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DEGREES OF IRREDUCIBLE CHARACTERS OF (B, AT)-PAIRS
OF TYPES E6 AND E11

BY

DAVID B. SUROWSKI

Abstract. Let G be a finite (B, JV)-pair whose Coxeter system is of type E6

or E7. Let \% be the permutation character of the action of G on the left

cosets of the Borel subgroup B in G. In this paper we give the character

degrees of the irreducible constituents of 1¿.

0. Introduction. Let G be a finite (B, Ar)-pair of type E6 or E7, and let B be

a Borel subgroup of G. In this paper we outline techniques that can be used

to compute the degrees of the irreducible constituents of the permutation

character 1^. We remark that the methods described herein were also used to

compute the degrees of some of the irreducible constituents of \%, where

G = F4(q) or G = 2E6(q2). These degrees can be found in [3, p. 157]. The

degrees of the remaining constituents of l£, G = F4(q) or G = 2E6(q2) were

computed in [19] by different techniques. Since the degrees of the irreducible

constituents of \% are known if G is of classical type (see [2], [11]) or if G is

rank two (see [13]), only the case G = Es(q) remains.

Here is a survey of the contents of this paper. In § 1 we define a system §

of finite groups with (B, JV)-pairs, and we define the corresponding generic

algebra A. Following [8] we show how the irreducible characters of A

establish a one-to-one correspondence between the irreducible constituents of

lg and the irreducible characters of the Weyl group W.

In §2 we define the generic degree, d^, corresponding to any irreducible

character \p of A. The generic degrees are important in that they specialize to

the degrees of the irreducible constituents of 1%. We then describe how the

generic degrees d^ can be computed by solving an underdetermined system of

linear equations in the unknowns d^, subject to various side constraints. The

most important side constraint is the result of Benson and Curtis [1] that
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236 D. B. SUROWSKI

states that the generic degrees satisfy d^ G Q[w], where u is an ^determinate
over the rational numbers Q.

In §3 we return to the cases G = E6(q) or G = E7(q) and refine the side

constraints discussed in §2. Application of these constraints uniquely de-

termines all generic degrees considered with the exception of those corre-

sponding to the two irreducible characters of degree 512 of the Weyl group of

type E-j. We conclude the section with a discussion of how these two
exceptional degrees can be computed.

§4 contains the main results of this paper, viz., the tables giving the degrees
d) where G » E6(q) and G - E7(q).

§5, an appendix, contains tables of decomposition multiplicities necessary

for setting up the linear equations mentioned in §2.

1. Irreducible constituents of 1$. The following definition is from [8, §5].

Definition 1.1. A system S of (B, JV)-pairs of type (W,R) consists of a

finite Coxeter system {W, R), an infinite set CÍP of prime powers q called

characteristic powers, a set {cr, r G R} of positive integers, and for each

q G (3€P, a finite group G — G(q) with a {B, A^-pair having (W, R) as its
Coxeter system, such that

(i) cr = cs, r, s G R, if r and s are conjugate in W, and

(ii) for each group G(q) G S, the index parameters indB(r), are given by

indB(r) = q% where indB(r) = [B: B n rBr], r G R.

If G is any (B, N)-pair of type (W, R), \R\>2, then from the classi-
fication of J. Tits [21], G belongs to some system § of (B, Ar)-pairs of type

(W, R). Moreover Tits' classification also shows that the index parameters qCr

correspond to those of a Chevalley (or twisted) group of type ( W, R). For the

possibilities of qCr, see, e.g., R. Carter's book [5].

Now let k be an algebraically closed field of characteristic zero and let

Hk(G, B) be the Hecke algebra (or centralizer ring) of G relative to B. Then it

is well known [7] that the irreducible ^-character constituents of \% are in a

natural one-to-one correspondence with the irreducible characters of

Hk(G, B). Moreover, it is shown in [8] that Hk(G, 2?) 5= kW, the A:-group

algebra of W, and so there is a one-to-one correspondence between the

irreducible characters of W and the irreducible constituents of if. In order to

make this correspondence more precise we recall the generic algebra A =

A (m) for a Coxeter system (W, R), as defined by Tits in [4].

Let « be an indeterminate over k and let D be the polynomial ring

D = k[u], K = k{u) and let K be an algebraic closure of K. Then A {u) is the

associative Z>-algebra with identity having free basis {aw: w G W) over D

and multiplication determined by

araw = am,   if r G R, w G Wand l(rw) > l(w),
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0,0» = uc'am + (uc> - \)aw,

if r G R, w G W, and l(rw) < l(w), (1.2)

where / is the usual length function on W.

Now let /: D -> k be a homomorphism. Then we can define the specialized
algebra over k,

Af = k ®D A,

which has as a Ä-basis {a»/, w G if}, where awf = 1 ® tfw, w G W. The map

/: Sw^a^i-^S/iO0«/' "w e A can be viewed as a homomorphism of

algebras over D, if we view A} as a Z>-algebra, with ra defined to be f{f)a,

rED,a&Af.

If/,: D-*k is defined by setting/,(«) = 1, then from (1.2) we conclude
that

¿(1) « Ah Si kW,

lî fq: D -* k is defined by setting fq(u) = q,q G Qty, then from (1.2) and the
work of N. Iwahori in [12] we conclude that

A(q) = Af^Hk(G,B).

Throughout this paper,/, and^ will denote the above specializations.

The following appears in [8, Proposition 7.1] and establishes one-to-one

correspondences between the irreducible characters of A K s K ®D A with

those of Hk(G, B) and with those of kW.

Proposition 1.3. Let D* be the integral closure of D in K. If ^ is an

irreducible character of AK then ip(aw) e D* for a^ w B W. If f% and ft are

extensions of fq and /, to D* then the characters ty  and \pf¡ defined by

fyK&) = -W"») and ty.Kr.) = ■/Í'KO are irreducible characters of

Hk(G, B) and kW, respectively. Moreover, each irreducible character of

Hk(G, B) (resp. kW) is the specialization ty (resp. i/y) of some irreducible
character \¡/ofAK.

2. Generic degrees of irreducible characters of A(«). Let A — A(u) be the

generic algebra over D corresponding to (W, R). We know [8, Lemma 2.7]

that there is a unique homomorphism v. A -» D satisfying v(ar) = u for all

r G R. Then P(W) = ~2{v(aJ): w G W) is called the Poincaré polynomial,
and is a monic polynomial of degree N_— max{/(w): w G W).

If $ is an irreducible character of A K we set

«_P(W)deë*_, (2.1)

where â» = aw-¡, and call d^ the generic degree associated with \¡>. Note that
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since fqP(W) = [G: B], then if $f is an irreducible constituent of if whose

restriction to Hk(G, B)is\pf, then

SA = ̂ 0).
by the Curtis-Fossum degree formula [7, Theorem 3.1]. Obviously,

M = */,(!)• (2-2)

The following result from [1] is extremely important in the sequel.

Theorem 2.3. Suppose that the set Q^ of characteristic powers contains

almost all primes. Then d^ G Q[u] for each irreducible character \¡/ of A(u)K.

This theorem is a strengthened version of that in [8, Theorem 5.7]. Note

that this theorem does not apply to the Ree groups 2<72(32m+1) and

2F4(22m+1) or the Suzuki groups 252(22m+1) (notation as in [5, p. 251]). The

result is true, however, for twisted B2 and G2 since in these cases if is a

doubly transitive permutation character. The Ree groups 2F4(22m+1) do

provide a counterexample, for if w is the reflection representation of A («), as

defined by R. Kilmoyer in [13], then

u2(u + l)(w2 + l)(w9 + m6 + m3 + 1)

4(« +V2Û + 1)(«3 - wV2k + 1)

see [8, p. 111]. Theorem 2.3 does apply to the systems considered herein, viz.,

G = E6(q) and G - E7(q).

Let J Ç R and let Wj = </> be a parabolic subgroup of W. Then (Wj, J)

is a finite Coxeter system. Let Aj («) be the corresponding generic algebra. Let

xpj be an irreducible character of Aj(u)K and let ^ and/, denote the usual

specializations. Then foj and -tyjj are irreducible linear characters of

Hk(Gj, B) and kWJf respectively, where Gj = BWjB. Let \j/jj be the unique

irreducible character of kGj such that \pjj\Hk(Gj, B) = xpjj. Then the in-

duced character (u^ )G decomposes into irreducible characters of G. Because

of (1.3) the restrictions of these characters to Hk(G, B) are the specializations

of irreducible characters \p¡ of A(u)K. Thus we may write

Similarly we may decompose (i>jj)w into irreducible characters of W.

Clearly

(*Mr-s »#(,.• (2.5)
If we set P(Wj) = 2{KO: w £ Wj) then fqP{Wj) = [Gy. B] and

fxP(Wj) = | Wj\. Therefore

/9(P(^)/P(^)) =[G: Gj],   UPiWyPiWj)) =[W: Wy],
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from which we conclude that

fq(d+P(W)/P(WJ)) = (jJJf(\),

MW(W)/P(Wj)) = (^r(l). (2.6)

We remark that P(W)/P(Wj) is in Q[u] and that it can be easily computed

(see [13] or [18]).

Therefore we conclude that

VWAW)=2>A> (2.7)

since the expressions in (2.7) are in Q[w] and since (2.4) and (2.6) imply that

(2.7) is simply a group theoretic fact for infinitely many specializations fq:

u\^q G 6<3\
From (2.5) we see that the multiplicities m¡ are obtained by inducing the

irreducible character \f/jj to W and decomposing into irreducible characters

of W. If the generic degree d^ is known, then (2.7) is a linear nonhomogeneous

equation in the d^. By performing the decomposition (2.5) for other irre-

ducible characters of Wj we will, of course, obtain more equations as in (2.7),

giving rise to a linear nonhomogeneous system in the generic degrees d^. In

case G(q) = E6(q) or E7(q), these systems are underdetermined, and we must

obtain additional results to obtain unique solutions for the d^.

Let w0 be the longest word in W. Then v(aw^ = uN, where N is the number

of positive roots in the root system for W. Also, if w G W then v(aw) = ul(yv\

and l{w) < N. Thus, from (1.3) we conclude that

"K)2 {*K)~V(W0U: w e W) g D\ (2.8)

for any irreducible character \p of A (u)K. Since d^ G Q[u], we conclude from

(2.1) and (2.8) that

p(aWo)P(W)dcë4>/d4 G D* n K.

But it is a well-known fact from commutative algebra that D* n K = D —

k[u] (see, e.g., [14, p. 240]). Therefore

d,\v(aWo)P(W) (2.9)

in Q[«].
Equations (2.7) together with conditions (2.3) and (2.9) are entirely

sufficient to determine uniquely the generic degrees of the constituents of if

when G = E6(q). These conditions almost suffice in case G = E7(q). How-

ever, if \pfi is one of the irreducible characters of W(E7) of degree 512, an

additional argument is necessary to compute d^. With a few exceptions, the

generic degrees of the constituents of If, G = Es(q), are unknown.
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3. Additional conditions on the generic degrees. Let A = A(u) be the generic

algebra of (W, R) and let a be the linear character of A determined by

o(ar) = -1, r G R. Then if ip is an irreducible character of AK, so is oty.

Moreover, in [10] J. A. Green showed that

^ = "KH(«-'). (3.1)
where w0 is the longest word in W. If/,: kh>1 then af¡ is the alternating

character of W. Whenever there is no danger of confusion we write a instead

of af.

Suppose Wj is a parabolic subgroup of W and that x is an irreducible

character of Wj. If

X^-S^tt, (3.2)
where the x, are irreducible characters of W, then we write ax for the

irreducible character (o\ Wy)x of Wj and note that

(°X)W= oxw = '2m¡ax¡.

If x is an irreducible character of W (or of some parabolic subgroup Wy)

we write d(x) for the generic degree of the corresponding irreducible charac-

ter of A (u) (or of Aj{uj). If Xj is an irreducible character of Wj we write

d(XjW) = d(Xj)P(W)/P(WJ), (3.3)

and note that, by (2.6), dixy1') specializes to the degree of the corresponding

induced character of G (or of W). Since (3.1) relates d(x) and d(ax) we need

only compute the multiplicities in (3.2) corresponding to one irreducible

character x of W in each orbit under a.

Assume for the time being, that W is one of the classical types An, n > 1,

B„,n>2 or D„, n > 4. The groups W(A„) are precisely the symmetric groups

S„+l on n + 1 letters, and the irreducible characters of W(A„) are in one-to-

one correspondence with the partitions (a) of ai + 1 (see [17] for notation).

Moreover, if x is an irreducible character of W(An) with x «-> (a)> then it is

well known that ox<-» (a*), the dual partition of (a).

The groups W(Bn) consist of the signed permutations on n letters and the

irreducible characters of W(Bn) are in one-to-one correspondence with the

double partitions (a, /?) of n (see [22]). If x is an irreducible character of

W(B„) with x «-» (a, ß), then ax «-» ( ß*, a*) (see [22]).
For fixed n > 4 the group W(Dn) is the subgroup of index 2 in W(B„)

consisting of signed permutations with an even number of minus signs. If x is

an irreducible character of W(B„) with x <-> («» ß) then xl W(D„) is irre-

ducible if and only if (a) ¥= (ß) (see [22]).
We now assume that W is of type E6 or E7 and that Wj is a maximal

proper parabolic subgroup whose Dynkin diagram is connected. Thus, if
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W = W(E6) then Wj is of type A5 or D5. If W = W(£7) then Wj is of type

A6, D6 or J?6. If Wj and W^ are two parabolic subgroups of the same type in

W, then, since the Dynkin diagram of (W, R) is simply laced, Wj and WK are

conjugate subgroups. Thus, inducing irreducible characters from Wj will yield

the same decomposition multiplicities as inducing the corresponding charac-

ters of WK. As a result, we need only consider one maximal parabolic

subgroup of a given type. Moreover, it is unnecessary to specify exactly the

subset J C R; it is only necessary to specify the type of subgroup.

If P(W) is defined as in §2, then in [18] L. Solomon showed that

P(W)=Tl(l + « + ••• +ud<-x),
i

where the d¡ are the degrees of the polynomial invariants of W (see also [13]).

For W = W(E6) the degrees of the invariants are 2, 5, 6, 8, 9 and 12, and for

W = W(E7) the degrees of the invariants are 2, 6, 8, 10, 12, 14 and 18 (see [5,

p. 155]). Thus, if % = u and <&k = $k(u) is the kth. cyclotomic polynomial

over Q, then we may factor P(W) as

P(W) =   i*2"*S*5*3*S*8*9*12. if W -   W(E6),

l*¡*|*5$5*|*7*8*9*10*12*14*18,    UW=W(E1).

It is well, known that if w0 is the longest word of W, then v(aw) = uze, if

W - W(E6), and v(aw) = u63 if W = W(E7). Therefore, we conclude from

(2.9) that for each irreducible character i// of W(E6), d(\p)\u36P(E6). Since

d(\p) G Q[w], we may therefore write

d(t) = aUty,      a G Q, (3.4)

where, for / = 2, 3,4, 5, 6, 8, 9 and 12,

0 < k¡ < h¡   and   0 < k0 < 36, (3.5)

where P(E6) = Hty as in (4.2). Obviously, similar statements hold for d(\f) in

case W = W(E7). Thus, the determination of the generic degrees d(\}/) is

tantamount to finding the coefficient a and the exponents k¡.

If/, is the usual specialization then from (2.2) and (3.4) we conclude that

*(1) = aJim- (3-6)
If the coefficient a is known then (3.6) gives linear relations on the k¡. For

example, it can be shown that for the irreducible character \¡/ = 30^ of W(E6)

the leading coefficient of ¿(30,) is a = 1/2. Thus, since 30^(1) = 30 = 2 • 3 •

5, and since /,$, = 2, 3, 2, 5, 1, 2, 3 and 1, for i = 2, 3, 4, 5, 6, 8, 9 and 12,
respectively, we conclude from (3.6) that k2 + k4 + ks = 2, k3 + k9 = 1 and

that k5 = 1. (3.6) provides no information about k6 or kl2.

If deg dty) = d is known, then we have another linear equation in the k¡,

namely
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</-2V<kg*i- (3-7)

Finally, since/,($,) > 1 for all /, we conclude that a > 0.

In summary, (2.7), (2.9) and (3.1)-(3.7) turn out to be sufficient for the

determination of the generic degrees d(4>) (deg $ ¥= 512) in case W = W(E6)

orJf = Wi-EV). The actual application of the above equations and conditions

is rather ad hoc in nature and so the details will be suppressed. For a more

explicit version of the computations, see [20].

We shall conclude this section with the additional argument required to

compute d(5l2a), where 5120 is the character of degree 512 of W(E7) as in

[9]. Let ip be an irreducible representation of A(u)K of degree 512 such that \¡/

specializes to the character 512a of W(E7). In [6] it is shown that det ip(awJ =

w63/2. Since aw<¡ is central in A (u)K, \p(aw¿) is a scalar matrix. Thus

t(aWo) = diag(VÏÏ , VU., VU ). (3.8)
Now let L be a finite normal extension of Q[u] which contains all entries of

every \p(aw), w G W(E7), and let S be an automorphism of L such that

oVu = — Vïi. Then the representation \ps of A(u)K is an irreducible repre-

sentation of degree 512 and, from (3.8), is distinct from ip. From (2.1) it is

clear that 5^ = d^s, but since d^ G Q[u], we conclude that d^ = d^>. By

using the methods outlined in this section it can be shown that

¿(512,,) + ¿(512_„) = O¿'^2^8$,0$,2$,4$,8,

and so ¿(512a) - ^*¿1*¡*3*6*8*io*12*i4*i8.

4. Generic degrees corresponding to irreducible characters of W = W(E6)

and W = W(E7). In this section we give, in Tables 1 and 2, the generic

Table 1. Generic degrees of irreducible characters of W(E6)

Characters

15

30

64

81

15

Generic Degrees

0 8 9

I *0*5*6*8*9

r0 4 5 8 12

I *0*4*sVl2

4 3 2 2
*0*2*4*6*8*12

*0*3*6*9*12

2 *0*5*8*9*12

Characters

24

60

20

80

60

Generic Degrees

*0*4*8*9*12

*0"4*5*8*9*12

'0*4*5*6*8*9

*0*3*5*6*8*12

*0*2*5*8*9*12

'0*4*5*8*9*12

'0*5*6*8*9*12
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Table 2

Generic degrees of irreducible characters of W{En)

243

Characters Generic Degrees Characters Generic Degrees

27
a

21a

35
a

105
a

189
a

21b

35.

189b

189
c

15
a

105b

105
c

315

b

46
*0 *7*12*14

*0*3*6*9*12*18

1 3

1 16  3
6 *0 *5*6*7*8*9*10*12*14

1 *25*5*7*8*9*10*12*18

\ *o*3*6*7*8*9*10*12*18

*06*7*9*14*18

2 *0*5*7*8*12*14*18

*02*3*6*7*9*12*14*18

20 2 2
»0 *3*6*7*9*12*14*18

| *o5*5*8*9*10*12*14*18

Vs*7*9*10*12*14*18

*J2*5*7*9*10*12*14*18

\ *06*3*5*7*8*10*12*14*18

405

168

56

120

210

280

336.

216

512

378

84

420

280t

210v

70

A *8.3* *2* 4 4 4 4„
2 0 3 5 6 8 9 12 14 18

0 4 7 8 9 12 14 18

— 4  4 4 4 4*4
2 0 2 6 7 10 14 18

±  4^ft*4 4^4 ft  ft  *
2 0 2 5 6 9 10 14 18

*0*5*7*8*9*10*14*18

— *   * $ * 0 * *   *   *
3 0 4 5 7 8 9 10 14 18

2 0 2 6 7 8 9 10 14 18

— ft-^ft^A^ft'ft 4 4 4 4
2 0 2 3 6 9 10 12 14 18

2 0 2 4 6 8 10 12 14 18

4 ^4 4 4 4 4 4 4 4
0 3 6 7 8 9 12 14 18

I *J°*4*7*8*9*10*12*14*18

— *  * * * * * *  4  4
2 0 4 5 7 8 9 12 14 18

— 4 4* 4^4 4444
2 0 2 5 6 7 10 12 14 18

*o\*7*8*9*10*12*14*18

— 4 "ft 4 4 4 4 4 4 4
3 0 5 7 8 9 10 12 14 18

degree of each irreducible character of W in a given orbit under a, where

W = W(E6) and W = W(E7), respectively.

5. Appendix. Miscellaneous tables. In this Appendix we give the decompo-

sition multiplicities and generic degrees of (2.7) corresponding to selected

irreducible characters of parabolic subgroups of W(E6) and W(E7).

To compute the decomposition multiplicities for induced characters from

Wj, we need the character tables for the groups W and the subgroups Wj.

For Wj = W(An), n = 5 or 6, these tables can be found, e.g., in [15]. If

Wj = W(Dn) then Wj is a semidirect product of S„ and an elementary

abelian normal subgroup of order 2"-1. One can then use a procedure given
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by Mackey in [16] to construct the character tables. Finally, the character

tables of W(E6) and W(E7) were computed by Frame in [9].

Table 3

Decomposition of irreducible characters of

Wj = W(A ¡¿'inducedto W = W(E6)

w

[6]

[51]

[42]

[422]

[32]

[321]

1    6    15    20    30
P    P      P      P      P

1    1

1    1

1 1

2 1

1      1

1

1

64    81    15    24    60
p      p      q      p      p

2      1

2      1

2/1    2

1

1/1 2/2

1

1      2

1

0/1    1

2/2

20    90    80    60    10
S        S        S        S        £

11 1

2      1

1 1

2      2 2

Table 4

Decomposition of irreducible characters of

Wj = W(D5) induced to W = W(E6)

[5],[0]

[41].[0]

[32],[0]

[412].[0]

[4].[1]

[31],[1]

[22],[1]

[3],[2]

[21]. [2]

[3].[12]

1    6    15    20    30
p    p      p      p      p

1    1

1    1

64    81    15    24    60
P      P      1     P      P

1/1

II 1

1/1

III 1

11/1 11

1      1

20    90    80    60    10

1      1

111

111

1      1

Table 5

Decomposition of irreducible characters of Wj = W(A6) induced to W = W(En)

[7]

[61]

[52]

[512]

[43]

[421]

[321]

[413]

1  7  27 21 35 105
a  a   a  a  a   a

1 0/1  1

0/1  2  1 0/2

1 0/2

1 0/1 0/2

0/1

1/1

189 21. 35. 189. 189 15
abb   b   c  a

0/1 1 0/1     0/1

0/1 1 0/2 0/1

1 0/1 1 0/3 0/2

2 0/1 0/2

2/1

2/2

1 0/2 0/1 0/1

0/2 0/2

0/1  1

1/1

1

1 0/1 1

1 0/2 2

1 0/2 2

2   10/2 2

1  0/1 1/3 4/2

1   1  1/2 2/1

1/1 1/1 2/2



DEGREES OF IRREDUCIBLE CHARACTERS 245

Table 5, continued

WJ

[7]

[61]

[52]

[512]

[43]

[421]

[321]

[413]

168  56  120  210

0/1 1

1   0/2 2

3   0/1 2

1   0/1 2

2   0/1

2 0/1

3 0/3

1

2

0/1

0/1 1    1 0/1

1    2 1/3

1 0/1

1/1 2/2

336  216  512  378  84

0/1

0/1  0/1  1/1  0/2

1/2       1/1  0/1

0/2 1/1 1/2 1/1

2/3  1/2 4/4 2/4 1

1/1  1/2 3/3 2/1 0/1

3/3 1/1 1/1

420  280.  210.  70
abba

1

1   2

2/1   1

0/1

1/1   2 2/1  0/1

4/2 3/1 1/1

1/2 2/1 2/2  1/1

3/3

Table 6

Decomposition of irreducible characters of Wj = W(D6) induced to W = W(En)

[6],[0]

[51],[0]

[42],[0]

[412],[0]

[32].[0]

[321],[0]

[5J.I1]

1411.[1]

[32],[1]

[312],[1]

[4], [2]

[31],[2]

[22].[2]

[212],I2]

[4],[12]

[21], [3]

1  7  27 21 35 105
a  a   a  a  a   a

1 0/1  1

1 0/1

0/1  1  1    0/1

0/1

0/1

1 0/1 0/1

0/1

189 21v 35. 189v 189 15abb   b   c  a

0/1       0/1

1 0/1

0/1

0/1

0/1 0/1

0/1 0/1

0/1

1 0/1

0/1 0/1

1/1

1

1

0/1

0/1 0/1

105, 105 315 405
b   c   a   2

0/1

0/1

0/1 1

1/1 1/1

0/1

0/1 2

0/1 0/1

0/1  1  1/1

1

0/1  1

If x is an irreducible character of W(A„) and x <-» («) = («i> • • • » «*) we

shall write [a,*1 • • • afr] for x- For example, [321] will denote the character

corresponding to the partition (3, 2, 1) of 6. Similarly, [231] will denote the

character corresponding to the partition (2, 2, 2, 1) of 7. We shall use similar

notations for irreducible characters of W (D„).

If x is an irreducible character of W(E6) or W(E7) we shall use the

notation in [9] to denote x- We mention here that W(E7) = 0 X <w0> where

0 is the rotation subgroup of W(E7) and w0 is the longest word in W(E7). In

[9] Frame computed the thirty irreducible characters of 0. We shall use the

same notations to denote the corresponding characters of W(E7) obtained by



246

[6],[0]

[51],[0]

[42],[0]

[412],[0]

[32],[0]

[321],[0]

[5],[1]

[41],[1]

[32],[1]

[312],[1]

[4],[2]

[31],[2]

[22],[2]

[212],[2]

[4],[12]

[21],[3]
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Table 6, continued

168 56 120 210 280
a  a   a   a   a

0/1

1      1

1

0/1

1  0/1

0/1

1 1

1 1 0/1

1/1

1  1  0/1

1  1  0/1

0/1  1

1  1  0/1

1  0/1

336 216 512 378 84

0/1  1

0/1

0/1 0/1

1/1 1/1

0/1

0/1 1/1 1/1

1/1   1/1

0/1 0/1 1/1 0/1

1 1/1 0/1  1

1/1 1/1 1/1

0/1

1/1 0/1 1/1 0/1

420    280v 210v 70abba

1/1

1  1/1 0/1

1/1

1/1  1

1   1  1/1 0/1

1/1 0/1

Table 7

Decomposition of irreducible characters of Wj = W(E6) induced to W = WXE^

^

6
P

15
P

20
P

30p

64
P

81
P

%
24

P
60

P

20s

90a

80s

60s
10.

1  7  27 21 35 105
a  a   a  a  a   a

1 0/1  1

0/1  1  1 0/1

1 0/1 0/1

1 0/1

0/1

1/1

189 21, 35. 189. 189 15
abb   b   c  a

0/1

0/1 1 0/1 0/1

0/1

0/1 0/1

0/1

1 0/1     0/1

0/1

0/1

1/1

1/1

105. 105 315 405
b   c   a   a

0/1  1

0/1  1

1  0/1  1

1

0/1

1      0/1  1

1/1

1/1 1/1

extending trivially across <w0>. The remaining thirty irreducible characters

can be obtained by multiplying the original character values by — 1 on the

odd classes. Finally, if Nm denotes one of the irreducible characters of degree

AT of W(E6) or W(E7), we shall usually write N_m in place of oNm. The



1
p

6
P

15
P

2°P

3°P

64P

81
P

15
q

24p

60
P

20
8

90
s

80
s

60
s

10.
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168  56  120  210  280   336  216  512  378  84   420  280v 210t 70a a a a       a   I        a b b        a

0/1      1

0/1      1

0/1      1

1        0/1

1

1        0/1

0/1

0/1

1/1

0/1

1/1      0/1      1/1      0/1

0/1

0/1

0/1      1/1        1

1/1

1/1 1/1   1/1

1/1   1/1

1/1    1/1    1/1    1/1

1

1/1

1/1

1/1

1/1

0/1

1/1

1/1

1/1 1/1

irreducible characters Ns of W(E6) are "self-associated" characters in that

N, = N-r
Each row in Tables 3-7 gives the decomposition multiplicities for a

character induced from Wj. The notation h/k in the column corresponding

to the character f of W and in the row corresponding to the character x of

Wj means that

and

The omitted entries in the tables are understood to be 0's.

With the exception of Wj = W(D6) < W(E7) in Table 6, we have given,

for each irreducible character x of Wj, the decomposition of x w (or of ox w)

into irreducible characters of W. The irreducible characters omitted in case

Wj = W(D6) are not necessary for the computations of the generic degrees

of constituents of if where W = W(E7).

We have used formulas given by Hoefsmit in [11] to compute the generic

degrees corresponding to the irreducible characters of Wj in Tables 3-6 and

list the generic degrees in Table 8.

Added in proof. The author has learned that C. T. Benson has computed

the generic degrees d in case G = Es(q) in C. T. Benson, The generic degrees

of the irreducible characters of Es (to appear).
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Table 8

Generic degrees of selected irreducible characters

of W(A5), W05), W(A6) and W(D6).

$0 = u and 3>fc = $k(w) is the kth cyclotomic polynomial.

Characters Generic Degrees Characters Generic Degrees

W(A5):

[6]

[51]

[42]

[412]

[32]

[321]

W(D5):

[5],[0]

[41],[0]

[32],[0]

[312],[0]

[4].[1]

[31],[1]

[22],[1]

[3],[2]

[21],[2]

[3],[12]

4 4

2 2
*0*3*6

*0*4*5

*0*5*6

*0*2*4*6

*02*4*8

1*0*5*6*8

*0*3*6*6

2*0*3*5*8

*0*5*6*8

*0*5*8

*0*4*5*8

1*3.2. .
2*0*4*5*6

W(A6):

[7]

[61]

[52]

[512]

[43]

[421]

[321]

[413]

W(D6):

[6],[0]

[51],[0]

[42],[0]

[412],[0]

[32],[0]

[321],[0]

[5],[1]

[41],[1]

[32],[1]

[312],[1]

[4],[2]

[31],[2]

[22],[2]

[212],[2]

[4],[12]

[21],[3]

*0*4*7

*0*3*5*6

*0*2*6*7

*0*5*7

*0*3*6*7

*0*2*4*5*6

*0*5*10

i*0*3*6*8*10

05810

2*0*5*6*8*10

1*0*2*3*6*8

2*0*2*3*6

*0*3*5*6*8*10

1*0*3*4*8*10

*0*3*5*6*10

1*0*3*5*8*10

0356810

ft8*2* *2**0*3*5*6*10

2*0*3*5*6*8

2*0*2*5*6*10
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