nV+(M, L)
z

£-+oo   M-

>"V-=nV-= lim   lim  "V+(M, L).
M-*«9 £—►»

By hypothesis "V+ = "V~ and the result foUows. We only must explain how

we mean "V+,"V~. Note that in the proof of Theorem 2.4, M, L depend only

on 5, e and 5 is independent of n. Thus (3.27) holds uniformly in n.

We define the following with 5 = T although the results hold if 5 # 7.

Given positive integers a, ß, n, let 5 = T/a, r¡ = T/ß and IT„ be the par-

tition of [0,5] given by Un: 0 = x0 <x, < • • • <x„_, <xn =5, x¡ =

en-i, en=B/n.

Then we define similarly as in §2,

(i) "V8-upper 5-value of the game associated with (3.1), (3.2) and payoff

(3.3) when, at each 5-subinterval, z chooses a measurable function z = z(t, x)

constant on 5-squares and then we place nz(t) = (zAÔ, • ■ •, 2n_x(t)) where

zk(t) = z(t, xk) (0 < k < n - 1). The player y chooses arbitrary measurable

vectors determined from measurable functions y = y(t, x).

"ZV8 =   inf   supP„["zA5,nr6].

Thus, in z>5 Vn, by the restriction placed on z, z remains independent of«.

(ii) z " Vn-upper 77-value of the game associated with (3.1), (3.2) and pay-

off (3.3) when, at each 77-subinterval, z chooses a measurable function z =

z(t, x) constant on 5-squares and then we place nz(t) = (z0(i), . . . , zn_x(t))

where zk(t) = z(t, xk) (0 < k < 11 - 1). The player y chooses measurable vec-

tors determined from measurable functions y = y(t, x).

"7"=   inf     sup PJ^A^T"].
nz,6»     nrn

1
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Thus, in z " Vn, by the restriction placed on z, z remains independent of n.

Similarly we define^5, y,^V^,nyV6, y>nsVn, jVn,nzV6,etc. With

these definitions, all of the lemmas and theorems of §2 hold independent of n.

4. The Isaacs condition for games with partial differential equations. Con-

sider the differential game associated with (1.1)—(1.4) and payoff (1.7). Let

77+(f, u, p) = min max i p • f(y, z) + (B h(t, x, u, y, z)dx\
(41) zgz ysr  \ Jo f

(PSF1),

H"(f, u, p) = max min lp • f(y, z) + [B h(t, x, u, y, z)dx\
(4.2) y<=Y z<=z\ J0 )

(pGF1)-

Theorem 4.1. Let (A), (B) hold. Suppose H+(t, u, p) = H~(t, u, p) for

each (t, u, p) E [0, T] x F1 x F1.   Then the differential game associated with

(1.1M1.4) and payoff (1.7) has value V, i.e. V= V+ = V~.

Proof.  By Theorem 2.1 it is enough to show that

(4.3) Urn Urn    V+(M, L)=  Um   lim  V+(M, L).
L-*a¡ M-*" Af-»-00 L-*<»

Define foi pn ERn

(4.4) Hn+(t, w, pn) s min max{ p„ • f„(t, w, ny, nz) + hn(t, w, ny, nz)},
"z     ny

(4.5) H~(t, w, pn) = max min { pn • fn(t, w, "y, nz) + hn(t, w, "y, nz)},

"y   "z

where /„, hn are given by (3.6), (3.7), "y = (y0,. . . ,yn_x),"z = (z0,. ..,

z„-i)- By hypothesis H+(t, u, p) = H~(t, u, p). This implies for each n

(4.6) H„+(t, w, p„) = H'(t, w, pn),      (t, w, pn) E [0, T] x F" x F".

That is, the Isaacs' condition holds for the ordinary differential game associated

with (3.1), (3.2) and payoff (3.3). Thus, by the Friedman theorem claiming exis-

tence of value when (4.7) holds (see, for example, [2], [3]) we have for each n

(4.7) ny-ny+ =ny-

Thus, by Theorem 3.3,

lim   lim "K+(M,I)=  Um   lim  "V+(M, L) = nV+.
M-*<*> L-+°° L-*<» M-*"

Thus, by Theorem 3.2, and since lim,,^,,, nV+ can easily be seen to exist, we

have
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Um   Um   V+(M, L)= lim   Um   V+iM, L) = lim  nV+ = Um nV
M-K» £-*oo £->oo M-*<* f|-»oo n-»oo

and so (4.3) holds.

Thus, we have by Theorems 2.1 and 4.1 if the Isaacs condition holds

V= V+ = V = Um   Um   V+iM, L) = Um    Um   K+(AÍ, L) = lim "V.
Af-x» £-»■> £->oo Af-*o» /!-♦»

Remark 4.1. The results of § §3 and 4 can be easily extended to differen-

tial games of fixed duration with partial differential equations for more general

payoffs of the form

P(y, z) m g(u) + JQr J* hit, x, u, y, z) dx dt

with suitable continuity restrictions on g, A.  Also the results are vaUd for games

governed by general paraboUc or hyperboUc problems in general domains with

suitable difference approximations.

Remark 4.2 The results of §§3 and 4 extend easily to the important case

when the control functions appear also in the initial and/or boundary conditions.
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