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DUALITY THEORY FOR LOCALLY COMPACT GROUPS

WITH PRECOMPACT CONJUGACY CLASSES. II:

THE DUAL SPACE

BY

TERJE SUND(!)

ABSTRACT.  The present paper is concerned with the dual space G con-

sisting of all unitary equivalence classes of continuous irreducible unitary repre-

sentations of separable [FC] ~ groups (i.e. groups with precompact conjugacy

classes).  The main purpose of the paper is to extend certain results from the

duality theory of abelian groups and [Z] groups to the larger class of [FCl~

groups.  In addition, we deal briefly with square-integrability for representations

of [FC] ~ groups. Most of our results are proved for type I groups.  Our key

result is that G may be written as a disjoint union of abelian topological 7*4

groups, which are open in G.

Introduction. In [23] we studied the character space X (G) of locally com-

pact groups possessing precompact conjugacy classes ([FC] ~ groups), and we

were able to extend much of the classical duality theory for abelian groups(2) to

this larger class of groups using X (G) as dual object. (3) The present paper is

concerned with the dual space G of all unitary equivalence classes of continuous

irreducible unitary Hubert space representations of separable [FC] ~ groups G.

G is given the Fell topology, obtained from the hull kernel topology on the primi-

tive ideal space of the group C*-algebra [4].

For an arbitrary locally compact group G, insight into the structure of G

often tells more about the group itself than the corresponding knowledge of

X (G). This is partly due to the fact that the elements of G always separate

the points of G, whereas a corresponding property(*) holds for X (G) if G E

[SIN] but not generally. Even in the case of a type I [FC] ~ group the character
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space may constitute only a small part of the dual. For X(G) is then isomorphic to

the dual space G/C of the [FC] ~ n [SIN] quotient group G/C, where C denotes

the intersection of all closed invariant neighborhoods of e in G [18, Theorem 5.12].

We shall prove, e.g., that G is connected if and only if G is aperiodic (i.e., G con-

tains no nontrivial compact subgroup). For X (G) this result can hold only when

G is replaced by G/C; see [23, (2.12)].

On the other hand, the character space X (G) is a locally compact Hausdorff

space for G E [FC] ~ [12], whereas G need not even be a Ta space (but G is

always locally compact [4, 3.3.8]).   In fact, G is TQ iff G is type I iff G is T4

(1.3). Whenever our method of proof utilizes topological separation properties of

G it is therefore necessary (and sufficient) to assume that G is type I. Under

this hypothesis we can show that G is locally Euclidean iff G is compactly gener-

ated, and G is locally connected iff G possesses property (L).

In addition to extending classical duality results like the ones mentioned

above, this paper also briefly deals with square-integrable representations of [FC] ~

groups and we provide simple, necessary and sufficient conditions for [n] G G to

be square-integrable.

For convenience we shall list the classes of groups with which we are dealing.

[SIN] -The class of locally compact groups possessing a fundamental sys-

tem of invariant neighborhoods of e.

[FC] "—The class of locally compact groups possessing precompact conjuga-

cy classes.

[FIA] "-The locally compact groups with precompact inner automorphism

group. One has [FIA]~ = [SIN] n [FC]"; see [10].

[FD] "—The locally compact groups with precompact commutator group.

The following inclusions hold:   [FIA] ~ C [FC] ~ and [FD] ~ C [FC] ~

[10]. Of course, all the classes of groups Usted above contain the abelian groups

and the compact groups.

If p is a unitary representation of a closed subgroup H of a locally compact

group G we shall let Ind^(p) denote the unitary representation of G induced

from p. If it is a representation of G, tiH will denote the representation of the

subgroup H given by restriction, %(A) = 7z(A), all A G H.  Let it and o be uni-

tary representations of G. We shall write it =* o if they are unitarily equivalent.

If the topological groups G and L axe isomorphic, we shall use the notation G «

L.  If it E Irr(G) [4, 18.5.1] we let [zr] denote the equivalence class of it in G.

For 5 C Irr(G) we let [S ] be the image of S in G under the canonical map it

h-> [zr]. Finally, we let p' denote the representation of G given by p'(x) =

p(xN) whenever p is a representation of a factor group G/N.

We would like to mention at this point that E. Kaniuth recently obtained

results related to the present ones under somewhat different conditions on the
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groups (Topology in duals of SIN-groups, Math. Z. 134 (1973), 67-80).

We thank the referee for several pertinent remarks, which led to improve-

ments of the paper.

1. Groups with abelian quotients. Let G be a separable locally compact

group of type I and suppose that N is a closed normal subgroup of G such that

G/N is abelian. Assume also that N is type I and regularly embedded in G. In

this section we shall analyze the dual of such groups. We shall assume the reader

is familiar with Mackey's little group method, [1] and [17]. The main reason

for the above hypothesis on G is that [FC] ~ groups, which are our main con-

cern in this paper, satisfy exact sequences of topological groups (e) —*■ P —*■ G

—> V x A —► (e), where P is maximal periodic, A is abelian, discrete, and

aperiodic, and V is isomorphic to Rn for some « [10, Theorem (3.16)]. Some

condition on G like type I-ness is necessary in the following result.

(1.1) Proposition. Let G and N be as above. If [it] E G then the set

Gn N = {[y] E G: yN is quasi-equivalent to irN] equals [(G/N)" ® it].

Proof.  Suppose [7] G Gv N, and let [p] G N be an element of the

G-orbit Q^inN which is determined by it [1]. Ket K(p) he the stability group

of p under G's action on N by inner automorphisms. By the Mackey theory

there is a [o] EK(p)~ so that the induced representation Ind£,p)(a) is equivalent

to it. Moreover, a may be constructed as follows:  There is a multiplier co on

K(p)/N such that p extends to an co representation of K(p). Let p be any such

extension of p; then there exists an irreducible cö representation ß of K(p)/N

such that ß' ® p — o. Because of our hypothesis on G and N, all primary cö

representations of K{p)/N are type I [17, Theorem 8.4], and it follows from

[3, Theorem (3.3)], together with [3, Theorem (3.1)], that all the irreducible

<o~x representations of K{p)/N are on the form ß ® x where x is some character

of K(p)/N.   From this it follows that every [y] E G^ N is induced from repre-

sentations of the form x' ® ß' ® P = x' ® a- Observe now that

Indyx'®")-x'®Ind«w(a)

where x is any extension of the character x to G/N and x' denotes the lift of x

to G [7, Lemma 4.2]. This completes our proof.(s)

The following result is well known and will be helpful when combined with

(1.1).
(1.2) Lemma.  Let G be a separable locally compact group and let K be a

compact normal subgroup.   Then GnK = {[y] E G: yK is quasi-equivalent to

(S)A different proof of (1.1) was pointed out to the author by J. Brezin.   Brezin's

proof also uses the Mackey theory.
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itK } is an open and closed subspace of G.

Proof.  If [n] E G let 8n be the G-orbit in K associated to [zr] ; the map

p: [zr] h-* 0W, G —> K/G is continuous [6, Lemma 3] (the orbit space K/G is

given the quotient topology induced from K). Since K is compact, K and K/G

axe discrete. The result now follows from the fact that Gw K = p-1({ö„}).

Q.EJD.
Let G be a locally compact separable type I group and suppose that A is a

compact normal subgroup of G such that G/K is abelian. (6) Let it E Irr(G) be

fixed but arbitrary.

There is a natural map fn of G/K onto [G/K ® it] given by a |—»• [a' ® zr].

We let Mn = [G/K ® zr] and provide Mn with the topology induced from G.

We may define a natural group structure on Mn by letting

[a'®zr] *[ß'®n] = [a'ß'®it],      <x,ßEG/K.

It is easy to check that the product * is well defined. Moreover, G/K acts on Mv

as a locally compact Hausdorff topological transformation group. Indeed, the

map (a, [ß' ® it]) \—*■ [aß' ® zr] from G/K x Mv onto M^ is continuous, and

the map a \—»•([/?' ® zr] r—> [aß' ® n]) is a homomorphism of G/A into the

group of homeomorphisms of M^, and the map [a' ®ir] \—* [a'0a ® tt] is a

homeomorphism for each a0 E G/K.  Since MJG/K consists of one point, it is

certainly T0 and it follows from I. Glimm [8, Theorem 1], that the map a •

G(it) |—»• [a' ® zr] from G/A/G(zr) onto Mn is a homeomorphism, where G(7t) =

{a G G/K: a' ® zr =* zr} is the stability group of [zr]. Here the type I hypothesis

was needed. Since the quotient map G/K —> G/K/G(it) is open, it follows that

fn is open and Mn is Hausdorff. It also follows that Afw is a topological group

with the product * defined above, and Mn may be identified with the quotient

group G/K/G(n). ThusM^ is even T4 by abelian theory [11]. We have almost

proved the following theorem.

(13) Theorem. Let G be a separable locally compact group with a com-

pact normal subgroup K such that the factor group G/K is abelian.  Then the

following statements are equivalent.

(1) G is of type I.

(2) G is the disjoint union of locally compact abelian topological T4 groups

[G/K ® it] which are open in G.

(3) GisTA.

(6)The following arguments hold whenever [(Tjk ® ir\ is closed in G since [G/K ® jr]

is then locally compact. We shall only need to consider compact K.
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Proof. (1)=>(2). If Gis type I then G„ K equals [G/K ® it] for all [it] E

G, by (1.1). Hence the implication follows from (1.2) and the arguments above.

(2) => (3) => (1) is obvious.   Q.E.D.

Note.  As observed in [16] a separable type I [FC]- group is [FD]~.

Moreover, a group satisfies the hypothesis of (13) iff it is [FD] ~. Hence it is

clear that Theorem (1.3) is a result about [FC]~ groups.

In this connection we note that J. Liukkonen [16, Theorem 3.6], proved

that separable [FC] ~ groups of type I have Hausdorff duals. We feel that our

proof of this result is simpler than the one given in [16], but more important,

Theorem (1.3) reduces the study of the duals of such groups to the study of

abelian character groups. This will be needed in the proofs of our subsequent re-

sults.

The following characterizations of connected components (cc.'s) will also

be useful (see the proof of (2.1)).

(1.4) Proposition. Let G be a separable [FC]~ group of type I, and let

[it] E G.  Then the connected component of [it] is [G/P ® it] ~ where P denotes

the periodic subgroup of G.

Proof.  If G is of type I we may choose a compact normal subgroup K

such that G/K is abehan (see the note above). Let [it] E G. Since [G/K ® ir] is

open and closed, it suffices to argue in this subspace of G. Let

/,r:ar—[a®7r],G/À'->- [G/K ® it]

he the canonical map. As we have seen (in front of Theorem (1.3))/w is an open

and continuous homomorphism between abeban groups. Hence, since [G/K ® it]

is T0 with the relative topology from G, the c.c. of [it] in [G/K ® ir] equals

fn(C) where C is the c.c. of 1 in G/K [11, 7.12]. Now the periodic subgroup of

G/K equals P/K so by abehan theory [11, 24.17] C equals (G/K/P/KT « (G/Pf.

Thus the c.c. of [ir] is [G/P <S>n]~. Q.E.D.

In case the periodic group P is compact Gn p is closed for all [ir] G G by

(1.2). Moreover, [G/P ® n] equals G„ p (1.1). Hence we have

(1.5) Corollary. Let G E [FC] ~ be separable and of type I. Assume

that the periodic group P is compact. If [it] E G then its connected component

is [G/P®*].

2. Duality theory for [FC] ~ groups. We are now in a position to make an

analysis, like we did for the character space X (G) in [23], of the dual space G

for separable [FC] ~ groups. First we observe that if A' is a compact normal sub-

group of G and [it] E G, then the restriction itK is equivalent to a direct sum
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zzz • 0 w where zzz is some (at most countable) cardinal number and the sum is

taken over some G-orbit in K under the action of G on A by inner automorphisms.

Observe also that Gn K consists of all elements in G which lie over the same

G-orbit as [it]. Using this together with Theorem (1.3) and the fact that Cw =

[G/P ® it] ~ for type I groups, we shall prove results analogous to the ones in

§§2 and 3 of [23]. We shall also discuss square-integrable representations.

(2.1) Proposition. Let G be a separable [FC] ~ group.  Then the follow-

ing results hold

(1) G is connected iff G is aperiodic.

(2) Let G be type I.   77zezz G is totally disconnected iff G is periodic.

(3) If G is type I and the periodic subgroup P is finite then G has finitely

many connected components. IfGE [FIA] ~ and G has finitely many connected

components, then the periodic subgroup P of G is finite.

(4) Let G be type I. G is locally Euclidean iff G is compactly generated.

Proof.  (1) If G is connected then the component Ct of the trivial repre-

sentation t constitutes all of G. But Ct is easily seen to equal G/P even in the

non-type I case. By the Gel'fand-Raikov theorem, P = (e) and G is aperiodic.

Conversely, if G is aperiodic then G is abelian [10]. Hence G is connected by

abelian theory.

(2) Assume G is totally disconnected and let P be the periodic subgroup of

G. Then G/P = Ct is trivial, hence G = P.  Conversely, if G is of type I and

G = P, let [it] G G.  By (1.4) the connected component of [it] equals

[G/P ® it] ~ = [ir] ~ = [n] since by hypothesis points are closed in G (1.3).

Hence G is totally disconnected.

(3) Let G be type I and suppose P is finite. Then there is only a finite

number of G-orbits in P, and hence there is only a finite number of different con-

nected components [G/P®ir]= GnP (1.5). Conversely, let G G [FIA]~ and

suppose that G has only a finite number of connected components C„. Then

each Cjj is open and closed in G. Let #: [zr] h—>■ n# be the canonical map of G

onto X(G) [18, 5.1 and 5.8]. # is an open and continuous map; hence it maps

the open C„ onto the connected component C # of the character it* in X(G).

Therefore X(G) has only a finite number of connected components, and it fol-

lows from [23, Proposition (2.10)], that the periodic subgroup P of G is finite.

(4) Let G be type I and fix a compact normal subgroup A of G such that

G/K is abelian. In view of Theorem (1.3), G is locally Euclidean iff G/K is locally

Euclidean. By abelian theory [19, Corollary 1 to Theorem 2.5], the last asser-

tion holds iff G/K is compactly generated, which is equivalent to G being com-

pactly generated.   Q.E.D.

We say that G is an (L) group if every compact subset F of G is contained
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in an open compactly generated normal subgroup N of G such that G/N is

aperiodic [20].

(2.2) Proposition.  (1) Let G E [FC] ~ be separable and type I. Then G

is locally connected if G is an (L) group.

(2) Let G be an [FD] ~ group.   Then G is an (L) group if G is locally

connected.

Proof.  (1) Suppose G is an (L) group. Arguing as in the proof of [23,

Proposition (3.4)] (with 8 = 1(G)), we see that the periodic subgroup P is com-

pact. If G is type I each connected component C„ is of the form [G/P ® n] =

Gff p and is open and closed in G since P is compact, (1.1) and (1.2). Also, the

canonical map G/P —► [G/P ® it] is open and continuous so that it suffices to

prove that G/P is locally connected. Since our proposition holds for abehan

groups (K. Fan [5]), the problem is reduced to showing that G/P = R" x A

(where A is discrete abehan and aperiodic) is an (L) group if G is an (L) group,

and this was proved in the last part of [23, Proposition (3.3)].

(2) Conversely, suppose G G [FD] ~ and G is locally connected. Let C de-

note the intersection of all compact invariant neighborhoods of e in G. It is easy

to check that G is an (L) group whenever G/C is so (see [23, proof of Proposition

(3.5)] ). Let us show that G/C is an (L) group. Since C is compact, G/C is

naturally embedded in G as an open subspace; hence G/C is locally connected.

Now G/C E [FIA] ~ so we may apply the open and continuous surjection #:

G/c"—>- 1(G/C) (see the proof of (2.1)). Thus 1(G/C) is locally connected and

it follows from [23, Proposition (3.5)], that G/C is an (L) group.   Q.E.D.

Finally, we turn to the question of square-integrability for representations

of [FC] ~ groups. We say that [it] G G is square-integrable if all the coordinate

functions x I—» (ir(x)u, u) of it are in L2(G) w.r.t. left Haar measure on G. If G

is unimodular, [n] is square-integrable iff 7r occurs in the left regular representation

of G as a subrepresentation [4]. It is known that [FC]~ groups are unimodular.

(2.3) Theorem.   Let G be a separable and type I [FC] ~ group, and fix

[ir] E G.   Then the following three statements are equivalent.

(1) [it] is square-integrable.

(2) There is a compact normal subgroup K of G such that G/K is abelian

and [G/K ® ir] = [it].

(3) [it] is open in G.

Each of the above statement implies the following.

(4) [G/P ® n] = [n] , where P is the periodic subgroup of G.

Proof.   (1) => (2).  Let [it] EG he square-integrable, and let p be an

irreducible subrepresentation of itK. If G(p) is the stability group of p under
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G's action by inner automorphisms, we know from the Mackey theory that there

is a multiplier co:  G(p)/K x G(p)/K —► T such that p extends to an co-repre-

sentation 'p of G(p) [17] ; moreover there is an co~x representation a' of G(p)

(which is the identity operator on K) such that zr is induced from the ordinary

representation "p®o'. Let o he the representation of G(p)/K given by o', and

set S„ = {x G G(p): co(x, v) = to(y, x), all y G G(p)}. We have a = a ® y

where o¡ is a character of G(p)/K and 7 is an to-1 representation of G(p)/Sw

[3, Theorem 3.1] (replace to by a similar multiplier, if necessary). Hence a'

equals a times the identity operator on Su. Using [14, Corollary 11.1] we see

that o' is a square-integrable co-1 representation, and since o'(s) = a(s)I on 5U

it is clear that 5W is compact. 5W is also normal in G, since G/Su is abelian.

Moreover, the type I hypothesis on G implies that co is a type I multiplier. Hence

G(p)/Su has the unique irreducible co-1 representation y [3, Theorem 3.3].

Hence

(p ®o')®/3= p ® (a®7')'®/3~p®a',

for all characters ß of G(p) which are one on S^.   Using the fact that

Indç(p)(p ® o')® x — Indc(p)(P ® o' ®X) where x is any character of G(p)

equal to one on K and x is any extension of x to G [7, Lemma 4.2], we now

have

it ® x - Indg(p)(P ® a' ® x) - Indg(p)(p ® o') «* zr,

for any character" x of G which is one on Sw, and where x denotes its restriction

to G(p). Hence [G/Sw ®ir] = [it], and (2) follows.

(2) =» (3).  If [G/K ®n] = [n] for some compact K then [it] is open in G

by (1.1) and (1.2).

(3) => (1).  If [zr] is open in G then [zr] is square-integrable by [4, 19.8.5],

since u([zr] ) > 0, where p denotes the Plancherel measure for G. (It is known that

[FC]- groups are amenable [15], i.e., G = Gr where Gr denotes the reduced dual

of G.  We needed this fact here to ensure that [zr] G Gr.)

(2) => (4).   Suppose there is a compact normal subgroup A of G such that

G/K is abelian and [G/K ® it] = [it]. Then K C P and we have

[zr] G [G/P ® zr] C [G/K ®it] = [it]

so that [zr] = [G/P ® zr].   Q.E.D.

Added in proof. The author has extended Theorem (2.3), (3), to sepa-

rable [IN] -groups (Isolated points in duals of certain locally compact groups, to

appear in Math. Ann.).
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