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COMPETITIVE PROCESSES
AND COMPARISON DIFFERENTIAL SYSTEMS

BY

G. S. LADDE

ABSTRACT.  Sufficient conditions are given for stability and nonnegativity

of solutions of a system of differential equations, in particular, of comparison

differential equations.  Finally, it has been shown that the comparison differ-

ential equations represent the mathematical models for competitive processes in

biological, physical and social sciences.

1. Introduction. Since 1960, comparison differential equations have been

successfully employed to investigate a variety of problems in a unified way, of

differential equations in the context of Lyapunov's second method. The impor-

tance of this method lies in the fact that properties of the solutions of a system

of differential equations can be inferred from corresponding properties of the

solutions of a system of comparison equations. A systematic use of comparison

equations, and its applications are demonstrated in a recent monograph [15]. In

general, it is assumed that the comparison differential system possesses properties

[13], [14], [15] in order to study the corresponding properties of solutions of

a system of differential equations. However, in some special situations such

properties have been examined [5], [7], [8], [9].

Based on our current study in biological, physical and social sciences, we

immediately observe that the comparison systems represent models for competi-

tive processes that exist in several fields, for instance, pharmocokinetics [2], [3],

chemical kinetics [4], [6], and economic systems [10], [11], [16], [18], [19].

This simple but very important observation opens up a new outlook towards the

systems of comparison differential equations. Because of the significance of this

observation, we propose to present three different aspects: (1) nonnegativity,

(2) stability, and (3) interpretativity, of the comparison differential system.

In §2, we give sufficient conditions for nonnegativity of solutions of com-

parison systems, provided initial states of the systems are nonnegative. In §3,

sufficient conditions are given for stability of the equilibrium of a system of
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differential équations, in particular, that of the equilibrium of the comparison

system. This stabiUty analysis of the comparison system wiU justify the vaUdity

of the stabiUty assumption made in [15], so as to study the stabiUty behavior of

a system of differential equations. FinaUy, in §4, we interpret some of its mathe-

matical conditions imposed on comparison systems to confirm that the comparison

systems are indeed mathematical models for competitive processes in pharmaco-

kinetics [2], [3], chemical kinetics [4], [6], and economic systems [10], [11],

[16], [18], [19]. More detailed studies of these models are under investigation,

and wiU appear elsewhere, see [20], [21].

2. Notations and definitions. Let R" denote the «-dimensional Euclidean

space with any convenient norm II -II. R+ and R stand for the nonnegative real

and real Une respectively. R"_ denotes the set [u eRn: u > 0}, that is (i.e.), a

positive cone or positive orthant in R". C[R+ x R", Rn] denotes the space of

continuous functions mapping the set R+ x Rn into R". Let Hi = {« Gi?" :

u¡ = 0} for any 1 < i < n.

Consider a system of differential equations

(1) «-«ft«),     "(r0) = 0,

where g G C[R+ x Rn, Rn], and g(t, u) is smooth enough to assure the existence

of solutions u(t, t0, u0) of (1) for aU t > t0, t0 G R+.

3. Nonnegativity.  In general, the solutions of systems of differential equa-

tions that describe systems in physical, biological, medical and social sciences,

have to be nonnegative. Even in a mathematical point of view, it is interesting to

derive sufficient conditions to estabUsh the nonnegativity of solutions of a system

of differential equations, especiaUy, a comparison.or an auxiUary system of differ-

ential equations [15], that is most useful in studying the quaUtative behavior of

a system of differential equations in the context of Lyapunov's second method

[15].
An attempt has been made by HaUam and Heidel [9] to study the non-

negativity of solutions for scalar comparison equations. In this section, we give

sufficient conditions to estabUsh the nonnegativity of solutions of a system of

differential equations, whenever its initial data is nonnegative.

Here, we shaU assume that g(t, u) in (1) satisfies the foUowing hypotheses:

(NHj) Assume that g(t, u) satisfies the foUowing conditions

(2) gfi, u)>0   for aU (t, u)CR+ x H,

every (denote V) i = 1, 2,.. ., «.

(NH2) For (/, ux), (t, u2)eR+ x R"

k(t,u2)-g(t,u2)\\<L(t)\\ux-u2K
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where L E C[R+, R+], i.e., git, u) satisfies a Lipschitz condition in u for fixed

tER+.

Now we prove the following:

Theorem 1. Let the hypotheses (NH,) and (NH2) be satisfied. Let

u(t, t0, u0) be a solution of (I) through (t0, u0) ER+ x R"y.  Then,

(3) u(t, t0,u0)>0   fort>t0.

Proof.  For sufficiently small p £ /?" \{0}, consider the system of differ-

ential equations

(4) ù = g(t, u) + p,   u(t0, p) = u0+ p,   u0 > 0.

It is easy to see that g(t, u) + p. satisfies all hypotheses of Theorem 2.5.2 in

[15]. Therefore, the initial value problem (4) admits a unique solution u(t, p.) =

u(t, t0, u0, p.) satisfying

(5) urn u(t, p.) = u(t, t0, u0),     t>t0,
v ' u->0

where u(t, tQ, u0) is the solution of (1) through (f0, u0) ER+ x /?" . The

vaHdity of the inequality (3) is immediate, if we can show that

(6) u(t,p)>0,      t>t0.

If (6) is false, let

Z= Ü {teR+:ufi, ß)<0}
i=l

be a nonempty set, and tx = inf Z. Arguing as in Theorem 1.5.1 of [15], there

exists index / such that

(i) uftx,p.) = 0,
(Ü) uft, tx) > 0, t E [t0, tx),

(ih) u¡(t, n)>0,tE [t0, ij], / * j, and

0 > ùj(tx, p.) = g ff, u(tx, p.)) + p¡.

This together with condition (2) in (NHj) yields 0 > p.¡ which is incompatible

with the fact that p £ R"+ \{0}, i.e., p;. > 0. Hence the set Z is empty which in

turn proves the inequality (6).

In the qualitative analysis of differential equations [15],g(f, u) satisfies

the quasimonotonicity property in u for fixed t ER+, i.e.

(NH3) for u.vER!^ such that u¡ = v¡, uk < vk, for all k ¥= i, g(t, u)

satisfies the relation

(7) gft,u)<gft,v),       Vi=l,2.n.
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(NH4) Let us assume that the initial value problem (1) has a unique solution

through (f0, u0) G R+ x Rn+.

(NHS) Assume that g(t, u) = 0.

Remark 1. Observe that (NH3) impUes (NHj) provided g(t, 0) = 0; and

(NH2) impUes (NH4).

In the foUowing, we state another result which estabUshes the nonnegativity

of solutions of (1), whenever (f0, t/0) G R+ x /?" .

Theorem 2. Let the hypotheses (NH3), (NH4) and (NHs)Ae satisfied. Let

u(t, t0, u0) be a solution of (I) through (t0, u0) G R+ x R^.  Then, u(t, t0, u0)

>0fort>t0.

Proof.  The proof of the theorem can be constructed by foUowing the

argument used in the proof of Theorem 1, except that the argument about con-

tinuous dependence of solutions with the parameter is replaced by the concept of

the maximal solution of (1). Note that under the hypothesis (NH3), (1) has a

unique maximal solution.

Remark 2.   Assume that aU the hypotheses of Theorem 2 hold except

(NH4). Then the conclusion of Theorem 2 is vaUd for the maximal solution of

(1). Furthermore, Theorem 2 includes the result in [19] as a special case.

Remark 3. From Theorems 1, 2 and Remark 1, we conclude that there

is a trade-off between the hypotheses (NHj), (NH2) and the hypotheses (NH3),

(NH4).

In the foUowing, we present some of the most useful special forms of (1).

Consider the system of differential equations

(8) Ù = A(t, u)w(t. u),      u(t0) = u0,

where A is the n x n matrix function and A G C[R+ x R", Rn ], w(t, u) is the

«-column vector function, and w G C[R+ x Rn, Rn]. Further assume that

A(t, u) and w(t, u) are smooth enough to assure the existence of solutions of (8).

We assume that A and w in (8) satisfy the foUowing hypotheses.

(MHj) For (i, u) e R+ x i?" , the elements a¡j(t, u) of the n x n matrix

function ^4(r, u) in (8) satisfy the relation

(9) au(t, u) < 0,   a^t, u) > 0   for / # /, I, / - 1,2.n.

Further assume that for (t, u), (t, v)CR+ x R"_, so that ut = v¡, uk < vk

for aU k = 1, 2,..., n and k =£ i, functions au(t, u), w¡(t, u), aJt, u) satisfy

the relations au(t, u)wf(t, u) < au(t, vyv¡(t, v), alft, u) < atft, v) for / ^ i, Vi

/ = 1,2,...,«, where w¡(t, u) is the ith component of the vector function

w(t, u) in (8).

(MH2) The vector function w(t, u) > 0, w(t, 0) = 0 and satisfies the quasi-
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monotonicity property in u for fixed t £ R+, where (t, u)ER+ x /?" .

(MH3) Assume that the initial-value problem (8) has a unique solution

through (i0, u0)ER+ x Rn+.

Remark 4. From (MHj ) and (MH^), it is obvious that git, u) =

A(t, u)w(t, u) satisfies the quasimonotonicity condition, i.e. the hypothesis (NH3)

and the hypothesis (NH5). (MH3) = (NH3) for g(t, u) = A(t, u)w(t, u). With

these observations, we immediately apply Theorem 2, and conclude that any solu-

tion u(t, t0, u0) of (8) is nonnegative, whenever u0 £/?" .

From (8) several particular cases can be derived by replacing a pah (A(t, «),

w(t, u)) by its variant, i.e., any pah from the set

(A(t, u), w(u)), (A(t, u), u), (A(u), w(t, «)), (A(u), w(u)), (A(u), u),

(4(f), w(t, «)), (A(t), w(u)), (A(t), u), (A, w(t, «)), (A, w(u)), (A, u)

Remark 5.   Note that a variant of a pair (A(t, u), w(t, u)) that satisfies

(MHj), (MH2), and (MH3), will also satisfy these conditions. Hence Remark 3 is

also apphcable to them.

Recently, by using a method of successive approximations, Bellman [2] has

proved the result concerning the nonnegativity of solutions of a special form

(A(u), u) of (8), under the condition (9) and assuming that the elements a¡fu) of

A(u) are Lipschitzian in u £./?".  Furthermore, the variants (A(t), u), (A, u) of

(8) have been studied in [1], [2]. Thus our approach extends Bellman's results

to a very general class of systems of differential equations.

Remark 6.   From the mathematical point of view the uniqueness assump-

tion seems to be restrictive, but from the physical point of view, it is realistic.

Moreover, in several cases, the function g(t, u) in (1) is at least once differential

with respect to u for fixed t E R+.

Remark 7.   In the pah (A, u) in (10), the n x n matrix A which satisfies

(9), is called a Metzler matrix [16].

4. Stability. The stability properties of the solutions of a system of differ-

ential equations in the context of Lyapunov's second method [15] are inferred

from corresponding stability properties of the solutions of a system of comparison

differential equations [15]. However, the main problem in this method is deter-

mining under what conditions the comparison system possesses the desired stability

behavior. An effort in this direction was made by Brauer [5], Grimmer [7], and

Hallam and Heidel [9], Siljak [17], Siljak and Grujic [8] to establish the stability

properties of scalar comparison differential equations.

In this section, we shall give sufficient conditions to establish the stability

properties of the solutions of a system of differential equations, in particular,

that of a comparison, or an auxiliary system of differential equations. We note

.
(10)
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that the system (1) satisfying the hypothesis (NH3) is termed as a comparison, or

an auxiUary system of differential equations. Sirmlarly the system (8) and its

variants (10) satisfying (MHX) and (MH2) are also termed as auxiUary, or com-

parison differential systems. Here and after, we shaU use the term "auxiUary or

comparison differential systems". In order to appreciate the stabiUty conditions,

and to appreciate the significance of the conditions, we shaU Umit our stabUity

analysis to (8). However, based on our analysis, one can formulate more general

conditions to study stabiUty properties of (1).

In the foUowing stability analysis, we shaU consider stabiUty in the sense of

Lyapunov [15] of the equiUbrium u* = 0 of the system (1). However, if g(t, u*)

= 0, aU t e R+, and u* ¥* 0 is of interest, then we define the nonlinear function

g*(t, v) =g(t, u* + v), where v* = 0 represents the equiUbrium u* under consider-

ation. Further note that under the transformation v = u-u*, g*(t, v) preserves

the hypotheses (NH3), (NH4) and (NHS).

To derive a different set of sufficient conditions for stabiUty of the equüib-

rium u* = 0 of (8), we shaU assume that the functions A(t, u), w(t, u) in (8)

satisfy the foUowing set of hypotheses:

(SMHj) Assume that the elements atft, u) of the « x « matrix function

A(t, u) and the components w¡(t, u) of the vector function w(t, u) in (8) satisfy

the relations

(11) -signai, u)w¡(t, u)) m sign ut,   all t G R+

and aJt, u) for /#/ may have mixed signs for i, j = 1, 2,.. . , n; and

(12) \aJt,u)\-drl     ¿    di\aJt,u)\>aj(t,u),
i=lj*j

for aU (t, u)eR+ x Rn, where a¡ G C[R+ x Rn, R+] and aft, • ) G K[Rn] for

each t e R+, i.e., aft) G C[Rn, R+], aft, 0) = 0, aU t G R+, aft, u) is strictly

increasing in u for fixed teR+; and d>0,j=l,2.«. Further assume

that a*, Wj satisfy the conditions

(13) \wft, u)\aj(t, u) > <}>fu)

where <t>{ eK[Rn], i.e. 0y G C[Rn, R+], 0/0) =0, (¡>fu) is strictly increasing in u.

(SMHj) For (t, u)eR+ x Rn, the elements ajf, u) of the matrix A(t, u),

and the elements of the vector functions w(t, u) in (8) satisfy the relation (11),

and further assume that

(14) |al7(í. u)w¡(t, u)\ > a^tybfr),

and
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(15) \atft, u)wft, «j| < atftypfu),     i * j,

where <fy are as defined in (13), i, j = 1,2, . . . ,n; and the matrix function C(t)

defined by

(-»«(0.     i = i,
(16)

10,     i*U

satisfies the relation

(17) \cn(t)\-djl    £    di\cij(t)\>a,    /£/?+,
i=Ui*j

for some a > 0, d¡ > 0, / = 1, 2, . . . , n.

(SMH3) Assume that the elements a¡ft, u) of the n x n matrix function

A(t, u), and the elements of the vector function w(t, u) in (8) satisfy (11), and

further assume that

(18) \aii(t,u)\>aH(t),      \aij(t,u)\<aift),     i±j,

and

(19) \wft, u)\ > <¡>fu)   for (t, u)ER+xRn,

i, j = 1,2, ... ,n where 0, and af- are as defined in (14) and (15) and satisfy

(17).
(SMH4) Assume that the tjy in (SMHj), or (SMH2), or (SMH3) satisfy

<¡>¡(u) > eu¡ for u¡ i= 0 and for arbitrary small e > 0.

(SMHS) Assume that the hypothesis (SMH2) or (SMH3) holds except that

the constant a is replaced by the function a(f) which satisfies

(20) lim inf f ■—- f a(s) ds\ > 0,
t-*oo  Lr   'o  fo J

and the functions fy satisfy (SMH4).

Remark 8.   Note that the relation (11) in the hypotheses (SMH,),(SMH2),

(SMH3), and (SMHS) is equivalent to au(t, u) < 0, whenever (t, u)ER+ x R^

and w(t, u) satisfies (MH2). In view of this fact we can conclude that the con-

dition au(t, u) < 0 in (9) is contained in these above mentioned hypotheses.

Now we prove the following.

Theorem 3. Let the hypothesis (SMHj) be satisfied. Then, the equilibrium

u* = 0 o/(8) is asymptotically stable.

Proof.  Let u(t, t0, u0) be a solution of (8) through (t0, u0) ER+ x Rn

existing for t> t0. Let us consider the function v. R" —* R+ defined by
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(21) v(u) = £ rf,|u,l
<=1

where d¡ > O, i* = 1, 2.« as defined in (12). It is easy to observe that

(22) a(ll« II) < v(u) < b(U II),      (t, u)eR+ *Rn,

where a(ll«ll) = djlull, A(llull) = Mil Hull, dm = min^^iz,.
Now, by using (11), (12), (13), and (21), for (t, u)eR+ x Rn, we com-

pute

n

DfavQi) = £ dt sign up,
í=i

= £ <*/ sign uj £ aJt, u)wft, u)\
/=i L/=i J

= Ë di  X sig" «Väfc "K(í, «)

< ¿ d,|- l%(f, «)l \wft, u)\ +    ¿    |a,/f, m)| |w/f, u)|
i=i   L ¡=uj*t J

< ¿ tyw/f, U)||- \ajft, u)\ + dj-1    ¿    tf,Mr, «)|1
/=i L **um J

(23)

<-£d/|w/(í,M)|a/(í,M)

/=!

where

(24) 0(«) = £ d.0/«).

Note that (¡>(u) is positive definite in u. Hence by the appUcation of Lyapunov

Theorem [12], we conclude that the equiUbrium u* = 0 of (8) is asymptoticaUy

stable.

We formulate a few results which estabUsh either asymptotic stabiUty or

exponential asymptotic stabiUty of the equiUbrium of (8).

Theorem 4. Let the assumption (SMH2) or (SMH3) hold.  Then the

equilibrium u* = 0 of (8) is asymptotically stable.
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Proof.  The proof of the theorem can be constructed by imitating the

proof of Theorem 3 with a little modification.

Theorem 5. Let the hypotheses (SMñx) and (SMH4) ((SMHj), or (SMH3)

and (SMH4)) be satisfied. Then the equilibrium u* = 0 is exponentially asympo-

tically stable.

Proof.  By imitating the proof of Theorem 3, we arrive at (23). From

(SMH4), for u ¥= 0, and for an arbitrary small e > 0 we have

(25) <¡>i(u)>eui   for/=1, 2.n.

From (22), (23), (24) and (25) we obtain

Z)+8)u(«) < -eu(u)   for (t, u)ER+ x R".

This together with (22) yields

(26) Mt,t0,u0)VKMuJexp[-e(t-t0)],     t>t0,

where K = d~l liefII. This completes the proof of the theorem.

Theorem 6.  Let the hypotheses (SMHS) be satisfied. Then, the conclu-

sion of Theorem 5 remains true.

Remark 9.   It is easy to observe that our stability results for the equilib-

rium of (8) include the stability results for the equilibrium of the comparison

or the auxiliary systems of differential equations. In this case, one can easily

see that the hypotheses (SMH,)-(SMH5) need to satisfy on (t, u)ER+ x R1*.

only. Therefore, the relation (11) is unnecessary in view of Remark 8.

Remark 10. Based on previous results, one can formulate several stability

results corresponding to the different set of conditions relative to variants (10)

of (8). To avoid monotonicity, we are not going to formulate these conditions,

however, we will present some of the conditions in order to show earlier results

relative to comparison systems as special cases. For example: if we take the

variant (A, u) of (8), i.e., ù - Au, that satisfies (MH,)-(MH3). It is obvious

that (SMH2) holds with 4>fu) = u¡ and a¡ft) = a¡¡, except that the relation (17)

is supposed to be assumed relative to A = C. In this case the n x n constant

matrix A is a Metzler matrix [16]. It is well known that the Metzler matrix

satisfying condition (17) implies it is a Hicks matrix [16] which implies that it

is a stable matrix [16] that means that every eigenvalue of the matrix A has

negative real parts. This simple illustration has been utilized in [1], [17] in

order to derive stability conditions for systems under investigation. Similarly,

another case (A, w(u)), i.e. ù = Aw(u) can be studied based on conditions on A.

This case has been utilized in [8] to investigate the stability of large-scale systems.
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5.  AppUcations.  In this section, we wiU interpret our conditions and hy-

potheses imposed on a comparison differential system (8) by means of foUowing

physical considerations. We present some of these appUcations in brief, however,

more details about them are under investigation and wiU appear elsewhere, see

[20], [21].

Pharmacokinetics.  A compartmental system in pharmacokinetics consisting

of « interconnected compartments is described by the auxiUary system of differ-

ential equations (8). u in (8) stands for the concentration of a certain drug or a

chemical in the system. It is natural to expect that u G R"_. The element

a¡ft, u), i =£ /, of the « x « matrix A(t, u) in (8) characterizes the time and con-

centration dependent rates of transport material from compartment / to compart-

ment i per unit amount of material in ;th compartment. au(t, u) is the total turn-

over rate of the ith compartment. Because of their physical significance, the ele-

ments a¡ft, u) must satisfy the condition (9). The component wft, u) of w(t, u)

represents the law by means of which the material from the ;'th compartment is

transferred to ith compartment, therefore, w(t, u) has to be nonnegative vector.

This fact justifies the assumption (MH2). The condition (MH3) reflects a unique

response which is natural to expect. The condition (SMH2) reflects the growth

on the rate functions a,ft, u).

To illustrate these facts with the system (8), we consider a four-compart-

mental model in pharmacokinetics [3] :

(27) u

k12

U,

v23

U-,

l34

>f
"•21 *32

In this case we have the foUowing system of equations

(28) ù = Au,     u(t0) = u0>0

where A is a 4 x 4 constant matrix which is defined by

v43

A =

-k 12

v12

0

0

"21

- (k2X + k23)

k23
-(*

32

32

+ *34>

^34 -*.

0

0

t43

43-

where k,¡ are rate constants in (27). It is obvious that (27) satisfies conditions

(MHj)-(MH3), and (SMH3), (SMH4). If we assume that A satisfies (17), then

we can conclude from Theorem 5 that the equiUbrium u* = 0 of (28) is expon-

ential asymptoticaUy stable.

Chemical kinetics.  The auxiUary differential system (8) may represent the
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interconversion of « reactants in the chemical reaction system. Again u represents

the concentration vector. Obviously u E i?" . The matrix A(t, u) is the reaction

rate matrix, and the vector w(t, u) represents law by means of which the reactants

convert into one another. The negativity of afl(f, u) represents the self-inhibitory

effect, and the a¡ft, u) > 0, i #/, represents the activational effect of/th reactant

on the j'th reactant. The condition (SMH3) again includes the saturation effects.

Moreover, it is natural to expect that the rates do not grow infinitely.

We now illustrate these facts by a simple, monomolecular reversible open

reaction system [6] described by the mechanism in which reactants Ux and U2

enter and leave the system at definite rates. This is represented by

*01 *20

>w £ _

(29) UXT=±U2
s^ *21

*10 *02

and the corresponding system of rate equations is

(30) ¿ = Au + k

where A is a 2 x 2 constant matrix defined by

r *i2   *2i i

*12     ~*2lJ

where ku > 0, kt¡ > 0, i ±j, i, j = 1,2, and

k =
[fcoi-fcioI

*20~*20j

Note that (30) satisfies the conditions (MH^-fMHa), and (SMH3), (SHM4). If

we assume that A satisfies the conditions (17), then we can conclude that the

steady-state u* of (30) is exponentially asymptotically stable.

Economic systems. Comparison system (1) also represents the economic

system in which u is the price vector, the function g(t, u) is the aggregate excess

demand vector function. The assumption (NH3) for (1), (MHi) and (MH2) for

(8) reflects the time-dependent gross substitutability property [10], [11], [16], [19],

i.e., the /th commodity in a system of n commodities is said to be a gross sub-

stitute for the ith commodity if an increase in the price of the /'th commodity

creates excess demand for the ith commodity whose price has remained constant

for i ±j, i = 1, 2.n. Relative to condition (SMH3), we can make a remark

similar to previous cases, such as they reflect a leveling-off of the influence of the
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;th market price u • on the rate of change ùt of the ith market price u¡, which is a

reaUstic assumption on multiple-market system (1), or (8).
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