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Abstract. The structure of the cohomology of a complex semisimple Lie

algebra with coefficients in an arbitrary Verma module is completely

determined. Because the Verma modules are infinite-dimensional, the

cohomology need not vanish (as it does for nontrivial finite-dimensional

modules). The methods presented exploit the homological machinery of

Cartan-Eilenberg [3]. The results of [3], when applied to the universal

enveloping algebra of a semisimple Lie algebra and when coupled with key

results of Kostant [12], Hochschild-Serre [9], yield the basic structure

theorem-Theorem 4.19. Our results show, incidently, that an assertion of H.

Kimura, Theorem 2 of [13] is false. A counterexample is presented in §6.

1. Introduction. Let g be a finite-dimensional complex semisimple Lie

algebra, let b he a Borel subalgebra of g, and let Ug, Ub denote the universal

algebras of g, b respectively. If W is a finite-dimensional irreducible left Ub

module (W is one-dimensional by Lie's theorem) then Ug ®ub W is a left Ug

module. Here we regard Ug as a (Ug, Ub) bimodule; i.e. Ug is a left Ug, right

Ub module with commuting action because of the associative law. The

"induced" modules Ug ®ub W, where W varies, are called Verma modules

[1], [14], [15]. They enjoy many pleasant properties and are beginning to play

an increasingly important role in the unitary representation theory of semi-

simple Lie groups.    .

In this paper we give the structure of the cohomology Hk(g, Ug ®Ub W)

of g with coefficients in Ug ® Ub W for all k and for all W. The main result is

Theorem 4.19. We compute the cohomology of the dual module

(Ug ®Ub W)* = UomUb(Ug, W*) as well (Theorem 4.15) and, in fact, we

obtain Theorem 4.19 by applying a duality theorem (Theorem 3.4) which is

the slight independent interest.

The modules Ug ®UbW are infinite-dimensional of course and, as our

results show, the cohomology spaces Hk(g, Ug ®vb W) can very well be

nonzero. In contrast, the classical Whitehead Lemmas assert that when F is a

Received by the editors July 19, 1976.
AMS (A/OS) subject classifications (1970). Primary 18H25, 17B10.
Key words and phrases. Complex semisimple Lie algebra, Lie algebra cohomology, Verma

module, highest weight, spectral sequence.

(')Research supported by NSF grant MPS 70-01864-A04.

115



116 F. L. WILLIAMS

finite-dimensional nontrivial g module, the cohomology spaces Hk(g, V) are

always zero [11]. Even though the modules Ug ®ub W, (Ug ®m W)* are

infinite-dimensional, Theorems 4.15, 4.19 show that the cohomology is always

finite-dimensional.

Using Theorem 4.19 in conjunction with a certain spectral sequence we

obtain a vanishing theorem, Theorem 5.9, for the cohomology of a Verma

module tensored with a finite-dimensional module.

In §6 we present a simple counterexample which shows that a result

claimed by H. Kimura in [13] is false.

We wish to express special thanks to Professor Bertram Kostant for calling

to our attention certain formulas in Cartan-Eilenberg [3] (which we have used

here decisively) and for rendering generous advice during various stages of

this work.

2. Verma modules. Throughout this paper g will denote a complex semi-

simple (finite-dimensional) Lie algebra. Choose a Cartan subalgebra h of g

and let A denote the set of nonzero roots of g relative to h. The Killing form

(, ) is nondegenerate on h so for each a in A we can choose Ha in h such that

(H,Ha) = a(H) (2.1)

for all H in h. Let hR be the real vector space generated by the Ha, a E A. hR

is a real form of h and ( , )\h is a real inner product on hR. Relative to some

lexicographic ordering on the real dual space h% of hR choose a set A+ c A

of positive roots. Let tibe a corresponding system of simple roots. We set

n -   2   &>      ñ =   2   8-a>
«64+ «64*

b = h + n,      b = h + ñ,      5 = t2» (2 2")
¿ «£4+ V ' '

where ga is one-dimensional root space corresponding to a £ A. Then g = h

+ n + ñ, n, ñ are nilpotent, and b, b are Borel (i.e. maximal solvable) subal-

gebras of g. The Weyl group % of g relative to h is by definition the group

generated by the linear transformations pa:hR-+ hR where

2(& «) ,    „
tá't-JaTaJ"'       *eA¿>aeA- (2-3)

% is in fact a finite group generated by the simple reflections p„, « E tt. If a

is a Lie algebra Ua will denote its universal enveloping algebra. If ax is a

subalgebra of a we will always consider Uax as the subalgebra of Ua

generated by ax, 1.

Now let X E h* (complex dual space of h) be given. Then we can regard

the complex number field C as a b module: (H + x) • z = \(H)z where

(H, x, z) E h X « x C; see (2.2). Hence C is a left Ub module and we shall
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also write C = Cx. Regarding Ug as a left Ug, right Ub module we can form

the left Ug module.

V(X)=Ug®UbCx. (2.4)

The modules V(X), X E h*, are called Verma modules [1], [14], [15]. An

alternate description of V(X) is the following.

V(X)=Ug/(Ug\ (2.5)

where (Ug\ is the left ideal of Ug generated by n (see (2.2)) and elements of

the form h — X(H)l, H E h. Indeed (Ug\ annihilates the generator (highest

weight vector) 1 ®ub 1 of V(X) and thus a homeomorphism Ug/(Ug\-*

V(X) is induced such that the coset of 1 maps to 1 ®Ub 1. Using the PBW

(Poincare-Birkhoff-Witt) theorem one sees that this map is 1-1. Moreover it is

clearly a Ug map so that V(X), Ug/(Ug\ are isomorphic as Ug modules.

We shall also be interested in the contragredient action of g on the dual

V(X)* of V(X):

(x-f)(v)=-f(x-v) (2.6)

for (x,f, v) E g x V(X)*xV(X). The character X of b extends to an algebra

homomorphism X: Ub -» C. Let B.omub(Ug, C_x) be the space of linear maps

f:Ug-*C such that

f(BA) = -X(B)f(A) (2.7)

for (B, A) E Ub x Ug. ¥LomUb(Ug, C_x) is a left Ug module where Ug acts
by right translation.

Proposition 2.8. V(X)* and E.omub(Ug, C_x) are isomorphic as Ug modu-

les; see (2.4).

Proof. See Proposition 5.5.4 [6].

3. A duality theorem. Let a he an arbitrary Lie algebra over a field F of

characteristic zero. Let U, Vhea modules. Choose a Ua protective resolution

•••-»i4-*£4-i^-*Ux^>U0->U-*0

of U. Then we obtain maps dk

... -» ftomUa(Uk, V) -> HomUa(Uk+x, F) -> ...

such that dkdk_x = 0. By definition ExtUa(U, V) is the cohomology of the

complex HomUa(U^, V); i.e.

ExtkUa(U,V) = kerdk/lmdk_x.

The groups ExtkUa(U, V) are well defined, being independent of the choice of

resolution because any two projective résultions are homotopically equiva-

lent. For U = F with a acting trivially we have

Hk(a, V) d=ExtkUa(F,V). (3.1)
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Hk (a, V) is the kth dimensional cohomology group of a with coefficients in V.

Now F admits a "standard" Ua projective resolution: viz.

... -» Ua ®F AW ->-» Ua ®F A°a-^F

where e is the augmentation epimorphism. The differential dk is given by

¿4(1® xx A- • • Axk)

k

= 2(-l)'+1*/®*iA--- A*iA--- A^
i-i

+ 2 ( -1)'+7'1 ® [x„ xj] A x, A • • • A *,
i<j

A • • • A xj A • • • A xk        (3.2)

for Xj in a. In view of (3.2) the definition of Hk(a, V) given in (3.1) coincides

with that given by Chevalley-Eilenberg in [4].

Dual to the groups in (3.1) are the kth dimensional homology groups

Hk(a, V) of a with coefficients in a right Ua module V, defined by
Apt

Hk(a,V)=Toruk°(V,F); (3.3)

see [3]. We remark that because the universal enveloping algebra Ua admits

an antipodism one can always convert left Ua modules V into right Ua

modules by setting v • x = — x • v, (x, v) E a x V.

Now we present a basic duality theorem which is valid for arbitrary (i.e.

infinite-dimensional) modules. This theorem is based on duality formulas in

[3].

Theorem 3.4 (Duality). Let a be a finite-dimensional Lie algebra over a

field F of characteristic zero and let V be a left Ua module. Let V* denote the

dual space of V so that V* is a left a module via the contragredient action given

in (2.6). Then for each k > Owe have a vector space isomorphism

Hk (a, V)* ^Hn~k (a, A"a <8> V)

where n = dimFa and where A"a is regarded as a left a module via the adjoint

action.

n

x ■ (y, A • • • Ay„) = 2 Vi A • • • A[*.y¡] A • • • A v„     (3.5)
i-i

for x, y¡ in a; i.e. x is scalar multiplication by trace of ad(x). In particular if a

is unimodular (that is trace ad(x) = Ofor all x in a) then for each k > 0

Hk (a, V)* = H"-k (a, V*). (3.6)

We note that (3.6) holds if a is semisimple (or even if a is even reductive).

Also (3.6) holds if a is nilpotent. The proof of Theorem 3.4 is as follows. The
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equation

(/•x)(t>) «/(*•*) (3-7)

(x,f,v) E aX V* X V defines a right module structure on V* (cf. (2.6)).

Then taking C = C, A = C in Proposition 3.3, p. 211, of [3] we get

(Extia(C, V)Y = Torf(K*, C) - Hk(a, V*); (3.8)

see (3.3). Thus by (3.1)

Hk(a, V)* = Hk(a, V*). (3.9)

On the other hand if W is any left a module and W is the corresponding right

a module induced by the antipodism of Ua (see remark following (3.3)) then

H"-k (a, Ana ®W) = Hk (a, W) (3.10)

by [3, p. 288], where n = dim a.

Taking W= V* with the left module structure given by (2.6) we get

W = V* with the right module structure given in (3.7). Thus by (3.9), (3.10)

we get

Hk (a, V)* = H"-k (a, A"a ® V*) (3.11)

as desired.

4. Cohomology computations. In this section we apply the duality theorem

and key results of Kostant [12] to obtain the cohomology of a Verma module

and its dual. We shall also make the Hochschild-Serre spectral sequence [9].

The starting point is a Lie-algebraic version of Shapiro's Lemma which in

classical finite theory relates the cohomology of a module with that of the

induced module. The precise result needed is the following.

Theorem 4.1. Let abe a Lie algebra over afield F and let ax be a subalgebra

of a. If W is a left ax module then

Hk(ax, W) ~Hk(a, HomUai(Ua, W)).

See Proposition 4.2 of [3, p. 275].

Lemma 4.2. Let a be an abelian Lie algebra and let W be an a module such

that A-w = p(A)w for all A in a and w in W, where p E a*. Then Hk(a, W)

- 0 for all k > 0 if p * 0. If p = 0, Hk(a, W) = Hom(A*a, W) for all
k>0.

Lemma 4.2 follows from a general result of Dixmier [7]. However a proof

for the special case at hand is rather immediate; see [8]. Now let X E h* be

arbitrary. Then by Theorem 4.1

Hk (g, Hom£/6(Ug, Cx)) - Hk (b, CK); (4.3)
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see §2 for all notation. Since « is an ideal in b given any b module W there is

a Hochschild-Serre spectral sequence {E?,q} whose E^ term is associated to

H*(b, W) and whose second order terms are given by

E^ = HP(b/n,H"(n,W)). (4.4)

In particular we have

E£q = H>>(h,Hq(n,CJ). (4.5)

Now Kostant has shown, Theorem 5.14 [12], that Hq(n, Q as an h modulé is

completely reducible and decomposes as follows:

Hq (n, C) = 2 Cë0   (direct sum),

o E % = Weyl group,

l(°) - ?, (4.6)

where l(o) (the "length" of o) is the cardinality of the subset oA~ n A+ of A+

and

'« = *-«, A ' ' • A *-„,.,

for e»A~ n A+ = {a„ ..., a/(o)}, e_a E g_a - {0}, a E A. Moreover the

action of h on ea is given by

//•e0 = (a5-5)(i/)e,„ (4.7)

H Eh,o E%\ see (2.2). Actually (4.6) is a special case of a much more

general result of Kostant. Writing

H"(n, C¿ = Hq(n,C)®Cx (4.8)

(4.6), (4.7) imply that Hq(n, CA) has an h module decomposition

H" (", Cx) = 2 Cq,   (direct sum),

o E% = Weyl group,

l(°) = ?, (4.9)

where va ̂  0 and

//• ü0 = (öS - 8 + X)(H)va (4.10)

for H in A. By (4.5), (4.9)

E{•" = 2 HP (h, Cva)   (direct sum),

o E% = Weyl group,

l(°) = ?• (4.11)

Hence if A + o5 - 5 ¥= 0 for every a in the Weyl group, Lemma 4.2, (4.10),

and (4.11) imply that EP,q = 0 for every p and for q > 0 and we conclude

that (using (4.5)) for every p
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H" (b, Cx) - Ep = H» (h, CO = 0; (4.12)

the last statement of equality follows from Lemma 4.2 since our hypothesis

excludes X from being zero. Next assume X + a0ô - 8 = 0 for some a0 in the

Weyl group, By the regularity of 8, a0 is necessarily unique. Hence by (4.10) if

a ^ o-„ the action of h on Cva must be nontrivial and thus Hp(h, Cvg) = 0 by

Lemma 4.2. In other words (4.11) implies that

[0 if q¥>I(o0). (4.13)

Hence we have for every p

Hp (b, CO = ^-'^.'("o) . H'-'^h, Cv0)

= A'-'^h; (4.14)

again the last statement of equality follows from Lemma 4.2 and (4.10) since

X + a08 - 8 = 0. By (4.3), (4.12), (4.14), and Proposition 2.8 we have proved

the following theorem which gives the cohomology of the dual of a Verma

module.

Theorem 4.15. Let g be a complex semisimple Lie algebra, let b = h + nbe

a Bore! subalgebra where h is a Carian subalgebra of g and n = [b, b] (see

(2.2)), let X E h* be a linear functional on h, and let CA denote the correspon-

ding b module (hence Ub module) such that n • Cx = 0. Thus Homub(Ug, Cx) is

a Ug module, where Uq acts by right translation. The cohomology of g with

coefficients in HomUb(Ug, Cx) is given as follows.

1. IfX ¥* —(08 — 8) for every a in % then

Hk(g,UomUg(Ug,Cx)) = 0

for all k>0.
2.IfX= —(08 — 8) for some a in ^ (o is necessarily unique) then

Hk (g, KomUg(Ug, CO) - A*-/WA.

Here % is the Weyl group of g relative to h, l(o) (the length of a) is the

cardinality of the set oA~ n A+, A+ is the set of positive roots and

s = j 2 «;

see §2. In either case

Hk(g, Homub(Ug, CO) = Hk (b, Cxy,

see (4.3). If X = -(08 - 8), as in §2, then in particular

Hk(g,Homub(Ug,Cx)) = 0

unless 1(a) < k < dimcA + l(o).
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Again suppose A £ h* is arbitrary. Applying Proposition 2.8 again we have

Hq(g,(Ug ®ub CO*) - Hq(g, Homub(Ug, C_x)) (4.16)

for q > 0. On the other hand by the duality theorem (Theorem 3.4)

Hk(g, Ug ®Ub CO* = H«™*-k (g, (Ug ®ub CO*). (4.17)

Thus by (4.16), (4.17)

Hk(g, Ug ®ub CO* = H«™*-" (g, Hom^i/g, C_0).       (4.18)

From (4.18) and Theorem 4.15 we deduce that Hk(g, Ug ®W,CX) is finite

dimensional for each k and moreover

Theorem 4.19. Let g be a complex semisimple Lie algebra, h a Carian

subalgebra of g, b = h + [b, b] a Borel subalgebra ofg, and let % be the Weyl

group of g relative to h. For o in ^ let l(o) denote the length of o (as in

Theorem 4.15) and let

8 = x   2   «

given a choice of positive roots A+.If\Eh*is any linear functional on h and

Ug ®ub Cx is the corresponding Verma module (see §2) then the cohomology of

g with Ug ®ub CA coefficients is given as follows.

1. If\ =£ 08 — 8 for every a in ^ then

Hk(g,Ug®ubCx) = 0

for all k>0.
2.If\ = o8 — 8for some o in % (o is necessarily unique) then

Hk(g, Ug ®Ub CO = Adim*-*-/w/j.

Let/ = dime A = rank of g and letp = |A+| = number of positive roots. If

A = 08 — 8, as in 2, then in particular

Hk(g,Ug®UbCx) = 0

unless 2p - l(o) < k < ! + 2p - l(o) = dim g - I (o). Thus for Verma

modules there is no "low-dimensional" cohomology. Moreover

def d'm*

H*(g, Ug ®Ub CO =   2 Hk (g, Ug ®m CO   (direct sum)
k-0

has dimension equal to 2'.

Corollary 4.20. IfX = o8-8 then for each simple root a E tt such that

l(pao) = l(o) - 1 one has

Hk (g, Ug ®ub CO = Hk+X (g, Ug ®Ub CPaX_a). (4.21)
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Here pa £ ^ is the simple Weyl reflection defined by a; hence paX — a =

pa(X + 8)-8; see (2.3).

Proof. Since a is simple 2(5, a)/(a, a) = 1 so that paX - a = pa(o8 - 8)

- a = pao8 - 8 by (2.3) (taking £ = 5). Thus by Theorem 4.19

Hk+1 (g, Ug ®ub C^x_a) = Adta«-<*+,>-,<fc<'>A

= Adta*-*-'wA = Hk(g, Ug ®ub CO

since /(pao-) = l(o) — 1 by hypothesis.

Clearly formula (4.21) is quite similar in form to the "dimension shifting"

formula of Bott [2] (or Demazure [5]) for the sheaf cohomology of certain line

bundles in connection with the Borel-Weil Theorem.

5. The spectral sequence induced by filtered submodules. The tensor product

of a Verma module with a finite-dimensional module always has a finite

decreasing filtration by submodules such that the corresponding subquotients

are Verma modules. Using such a filtration we construct a spectral sequence

whose first order terms Ep'q are thep + q dimensional cohomology of Verma

modules. Applying Theorem 4.19 we obtain a vanishing theorem, Theorem

5.9, for the cohomology of the tensor product.

Let a be a Lie algebra and let V he an a module. Suppose V has a

decreasing filtration by submodules {Vp)peZ (Z is the set of integers):

...V_XD V0D VXD V2D....

Then there is an induced decreasing filtration {Hoin(AAa, V)p)pez of

Hom(A*a, V) such that

¿*Hom(A*a, V)pc {Hom(A*+,a, V)p) (5.1)

for each k andp; see (3.5). Put

A(«> V) = 2 Hom(A*a, V)   (direct sum). (5.2)
k

Then because of (5.1) we can define a decreasing filtration {A(a, V)p}peZ on

the cochain complex (A(a, V), d) (i.e. a filtration {A(a, V)p)peZ such that

dA(a, V)p c A(a, V)p) by setting

A(a, V)p= 2 Hom(A*a, V)p   (direct sum). (5.3)

Moreover this filtration is compatible with the grading of A(a, V). Thus

{Vp)pez induces a spectral sequence {Ef'q) whose E^ term is associated

with the cohomology of the complex (A(a, V), d). We have

Po'-« = Hom(A'+*a, V)p/Hom(Ap+"a)p+x. (5.4)

We shall consider elements in Hom(A*a, V) as alternate k linear maps from

ak to V. There are natural isomorphisms:
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Hom(A*a, V)p/Hom(Aka, V)p+X ~ Hom(A*a, Vp/Vp+X).

Moreover the diagrams

Hom(A^ Vp/Vp+l)-^Hom(A*+1«, Vp/Vp+1)

I * 1
Hom(Afcfl, V)plEom(Aka, V)p+l —k—+Hom(Ak+ia, POp/Hom(Afc+1fl, V)p+1

are commutative. Keeping (5.4) in mind we can therefore conclude

Theorem 5.5. If a is a Lie algebra and V is an a module with a decreasing

filtration by submodules [Vp)peZ then there is a spectral sequence {£?'?} such

that E^ is associated with H*(a, V) and

Er = H"+q(a,Vp/Vp+x).

The filtered complex [A(a, V)p, d) will certainly be regular if we assume,

in particular, that Vp = Vforp < 0 and 1^, = 0 forp sufficiently large. These

assumptions are satisfied in the following situation. Let V(X) = Ug ®Ub CA

be a Verma module (as in (2.4)) and let V be any finite-dimensional g

module. Then the tensor product V(X) ® V admits a decreasing filtration

V(X) ®V=V0dVxd--dV„ = 0 (5.6)

by submodules {Vp}HfmSm y such that

Vp/Vp+x~V(X + h) (5.7)

where p¡, is a weight of V and V(X + pp) is the Verma module defined by

X + fip E h*; see [1], [13]. Hence by Theorem 5.5 there is a spectral sequence

such that

E^q^HP+q{g,V(X + pp)) (5.8)

and such that Ex is associated with H*(g, V(X) ® V). If for every o in %

and for every weight p of V, X ¥= 08 - 8 - p then X + Pp ̂  08 - 8 for each

p and E\'q = 0 for eachp, q by (5.8) and Theorem 4.19. Hence for everyp

Hp(g, V(X)® V) = Ex°* = 0

and we have proved

Theorem 5.9. Let g, h, b, %, 8 be as in Theorem 4.19, let X E h*, and let V

be any finite-dimensional g module. Then

Hk(g,(Ug®ubCx)®V) = 0

for all k > 0 unless X has the form X = 08 — 8 — pfor some o in % and some

weight pofV.
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6. A counterexample. H. Kimura asserts in Theorem 2 of [13] that if V is a g

module generated by a highest weight vector and having X as its highest

weight then

Hl(g V)= [C    ifX= ~a>
u'    ;     10    otherwise, (6.1)

where a is a simple root. We shall show by a simple example that this

assertion is false. More precisely if g = sl(3, Q and if V is a Verma module

with highest weight X = —a,aa simple root, then we claim

Hl(g,V) = 0. (6.2)

Indeed we remarked in Theorem 4.19 that for Verma modules the

cohomology in low dimensions vanishes. In particular, by Theorem 4.19,

Hk(g, V) = 0 unless k > number of positive roots. Thus Theorem 4.19

implies (6.2). However we shall give a direct proof of (6.2)-one which is

therefore independent of Theorem 4.19. We remark that part of Kimura's

statement is true. Namely if -X =£ each simple root then H\g, V) = 0.

Now we assume g is the Lie algebra sl(3, C) of 3 X 3 complex matrices of

trace zero. There are two simple roots ax, a2:

A+ = {a,, a2, a3),       it = (a„ a2), (6.3)

where a3 = a, + a2. Let x,,y, denote generators of the one-dimensional root

spaces (for nonzero roots) so that

&i = Cxj,      g.^ = Cyj, (6.4)

ctj E A+. We may assume

[xx,x2] = x3,      [yi,y2]=y3- (6.5)

Proposition 6.6. Suppose V = V(X) is a Verma module for g = sl(3, Q with

highest weight X = — a, where a is a simple root. Then 0 is not a weight of V,

no positive root is a weight of V, and —ß is not a weight of V if ß is a simple

root ¥=X= -a.

The proof follows since every weight of V has the form — a — nxax — n2a2

for suitable nonnegative integers «,, n2. We consider V as in Proposition 6.6.

To establish (6.2) we must show the following: If w E Hom(g, V) is any

1-cocycle, i.e.

w([x,y]) = x-w(y)-yw(x) (6.7)

for all x,y in g, then w is trivial; i.e. there exists a v in V such that

w(x) = x • v (6.7)'

for all x in g. Thus suppose w E Hom(g, V) is given which satisfies (6.7).

Considering V as an h module (h a Cartan subalgebra) one has

Hl(h,V) = 0. (6.8)
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Indeed

H ' (h, V) = 2 Hx (h, V^)   (direct sum) (6.9)

where

y - 2 Vp      p = weight of V,

is a direct sum decomposition of V into weight spaces K. Since 0 is not a

weight of V, by Proposition 6.6, (6.8) follows from (6.9) and Lemma 4.2; cf.

Corollary to Lemma 1 of [8].

Now w\h is a 1-cocycle for F as an A module so by (6.8) w\h is trivial; i.e.

there exists a v in V such that

w(H) = H-V (6.10)

for all H in A. Let a G A be any nonzero root, let x E ga, and let H E A be

arbitrary. Then by (6.7)

a(H)w(x) = w([H,x]) = H-w(x)- x-w(H) (6.11)

and by (6.10)

x-w(H) = x-(H-v)=[x,H]-v + H-(xv)

= -a(H)x-v + H(x-v) (6.12)

so that (6.11), (6.12) imply

a(H)w(x) = # • w(x) + a(H)x • v - H ■ (x ■ v);

i.e.,

H • (w(x) - x ■ v) = a(//)(w(jc) - x • «) (6.13)

for H E h, x E ga, a E A. If a G A+ in particular then by Proposition 6.6 a

is not a weight. Thus by 6.13 we must have

w(xj) = Xj v,      j = 1, 2, 3; (6.14)

see (6.4). To be specific assume X = — ax. Then — a2 is not a weight by

Proposition 6.6 and, similarly, (6.13) implies (see (6.4))

»W" v2-ü. (6.15)

The highest weight space of F is one-dimensional and is spanned by a

nonzero vector, say, vx. (6.13) implies that w(yx) — yx-v (yx G g_a¡ by (6.4))

is in the highest weight space and therefore

w(yi)-yi-v = cvx (6.16)

for some complex number c. By (6.5), (6.7), (6.15), and (6.16)

w(y3) = K>([y„y2]) = yx • w(y2) - y2 ■ w(yx)

= vi-(y2-ü)-y2- (yx-v + cvx)

= y3-v- cy2-vx. (6.17)
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Since [y2,y3] = 0, (6.7), (6.15) and (6.17) imply

0= w([y2,y3]) = y2-w(y3) - y3-w(y2)

= y 2 ■ (y 3 ■ o - çy2 ■ «0 - y 3 • te • «) = [ y* y A •v - <y\ • v\

= -cy\-vx.

But for a Verma module Uñ (see (2.2)) acts without zero divisors. Hence

c = 0and (6.16), (6.17) imply

w(yi)"yi'V,       w(y3)=y3-v. (6.18)

Clearly (6.10), (6.14), (6.15) and (6.18) imply (6.7)' and we have thus proved

(6.2) for X = - a,. The case X = - a2 is entirely similar.

The above example can be generalized, of course, and much of our

arguments remain valid up to a point for any cyclic module with a highest

weight. However the crucial property of Verma modules which we exploited

was the absence of zero divisors with respect ot the Uñ action.
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