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R. A. ZALIK

Abstract. We study the completeness in L^R) of sequences of the form

{f(c„ — t)), where {c„} is a sequence of distinct real numbers. A Miintz-

type theorem is proved, valid for a large class of functions and, in particular,

for/(0 = exp(-/2).

Let c, t, x and y denote real numbers, and z, w complex numbers, let 7?

stand for the set of real numbers, let/be a function in L2(R), and let T(f)

denote the linear span of the family of functions of the form /(/ + c), c

real. A classical theorem of N. Wiener [1, p. 100, Theorem 12] asserts that the

closure of T(f) equals L2(R) if, and only if, the set of points at which the

Fourier transform of/vanishes has measure zero. The question thus naturally

arises as to under what conditions a sequence of the form {/(/ + cn)) will

span L2(R). Our first result in this direction is the following:

Theorem 1. Let {c„) be a sequence of distinct real numbers. Let — co < a <

b < co, and assume that f belongs to L2(R) and is such that the sequence

{f(c„ — t)} spans L2(2a, 2b). Let g be a function in LX(R) with support in

(a, b), and such that the set of points at which the Fourier transform of g

vanishes has measure zero. Then, if h = f * g is the convolution product off and

g, the sequence {h(cn — /)} spans L2(a, b).

In particular, we have the following:

Corollary 1. Assume that the sequence {f(cn — /)} spans L2(R), that g

belongs to LX(R), and that the Fourier transform of g is different from zero

almost everywhere on R. Then, if h = /* g is the convolution product offand g,

also the sequence {h(c„ — t)) spans L¡,(R).

Theorem 1 will be useful only if we can show there exists functions / and

sequences {c„} such that {f(c„ - /)} spans L2. This will follow from the next

theorem, which is our principal one, and also from Theorem 4. Given a
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function /, by F we shall denote its (exponential) Fourier transform. Given a

sequence {c„}, the expression

2'|c„|-(2+e)        (e>0)

will denote the sum of all terms of the form indicated, with nonvanishing

denominator. Let {c„} be a given sequence of distinct real numbers, and for

this sequence let S(e) denote the series (1), where e is an arbitrary nonnega-

tive real number. With this notation we have

Theorem 2. Let f be a function in L2(R) such that F(x) ^ Ofor all real x,

and consider the following conditions:

(i) There is a nonzero real number a, such that

F(x) = 0[exp(-aV)],       |jc|—> co.

(ii) There is a nonzero real number b, such that [exp(—b2x2)]/F(x) is in
L2(R).

Then, if (i) holds, the divergence of S (s) for some e > 0 suffices for the

sequence {f(c„ — t)) to span L2(R), whereas if (ii) holds, the divergence ofS(0)

is necessary for this sequence to span L2(R).X

Example. The function f(t) = exp(— t2) satisfies conditions (i) and (ii) of
Theorem 2.

Let f„(t) = f(cn — t), and let Fn denote the Fourier transform of f„. As

remarked by Paley and Wiener [2], since the Fourier transform is norm-

preserving in L2(R), the sequences {/,} and {F„} have the same closure

properties. Since F„(x) = F(-x) • exp(-c„xi), making the change of

variable x -* — x, we obtain the following, fully equivalent proposition:

Theorem 3. Let F be a function in L2(R), such that F(x) ^ Ofor all real x,

and let F„ be defined by

F„(x) = F(x)-exp(cnxi).

Then, if F satisfies condition (i) of Theorem 2, the divergence of S(e) for some

e > 0 suffices for the sequence {Fn) to span L2(R), whereas if F satisfies

condition (ii) thereof, the divergence of S (0) is necessary for this sequence to
span L2(R).

In particular, we have

Corollary 2. If S(e) is divergent for some e > 0, then the sequence

{exp(c„;w — x2)) spans L^R). Conversely, if this sequence spans L2(R), then

S (0) must be divergent.

'Acknowledgement. The author is grateful to Dr. A. Atzmon for suggesting the present,
more elegant, statement of conditions (i) and (ii) of Theorem 2.
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This corollary should be compared with the standard density theorems for

sequences of the form {exp(c„i/)} on finite intervals (see N. Levinson

[3, Chapters 1 and 2], and L. Schwartz [4, Chapter 3]).

An interesting feature of Theorems 2 and 3 is that they seem to be the first

density theorems that do not deal with sequences of functions generated in

some way by entire functions of exponential type, and are therefore proved

without recourse to Paley and Wiener's classical theorem on the repre-

sentation of such functions as Fourier transforms of functions having boun-

ded support. Note, moreover, that Theorems 2 and 3 apply to classes of

sequences of functions much larger in size than, for example, those to which

the Müntz-Szasz theorem applies. The function exp(— t2) is just one of a large

class of functions satisfying the conditions of Theorem 2. Specifically, we

have

Lemma. Let f be a function in L¿(R) such that l/F is an entire function of

order 2, and the set of zeros of l/F is bounded away from the real axis and has

an exponent of convergence smaller than 2. Then the function f satisfies

conditions (i) and (ii) of Theorem 2.

The conditions of the preceding Lemma are satisfied by a large set of

"Pólya frequency functions". An account of the theory of these functions can

be found in the monograph of Karlin [5] (see, in particular, Theorem 3.2 on p.

345). For an account of their connection with the convolution transform and

the heat equation, see Hirschman and Widder [6], and also the work of D.

Leviatan et al. [7], [8]. The inversion theorems developed in the three

preceding references do not seem directly applicable to the proof of our

results.

It should be remarked that the condition that the function l/F should be

of order 2 cannot be changed with impunity. This is illustrated by the

following

Example. Let /(/) = exp(l - t) û t> I, and /(/) = 0 if t < 1. Then
l/F(z) = (iz + l)exp(zz) is an entire function of order 1. However, no

sequence of the form {f(c„ — t)} may span L2(R). Indeed, if g is a linear

combination of functions of the form f(c„ — t), it admits of a representation

of the form g(t) = k(t)exp(— t), where k(t) is constant in each interval

(c„, cn+x). This implies that {f(ck — t)} cannot span even L2(cn, c„+x). (Inci-

dentally, the function / thus defined is a Pólya frequency function (cf. [5, p.

333]).)
The preceding example is due to Z. Ziegler and J. Tzimbalario.

Theorems 2 and 3 obtain for an unbounded interval. For the case of a

bounded interval we can prove, with the aid of standard techniques, the

following:
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Theorem 4. Let (a, b) be a bounded interval and let f(t) = exp(-c2/2),

c 7e 0. Then {f(cn - t)} spans L2(a, b) if, and only if, the series S'|cn|-1

diverges.

Proof of Theorem 4. Sufficiency: Let q belong to L2(a, b), and assume

that

J*exp[ -c2(cn - t)2]q(t) = 0,       « = 0, 1, 2,.... (2)

Let í/= 1/c; making a change of variable of the form t-*dt + a, and

defining/?(/) = q(dt + a), I = c(b — a) and dn = c(c„ - a), we see that (2)

reduces to

j'exp[-(d„ - t)2]p(t) dt= 0,       « = 0, 1,2,...,

which is equivalent to

f'exp[-(2dnt - t2)]p(t) dt= 0,      « = 0,1,2.

However, exp(- t2)p(t) belongs to L2(0, /), and the conclusion follows from

the Müntz-Szász theorem by a change of variable of the form exp(—/)-» /

(cf. for example [2, pp. 30-36]).
Necessity. Assume the series 2'|c„j —' converges, and define wn = -2ccni.

From a theorem of Luxemburg and Korevaar [9, Theorem 5.2], we know

there exists a function G (z), not identically zero, that vanishes at the points

wn and admits of a representation of the form

G(z) = [ exp(-izt)g(t)dt,
* a

where g is in L2(a, b). Defining q(t) = g(t)exp(c2t2), this means that

rb

j  exp(-2cc„t - c2t2)q(t) dt=0,       n = 0, 1, 2,-
•'a

Therefore, q satisfies (2) without being identically zero. Since q is clearly in

L2(a, b), we thus see that {f(c„ — t)} does not span L2(a, b), and the

conclusion follows.   Q.E.D.

Proof of Theorem 1. Assume there is a function /? in L2(a, b) such that

fbh(c„ - t)p(t) dt- 0,       « = 0, 1,2,.... (3)

Extend/? to the whole of 7? by stipulating it to vanish outside (a, b). Defining

q = h * /?, (3) simply means that

q(c„) = 0,       n = 0,1,2,.... (4)

Let k « g * /?; since g is in LX(R) and/? belongs to L2(R), k is in L2(R), and
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it is clear that q = (f * g) * p = f * k. A straightforward computation shows

that k must vanish outside (2a, 2b). Thus,

q(x)=f2bf(x-t)k(t)dt.

Since {f(c„ - t)} spans L2(2a, 2b), we conclude from (4) that k vanishes

almost everywhere in 7?. Thus, 0 = K = GP almost everywhere in R. By

hypothesis G is different from zero a.e. in 7?. Thus P = 0 a.e. in R, and

therefore also/?.   Q.E.D.
Remark. The preceding proof is similar to one of the proofs of Wiener's

theorem (cf. Katznelson [10, p. 145, Exercise 7]).

Proof of Theorem 3. We shall use the notation of Boas [11].

Sufficiency. We shall first show that the assertion holds for all functions of

the form F(x) = exp(—d2x2), where d is any nonzero real number. This is

equivalent to proving the sufficiency part of Theorem 2 for all functions of

the form/(/) = exp(—a2t2), where a is any nonzero real number (for if F is

the Fourier transform of/, then d2 = I/(4a2)).

Assume therefore that there is a function /? in L¿(R), not almost

everywhere zero, such that

Jexp[-a2(c„ - t)2]p(t) dt= 0,       n = 0, 1,2,....

Without loss of generality, we can assume that

fR\p(t)\2 dt=\a\(2/n)x/2.

The proof will be achieved once we show that the series 5(e) is convergent

for all e > 0. Define

h(z) = exp(a2z2)Jexp[-a2(z - t)2]p(t) dt.

Clearly h(cn) - 0, n = 0, 1, 2,..., and

h(z) = fexp[2a2tz - a2t2]p(t) dt.

It is clear that h(z) is an entire function (cf. Widder [12, p. 57]). Moreover, «

cannot be identically zero, for exp(—a2t2)h(t) = exp(—a2/2) *p(t); thus,

were « to vanish identically, we would conclude that the Fourier transform of

p vanishes a.e., and thus also/?, which is a contradiction.

Applying Holder's inequality, we see that, if z = x + yi,

i o \'/2 r
|«(z)|2<|a|i J J    fexp[4a2tx - 2a2/2] dt= exp(2a2x2).

We have therefore shown that h is an entire function of order at most 2. Thus,

applying [11, 2.5.18], the conclusion follows. To complete the proof, let F
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satisfy condition (i), and assume that S (e) = co for some e > 0. Assume m is

a function in L2(R) such that

[exp(cnxi)F(x)m(x) dx= 0,       n = 0, 1,2,_
JR

Setting G(x) = exp^a2*2^*)«^*), the preceding equation can be written

as

/exp(c„x/)exp(- \a2x2.G(x) dx= 0,       n «■ 0,1,2.
jR-

Since condition (i) implies that G is obtained through multiplication of m by

a bounded function, and m was assumed to be in L2(R), it is clear that also G

is in L^R). Since we have shown that the sequence {exp(c„xi — \a2x2)}

spans L2(R), it is clear that G = 0 a.e. Since, by hypothesis, F never vanishes,

this implies that m = 0 a.e., and the conclusion follows.

Necessity. Clearly {c„} must be an infinite sequence. Making, if necessary,

a change of variable of the form t -> / + /0 we can assume, without loss of

generality, that all the numbers c„ are different from zero. Assume that 5(0)

converges, and let qx(z) = HE(-z/cn, 1) and q(z) = q(p, z) =

exp(- ¿pz2)qx(z), where p > 0. It is clear that q is an entire function. We

shall now follow a procedure inspired by the proof of [13, Chapter

1, Theorem 2]. From [11, 2.10.13] we know that qx is of growth (2, 0). It is

therefore easy to see that the following inequalities obtain:

q(z) = 0[exp(-a\x\)],       |x|-* oo, (5)

on any strip of the form \y\ < 8, and for every real number a.

f\q(x+yi)\2dx<c2xexp(py2) (6)

for every real number/, and

f\(x+ yi)q(x + yi)\2 dx < cfexp( py2) (7)
JR

for every real number y. Note that also izq(z) satisfies a condition like (5).

Thus, applying a theorem of Titchmarsh [14, p. 44, Theorem 1.27] to both

q(z) and izq(z), it is easily seen that there is an entire function « = h(p, • ),

such that both h(t) and h'(t) are in L^R), q(z) is the Fourier transform of h,

and izq(z) is the Fourier transform of h'.

Let t > 0, and I = [t, t + 1]. Applying Parseval's identity we see that, for

all real y,

f\h(s)\2exp(2sy)ds<f |«(¿)|2exp(2jy) ds

= j\q(x + yi)\  dx< c2exp(/ty2).



305
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Since s > t on 7, by setting y = t/p, we obtain

•*(tU,*(,)|2*<cMp)-
Thus,

/j«(i)|2a5<c2exp(-^),

and from (7) we similarly see that

^|«'(*)|2A<c22exp(--£).

In view of (8), there must be a point t0 in 7 where « satisfies the inequality

\h(t@)\ < Cjexp{-j¿)-

Hence, since / < t0, applying the Cauchy-Schwarz inequality and (9) we see

that

IMOI - *('o) +fh'(s) ds\<\h(t0)\ + [lol-\h'(s)\ ds
Jt0 Jt

r i1/2

<iA<M+ft-i^[j[V«f*

HM+I^wf*]1

,exp(-^) + c2exp(-ii)

<

< c

= cexp

where c = cx + c2. Thus, if / > 0, we have shown that

|«(/)|<cexp(-ii). (10)

Since (8) and (9) hold also for the function h(— t) (for its Fourier transform is

q(— z)), we readily see that (10) holds for every real value of t.

Referring now to condition (ii) of Theorem 2, we know from (10) that there

exists a number pQ, such that

h(po, t) = 0[exp(-b2t2)],       |/|-> oo.

It is therefore clear that the function m(t) defined by
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m(t) = h(p0, t)/F(t)

is in L2(R). However,

(2ir)x/2q(p0, z) = (exp(-zti)F(t)m(t) dt.
JR

Since q(po, — c„) = 0 for n = 0, 1, 2,..., and m is clearly not identically

zero, we have therefore shown that the sequence {F(t)exp(cnti)} does not

span L2(R).    Q.E.D.

Proof of Lemma. From Hadamard's factorization theorem we know that

l/F(z) = 7sTexp(V2 + b2z)E(z), (11)

where E(z) is the canonical product of the zeros of l/F. Without any loss of

generality we can assume that K= I, and that bx and b2 are real numbers.

Indeed, the assumption that bx and b2 are complex will only introduce a

weight function whose absolute value equals one for any real value of the

argument z. Let k be the exponent of convergence of the zeros of l/F. Since

E (z) is of order k (cf. [11, 2.6.5]), and k is less than 2 by hypothesis, the

proof of condition (ii) readily follows. To prove condition (i), choose some

number r from the interval (k, 2), and note that for \z\ large enough,

|7i(z)| < exp|zf. (12)

We thus conclude from (11) that for \x\ large enough,

\F(x)\ > exp(-bxx2 - b2x -\x\r).

Since F(x) must clearly be in L2(R) (for it is the Fourier transform of a

function in L^R)), we conclude from the preceding inequality that bx must

be nonnegative. Since l/F is a function of order 2, it is also clear from (12)

that bx cannot equal zero. We have thus proved that bx is strictly positive.

Now, E is a canonical product of order k; thus, if s is any positive real

number, we know from [11, 2.6.18] that

log|7i(z)|>-|zf (13)

provided that \z\ is large enough and z is outside the circles of center z„ and

radius \zn\~s, \z„\ > 1 (where {z„} is the set of zeros of l/F). Since {z„}

cannot have points of accumulation, it is readily seen that there exists a

number m > I, such that for every point z„, if its absolute value is larger than

1, it is also larger than m. Thus, by taking s to be sufficiently large, we can

make the supremum of the radii of the circles under consideration arbitrarily

small. Since by hypothesis the set {z„} is bounded away from the real axis, we

readily conclude that (13) holds for all points in some strip of the form
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Iy\ < 8 (where z = x + yi), provided they are sufficiently distant from the

origin, and the conclusion readily follows from (11), (13), and the positivity of

bx.   Q.E.D.
Remarks. The preceding results give rise to several questions. The first one

is whether a theorem similar to Theorem 2 is valid on Lp(R), for some value

of/? other than 2. Our method of proof is applicable only in L2(R), for we

have made essential use of a duality argument to obtain Theorem 2 from

Theorem 3. Another question is the following: in Theorem 2 we assumed

that, roughly speaking, F(x) behaves like exp(—x2). The question thus

naturally arises as to what happens if F(x) behaves like exp(— \x\p), for some

/? other than 2. This problem is at present open. It would also be interesting

to study these problems in the interval (0, co), where the theory of quasi-

analytic functions seems to have some application.

As a final remark, we would like to point out that other theorems concer-

ning the closure of sequences of translates have been considered by R. E.

Edwards in his doctoral dissertation (see [15]), and subsequent papers (see

[16] and references thereof), and by M. M. Dzrbasjan and V. M. Martirosjan

[17].
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