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ABSTRACT.  Let (M, g) be a Riemannian manifold. We assume that

there is a mapping s: M—► I(M), where I{M) is the group of isometries of

(M, g), such that sx = s(x), Vx e M, has x as a fixed isolated point, then

(M, g) is called a Riemannian s-manifold.   If the tensor field S on M defined

by the relation Sx = (dsx)x, Vx e M, is differentiable and invariant by each

isometry sx, then the manifold (M, g) is called a regularly s-symmetric Rieman-

nian manifold.  The aim of the present paper is to classify simply connected

four-dimensional regularly s-symmetric Riemannian manifolds.

Introduction.  Let (M, g) be a connected Riemannian manifold. We assume

that there is a famUy of isometries { sx : x E M} on (M, g) such that to each

point x E M corresponds an isometry sx which has this point fixed isolated. The

isometry sx is caUed Riemannian symmetry at x or simply symmetry at x.  The

famUy of Riemannian symmetries {sx: x G M} is caUed Riemannian s-structure

or simply s-structure on (M, g).

Every Riemannian s-structure {sx: x EM) on (M, g) determines a tensor

field S of type (1, 1) defined by Sx = (dsx)x. This tensor field is called symme-

try tensor field of the {sx: x G M}. If S is smooth then the s-structure {sx: x

EM} is caUed smooth. If the tensor field S of a smooth s-structure {sx: xEM}

is invariant by each sx, then it is caUed regular. A Riemannian manifold (M, g)

with a regular s-structure is caUed regularly s-symmetric Riemannian manifold or

briefly RR -manifold and is denoted by (M, g, s). If there is an integer k such

that s£ = id, Vx G M, then the 7ÎF-manifold is caUed regularly ̂ -symmetric

Riemannian manifold and the positive integer k is caUed regular order of the s-

structure {sx: x E M}.

The aim of the present paper is the classification of aU simply connected

regularly s-symmetric Riemannian manifolds of four dimensions. There are ex-

actly two categories of such manifolds. The first category contains the Rieman-

nian symmetric spaces of four dimensions, which are known [9, pp. 283-289].
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The second category contains only one FF-manifold whose regular order is four,

which is given in §7.

2. In this section we give some additional definitions and a few known

results.

Let (Af, g, s) be an FF-manifold with regular s-structure {sx: xEM}. It

was mentioned above that to this s-structure {sx : x E M} we can associate a ten-

sor field S of type (1,1). IfSisaparaUeltensor field, then the s-structure {sx:

x G Af} is caUed paraUel regular s-structure on (Af, g).

The foUowing theorem is known [6].

Theorem (I). Any regularly s-symmetric Riemannian manifold is regularly

k-symmetric for some k, Le. of finite regular order.

From the above theorem we conclude that the classification of simply con-

nected four-dimensional regularly s-symmetric Riemannian manifolds is reduced

to the classification of FF-manifolds of finite regular order.

In the classification below we assume the regular order k > 3 because if

k = 2, then the RR-manifolds are Riemannian symmetric spaces, which have

been classified [9, pp. 283-289].

We also assume that the regular s-structure on Af is not parallel, because if

it is parallel then the manifold is a locaUy symmetric space and since it is simply

connected, then Af is a symmetric space [7, p. 457].

Let (Ai, g, s) be an FF-manifold with regular s-structure {sx: xEM}. The

foUowing are known [6].

Lemma (I). Let (Af, g, s) be an RR-manifold, and let B be an S-invariant

tensor field of type (1, 2) on (Af, g, s). Let 6 x,... , 6n be the eigenvalues of

S at a point F G Af and Ux,... ,Una corresponding basis of eigenvectors in the

complex vector spaceMp = Mp® C. Then:

(a) Ifößj is not an eigenvalue, then BiU¡, Uj) = 0.

(b) IfOflj is an eigenvalue Bk, then BiU{, Uj) belongs.to the eigenspace

corresponding to Bk.

Corollary (T).   Let (Af, g, s) be an RR-manifold with a nonparallel regu-

lar s-structure {sx:xEM}.Ifdx.6 „are the eigenvalues of Sat a point

PEM, then in the set of all products {Ofij, 1 < i </ < «} there is at least one

eigenvalue.

For a simply connected four-dimensional homogeneous Riemannian mani-

fold the foUowing theorem is known[4, p. 363].

Theorem (B)- Let M = G/H be a simply connected four-dimensional

homogeneous Riemannian manifold. If dim H > 1 then Misa symmetric space.
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For any FF-manifold we have the theorem [7, p. 452],

Theorem (IB). Every RR-manifold (M, g, s) is a homogeneous space, Le.

M=G/H.

It is known that dim M = dim G - dim H, where G is a transitive Lie group

of isometries of M and H the isotropy subgroup of G at a point of M.  If dim M

= 4, then the maximal dimensions of G and H are ten and six, respectively and

their minimal dimensions are four and zero respectively.

In the classification below we shaU study only the case dim H < 1, because

if dim H > 2, the manifold M is symmetric space and the classification of such

spaces has been done.

3. Let (M, g, s) be a simply connected four-dimensional FF-manifold with

nonparaUel regular s-structure {sx: x G M} of order k. The manifold M is a ho-

mogeneous space, i.e. M = G/H.  Let V be the canonical connection of the sec-

ond kind on the homogeneous space M = G/H. Let R, F be the curvature and

torsion tensor fields of V, respectively.

Proposition (T). If S is the symmetry tensor field on (M, g, s), then the

eigenvalues of S are of the form y, ip, v2,^2.

Proof.   Let F be a point of the manifold M. Then Sp is an orthogonal

transformation on the tangent space TP(M).   By complexification of TP(M) we

obtain the complex vector space Tp\M) = C ® TP(M) and from the linear trans-

formation Sp we have another Unear transformation on Tp\M), which is denoted

by S£
The dimension of the vector space FpfAf) is four over C. Therefore there

are four eigenvalues of Sp, which have the form

(3.1)

62=<px

e3 = <p2

(3.2)
fl4=^2

Since the regular s-structure {sx: x E M} on RR -manifold (M, g, s) is not

parallel, we conclude that the set

/ = {Bfif. 1 < i </ < 4} = {</>,£, = <¿>2£2 = 1, <px<p2, <px$2, £|tf>2> £1^2}

contains at least one eigenvalue of Sp.

2TTV  .   .   .    2ttv        2nivlk= cos —r- + 1 sm —r- = e¿ntvlK,
k k

2VV      .   .    2tTV        -2itiv/k
= cos -t-1 sm —r- = e í7"ü/",

k k
2irX   .   .   .    27riX 2ni\lk

= cos —r- + 1 sm —7— = e¿1"A,K,
k k

= cos -7-1 sm —r- = e il,,AiK.
k k
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In order to define the order of the nonparaUel regular s-structure {sx: x

E M} we distinguish the foUowing cases:

(i) There are two distinct eigenvalues of Sp, that is, 0, = 03 = ^px = <£2

and 92 = 04 = ^, = <£2. Therefore the set / contains the elements / = {i¿>,¡£, =

^2^2 = 1» ̂ î» 5>î } which has at least one eigenvalue of Sp. Therefore we have

«¿>i = ^, from which we obtain ip\ = <px,</>,= 1 and ^«1, Hence the order

of {sx: x E M} is three and the conditions of the proposition are satisfied, i.e.

(ü) We assume that the distinct eigenvalues of Sp are three. Therefore

the two equal eigenvalues must be -1, i.e. <p2 =ip2 = -1. In this case the set

/ = {1, -<px, -Jpx} must contain at least one eigenvalue of Sp. Hence we have

~<Pi = ^i from which we obtain <¿>, = i, <£, = -i". Therefore if the order of the

nonparaUel s-structure {sx: x EM} is four, then the eigenvalues of Sp are yx =

i, ¡£, = -/, *p2 = $2 = -1 which satisfy the conditions of the proposition i.e.

\px = v = i, ¡Ê, = £=-/, <p2 = <p2 = -1, ^2 = ^ = -1.

(iü) Finally, we assume that aU eigenvalues of Sp are distinct. Hence the

collection / consists of the foUowing elements {ipp~i = ^2^2 = 1» ̂ 1^2» ̂ 1^2»

^1^2' ^1^2^- Now we suPP°se that ipxy2 = ipx —► ip2 = ¡£, which, by means

of (3.1) and (3.2), takes the form ein,iv~K)/k = e-27,iv'k from which we have

(3.3) X = -kp + 2v,   where pEZ.

We can assume that k > X > v > 1 and therefore the eigenvalues of Sp

are aU distinct.

The relations (3.2) by means of (3.3) take the form

a 4ltV   ,    .   .    4ltV ¿Tttvlk
63 = <p2 = cos —¡— + 1 sin —r- - e*1""/1*,

(3.4) * *
a - 4HU       .   .    47TU -4iriv/k04 = <¿>2 = cos —r— i sin — = e *mviKm

If we denote by y> = <¿>,, then from (3.1) and (3.4) we obtain that the

eigenvalues of Sp are of the form y = <£,, ¡¡5 = $5,, </J2 = <p2, £2 = ^2. If the

order of {sx }is equal to five, then the set / contains aU the eigenvalues of Sp,

that is {<px<p2 = y2, v?i£2 = <P~1, ^i<P2 = Vi, Vi£2 = $7}-

FinaUy, if the order of {sx } is greater than five, then the set / contains the

foUowing eigenvalues ipx<p2 = ipx, $x<p2 = £1) of S p.

If we make other assumptions, other than <pxlp2 = <px, i.e. <px<p2 =îpx,v/e

obtain the same results. We always distinguish two cases when the order of {sx}

is five and when the order of {sx} is greater than five. Q.E.D.

Therefore the classification of aU simply connected four-dimensional RR-

manifolds (Af, g, s) is reduced to studying the following cases: (i) order^s^ }) = 3,
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(ii) order ({sx}) > 6, order ({sx}) = 5 and finally order ({sx}) = 4, which will

be studied separately below.

4. We assume that the nonparaUel regular s-structure {sx} of the FF-mani-

fold (M, g, s) has order 3. If F G M, then the linear transformation Sp on Tp\M)

has two distinct eigenvalues.

Proposition (H). // (M, g, s) is a simply connected four-dimensional RR-

manifold whose regular s-structure {sx: x G M} has order 3, then the Rieman-

nian manifold (M, g) is a symmetric space.

Proof. The FF-manifold (M, g, s) is a homogeneous space M = G/H.

Let TQ(M) be the tangent space of M at its origin 0. From the symmetry tensor

field S we obtain a Unear transformation S% on T0(M) whose two distinct eigen-

values are conjugate complex numbers. We also obtain a Unear transformation

S0 on T0(M). Therefore there exists an orthonormal base {fx, f2, f3, /4} of

T0(M) such that SQ can be written in matrix form.

/

2ti
cosy

50 =

.   2ir
siny

•   27r
siny       0

cosy        0

0

0

2rr
cosy

.   2tt
siny

'   \

-sm

cos

2rr

3

271

/

Let L(H) be the Lie algebra of aU real endomorphisms A on TQ(M) which,

as derivations on the tensor algebra of the vector space T0(M), satisfy the rela-

tions

A(So)=A(go) = A(f0)=A(Ro) = 0.

Since we have VF = VF = ID = V5 = 0 where D is the difference ten-

sor field of type (1, 2) on M defined by the relation [1, p. 137]

D(Y, X) = (v5)(5-! Y, (I - ST'X) = (V^.,^"1 Y),

we conclude that R0(X, Y) E L(H), VX, Y E T0(M).

From the relation A(SQ) = 0 we obtain that the Unear transformations

A, S0 commute. Therefore A can be represented by a matrix as follows:
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A =

For the orthonormal base {/,, f2, f3, /4} of T0(M) we have g0(fi, ff) = 1,

and g(Jfl> fï) = 0> ' **/« From these relations and since A(g0) = 0 we conclude

that the matrix A takes the form

A =

If we set

(4.1) Vx=fx+if2,      V2=f3+if4,

then the vectors Vx, Vx, V2, V2 form a base of T$(M).

If we apply Lemma (I) in our case we conclude that

(4.2) f0(Vx, Vx) = 0,      T0(VX, V2) = \VX +pV2,

(4.3) f0(Vx,V2)=0,      f0(V2,V2) = 0.

The relations (4.2) and (4.3) by means of (4.1) and after some estimates

give

(4-4) f0(fvf2) = 0,      F0i/3,/4) = 0,

(4-5) f0(fx, f3) = -T0(f2, /4) = J4G/, + %f2 + o£3 + r/4),

(4-6) f0(fx, /4) = f0(f2, f3) = WUi - Kh + '/a - %)•

From the relations A(f0) = 0 and (4.4), (4.5), (4.6) we obtain

(4.7) (2a +d)Ç = -bo+ cr,     (2a + d)$ = br - ca,

(4.8) (a + 2d)a = -b$-c%,      (a + 2d)r = -b% + cf.

The Lie algebra L(G) of G can be decomposed as follows: L(G) = L(H) ©

T0(M) whose Lie bracket is defined by

(4.9) [X, Y] = -f0(X, Y) -RQ(X, JO,      AT, y G T0(M),

(4.10) [A, X] = AX,      [A, B] =AB- BA,      A, B E L(H), X E T0(M).
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From the relations (4. 4), (4.5), (4.6), (4.9), (4.10) and from the fact that

dim L(H) < 1 we have

(4.11) 2[f„/2]=2ae,

(4.12) 2[/„ /3] = -(£/, + \f2 + af3 + r/4) + 2ße,

(4.13) 2[/-„/4] =-«/, -?/2 +r/3-a/4) + 2<ye,

(4.14) 2\f2,f3] = -({=/, -f/2 +r/3-o/4) + 25e,

(4.15) 2[/2, /4] = (f/, + %f2 + of3 + r/4) + 2ôe,

(4.16) 2\f3,f4]=2ve,

(4.17) [/,, e] = af2 + cf3 + bf4,    \f2, e] = -afx -bf3 + cf4,

(4-18) f/3, e] = -c/, + è/2 + d/4,   [/4, e] = -bfx -cf2- dfA,

where e is the unit vector of ¿(F).

The above Lie brackets must satisfy the Jacobi identity. From this we

obtain, except the relations (4.7) and (4.8), the foUowing ones

(4.19) -2aß + 2ca + io-tr = 0,    2a5 + 2ba + %r + $o = 0,

(4.20) bß + cS=0,    2bS-2cß + 2da + o2+r2=0,

(4.21) -2ai> + 2cu + fa-fr = 0,    -2ay + 2bv + %r + fa = 0,

(4.22) bo-cy = 0,    -2by - 2c$ + 2cfu + a2 + r2 = 0,

(4.23) 2cu-2a"0 + £o—fr = 0,    2ôo - 2íz> + %r + £ a = 0,

(4.24) bß-cy = 0,    2av-2by-2cß + %2 +f2 =0,

(4.25) 2ct>-2íW + £o-?r = 0,    2¿u + 2rf5 + £r + f a = 0,

(4.26) bd + c8=0,    2av + 2bß - 2c& + ? + f2 = 0,

(4.27) ôÛ3 + 0)-c(7-5) = O,

(4.28) o¡5+¿(a-ü) + í/7 = 0,    -ad + cia-v) + dß = 0,

(4.29) fl/î + c(a - v) -dt> = 0,      ay - 6(a - u) + dS = 0,

(4.30) r(ß-ö)-oiy + 8) = 0,     o(ß-&)+riy + 8) = 0,

(431) SÛ3-i?)-f(7 + S) = 0,      f(ß-d) + S(7 + 5) = 0.

Since v is the canonical connection of the second kind on Af, then we

have [5, Vol. II, p. 193]

(4.32) R0iX,Y)Z = -[[X,Y]b,Z],    X.Y.ZET^M).
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The formula (4.32) for the vectors fx, f2, f3 and by means of (4.11) and

the first of (4.18) becomes

Ro(fi> fi)f3 = °i-cfx + bf2 + <*/4);

applying the derivation A to this we obtain

Ro(4(fi),f2)f3 +R0(fvA(f2))f3 +R0(fvf2)A(f3)

= a(-cA(fx) + bA(f2) + dA(f3))

from which by virtue of (4.11)—(4.18) we have

(4.33) ab = 0,    b [b(ß +1>) - c(y - 6)] - 0,

(4.34) c[b(ß + &)-c(y- 5)] = 0,    d [b(ß + $)- c(y - 8)] = 0.

The same formula (4.32) for the vectors fx, f2, /4 and by means of (4.11)

and the second of (4.18) takes the form

(4.35) RQ(fx, f2)f4 = -a(bfx + cf2 + df3).

If we apply the derivation A to (4.35) and after some calculations we ob-

tain

(4.36) ac = 0,    b [b(ß +&) - c(y - S)] = 0,

(4.37) c[b(ß+.V)-c(y-8)]=0,   d[b(ß + u)-c(y-S)] =0.

From the relations (4.7) and (4.8) by virtue of the first of (4.33) and

(4.36) and if a ¥= 0 we conclude that

(4.38) (2a + d)i = (2a + dK = (ct + 2d)r = (a + 2d)o = 0.

If2a + d=t0anda + 2d¥=0, then from (4.38) we have % = S = r = o =

0. If 2a + d = 0 and a + 2d # 0, then (4.38) impües % = f = 0. Therefore the

second of (4.24) becomes 2av = 0, which impUes v = 0, because if a = 0, then

d = 0 and hence a + 2d = 0 which contradicts our assumption a + 2d =£ 0.

From the second of (4.20) and (4.22) we conclude that d(a - v) = 0 and

since a =£ 0 and t> = 0 we have d = 0 and from 2a + d = 0 we take a = 0,

which contradicts our assumption 2d + a =£ 0. Therefore the assumption 2a +

d = 0 and a + 2c? # 0 is not vatid.

If2a + c/ = 0anda + 2cf = 0, then we obtain a = d = 0 and from the

second of (4.20) and (4.24) we have £ = J = r = a = 0.

Now, we assume that a = 0. The systems of equations (4.30) and (4.31)

have solutions different from zero, i.e. r - a = 0 and % = £ = 0, if the foUow-

ing relations are satisfied:
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(4.39) 0-0 = 0,     7 + 8=0.

From the assumption a = 0, the relations (4.28), (4.29), the second of

(4.20) and (4.22) and the relations (4.39) we conclude that bv = cv = dv = 0.

If v # 0 we obtain again b = c = d = 0 and from this ¿- = f = r=a = 0.

If v = 0 and because a = 0, then (4.28) and (4.29) by virtue of (4.39)

take the form

ß(a-d) = 0,    y(a-d) = 0.

If a =£ 0, then ß = y = 8 = u = 0, then from the second of (4.22) and

(4.24) we have ij = f = r = o = 0.

If we apply the derivation A to the relations

R0(fvfzV4=W+ «1» XoVvWi = W2. *]

which are obtained from (4.32) for the pairs (X = /,, Y = f2, Z = /4) and (^ =

/,, y = /3, Z = /4) respectively, after some calculations we have

(4.41) ßc = 0,    ¿(afi -bv + ba + dd) = 0,

(4.42) c(a8-bv + ba + dd) = 0,    d(a8-bv + ba + dd) = 0,

(4.43) pV = 0,    a(a5-ôu + ôa + d7) = 0,

(4.44) b(ab -bv + ba + dy) = 0,    c(a8 -bv + ba + dy) = 0.

If c ¥= 0 and since a = u = 0, then from (4.41), (4.42), (4.43) and (4.44)

we obtain ß = 0, ab + dâ = 0 and a8 + dy = 0. We assume that y =£ 0, because

the case 7 = 0 has been studied. If 7 # 0, then we have a = d = 0 and hence

$ = f = r = o = 0.

If c ^ 0 and 0 =£ 0, then from the first of (4.40) we conclude that a = d.

Since fl5 + dô = 0 and a = d ± 0 we have 5 + & = 0. The relation (4.27) by

virtue of 5 + & = 0 and first of (4.39) becomes ßb = 0 and since ß i= 0 we have

6 = 0. From this we take £ = £ = r=a = 0.

From the above we conclude that in every case we have | = f = r = o = 0.

Therefore the manifold Af = G/H with the canonical connection of the second

kind is an affine symmetric space. Hence the FF-manifold (M, g, s) is a symme-

tric Riemannian manifold.

5. Let (Ai, g, s) be a simply connected four-dimensional FF-manifold whose

regular s-structure {sx} has order greater than or equal to six. Therefore the linear

transformation S% on the vector space T$M) = T0iM) ® C has four distinct eigen-

values, where TQiM) is the tangent space of M = G/H at its origin 0.



198 Gr. TSAGAS AND A. LEDGER

Proposition (HI). Let (M, g, s) be a simply connected four-dimensional

RR-manifold whose regular s-structure {sx} has order greater than five.  Then

the Riemannian manifold (M, g)is a symmetric space.

Proof. There exists a linear transformation S0 on T0(M) from which we

obtain the linear transformation S% on T%(M). Therefore there exists an ortho-

normal base {/,, f2, f3, /4} of T0(M) such that SQ can be represented by the

matrix.

/

2ttu       . 2m;
;os_   _*„_-

•\

50 =

sin-
2ffu

cos-

•

2irv

T

o

0

0

47ru4rru
cosir -***

. 4ttv 4ttv
sm-j-    cos-y-

k>6.

For the relations A(S0) = A(g0) = 0, which are vaUd for every A G L(H),

we conclude that A can be represented as a matrix with respect to the {/,, f2,

f$> f&} by the foUowing form

(5.1) A =

If we set

(5-2) Vx=fx+if2,      K2=/3+//4,

then Vv V2, Vx, V2 form a base of F0C(M), which are the eigenvectors

of Sq whose eigenvalues are <p, £, <p2, ̂ respectively, where \p = cos(27ru/fc) +

i sin(2ffu/*). From Lemma (I) we obtain

(5.3)

(5.4)

(5.5)

W. ^i) = 0, f0(Vx, V2) = 0,

f0(Vx, V2) = XVx,     f0(Vx, V2) = xV„

f0(Vx, V2) - 0, T0(VX, V2) = 0.

From the form of A, given by (5.1), we have
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(5.6) A(fx) = -cf2,   A(f2) = cfx,   A(f3) = -pU   A(f4) = pf3.

From the relations (5.2) by virtue of (5.6) we obtain

(5.7) A(Vx) = -ciVx,   A(Vx) = ciVx,   A(V2) = -piV2,   A(V2) = piV2.

Since A(T0) = 0 and applying the derivation A to the first of (5.4) we

take

f0(A(Vx), V2) + f0(Vx, A(V2)) = M(K,),

which by means of (5.7) and after same estimates impUes p = 2c. Therefore the

matrix (5.1) and the relations (5.6) take the form

(0-10      0\

1      0   0      0 \

0      0   0-21

0      0   2      0/

(5.9) A(fx) = -cf2, A(f2) = cfx, A(f3) = -2cf4,  A(f4) = 2cf3.

The relations (53), (5.4) and (5.5) by virtue of (5.2) and after some cal-

culations give

(5.10) f 0</„ f3) = fQ(f2, f4) = WSfr + S/2).

(5.11) f 0</2, /3) = -f0(fx, /4) = aß"/, - V2),

(5.12) T0(fx,f2)=T0if3,f4) = 0,

where f = Re(X) and £ = Im(X).

Since dim(i(F)) < 1, then the relations (4.9) and (4.10) by means of

(5.6), (5.10), (5.11) and (5.12) imply

(5.13) 2[/„ f2] = ae,     2[/,, f3] = f/, + tf2 + ße,

(5.14) 2[f„ /4] = -Vx + f/2 + 7e,      2f/2, /3] = £/, - f/2 + 5e,

(5.15) 2f/2, /4] = f/, + É/2 + «Je,      2[/3, /4] = ue,

(5.16) r/,,e] =-c/2,      iV2.e]=c/,,

(5.17) i/3, e] = -2c/4,      r/4, e] = 2c/3,

where
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/O   -c   0       0\

/.    o o     o\

I   O      O    0     -2c I

\0      0    2c      0/

for some fixed c.

These Lie brackets must satisfy the Jacobi identity from which we take

(5.18) c(27 + ô) = 0,      c(2ß-d) = 0, c(y + 2ô) = 0,

(5.19) c(ß - 2Û) = 0, cet = 0,     cv + %2 + ?2 = 0.

If c = 0, then the system of the equations (5.18) and (5.19) is satisfied

when | = f = 0 and hence the Riemannian manifold (M, g) is a symmetric space.

If c # 0 and v + 0, then from the system of equations (5.18) and (5.19)

we have a = ß = y = 8 = d = 0 and therefore the relations (5.13), (5.14), and

(5.15) take the form

(5.20) Uv fi) = 0,      21/,, f3] = tfx + %f2,

(5.21) 2[/j, /4] = -I/, + f/2      2[/2, /3] = %fx - f/2,

(5.22) 2[/2, /4] = f/, + |/2,      2\f3, /4] = ie.

If dim(L(H)) = 1, then 7,(C) is a Lie algebra of five dimensions. Let L(K)

be an ideal of L(G). Therefore we have [X, p] E L(K) for every X G L(K) and

for every ju G L(G).  From the relations (5.16), (5.17), (5.20), (5.21) and (5.22)

and after some estimates we conclude that ¿(AT) = {0}. Therefore the Lie alge-

bra L(G) is simple. This is impossible because dim(L(G)) = 5. Therefore the

assumption dim(L(H)) = 1 is false and hence dim(L(H)) = 0. From this we

conclude that v = 0 which impUes % = f = 0. This completes the proof of the

proposition, i.e. (M, g) symmetric space.

6. We assume that RR-manifold (M, g, s) is simply connected and four

dimensions whose regular s-structure {sx} has order five. Therefore the linear

transformation S% on T%(M) has also four distinct eigenvalues. However this

case is a little different from the previous one, because the set / contains aU the

eigenvalues of Sq.

Proposition ÍTV).   We consider a simply connected four-dimensional RR-

manifold (M, g, s) whose regular s-structure {sx} has order five.  Then the Rie-

mannian manifold (M, g) is a symmetric space.
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Proof.   It is known that there exists an orthonormal base {/,, f2, f3, f4}

of T0(M) such that the linear transformation 50 on TQ(M) can be represented

by the matrix

/2ircosy

*o =

sin

. 2tt
-siny

2tt

•

2tt n
nr      cost        0

\

0

0

0

0

47T
cos-

. 4ir
siny

.   47T
-siny

4it
cosy

/

Since we have A(S0) = A(g0) = 0 for every A G L(H) we conclude that A

can be represented by the matrix

(6.1) A =

with respect to the basis {/,, f2, f3, f4} of T0(M).

From the form of the matrix A we have

(6.2) A(fx) = bf2,   A(f2) = -bfx,   A(f3)=df4,   A(f4) = -df3.

If we put

(6.3) Vx=fx+if2,      V2=f3+if4,

then by means of (6.2) and after some estimates we obtain

(6.4) A(Vx) = -ibVx,   A(Vx) = ibVx,   A(V2) = idV2,   A(V2) = idV2.

From the form of the eigenvalues of S% and by means of Lemma (I) we

have

(6.5) T0(VX, Vx) = 0,      TQiVx, V2) = \VX,      f0iVvV2) = pVx,

(6.6) f 0iV2, V2) = 0,      T0iVx, V2) = pVx,      T0iVx, V2) = \V2,

which by virtue of (6.3) and after some calculations imply

(6.7) T0(fx,f2) = f0(f3,f4) = 0,
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(6.8) f 0(fv f3) = fcO/i + Of2 + tf3 + S/4)>

(6.9) f 0(fi. /4) = H(-tfi + rf2 + tfi -f/4),

(6.10) f0(f2, f3) = 14(0/, - r/2 + È/3 - r/4),

(6.11) f0(/2, /4) = fcfcf, + o/2 - r/3 - S/4),

where r = Refju), a = Im(p), ? = Re(X) and % = Im(X).

Since A(T0) = 0 for every A G 1(F) and applying the derivations A to the

second and third of (6.5) we take

T0(A(VX), V2) + fQ(Vx, AiV2)) = \A(V2),

f0(A(Vx), V2) + T0iVx, A(V2)) = pAiVx),

which by means of (6.4) and after some estimates give X(2d + b) = 0, p(2b + d)

= 0 from which we have X = p = 0orX = 0, p#0 and d = -2b or X =£ 0, p

= 0 and b = -2d or finaUy X ¥= 0, p & 0 and therefore d = ft = 0.

If X = p = 0, then the Riemannian manifold (Af, #) is a symmetric space.

If X = 0 and p =/= 0, then we are in the case of §5 and hence (Af, g) isa symme-

tric space.

Now we assume that X # 0, p = 0 and b = -2d then (6.2), (6.8), (6.9),

(6.10) and (6.11) take the form

(6.12) A(fx) = -2df2,   A(f2) = 2df,   A(f3) = -df4,   A(f4) = -df3,

(6.13) f0ifx, f3) = %G/3 + %f4),      f0ifx, f4) = WSf3 - f/4),

(6.14) f0(f2, f3) = ü(?/3 - ?/4),      f0(/2, /4) = -*(f/3 + S/4).

Since dim(i(F)) < 1, then from (4.9), (4.10), (6.7), (6.8), (6.9), (6.10)

and (6.11) we obtain

\fv f2] = «e.   \fv /3] = " Ws + if*) + *.

If». Al = - W3 - JA) + ye>  Vv /3] = -*<lfs - f/4) + 8«.

r/2. /4] = W3 + f/4) + «e,    r/3, /4] = ue,

If,, e] = 2d/2,   \f2, e] = -2dfx,   \f3, e] = -df4,   \f4, e] = df3,

where e is a vector of L(H).

If we use the same arguments as in §5 we obtain in this case that, the

Riemannian manifold (M, g) is a symmetric space.

FinaUy, if X # 0 and p ï 0, then b = d = 0 and hence F0 = 0. There-

fore the relation (4.9) becomes [X, Y] = -f0(X, Y) which by means of (6.5)

and (6.6) impUes
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(6.15) [Vv Vx] =0,    [Vx, V2] =XV2,    [Vv V2] =pVx,

(6.16) [V2, F2]=0,    [Vx, V2]=\V2,   [VX,V2]=UVV

These Lie brackets must satisfy the Jacobi identity. Therefore we have

[[vv v¿. v»] + UVv ̂ï. Vi\ + VPv y%\v%\ = o

which by virtue of (6.15) and (6.16) and after some estimates takes the form

XX K2 = 0 or X = 0 simUarly we have

[[V2, V2], Vx] + [[Vv Vx], V2] + [V2, Vx], Vx]=0

which by means of (6.15) and (6.16) and after some calculations we obtain

upVi — 0 or p = 0.

This completes the proof of Proposition (IV).

7. It has been proved that a simply connected four-dimensional RR-mani-

fold (M, g, s) whose regular s-structure {sx} has order different than four is a

symmetric space. Now we assume that the regular s-structure {sx} has order

four and therefore the linear transformation S% on the vector space T%(M) has

three distinct eigenvalues which are -1, / and -/. The eigenvalue -1 is double.

We also have a linear transformation S,, on the tangent space TQ(M) of M

= G/Hat its origin 0. Hence there exists an orthonormal base {/,, f2, f3, /4}

of T0(M) such that the linear transformation SQ can be represented by the

matrix

Proposition (V).  Let (M, g, s) be a simply connected four-dimensional

RR-manifold whose regular s-structure {sx} has order four.  Then there are four

vector fields X, Y, Z, W on M satisfying the relations

f(X, Z) = -X,    f(Y, Z) = Y,    T(X, Y) = 0,

T(X, W) = -X,   f(Y, W)=Y,   T(W, Z) = 0,

(ii) g(X, X) = g(Y, Y) = 1,   g(Z, Z) = -\2,   g(W, W) = -j-r.
\y\¿ \Sr

Proof.  From the form of the linear transformation S0 we have

(7.1)      50(/,) = -/2,   S0(f2)=fx,   S0(f3) = -f3,   50i/4) = -/4.
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If we set

(7.2) Vx=fx+if2,      U2=f3,      W2=f4

then by means of (7.1) we obtain

(7.3) S0(Vx) = -iVx,    S0(U2) = -U2,      S0(W2) = -W2.

From Lemma (I) and the form of the eigenvalues of S% we have

(7.4) f0(Vx, Vx) = 0,   f 0(VX, Vx) = 0,   f0(U2, W2) = 0,

(7-5)     fo(Vx,Vx) = 0,   TQ(Vx,U2) = yVx,    T0(VX, W2)= 8VX,

(7-6)     T0(Vx,U2) = yVv   T0(VX, W2) = 5VX.

The Lie algebra 1(7/) consists of linear transformations A on T0(M) which

satisfy A(S0) = A(g0) = A(RQ) = >1(F0) = 0.

From the relations A(SQ) = A(gQ) = 0 we conclude that A can be repre-

sented by the matrix

/0   b   0   0V

AJ-b o o o\
1    0   0   0   0

\o   0   0   0/

with respect to the base {fx, f2, f3, /4} of T0(M).

From the form of linear transformation A we obtain

(7.7) A(fx) = -bf2,   A(f2) = bfx,   A(f3) = 0,   A(f4) = 0.

From (7.2) by virtue of (7.7) we conclude that

(7.8) A(Vx) = ibVx,   A(Vx) = -ibVx,   A(U2) = 0,   A(W2) = 0.

Since A(T0) = 0, then from the second of (7.5) we have

f0(A(Vx), U2) + f0(Vx, A(V2)) = A(VX)

which by means of (7.8) becomes biT0(Vx, U2) = -ybiVx which impUes b = 0.

Therefore A = 0 and 7,(77) = {0}.

The complexification of the tangent space T0(M) gives the four-dimensional

complex vector space Tq(M) which can be written T$M) = Lc ®NC, where Lc

is the vector subspace of Tq(M) which is spanned by the vectors Vx and Vx and

Nc the complexification of the vector space which is the eigenspace of SQ with

eigenvalue -1.
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On the vector space Lc we consider a linear transformation BU2 defined by

BU2: Vx — T0iVx, U2) = yVx,   BU2: Vx -» f0(F„ i/2) = yVx

which has the property such that B\¡ : Vx —* 77F, = \y\2Vx.

If we set U2/\y\ = Z, then we have another linear transformation Bz on

Lc with the property F2 = id, whose eigenvalues are -1 and +1. Let X, Y be

the corresponding real unit eigenvectors determined uniquely up to sign.

Simüarly from the third of (7.5) we obtain another linear transformation

Bw on Lc from which we construct a new Unear transformation Bw on Lc such

that F2^ = id. Therefore the eigenvalues of Bw are 1 and -1. Hence Bw has

the same real unit eigenvectors X, Y.

Since F = 0 and M simply connected, we can extend the vectors X, Y, Z,

W to parallel vector fields on M, which wiU be denoted by the same symbols.

From the properties of the linear transformations Bz and Bw we obtain

(7.9) fiX, Z) = -X,   TiY, Z)=Y,   ?iX, W) = -X,    f (r, W) = Y.

The vectors X, Y form a basis of the vector space L. Therefore the vectors

Vx, Vx can be written

Vx = axX + /?, Y + i(a2* + ß2 Y),      Vx=axX + ßxY- i(a2X + ß2 Y),

where

(7.10) axX + ßxY = fx,     a2X + ß2Y = f2.

The first of (7.4) by means of the first of (7.2) can be written

T<¡(fi + 'A' /1 ~ ^2) = 0 fr°m which we have f0(fx, f2) = 0, that by virtue

of (7.10) becomes

(7.11) (axß2-ßxa2)f0(X, y) = 0.

The third of the relations (7.4) can be written

(7.12) f0iU2/\y\, W2/\8\) = T0iZ, W) = 0.

From (7.11) and (7.12) we have

(7.13) TiX, Y) = TiZ, W) = 0.

(U) The vectors X, Y, Z, W form an orthonormal base of the tangent

space T0iM) with respect to the inner product on it defined by g0. Therefore

we obtain

(7.14) g0iX, X)=g0iY,Y)=l,   g0iU2, U2) = g0iW2, W2)=l.
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The last two relations of (7.14) by means of U2/\8\ = Z and W2/\81 = IV

become

(7.15) g0iZ, Z) = I/I7I2,      g0iW, W) = 1/1512.

Therefore (7.14) and (7.15) for the vector fields X, Y, Z, W take the form

giX,X) = giY,Y) = l,   giZ.Z) =l/\y\2,   giW, «0=1/1612.

Proposition (VT). Let (Af, g, s) be a simply connected four-dimensional

RR-manifold whose regular s-structure {sx: x G Af} has order 4. 77ien there are

four vector fields X, Y, Z, W satisfying

[X, Z] = [X, W] = X,    [Y, Z] = [Y, W]=-Y,    [X, Y] = [W, Z] = 0,

SX = eY,   SY=e'X,   SZ = -Z,   SW = -W,

where e, e' = ± 1 and S is the symmetry tensor field.

Proof. It is known that the foUowing formula holds

(7.16) TiXx, Yx)=VXlYx -VYxXx - [Xx, Yx].

Since F = 0, Vx\Yi ~ Vy\xi ~ °- Therefore from (7.16) we obtain

(7.17) TiX,Y) = -[X,Y\.

The relations (7.9) and (7.13) by virtue of (7.17) imply

(7.18) [X, Z] = X,       [Y, Z]=-Y,      [X, Y] = 0,

(7.19) [X, W] = X,      [Y, W]=-Y,      [W, Z] = 0.

The symmetry tensor field S of {sx} has order 4 and for each PEM, Sp

is an orthogonal transformation on TP(M) which satisfies the relations

SpiZp) = -Zp,   SpiWp) = -Wp,      WEM

from which we obtain

(7.20) SZ = -Z,      SW = -W.

It is known that the tensor field S preserves the tensor field T. Therefore

from the first and the second of (7.9) we obtain

SifiX, Z)) = TiSX, SZ) = -SX,      SifiY, Z)) = TiSY, SZ) = SY,

which by means of (7.20) take the form

(7.21) fiSX, Z) = SX,      TiSY, Z) = -SY.
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Sinülarly from the third and the fourth of (7.9) by virtue of (7.20) we

conclude that

(7.22) f(SX, W) = SX,      f(SY, W) = ~SY.

From the relations (7.9) by means of (7.21) and (7.22) we have

(7.23) SX = er,     SY = e'X,

where e, e' = ±1.

Theorem (TV). Let (M, g, s) be a simply connected four-dimensional RR-

manifold whose regular s-structure {sx: xEM} has order four.  Then for the

manifold (M, g) we have M = R4(xx, x2, x3, xA) provided with the Riemannian

metric

ds2 = e2^+x^dx\ + e-2^+x^dx\ + ^dx\ + ^dx2,

X, p constants ¥= 0.

It can also be represented as a Lie group G = Gx xi» where Gx is isomor-

phic to the Lie group of all hyperbolic motions of an oriented affine plane and

R+ = R - {0} provided with a special left-invariant Riemannian metric.

Proof. Since L(H) = {0}, we conclude that the Lie algebra L(G) of G

is four dimensions whose Lie bracket satisfies the relations (7.18) and (7.19).

The adjoint group Int(Z,(fJ)) of L(G) is generated by the elements of the form

e2dXi,XxEL(G)[3,p.U7].

The group lnt(L(G)) can be identified with the group of aU matrices of the

form

y   0     X   0'

ey p o
w=\

0     1   0

0    0   L

If we obtain as a Lie group Gx the set of aU matrices of the form W, then

fjj is isomorphic to the Lie group c72 consisting of matrices of the form

Y =
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The Lie group G2 is isomorphic to the Lie group of aU hyperboUc motions

of an oriented affine plane:

u = e~^u + X,     v = eyv + p.

From the above and [3, p. 119] we conclude that the Lie group G = Gx

x F*. From the form of the Lie group G, dim G = 4 and the results given in

[4, p. 362] we conclude that G is diffeomorphic to RA(xx, x2, x3, x4).

The Lie algebra ¿(G) of left vector fields on G has a base consisting of the

foUowing vector fields:

tus) * = *-<""<>£.   r = »<>3««.J_,  Z-JL   „_JL.

These vector fields satisfy the equations

(7.26) [X, Z] = X,    [Y, Z]=-Y,    [X, Y]=0,

(7.27) [X, W] = X,    [Y, W] = -Y,    [Z, W] = 0.

We define a left invariant Riemannian metric g on G by the conditions

(7.29)   g(X,X) = g(Y, y) = l,   g(Z,Z) = ^,   g(W,W) = ±      X,/¿*0.

(7.28)  g(X, Y) = g(X, Z) = g(X, W) = g(Y, Z) = g(Y, W) = g(Z, W) = 0,

rj.   g(W, W) = -
X p

The metric g with respect to the coordinate system (xx, x2, x3, x4)

(7.30) ds2 = e2^3+x^dx2x + e~2^+x^dx2 + ^dx\ + \dx\.1 2     X2    3     p2   4

At each point F of the manifold M we have a linear transformation Sp on

Tp(M) which is defined by

Sp(Xp) = eYp,   Sp(Yp) = eXp,   SP(Zp) = -Zp,   SP(WP) = -WP.

The linear transformation Sp defines a regular s-structure {sx} on the mani-

fold M whose order is four.

On the manifold M = G we define the canonical (-Connection V for which

we have

(7.31) f(U, V) = - [U, V\,    VF = R = 0,      VJ7, K G ¿(G).

The vector fields X, Y, Z, W aie paraUel with respect to the connection V.

From the relations (7.21), (7.22), (7.28) and (7.29) by means of (7.20)

and (7.23) we obtain that F and g are invariants by S and an addition S and g

are parallel with respect to the connection V.

From the known theorem [6] we obtain that 5 gives rise to a nonparallel

regular s-structure {s } of order four on the Riemannian manifold (G, g) and since
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the manifold Af is simply connected we conclude that, this is isometric to the

manifold (G, g).

From the fact that the vector fields X, Y, Z, W aie paraUel with respect to

the connection V = V - D, then we conclude that

VyiU) = L\V, U),      V,UE{X, Y, Z, W}.

From this relation and the formula

2giDiV, If), V') = giTiV, U), V)+giTiV, V), U)+giTiU, V), V),

U, V, V' E{X, Y, Z, W} and after some calculations we obtain

V** = -x2z - p} W,   VXY= 0,   VXZ = VXW = X,

VyX=0,       VyY=\2Z + U2W,        VyZ=VyW=-Y,(7.32) ï y r y

vzjr=vzr=vzz=vzw = o,

VWX = VWY= VWZ = VWW = 0.

Therefore the Gauss curvature in the basic 2-directions are given by oiX, Y)

= X2 + p2, oiV, U) = 0, where V, UE{X, Y, Z, W} but it is not simultaneous-

ly U = X and V = Y or U = Y and V = X. It is easüy seen that the only tan-

gent 2-planes with sectional curvature X2 + ja2 are those in the distribution

spanned by [X, Y}.

Therefore this famfly must be preserved by any isometry / of (Af, g). From

this we obtain

7*Z = e,Z,  I*W = e2W, I,X = Xcos&+ Ysind,  I*Y= ei~Xsin&+ YcosÛ),

where e,, e2 and e = ± 1 and the parameter t? is a real function on M.

Also each isometry / of (Af, g) is an affine transformation, i.e. V7i tjI+V =

hiVr/K) for any two vector fields U, V on Af. By examining the cases (t/ = X,

V=Z)iU= X, V= W), iU= Y, V = Z) and (i/= Y, V= W) and by means of

(7.32) and after some calculations we obtain

I*X = 8X,   I*Y=b'Y,   I*Z = Z,      I*W=W,

UX = 8Y,   UY=8'X,   I*Z = -Z,   UW = -W,

where 6,5' = ±1.

The isotropy subgroup of G at any point P G Af is finite of order 8 and

contains exactly four symmetries.   The manifold (Af, g) with this metric is not

symmetric.
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