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A BANACH ALGEBRA OF FUNCTIONS

WITH BOUNDED «TH DIFFERENCES
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JOHN T. DALY AND PHILIP B. DOWNUM

ABSTRACT.  Several characterizations are given for the Banach algebra

of (n — l)-times continuously differentiable functions whose (n — l)st deriva-

tive satisfies a bounded Lipschitz condition.  The structure of the closed pri-

mary ideals is investigated and spectral synthesis is shown to be satisfied.

0. Introduction. The aim of this paper is to study the ideal structure of

the subalgebra of Dn~l [0, 1] (the algebra of (n - l)-times continuously differ-

entiable functions on [0, 1]) consisting of functions whose (n - l)st derivative

satisfies a bounded Lipschitz condition. We present several characterizations of

this algebra and then show that every closed ideal 7 is the intersection of primary

ideals determined by I; i.e., that spectral synthesis holds. We show further that

the closed primary ideals are determined by the differentiability properties of the

algebra.

We let XT (the interval [0, 1] is fixed throughout) be the algebra of func-

tions/for which there exists a sequence {/p}"=1 of functions fp ED" such that

H/p -fh-l -* 0 and suPp||/p||„ <oo where || • |L = 2^0||/(0IL/i! is the stan-

dard Banach algebra norm on Dr. V" is a commutative Banach algebra under the

norm

H/ll = inf|sup||/p||„: fp EDn and \\fp -f\\n_x -» oj-.

V" is easily seen to be regular since we have D" C Q" CD"-1 by Theorem 1.3.

In [7] D. Sherbert studies Banach algebras of Lipschitz functions on metric

spaces. His work includes V1 as a special case although the theorem on spectral

synthesis was obtained later by Waelbroeck [8] and independently by G. Glaeser

[3]. Henceforth we refer to V" as £>.

1. Functions with bounded nth-order differences. This section is devoted

to the proof of Theorem 1.3 which characterizes V as an algebra of functions
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280 J. T. DALY AND P. B. DOWNUM

which satisfy a Lipschitz condition on the (n - l)st derivative. We begin with

several preliminary definitions and lemmas.

The kth order divided difference of f(x) is defined inductively by setting

a2/(x) = /(x),      A„/(x) = f(x + A) -f(x),

Akf(x) = Akn~lf(x + A) - Akh-lf(x)   for k = 2, 3,... .

An easy induction yields

4m = h (-i)*-'(*W+w).
Iff(k)(x) exists, then

An/fr)

n-o    A*
lim =/<*>(*),

but not conversely. (See [2, p. 65] or [5].)

Lemma 1.1. Letf(x) be a continuous real-valued function defined on (a, b)

such that |A£/(x)| < Mh", M<*>t whenever a<x<x + nh<b.  Then \A„ t

• • • A„nf(x)\ < Mhx • • • hn for any choice ofx and n positive numbers h¡

which satisfy a<x <x + hx + • • • + hn<b.

Proof. We set g(x) = M^/nl and observe that Anh(g(x) ± f(x)) > 0 since

KsOc) = Mn"- ßy I1- Lemma 1, p. 497] we have A„x • • • Alhn(g(x) ±j\x)) > 0.

The desired inequality is immediate upon the substitution of the identity Ani

■ • ■ &hng(x) = Mhx ■ - ■ hn.   n

Suppose now that limn_>0(A£/(x)/Ap) = /^(x) exists on (a, b). Then

— (**£)■
h-*o\s     h*   )

Hence if \A"hf(x)\ < Mh" for a < x < b, we have

\A\f^n-l\x)\ = lim
«-►o

'a£atVço'
\Mh

by the preceding remark and Lemma 1.1. We summarize these results in Lemma

12 for later reference.
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Lemma 1.2. If/^(x) exisfs on (a, b), then

A*f<P\x) = Um  ( Ak -
Kf(x)

h-0 hp

Moreover if \Anhf(x)lh"\ <Mon (a, b), then |(A¿/«)/("_1)(x)| <Mon (a, b).

The next theorem contains several characterizations of the functions in V-

The proof presented here relies strongly on results obtained by Boas and Widder

[1]. The authors thank James Case for pointing out this reference.

Theorem 1.3. Let fbe a continuous complex-valued function defined on

[0, 1]. 77ie following statements are equivalent:

(a) fED"~l and there exists a sequence <gp) C D" such that \\gp -/ll„_i

—► 0 and supp||£p||„ = M < ~.

(b) 77itve exists a sequence (gp) C D" such that \\gp -/IL —*■ 0 and

SUPpllc?pll„ = M < °°.

(c) There exists M < °° such that \A"hf(x)\ < Mh" (0 < x < x + nh < 1).

(d) f(n~l) is absolutely continuous and \f(n\x)\<M o.e. on [0, 1] for

some constant M < °°.

Proof. We can assume that f(x) is real-valued without loss of generality

since we can break f(x) up into its real and complex parts. We show that (a) ■»

(b) => (c) «* (d) •* (a). The implication (a) => (b) is immediate since ||/IL <

ll/IU-i for all /I

Suppose next that <£p) C D" is as in (b). Given x and h with 0 < x < x

+ nh < 1, we have A£/(x) = limp_+0OA"£p(x) by the uniform convergence of

(gp) to f.   Thus

A2/(x)

hn
= Urn

p-¥oa

Kgp(x)
hn

<M

since |A£gp(x)| = \gpn\wxp)hn\ <Mby hypothesis with wxp determined by

the mean value theorem for nth order divided differences [2, p. 65]. Thus (c)

holds and (b) => (c) is established.

We show next that (c) "* (d). First consider the case n = 1. Given e > 0,

set 5 = e/M and let {[x¡, vf] : K i < r} be a finite collection of disjoint intervals

in [0, 1 ] with 2j |^,. - x¡\ < 6. Setting h¡ = y¡ - xt, we have

¿ \f(y¡) "MOI = ¿ IA£/(x,.)| < ¿ Mh, < MS = e.
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Hence /is absolutely continuous on [0, 1] and thus/'(x) exists a.e.   Moreover

|/'(x)| = |limA^0(A„/(x)/A)| < M wherever f'(x) exists and (d) holds.

We now assume that (c) holds and that n > 2. Set g(x) = Mxn¡n\ where

M is the constant in (c). As in the proof of Lemma 1.1, AJJfe ±f)>0. By [1,

Theorem, p. 497], (g ± ffn~2"> are convex continuous functions. Consequently

the right- and left-hand derivatives (g ± /)j£-1) and (g ± /)^n_1) exist, are nonde-

creasing, and satisfy (g ±/)£*""!) < (g ±f)(g~1) (see [5]). Thus/(n-2) =

^[ÛT + f)("~2) - (g -ffn~2)] exists and is continuous. Moreover

f%-i) rfrx) = {(g+f)(rl) -s(r~1)} - &+f)(rl) -á"_1)>

= (g+f)%-1)-(g+f)Ln-i)>0

since g*"-1* exists. Note that the quantities in brackets yield the existence of

f%~l) andf^'V. Similarly, writing

fin-i) _fí-x) m {¡fë-V-Çg-fâ-»} - {gi"-»-(g-f)ín-»},

we obtain f^~^ -/ln_1) < 0 and thus that/^"1) = fln~1) = fin~1\

We show next that /*"-1) is absolutely continuous. Given e > 0, choose 5

= e/2A7.   Let {[x¡, y¡] : 1 < i < r} be a finite set of disjoint intervals with

si\y¡~xi><5andlethi=yt~xt- Then

i \fi"-1)(yi)-f<n-1)(xl)\ = j: \Alnf»-l\x{)\.
* t *

By Lemma 1.2

A"-1 fix \

hence there exists 5,- such that

AlA»->f(x¡)

'<•whenever 0 < A < S,. This can be written as

A«-ii
IAi ,(n-l),v v < -1 + I A1    A^   f(Xi) forO<A<S/.

For 0 < A < A0 = min {6 !, 52, . . . , Sr} we have
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11/("-%) -^l)(x,)\  = i \Ahß»-l\Xi)\
i i       '

<f+£L       1

vn-1

A¡.
m

i.n-1
< 7 + Z M, < e

by Lemma 1.1. Thus/^" * Ms absolutely continuous and /*"* exists a.e.   The

inequality l/*"\x)| < M follows easily as in the n = 1 case since f^tt\x) =

lim^0(A^/(x)/A").

Thus it remains only to show that (d) => (a). Suppose / satisfies (d). Since

y(") g ¿i [g, 1] and /M is essentially bounded by M, there exists a sequence

<pr> of polynomials with ||prIL ^ M for all r which converges to /*"' in the L1

norm [6, p. 68]. We can write the Taylor expansion for / in the form

Set

«»o - i/'-d)^+¡ft» i> -O-V0*.
It suffices to show that \\qr ~ñn-\ -* 0 since lijw)(x)| = |p,(x)| < ||prIL

< Af yields supr||^r||00 < M < °°. We have

\f<k\x) - q(x\x)\ =   („./.g, f *,(* - tT-l-*(f<*\t) - Pr(t)) dt j

< („-i-fc). J*/2 l/(B)(0 - P,(0I *   for 0 < k < n - 1.

But this goes to zero with r since pr converges to /*"* in Lx. Thus \\qr - f\\n-\

—*■ 0 and (a) holds,   a

Several interesting observations follow directly from the theorem. First is

the fact that a sequence from D" with uniformly bounded nth derivative which

converges in supremum norm to a function in D"(V") must actually converge in

the Dn~l norm.

The second observation is the fact that we can characterize V as the set V

= {/G C[0, 1] : /i"-1) is absolutely continuous and |/(n)(x)| <M for some M

< °° whenever /*n*(x) exists}. Consequently we have Dn C V C D"~l. Given

/Gt>set

11/11'= E ¿ïl/^IL+i-l
*=o *• "•
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where |||/||| is the ess sup|/^(x)|. It can be verified directly that || • ||' is a

Banach algebra norm on Q. Since V is semisimple, || ■ ||' and || • || are equivalent

[4]. The natural injection * of D" into V is an isometry with respect to || • ||'.

The next proposition asserts that the same is true for || • ||.

Proposition 1.4. ||/||„ = ||>P(/)||.

Proof.  Suppose /£ D" and </p) C D" with ||/p -/ll„_, —► 0 and B =

supplll/plll < «». Since /¿fc) —►/<*> uniformly for 0 < k < n, it suffices to

prove that B > |||/|||.

Suppose B < HI/HI = l/(n)(x0)| for some x0 and set 2e = |/(n)(x0)| - B.

Since A"hf(x0)lhn -*/(n)(x0), IA^oV*" -/(n)(*o)l < « for some A suffi-

ciently small. By the mean value theorem for nth order differences [2, p. 65],

|AZ/P(x0)/A"| = |>J«>(8l < ||/<»)|L <B,

and thus

|A„/(x0)/A"| = |lim(A^/p(x0)/A")| <F

which is contrary to the choice of e. Thus B > |||/||| and the proof is complete,   o

2. The structure of J(K) in V- In this section we introduce several closed

ideals which play a fundamental role in our treatment of the ideal structure of Q.

These ideals are important in any regular Banach algebra (see for instance [4] ).

The hull of an ideal 7 in V is the set 77(7) = {x: f(x) = 0,/£ 7}. Since

each /£ 7 is continuous, 77(7) is a closed subset of [0, 1]. Given a closed set K

in [0, 1], the set M(K) = {/£ £>: /= 0 onK} is a closed ideal in V with hull K.

Moreover if 7 is any other ideal in V with 77(7) = K then 7 C M(K).

By a theorem due to Silov [4] the smallest closed ideal J(K) with hull K

(closed) can be specified in a regular Banach algebra. Namely, J(K) is the closure

in V of the set of functions in V which vanish on an open neighborhood of K.

Thus any closed ideal 7 with hull K must satisfy J(K) C 7 C M(K).

In the event that .ST = {x} we will write Mx and Jx for M(K) and J(K) re-

spectively. Here Mx is precisely the maximal ideal of V at x.  The maximal ideal

space of V is identifiable with [0, 1 ] in the natural way.

We turn now to the problem of characterizing J(K). Our results here are

the natural extensions of Sherbert's Theorems 5.1, 5.2 and 5.3 [7] ; the proofs

make use of these results and utilize similar techniques.

Theorem 2.1. Let K be a closed set andfEV-  Then f £ J(K) if and only

if f satisfies

(i) /(p)(x) = 0 for all x E K and 0 <p <« - 1,
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(ii) Anhf(x)lh" -+0as(x,h)-+Kx {0}.

Proof. We show first that the set S of / G V which satisfy (i) and (ii) of

the theorem is closed in P. Let W = {(x, h): x E K, h > 0 and x + nh E

[0, 1]}. Given /G V, set *(/) - /* where f*(x, h) = (Hn\)Anhf(x)lhn for

(x, h) G W.  * is norm decreasing and thus continuous from V to C(W), the

space of bounded continuous functions on W, since

\\n\w = ¿-sup

where || • \\w denotes sup norm on W. Sx = {g E C(W): g(x, h) —* 0 as (x, h)

—*Kx {0}} is closed in C(W). Thus S = V~X(SX) is closed in V.

Functions which vanish in a neighborhood of K satisfy conditions (i) and

(ii) and thus are in 5.  Since these functions are dense in J(K) and S is closed, we

have J(K) C S.

To obtain the opposite inclusion we choose / G S and show first that

^•(n-i) e/ifx^ the corresponding ideal in V1. We have/("_1) G V1 by Theo-

rem 1.3. Since /<"_1) vanishes on K it suffices to show that Axhf{n~x)(x)lh -*

0 as (x, h) —*■ K x {0} [7, Theorem 5.1, p. 251]. Given (x, h), set

M(x, h) =    sup
0<6</i

By Lemma 1.1 \(Axh¡h)(An&-x f(x)lbn~x)\ <M(x, h) whenever 5 satisfies h +

(n - 1)5 < nh.  By Lemma 12

ta |4(Ä) = £(ta 3gi)\
6-0     *  \   Ô"-1    / « Wo    Ô" l     )\

= \(Axh/h)(fin-x\x))\<M(x,h).

Since M(x, h) —► 0 as (x, h) —* K x {0}, A1^"'^ (x)lh does also and we have

/("■"ë/'W.
Thus there is a sequence (gp) C P1 such that each gp vanishes on a neigh-

borhood Up ofK and ||£p -/("_1)||pj —*■ 0. The assumption that / satisfies con-

dition (i) enables us to write Taylor's Theorem in the form

Set

KKx)
hn

¿p Ill/Ill < 11/11

As7(x)
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and note that fp = h'p vanishes on Up since Ap is constant on the components of

Up. The convergence of fp to / in V follows from the observation that

v? -^ii- ■ („-21-,)! |£o(* - tr2-%it) -&-%)) dt

<K\\gp -/"-^IL <K\\gp -/<n-1)||t)i -* 0   for 0<i<n-2

together with the V1 convergence of gp to/*n_1\ This establishes that/£

J(K) and completes the proof,   o

We will denote the pth power of an ideal 7 by Ip. The elements of the

ideal Ip are finite sums of products fí¡=lfji from 7 where ix + i2 + ■ • • + ir =

p, ij positive. An easy application of Leibnitz' Rule for differentiating products

shows that if /£ MP(K), then /(r) vanishes on K for 0 < r < min(p - 1, n - 1).

It is a consequence of Theorem 4.6 on spectral synthesis that Âi^ï^is precisely

the set of /£ V for which f^ vanishes on K for 0 < r < p < n.  Theorem 2.4

states that M" + 1(K) = J(K). Since J(K) is the smallest closed ideal with hull K

we have M"(K) = J(K) for all q > n + 1.

The proof of Theorem 2.4 is based on the following lemmas. We begin by

noting that

Kf&x) = t ("Vim^-'gix + ft).
1=0 \* /

This is Leibnitz' Rule for nth order differences; it is easily established by induc-

tion.

Lemma 2.2. Assume that fEM(K). Then Akhfp(x)¡hk

K x {0} forallk<p<n + 1.

0 as (x, A)

Proof.   We will proceed by induction on p.  The result is clear for p = 1

since A°/(x) = f(x). Assume now that the result holds for p - 1 and apply

Leibnitz' Rule to/p_1(x) • f(x). This yields

àïfp(x)

¿(f)í=o x ' '

Alhfp-\x) Ak-'f(x + ih)

Jc-l

i=0

A*h-'f(x + ih)
uk-i

Akfp~l(x)

11/11+ Il/,p"1ll-|j1(*+ **)!•

l/(x + kh)\
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The sum tends to zero by the induction hypothesis while the last term tends to

zero since / G M(K).   o

Lemma 2.3. Assume that fx,f2,. . . ,frE M(K) and that ix,. . . , ir are

positive integers with sum p.  Then Akl(nrj=lfji)lhk —*■ 0 as (x, h) —* K x {0}

for each k <p <n + 1.

Proof.   The previous lemma is the case r = 1. Assume now that the re-

sult holds for all s < r. Leibnitz' Rule applied to the product (/11XnJ=2///)

yields

Akh(nrMlf'J)(x)   ¿ /^A^frA fAk-''(nrj=2f'JXx+ik)\

hk /5wA   «'    / V        «*->

Hence

tfrnr     AA^ll^f'JXx) A{f[x(x)

h>£0
•¿(•)ii/!1n-

Uf1/
/=2

A'-iqi^f'J)
hk~i

Each sum goes to zero, the first by Lemma 2.2, the second by the induction hy-

pothesis,   a

Theorem 2.4. Let K be closed.  ThenM" + x(K) = J(K).

Proof.  Lemma 2.3 and the comments preceding Lemma 2.2 show that

products of the form flrj=lfj' EM"+X(K) satisfy conditions (i) and (ii) of Theo-

rem 2.1. It follows immediately that M" + X(K)CJ(K). Since /(7C) is the small-

est closed ideal in V with hull K, J(K) = M"+X(K).   a
We now state a result which will be useful in the next section. It is the

statement for V of Sherbert's Theorem 5.3 [7, p. 253] ; the proof is the same

once Leibnitz' Rule is used to establish condition (ii) of Theorem 2.1.

Proposition 25. Let K = {x}. A closed linear subspace LofV which

satisfies JxCLCS"xisan ideal where Snx= {/G p: /(/)(x) = 0, 0 < / < «}.

3. Higher order point derivations and primary ideals. In this section we

examine the connection between closed primary ideals in V and nth order sys-

tems of point derivations on V. An ideal 7 in a Banach algebra is primary at x if

its hull is precisely {x}. Thus a closed ideal 7 in V is primary at x if and only if

Jx C 7 C Mx. A set of n + 1 linear functionals {dn, dx, . . . , dn} is a system

of point derivations of order n at x if for each k, 0 < k < n, dk satisfies Leibnitz'

Rule,
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<**(&) =T.(fyjWk-,<*)>

for all/, g £ V and if d0(f) = f(x) for all f ED.  A linear functional d on V is

an nth order point derivation at x if {d0, dx,..., dn_x, d) is a system of

point derivations of order n at x where dk(f) = f^(x). We consider only con-

tinuous point derivations in this paper.

Let 7 be a closed ideal in V. For each /, 0 </ < n, set Hf(I) = {x|/(/>(x)

= 0, / = 0, 1,. . . ,/ - l,/£7}. Thus 77^7) = 77(7) is the hull of 7. Let Dx

denote the set of nth order point derivations at x and let DX(I) = I1 D Dx =

{d £ Dx : df = 0 for all / £ 7}. DX(I) is a weak-star closed subset of Dx (see

[7, p. 263]).
We begin with a slight extension of a result of Singer and Wermer [7,

p. 262] which states that d £ V* is a point derivation at x if and only if it van-

ishes on Ml and the identity 1 £ V. Let Sp = {/£ Pjj^ix) = 0, 0 </' <p}

for 0 < p < n. Sp is a closed primary ideal at x and MPC Sp. Clearly Sx =

Mx; Proposition 3.5 shows that Sp = Mp for all p.

Lemma 3.1. Suppose that dEV* vanishes on Sp1"^ © C(z -xf ®JX

and d[(z - x)n] = X =/= 0. Tnen arf £7?x wAere a = n!X_1.

Proof.  It suffices to verify that ad satisfies Leibnitz' Rule. We can ex-

press / £ V in terms of its Taylor expansion about x in the form

m = "tfw(x)i~^+F(z)
1=0 '•

where

^^J^^-^f^^dt.

Thus for figEVwe have

2n-2 /          /^(jcVVx) \
M*) =  £       Z   -J?7i-  (* - *)* + fWKz) + ir(z)F(2) - F(z)G(z).

k=0 \/+/=fc ,,/- /

It is easily checked that F and G are in Sx and that (z -xy £ Sp_1. We obtain

d(fg)=   £    /(°y(3° d(z-x)" +¿0ü+gF-FG)

=  £   ¿(oy (*> x -H/frMg) + g(x)rf(/)

since <i(F) = df and £?((?) = d(g) by the hypothesis on d.  Substituting ad for d,

we get
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(<*dXfg) = m!*m + "£  (")/( W-^*) + g(x)(ad)(f)

and thus adEDx.   n

We can now characterize the closed primary ideal Jx in terms of Dx and

the vanishing of the first n - 1 derivatives.

Proposition 32. JX=DJ¿ n Sx. That is, DX(JX) = Dx.

Proof. We show first that J = Dx n Sx is a closed ideal primary at x.

Since J is clearly a closed subspace with hull {x}, it suffices to show that fgEj

for / £ / and g E V- Given d £ Dx, we have

d(fg) = Z (j)/*1 W"~0(*) +f(x)d(i) + d(f)g(x) = 0

since / £ S£ and i/(/) = 0. Since fg E S", J is an ideal.

Since Jx CJ it remains to prove that J EJX. Thus we suppose that f<$

Jx. By the Hahn-Banach Theorem we can choose d ED* which vanishes on

/,02p1,, © C(z -x)p but not on/or (z-xf. Thus by Lemma 3.1 ad EDX

for some a + 0. But then (acf)(/) ^ 0 shows that /£/ and thus that / =JX.  a

If 7 is a closed ideal in V, then for each x £ 77(7) the primary component

of 7 at x is the smallest closed primary ideal at x which contains 7.  This ideal

will be denoted by Ix. We turn now to the problem of characterizing Ix. Given

a weak-star closed subset 77 of Dx, we set 7(77) = 771 C\ Sx.

Lemma 33. 7(77) is a closed primary ideal at x.

Proof.   It is easily seen that 7(77) is a closed subspace and that 7(77) C Sx.

Since 77 C Dx, 771 D DJ; and thus 7(77) = HiDSx:DJx by Proposition 3.2.

The conclusion now follows from Proposition 2.5.   °

Proposition 3.4. Suppose that I is a closed ideal in V and that x E H"(I).

Then Ix = I(DX(I)). In particular S% = M"x.

Proof.  Lemma 3.3 shows that Ix = I(DX(I)) is a closed primary ideal at

x.  Since 7 C 7j it follows that Ix C Ix. As in the proof of Proposition 3.2 given

f<$Ixv/e can use the Hahn-Banach Theorem and Lemma 3.1 to find d E DX(I)

with d(f) * 0. But then /£ Ix and thus IX=IX.   n

This proposition describes Ix in the event that x EH"(I)- It remains to

examine the primary ideals 7 at x where x EHP(I) but not in 77p+1(7) where 0

< p < n - 1. We note first that 7 C Sp and that ISX CSp+i where 751 is the

standard product ideal. By hypothesis we can choose /£ 7 with f^(x) # 0.

Let dP+1 be any (p + l)th order point derivation at x (dp+1(f) = /(p+1)(x) if

p + 1< n) and apply it to fg where g E Sx satisfies #'(x) ^ 0. We have dp+1(fg)
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= (P + l)fip)(x)g'(x) * 0 by Leibnitz' Rule and thus that ISX is not annihilated

by any (p + l)th order point derivation at x.   Suppose now that p = n - 1.

Proposition 3.4 combined with the last result shows that S"~x DIDISX = S"

= M"x- The quotient spaces Sp/sp+x are 1-dimensional since / + Sp+X ->

f^\x) is a vector space isomorphism from Sp/Sp+ x to the complex numbers.

Since / G 7 has /(p)(x) # 0, it follows from the above that I = S£-1.

We repeat this argument withp = n -2 and obtainSx~2 DIDISX =

S"~x since there are no primary ideals between S"~x and Sx~2. It then follows

as before that 7 = S"~2. Proceeding in this manner, one step at a time, we show

that Sp is the only primary ideal at x with x G 77p(7) and x £HP+X(I). We

state these results as a proposition.

Proposition 35. Suppose that I is a closed ideal in V. IfxE HP(I) and

x£Hp+x(I), 1 <p<n-l,thenIx=Mp = Sp.

The primary components of a closed ideal can thus be described in terms

of the vanishing of lower order derivatives and sets of nth order point derivations.

It also follows from Propositions 3.4 and 3.5 that an ideal 7 is primary at x if

and only if I is of the form Mp, 1 < p < n, or 7 = I(DX(I)). By Proposition 2.5

/ has the latter form if and only if 7 is a closed linear subspace between M^ and

We conclude this section by showing that the sets Dx have essentially the

same structure that Sherbert [7] found for the corresponding sets DjJ of point

derivations at x on Lipschitz algebras. This will follow directly from the next

lemma which states that Mx/Jx is isomorphic to the corresponding quotient

Mx/Jxx in Sherbert's algebra V1.

Lemma 3.6. Let K be a connected set.  Then M"(K)lJ(K) is isomorphic to

MX(K)UX(K).

Proof.   By Theorem 1.3,/Gp implies that /i""1* EV1 and thus that *

defined by setting *(/) =/(n-1) maps V to V1 linearly. Moreover ^(M"(K))

C MX(K) and "if(J(K)) C JX(K); hence the induced quotient map ¥ maps

M"(K)IJ(K) to MX(K)UX(K) linearly. The fact that * is multiplicative follows

easily since both quotients are algebraically trivial in the sense that all products

are zero.

It remains to show that * is a bijection. Suppose *(/ + J(K)) =/(n_1)

+ Jx (K) = 0 for some / G M"(K) and thus that /(n_1 ) EJX(K). An application

of Lemma 1.2 shows that / G J(K) and thus that / + J(K) = 0. Hence * is an

injection. Finally given / + Jx (K) in Mx (K)UX(K), set

•»-í^rJl*-«"'»*
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where x0 is chosen in K.    It is easily checked that g E M"(K) and that

<¡f(g + J(K)) = / + JX(K). Therefore * is also a surjection and thus an algebra

isomorphism.   °

We now construct 1 -1 correspondences which are inverse to each other be-

tween Dx and Dlx. In particular, given d\ ED\, set dx(f) = dx(f{n~i)) for /£

V. Conversely, given dxE_Dx and f ED1, set dx(f) = dx(p~x(f-fix) + Jx))

where dx is defined on M"X\JX in the natural way.  It is easily checked that dx

and dlx so defined are in Dx and Dx respectively.

We conclude this section by noting that the hypothesis that Ä' be connected

in Lemma 3.6 is used only to establish that * is onto. Without this restriction

Lemma 3.6 together with the spectral synthesis theorem in V1 ([3] or [8])

would yield an easy proof of the spectral synthesis theorem in V- The best we

can say using 3.6 is that spectral synthesis, namely, 7 = C\xeH^x> I closed,

holds when 77(7) is connected. This result is established in general in the next

section.

4. Spectral synthesis in V- In this section we verify that V has spectral

synthesis. Our proof is related to a technique used by Glaeser [3] to prove spec-

tral synthesis for the algebra of Lipschitz functions. A more general proof of a

different nature was also given by Waelbroeck [8]. We state some preliminary

definitions and observations.

Definition 4.1.   An /£ V belongs locally to the ideal 7 at x if and only

if there exists gxEl such that f-gxEJx>.

Let l'x denote the ideal of functions which belong locally to a closed ideal

7 at x, and Ix as before denote the smallest closed primary ideal at x which con-

tains 7.

Lemma 4.2. For each closed ideal I in V, Ix = l'x-

Proof. IxçJ'x since7CI'X and?x has hull {x}. If/£7^ thenf-gx

EJXCIX where gx El C Ix so l'x ÇIX.   o

We note that if x £ 77(7) then IX = V since V is a regular algebra. The fol-

lowing will be used in the proof of our main theorem and are generalizations of

results in [3].

Remark 4.3. If $ is a closed interval in [0,1 ] and x £ $ where /(,)(x) =

0, i = 0,. . . , n - 1, then ll/ll,,., < d • K\\\f\\\ (norms over $) where K =

Sfr¿<7""/_1/f! and d = diam($). For any y E $,

l/(OG0l -1/(/)00 -/(0(*)l <\y-x\ ll/(/+1)IL,    i = 0,.... n - 1,

over $ and ||^>IL <<*¥(/+1)IL. Also \f<n-^(y)\ = \f<n-l)(y) -f^r,-1)(x)\ <

rflHflll, and thus m\tt-i<d 'Will-
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Remark 4.4. If <D is a compact set, then for f.gEV

III/ -g\\\ < II/1L * 111*111 + 11*11. • HI/HI + CWñn-l • ll*lln-l>       C> 0,

over $. This is an application of the mean value theorem and the following:

(/*)(w~1)W-(/*)(n~1)(y)
lll/*lll = Sup

= Sup
x^y

x-y

r¿ (o-í=0 V/ x-y

< Sup
xi=y

c ,„ I v /»N Í /(0W+/(0(y) r*(w~0W-g("-f)(y)1"S IS 0)1-5-L—~y-J

[  gl"-0(x)+g<»-0(y) [f«\x)-fW(y)V\

;f(^))/(0(x)r(0cy)-^+i)^

+ f(y)ïg(n-i\x)-g(n-1)(y)\

, *CO+*(y) [/<""%)-/("-°(y)"| I

< Z( •) (W®l- * ll?(""/+I)IL + lk(n-°IL • ll/<'+1)IL)

+ II/1L • 111*111 + 11*11.. • Ill/Ill

+ Sup
Xt*J<

<7C
S3  II/(i)IL\/»=?   ll*(n~f+1)IL

(1=1     llg("-f>IL\/»-2     ll/(f+1>H

+ ll/IL • 111*111 + ll*IL • Ill/Ill

and the result follows.
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Remark 4.5 (Partition of unity).  Following Glaeser [3] we construct

a partition of unity for a covering of F1 in the following manner. Each open

set of the cover is a translate of a fixed open interval 0 of a predetermined

length. Each associated function is the corresponding translate of a fixed D"

function p(x) with support contained in 0. The construction can be carried out

by defining g(x) to be zero off [-1,4] and determined on [-1,4] by

li + ío*(í2"1)2n*A1(/2"1)2Bdí'    *eH.il.
A(x) =

[l.    *e[i,2],

and by symmetry about 3/2 on [2,4]. We next contract [-1,4] to 0 and g(x)

to v(x). The desired covering is obtained by overlapping translates of 0 by 1/3

their length. The following properties are easily verified.

(1) ll"/ll„ » IM„ for each/.

(2) On 0f n 0j+,, vfx) + uj+l(x) = 1.
In the proof of our main theorem we use K throughout to denote the vari-

ous constants which result from our inequalities and <f> denotes [0, 1].

Theorem 4.6 (Spectral synthesis). 7/7 is a closed ideal in V then I =

Proof.  Since 7 ç C\IX it suffices to prove that / £ C\IX can be approxi-

mated by elements of 7.   Let e > 0 be given. For each x £ i> there exists hx E

I'x such that \\f-hx\\ <e. Let gx EI where gx - hx E Jx. Let ß(x, 5) C {y £

$: \A^(gx - hx)/hn | < e} be a Euclidean neighborhood of x of radius S =

S(x, e, hx). Extract a finite subcover {0{(x{, 5i)}JL1 of * and let t > 0 denote

the Lebesgue number of the subcover. We next replace the covering with a re-

finement {Oj}'j=x which satisfies diamify) < r/3 and which has an associated

partition of unity {v¡}'¡=x as in Remark 4.5. Each 0¡ E p\ for some i and by

relabeling we can associate a pair <A-, g.) with each 0¡ where |||gy - A.|||^ < e.

We next approximate / by an element of 7.  Following Glaeser [3] we consider

0j to be of type I if its closure intersects 77(7) in which case in D"'1,

l|Ay -gjWoj < dKe by Remark 4.3, where || • ||¿j. means the norm || • ||n_, restricted to

Vj. For Oj of type II (2Ç n 77(7) = 0) we have v¡ £ /(77(7)) C 7.  Let ge =

Now gtEI and let 0 be an element of our covering; then restricted to 0,

he -ge = SiUyfAj. -¿y) is nontrivial on at most 3 Oy's because of our method of

overlapping. Thus
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l"A« -*eIHïï = |||I>/(«/ -ij)

< 3 maxien^. ■ II«, -gfa + \\v,\L • III«, -gßjf

+ \\\Vj\\\öj-u»j-gjhi}

<Ke

by our previous observations. Also ||Ae -ge\\-¡¡ <<7Â'|||Ae -g£\\\-Q (Remark 4.3)

and we have ||Ae -ge\\n_x <Ked as 0 varies throughout our cover.

Again for 0 in our covering, we have /- A£ = Eii^i/- hj) restricted to 0

nontrivial on at most 3 O.'s and so

II/-M 7 = 2>/(/-";) I   < 3 maxdlü/l • II/- hß<Ke.

Thus we obtain ||/- Ae|| <Ke as 0 varies throughout the covering.  By the pre-

vious results we have |||Ae -ge\\\-¡}<Ke and ||Ae -ge\\„-x < dKe. Now let x, y

belong to $. In case x, y do not belong to the same 0 then \x -y\>k where

k is the length of our overlap (chosen as 1/3 length of basic interval). Then

(A^-'V) -¿r<"_1)(*)) - Vtf-lHy) -g(rl)(y))

x-y

¡.-i )_?(n-D|<k~l -2\\hf -'-g-

<k~* -d-Wi-tX-i <Ke

since k~l -d< 3. Thus ||A£ -^e|| < Ke and it follows that/£7by the triangle

inequality.
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