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PSEUDO-INTEGRAL OPERATORS

BY

A. R. SOUROUR1

Abstract. Let (X, &, m) be a standard finite measure space. A bounded

operator T on L2(X) is called a pseudo-integral operator if (Tf)(x) =

/ f(y) P-(x, dy), where, for every x, p{x, • ) is a bounded Borel measure on

X. Main results: 1. A bounded operator 7" on L2 is a pseudo-integral

operator with a positive kernel if and only if T maps positive functions to

positive functions. 2. On nonatomic measure spaces every operator unitarily

equivalent to T is a pseudo-integral operator if and only if T is the sum of a

scalar and a Hubert-Schmidt operator. 3. The class of pseudo-integral

operators with absolutely bounded kernels form a selfadjoint (nonclosed)

algebra, and the class of integral operators with absolutely bounded kernels

is a two-sided ideal. 4. An operator T satisfies (TfXx) = ff(y)a(x, dy) for

/ £ Lx if and only if there exists a positive measurable (almost-everywhere

finite) function Q such that |(7yX*)l < 11/11 »Oí*) for/ G L°°-

1. Introduction. The present work is inspired by a paper of W. B. Arveson

([2], especially §1.5 on pseudo-integral operators) and by the lectures on

integral operators given by P. R. Halmos at the Conference on Concrete

Representations of Operators, Long Beach, June 1977.

Let (A", &, m) be a positive finite measure space. An operator T on

L2(A\ m) is called an integral operator if there is a measurable function k on

A" X A (called the kernel of T) such that

(Tf)(x)=f k(x,y)f(y)m(dy),

for almost every x G X (it is more convenient to use the notation m(dy)

instead of dm(y)). In [2], Arveson introduced a broader class of operators

associated with measures, rather than functions, defined on A" X A. He

considered certain measures p on A X X which induce bounded operators 7^

on L2(A", m) by the equation

<TJ,g}=  jj f(y)g(x)p(dx,dy), (1)
XX Y

for f, g G L2(X, m), where < • , • ) denotes the usual inner product in L2. He

also showed that such operators can be given explicity, in the case of a
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340 A. R. SOUROUR

standard measure space, by the equation

{TJ)(x)=jxf(y)px(dy) (2)

for almost every x G X, where {px} is a certain family of measures on X

related to u via the theorem on "disintegration of measures".

Our definition of pseudo-integral operators is somewhat more general than

Arveson's. We take the equation (2) as our definition, where {px} is any

family of measures which induces a bounded operator via the equation (2),

and we use the notation p(x, ■) instead of px(-). The family of measures

{ p(x, •)} or the map x —» p(x, •) will be called the kernel of the operator.

The operators given by the equation (1) for some measure p on X X X will

be shown to coincide with a proper subclass of the class of pseudo-integral

operators, namely the subclass of operators with absolutely bounded kernels.

The class of pseudo-integral operators is quite large, and substantially

larger than the class of integral operators. It includes the identity (take p(x, •)

to be the point mass at x, or take p on X X A" to be the measure which lives

on the diagonal {(x, x): x G X] and whose "projection" on X is m). It

contains all multiplication operators (p lives on the diagonal) and all com-

position operators (p lives on the graph of a function), in particular it

contains all shifts on L2(0, 1), Z,2(0, oo) or L2( — oo, oo).

The purpose of this paper is to study certain aspects of pseudo-integral

operators (on standard measure spaces) related to the following questions:

Which operators are pseudo-integral operators? Which operators have posi-

tive kernels? (Answer: a "lot", all operators which map positive functions to

positive functions, see §3). Which operators T are "always pseudo-integral"?

(This means that every operator in the unitary orbit of T is pseudo-integral.)

Answer: very few, on a non-purely-atomic measure space, only scalars +

Hilbert-Schmidt are always pseudo-integral (§5). When is the product of Two

pseudo-integral operators, or the adjoint of a pseudo-integral operator,

pseudo-integral? (§4). An obvious necessary condition for an operator T to be

pseudo-integral is the existence of a measurable function ñ which dominates

the image under T of the unit ball of L°° (if p(x, dy) is the kernel, take

Q.(x) = | p\(x, A)). Is this condition sufficient? (§6).

2. Preliminaries. In what follows (A", &) will be a standard Borel space, that

is, a set X and a sigma-algebra & of subsets of X (called the Borel sets) such

that (A", &) is Borel-isomorphic to a Borel subset of some complete separable

metric space in its relative Borel structure (see [17], or Chapter 3 of [3]). Let m

be a finite positive Borel measure on X. The measure space (X, (L, m) is then

called a standard measure space. Let ( Y, %, n) be another finite positive

standard measure space. We will consider bounded linear operators from
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L2( Y, ri) into L2(X, m). (Although we are mainly interested in the case

Y = X, it is notationally more convenient to use different symbols for the

domain and the target space.)

Unless otherwise indicated, the term "almost everywhere" or "a.e." will be

with respect to the measure m (for objects defined on A) or to n (for objects

defined on Y). The total variation of a measure p on a set E will be denoted

hy \p\(E).
Definition 2.1. A bounded linear operator 7* from L2(Y, n) into L2(X, m)

is called a pseudo-integral operator if T is given by the equation

(Tf)(x)=ff(y)p(x,dy),   m-a.e., (*)

for every/in L2(Y, n), where, for almost every x, p(x, •) is a complex-valued

Borel measure on Y, and, for every Borel subset B of Y, the map x -» p(x, B)

is assumed to be a Borel function.

The map x -» p(x, • ) of X into the set of measures on Y will be called the

kernel of'T.

Remarks 2.2. (i) It is implicit in Definition 2.1, that ¡\f(y)\ | p\ (x, dy) < oo

a.e., for every/ G L2(Y). Taking/ = 1, we see that | p\(x, Y) < oo a.e.

(ii) If B G © and n(B) = 0, then | p\(x, B) = 0 for almost every x. This is

just a restatement of the condition that Tf — 0 a.e. whenever/ = 0 a.e.

(iii) The kernel is uniquely determined by the operator in the sense that if

v(x, ay) satisfies (*) then p(x, • ) = v(x, ■ ) for wi-almost every x. To prove

this let {B„} be a countable generating and separating family of © (see [17]).

If x, is the characteristic function of B„, then

p(x, Bn) = (Tx„)(x) = p(x, B„)

for almost every x. Let A"0 be a Borel subset of X of w-measure 0 such that

p(x, B„) = v(x, B„) for x G A0 and every n. It follows easily that p(x, B) =

v(x, B) for every ÄE§ and x G A0.

(iv) If the equation (*) gives an everywhere defined linear transformation T

from L2( Y) into L2(X), then T is automatically bounded. The proof of the

analogous statement for integral operators is part of the folklore. The same

argument works here too, and goes as follows: Let /„ -+ 0 in L2( Y). Choose a

subsequence f which converges almost everywhere and which is dominated

by a positive function u in L2(Y). (For example take/^ such that 2,||/^||2 <

oo, and u2(y) = 2,|/n.(^)|2.) By the dominated convergence theorem, 7/„. ->0

a.e., and the closed graph theorem implies that T is bounded.

(v) The conclusion of the preceding remark is also valid for operators from

LP(Y) into Lr(X), 1 < p < oo, 1 < r < oo.

(vi) When y is a compact metric space, the Borel measurability condition

of x -> p(x, B) in the definition is equivalent to the condition that x ->

p(x, • ) be weak*-measurable, i.e., that the map
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x-+fh(y)p(x,dy) (1)

is Borel measurable for every h G C(Y). To prove this, first assume that

x -» p(x, B) is Borel measurable for every B G ©. Let (2 be the class of all

Borel functions h for which (1) is Borel measurable, then 6 contains all

simple functions, and is closed under bounded pointwise sequential conver-

gence, hence it contains C(Y). Conversely if x —> p(x, •) is weak*-measur-

able, then (2 contains C(Y) and hence contains all bounded Borel functions

h, in particular, if h = x¿> we nave X ~* /*(•*» &) Borel measurable.

(vii) In Definition 2.1 we assumed that p(x, B) is a Borel function of x for

every fiel This condition is "almost automatically" satisfied. More pre-

cisely, if { p(x, •)} is a family of measures satisfying equation (*) of Defini-

tion 2.1, then by modifying the measures p(x, •) on a subset of X of

m-measure zero we obtain a kernel with the required measurability condition.

To prove this, assume that (7/)(x) = {f(y)p(x, dy) a.e., hence p(x, B) =

(TxBXx) a-e-, and for every B G ©, the map x -» p(x, B) is measurable with

respect to the completion (A", &, m) of (A, &, m), and hence agrees with a

Borel function outside a Borel set of /«-measure zero. Let {Bn} be a countable

generating set for ©, therefore there is a Borel subset A"0 of X of w-measure

zero such that x —* p(x, Bn) is a Borel function on X \ X0 for every n. Let (2

be the class of Borel sets for which this property holds. It is easy to see that (2

is a a-algebra of sets, and since it contains {Bn}, it must equal ©. Now,

redefine p(x, •) to be the zero measure for x G A"0.

Examples 2.3. (i) Let Y = A and <j> G L"°(X). The equation MJ = <j>f

defines a bounded operator M^. This is a pseudo-integral operator induced

by the kernel: p(x, dy) = <p(x)8x(dy), where 8X is the point mass at x. In

particular, the identity 7 is a pseudo-integral operator. On a nonatomic

measure space none of these operators is an integral operator. This follows

from the uniqueness of the kernel (see also [10, problem 123]).

(ii) Let \p be a measurable map from X into Y and assume that the equation

C^f = / ° \¡/ defines a bounded operator C+ of L2( Y) into L2(X). Then C^ is a

pseudo-integral operator with kernel p(x, dy) = 8^xy(dy).

(iii) The product M^C^, is a pseudo-integral operator.

These examples show that the class of pseudo-integral operators is quite

large. This suggests the question whether every operator is a pseudo-integral

operator. We give three counterexamples.

Example 2.4. Let T be the unit circle (with normalized Lebesgue measure),

L2 = L2(r), and H2 the usual Hardy space. We will show that the projection

P of L2 onto (H2)1- is not a pseudo-integral operator. Suppose, to the

contrary, that (Pf)(w) = jf(z)p(w, dz) almost everywhere. Let e„(z) = :",

and remove a set T0 of measure zero such that
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/

t \  t     j \      Í £„(w)     if n < 0,
en(z)p(w, dz) = \   "K   ' '

10 if n > 0,

for every w G T \ T0. Choose one w G T0 and let o(dz) = p(w, dz). Therefore,

the Fourier transform a of o is given by

w"    if n > 0,
é(w)=io     if«<0.

The theorem of F. and M. Riesz (see [12, p. 47]) implies that o is absolutely

continuous, and by the Riemann-Lebesgue lemma (see [13, p. Í3]), ô(n) -» 0,

i.e. 1 = |w"| -» 0, a contradiction.

The next example was given by P. R. Halmos, as an example of an operator

which is not integral, in the aforementioned lectures at Long Beach.

Example 2.5. Let {e„: n = 0, 1, . . . } be an orthonormal basis of L2(0, 1)

which consists of uniformly bounded functions, e.g. take {en(t)} to be {e'm:

m G Z) arranged in a sequence. Let {h„} be another orthonormal basis with

the property that sup„|/in(r)| = + oo for almost every ;, e.g., take {hn} to be

the Haar basis. (This is defined as follows: in the nth step divide (0, 1) into

2"+1 equal subintervals 7, = (0, 2""-1), 72 = (2"""1, 2 • 2""-'), . . . etc.,

and take the following functions: /, is 2"/2 on /,, — 2"/2 on 72, and zero

everywhere else; f2 is 2"/2 on 73, — 2"/2 on I4, and zero everywhere else, etc.

This defines 2" members of the basis.) Let T be the unitary operator

determined by Ten = h„. If T is a pseudo-integral operator, with kernel

p(x, ■), then

Mx)\ = \(Ten)(x)\ < f \en(y)\ \p\(x,dy) < |M|(x, Y),

for x outside some null set. But this contradicts the fact that sup|/2„(x)| = oo

a.e.

Example 2.6. Let {en} and {h„} be as in the previous example, and let

Te„ = n~l/4hn. Therefore T extends to a compact operator. The same argu-

ment as before shows that T is not a pseudo-integral operator (observe that

PJL - 0(n1'2)).
In Example 2.5 a necessary condition for an operator to be a pseudo-in-

tegral operator has been established. We isolate this fact:

Theorem 2.7. If T is a pseudo-integral operator, then there exists a positive

Borel function il on X such that

|(r/)(*)| < C(*)   a.e.

whenever WfW^ < 1.

Question. Is this condition sufficient? This will be discussed in §6.

It has been observed by P. R. Halmos that the condition of Theorem 2.7 is

a necessary condition for an operator to be an integral operator.
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3. Characterization of operators with positive kernels. An obvious necessary

condition for an operator T to be pseudo-integral with a positive kernel is

that T maps positive functions to positive functions. It is somewhat surprising

that this condition turns out to be also sufficient. This section is devoted to

proving this fact, and its simple extension to absolutely bounded kernels. The

result is another indication that there are "lots" of pseudo-integral operators.

Theorem 3.1. Let T be a bounded operator from L2(Y, n) to L2(X, m). In

order for T to be a pseudo-integral operator with a positive kernel, it is necessary

and sufficient that T be a positive operator in the sense that T maps positive

functions to positive functions.

We will give two different proofs. First, we note that we may assume that Y

is a compact metric space and the Borel structure on Y is generated by its

topology since every standard Borel space is Borel isomorphic to a compact

metric space (see [16, p. 451] or [17]). In the first proof we use techniques

similar to those used by Abrahamse and Kriete in [1].

First proof. The necessity is obvious. To prove the sufficiency, let Cr(Y)

be the space of real-valued continuous functions on Y. Let {en: n = 0, 1,

2,. .. } be a countable linearly independent subset of positive functions in

Cr(Y) such that e0 = 1, and the linear span 9) of {en} is dense in Cr(Y). Let

9)0 be the linear manifold over the rationals spanned by {e„}. For every

/ G 6D, choose a function ir(Tf) in the equivalence class 7/in such a way that

for every x, the map 4>x defined by

*,(/) - <Tf)(x)

is a linear map of 9)  into the real numbers. This can be done by first

choosing ir(Ten) in any manner, and then extending linearly to 6D. Remove

one /w-null set X0 of X, so that ir(Tf)(x) > 0 for every x G X0 and every

nonnegative/in ^Dq.

We now show that <j>x is bounded on 9) for x G A"0. First consider/ G 9)0

with - 1 < fiy) < 1, then by the positivity of <px we have — h0(x) < <?x(f) <

h0(x) where h0 = ir(TÏ). Thus <px is bounded on ^D0 with "norm" h0(x). Now

if /G 6D, then for some positive  integer n, f G ty¡Ln,  the span of  (e„

e2.e„}. The map <pJt|c3TL„  is linear, hence bounded, and its norm is

determined by the dense set 9)0 n 91t,,, so |<i>x(/)l < A0(jc)||/||œ. This proves

the boundedness of <px on 6D. Therefore <¡>x extends to a bounded linear

functional on Cr( Y), with norm h0(x).

Furthermore, every <bx (for x G X0) is positive, since \\<px\\ = <px(l). By the

Riesz Representation Theorem, there exists a positive measure p(x, •) on Y

such that

<Tf)(x) =ff(y)p(x, dy)   for/ G 9, x G X \ X0.
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If x G X0, let p(x, ■) = 0, and let (2 be the class of all / G L2(Y, n) for

which

(Tf)(x) = j f(y)p(x, ay)   for w-almost every x. (*)

We know that 9) c (2. Next, we show that (2 contains C(Y), the space of

complex-valued continuous functions on Y. Let / G Cr( Y) and choose /„ G

9) so that fn-*f uniformly. By the dominated convergence theorem

Jfn(y)p(x, dy) -» Sf(y)p(x, dy) for every x. Also ||/„ - /||2 -* 0, hence || Tfn -

Tf\\2 -» 0, and there is a subsequence /„w, so that 7/n(it) -* 7/ a.e. This

estabhshes (*) for/ G Cr(F) and hence for every/ G C(Y).

Next, observe that (2 is a monotone class, i.e., if/, G Q,f„ > 0, /„f/a.e.,

and / G L2( y, «), then / G (2. To prove this use the monotone convergence

theorem once to show that ff(y)p(x, dy) = lim ff„(y)p(x, ay), then a second

time to show that ||/ - /„||2 -> 0, hence || 7/ - 7/J| -» 0 and therefore

(r/)(x) = lim(7/,J(x)    a.e.

for a subsequence {«*}. This establishes equation (*) for/.

The class (2 contains C(7) and is a monotone class, therefore it contains

L2(Y, n). Thus equation (*) is satisfied for every /in L2(Y, n).

The measures p(x, ■) can be modified on a subset of X of /n-measure zero

(if necessary) so that p(x, B) becomes a Borel function of x for every B G 9>

(see Remark 2.2 (vii)).

Second proof. Let h0 be a nonnegative function in the equivalence class

T1 and let X(dx) = h0(x)m(dx). First observe that if h0 vanishes on the set S,

then Tf vanishes (a.e.) on S for every / G L2 (first use the positivity of T to

prove this for 0 < / < 1, then use the linearity and continuity of T). So we

may replace X by X \ S and hence we may assume that hQ(x) > 0 for every

x.

Define a map <E> of ¿'(A) into M(Y), the space of bounded Borel measures

on Y by the equation

<g, */> = / f(x)(Tg)(x)m(dx)    for g G C(Y),f G Ll(X).

Observe that fTg belongs to L'(w) since |r(Reg)| < UglLAo (a.e.) and

|7TImg)|< \\g\\OBh0(a.e.),so

f \f(x)Tg(x)\m(dx) < 2\\g\\x f \f(x)\X(dx).

Thus $(/) G M(Y), and ||$(/)|| < 2 f\f(x)\X(dx), so $ is a bounded opera-

tor (it can be shown that $ is an isometry, but this fact is not needed).

By the Dunford-Pettis theorem [7, p. 503], there exists a bounded weak*-

measurable function x —> vx from X into M(Y) such that \\v\\ < ||3>|| for
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every x, and

*(f)(-) = f f(x)vx()X(dx),

where the integral exists in the weak* sense. So

<g, *(/)> - ¡Six) J g(y)vx(dy)X(dx),

and hence

f (Tg)(x)f(x)m(dx) = // f(x)g(y)vx(dy)K(x)m(dx),

for all g G C(Y) and/ G ¿'(A). Therefore

(Tg)(x) = j g(y)h0(x)vx(dy)

for X-almost every x, and hence for w-almost every x since h0(x) > 0 for

every x: Now let p(x, ay) = h0(x)vx(dy), so (*) holds for / G C(Y). The

extension to L2-functions follows as before.

Remark. The preceding theorem is valid (with the same proof) for bounded

operators from LP(Y) into Z/(A") for 1 < p < oo, 1 < r < oo.

A kernel p(x, •) is called absolutely bounded if \p\(x, ■) is the kernel of a

bounded operator. It is obvious that ft is absolutely bounded if and only if

p = px — p2+ i( /i3 — p4) where each /x, is positive and is the kernel of a

bounded operator. Recall that an operator of V(Y, n) into Lr(X, m) is called

order-bounded if for every positive function u G LP(Y), there exists a positive

function v G Lr(X) such that \(Tf)(x)\ < v(x) for w-almost every x whenever

1/(7)1 < u(y) for «-almost every y.

Corollary 3.2. Let 1 < p < oo, 1 < r < oo and let T be a bounded

operator from LP(Y, ri) into Lr(X, m). The following conditions are equivalent.

(i) T is a pseudo-integral operator with absolutely bounded kernel.

(ii) T = Tx — T2 + i(T3 — T4)for some order-preserving bounded operators

Tx, T2, T3, T4.
(iii) T is order-bounded.

Proof. The equivalence of (i) and (ii) follows from Theorem 3.1 and the

preceding remark, and the equivalence of (ii) and (iii) follows from some

general facts about Banach lattices (see, e.g., [19, pp. 229, 233]).

4. Operators with absolutely bounded kernels. Most of the results in this

section were proved by Arveson [2] in a slightly less general setting. (The class

of operators considered in [2] corresponds to kernels with the property that

the total variations | p\(x, Y) are uniformly bounded. These kernels are

automatically absolutely bounded.) Most of his proofs are still valid in our
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more general setting after slight modifications, and so we will omit details

whenever a reference to [2] suffices.

Let p(x, ay) be an absolutely bounded kernel (that is, | p\(x, ay) is the

kernel of some bounded operator). Let T be the operator whose kernel is

p(x, dy). First we show that T is induced by a measure p on the product space

A" X y by the equation

< Tf, g> = f f(y)g(x)p(dx, dy), (».)

where < • , • > denotes the inner product in L2(A", m). The measure p is

defined by the equation

m(£) = // X£(*,.y)/i(*, dy)m(dx),

for every Borel set £ in v X 7. To show that this defines a bounded

measure, observe that the function x —* \ p\(x, Y) belongs to L2(m) and hence

to Ll(m). An argument similar to the proof of Theorem 2.6.2 of [4] shows that

u is a bounded measure (that argument is stated for the case x —» | p\(x, Y) is

a bounded function, but extends to our case with no difficulty). A slight

modification of the proof of Theorem 2.6.4 of [4] establishes equation (**) for

every/ G L2(n) and g G L2(m).

Now we consider operators given by the equation (**) for some Borel

measure p on X X Y. First, observe that a necessary condition for (**) to be

meaningful is that the integral on the right side must vanish whenever / = 0

a.e. or g = 0 a.e. This condition is easily seen to be equivalent to the

condition that p vanishes on marginally null sets, i.e., Borel sets which are

included in rectangles of the form A X Y or X X B with m(A) = 0 or

n(B) = 0. The condition above can be rephrased in a different way. First

define the marginal measures \ p\x and | p\2 of | p\ by | p\x(E) = \ p\(E X Y) for

every Borel set E Q X and | ju|2(F) = | uKA" X F) for every Borel set F Ç Y.

The condition that u vanishes on marginally null sets can now be seen to be

equivalent to the condition that \p\x <. m and | p\2 «: n.

If p is absolutely continuous with respect to m X n, then p satisfies the

condition given in the preceding paragraph, but it should be noted that there

are measures satisfying that condition but are not absolutely continuous. For

example, let X = Y, m = n (assumed to be not purely atomic), and define o

on the Borel sets of A X A" by o(E) = m{x: (x, x) G E), then o is con-

centrated on the diagonal, but ox = o2 = m.

Lemma 4.1. Let p be a Borel measure on X X X which vanishes on margi-

nally null sets and has the property that the function h(x, y) = fiy)g(x) belongs

to Ll(\ p\) whenever f G L2(n) and g G L2(m). Then the equation

< TJ, g> = / /(y)g(x)p(dx, dy) (»)

defines a bounded linear operator T^ of L2( Y, n) into L2(X, m).
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Proof. Let/ G L2(Y, n). The map <i>: L2(X, /w) ->• C defined by

<¡>(g) = j f(y)g(x)p(dx, dy)

is a conjugate-linear map. To prove that it is bounded, let g„ -» 0 and choose

a subsequence gn which converges almost everywhere and which is

dominated by a positive function u in L2(A", m) (see 2.2(iii)). By the

dominated convergence theorem <t>(g„) -* 0. Furthermore, this can be applied

to any subsequence of g„, to extract a subsequence whose image under <p

converges to zero. Thus <i>(g„)-»0 and <p is bounded. So <p(g) = <A, g> for

some h G L2(X, n). Let TJf = h, therefore T^ is a linear map. It remains only

to show that it is bounded. Toward this end, let /„ -» 0, and take a sub-

sequence f which is dominated by a function u G L2( Y, n) and such that

fn¡ -» 0 almost everywhere. By the dominated convergence theorem

/ A (y)g(x)p(dx, dy)-*0   for every g G L2(X, m).

Therefore FJ1 -* 0 weakly. By the closed graph theorem T is bounded.

Remarks, (i) It is obvious that the conditions of Lemma 4.1 are also

necessary for u to induce a bounded everywhere-defined operator by the

equation (**).

(ii) If p satisfies the conditions of Lemma 4.1, then so does | u|.

Examples. (1) If X = Y, m = n and o(E) = m{x: (x, x) G E], then

Ta = I. Here o is concentrated on the diagonal {(x, x): x G X).

(2) If X = y, m = n and p(dx, dy) = <j>(x)o(dx, dy) where o is the measure

in the preceding example, and <f> G LX(X), then T = M^, the operator of

multiplication by <i>. Again p is concentrated on the diagonal.

(3) Let C^ be a bounded composition operator of L2( Y, n) into L2(A", m),

so C^f — f ° yp where ^ is a Borel map of X into Y. Then C+ = 7^ where

p(E) = w{jc: (x, \p(x)) G E). Here u is concentrated on the graph of tp.

(4) By specialization of example 3 we see that all translation operators on

L2(0, 1) are pseudo-integral operators. These include operators of the form

(TJ)(x) = fix + a) where + is addition modulo 1 and operators of the form

(TJ)(x) = fix + a) if 0 < x + a < 1 and (TJ)(x) = 0 otherwise.

(5) Products MqC^, or C^M^ of a multiplication operator and a composi-

tion operator are pseudo-integral operators. The kernel p of M^C^ is con-

centrated on the graph of \p and is given by p(E) = j<p(x)m(dx) where the

integral is taken over the set {x: (x, \p(x)) G E). The kernel v of C^M^ is also

concentrated on the graph of ip but is given by v(E) = J<p(4/(x))m(dx) where

the integral is taken over the set {x: (x, \¡/(x)) GE).

Next we show that the class of operator T^ defined as in Lemma 4.1 is

precisely the class of pseudo-integral operators with absolutely bounded

kernels. We have already shown that the latter class is included in the former.

For the converse we need a result about disintegration of measures.
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Lemma [2, p. 461]. Let X and Y be standard Borel spaces, and let p be a finite

positive measure on X X Y, and let px(A) = p(A X Y) be the first marginal

measure of p. Then there exists a map x —» p£ from X into the space of all

probability measures on Y such that

(i) The map x -» Pq(B) is a Borel function, for every Borel set B in Y.

(Ü) p(S) = Sx$yXs(x,y)Po(dy)px(dx)for every Borel set S Q X X Y.

For a proof, see either [1, Theorem 2] or [6, pp. 59-63] together with the

remarks on p. 461 of [2].

For measures p under consideration (those inducing bounded operators)

we give a related disintegration with m in place of px.

Proposition 4.2 (see [2, Proposition 1.5.3]). Let p be a bounded complex

Borel measure on X X Y such that p vanishes on marginally null sets (equiv-

alently \p\x <C m, \p\2<£- n, where \ p\x and \ p\2 are the marginal measures of

| p\). Then there exists a map x —» px of X into the set of all bounded Borel

measures on Y, and a map y —» py of Y into the set of all bounded Borel

measures on X, such that

(i) For every Borel sets A Q X and B <Z Y, the maps x -» px(B) and

y -* Py(B) are Borel functions.

(ii) p(dx, dy) = px(dy)m(dx), that is p(S) = ¡x¡Y"Xs(xiy)V-xW)m(dx), for

every Borel set S in X X Y.

(ii)' p(dx, dy) = py(dx)n(dy).

(iii) | p\(dx, dy) = | px\(dy)m(dx) = | Py\(dx)n(dy).

Moreover px and py are essentially unique, i.e. if vx and vy satisfy (i), (ii), (ii)',

and (hi), then p* = px a.e. and vy = py a.e.

For a proof we refer the reader to the proof of Proposition 1.5.3 of [2]

which is done under the assumption that dpx/dm and dp^/dn are bounded,

but the argument there is valid in the general case. We give a very brief

indication of the proof. Let | p\ = o and apply the Lemma to o to obtain a

disintegration o(dx, dy) = Oq (dy)ox(dx). Note that ox(dx) = w(x)m(dx).

Absorb w in Oq to get o(dx, dy) = ox(dy)m(dx). Write p(dx, dy) =

<b(x, y)o(dx, dy) and let px(dy) = <b(x, y)ox(ay).

Next observe that equations (ii) and (ii)' imply that

/ h(x,y)p(dx, dy) = Jf_ f h(x,y)px(dy)m(dx)

= fYJxKx,y)py(dx)n(dy),

for every h G L'(|u|). To see this, observe that the function tp(x) =

belongs to L\m) and apply a slight modification of the argument

101].
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If u induces a bounded operator 7^, then

< TJ, g> = fff(y)g(x)px(dy)m(dx),

and hence

{TJ)(x) = f f(y)px(dy)

for almost every x G X, that is T is a pseudo-integral operator with kernel

px(dy). The same argument applies to | p\, and since | p\x = | u*|, we have

(TMf)(x)=ff(y)\px\(dy)   a.e.,

and so px(dy) is an absolutely bounded kernel.

In view of the discussion above, a measure p(dx, dy) will be called an

absolutely bounded kernel whenever p induces a bounded operator. It will be

obvious from the context whether p(dx, dy) or px(dy) is referred to by the

word "kernel".

We now restrict ourselves to the case X = Y, m = n, so the operators

considered are operators of L2(X, m) into itself.

Theorem 4.3. If T is a pseudo-integral operator on L2(X, m) with an

absolutely bounded kernel, then so is T*.

Proof. If p(dx, ay) is the kernel of T, so (Tf)(x) = ff(y)px(dy) a.e., then

(T*f)(y) - / f(x)i¡y(dx)   a.e.,

where p(dx, dy) = py(dx)m(dy) is the disintegration of p, and the bar denotes

complex conjugation.

Next we consider the product of two operators with absolutely bounded

kernels. First we describe the product of two measures u and v which are

assumed to be absolutely bounded kernels. This is the same as Arveson's

definition [2, p. 463] for the class of measures he describes. Disintegrate p and

v:

p(dx, dy) = py(dx)m(dy)   and    v(dx, dy) = vx(dy)m(dx).

We claim that the functions v —> \ ju^KA") and x^>\vx\(Y) belong to L2(A, m).

For that, observe that | ju.| is the kernel of a bounded operator S, and

(S*fKy) = //(*)l J"yl(<fr) a.e.. Therefore \py\(X) = (S'lXv) a.e., and hence
belongs to L2(A\ m). A similar argument proves the same for I^Ky). For

each z G X, pz X vz defines a bounded measure on A X A. If w(z) =

\nÁ(X)\vz\(Y), then w G L\X, m), and \(pz x vz)(S)\ < w(z) for every

Borel set 5 in A X A. In particular the function z -*• (pz X vz)(S) belongs to
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L'(A, m). Define p * v by

(p*v)(S) = \ (pzXvz)(S)m(dz)
Jx

for every Borel set S Ç X X X. The countable additivity of p * v follows

from the dominated convergence theorem.

Theorem 4.4 (see [2, Proposition 1.5.5]). If p and v are absolutely bounded

kernels, then so is p * v and T^nv = 7^ Tv.

Proof. First, we show that p * v vanishes on marginally null sets. Let

m(E) = 0, then | pz\(E) = 0 for almost every z since f\ pz\(E)m(dz) = | p\(E

X X) = 0. It follows that | p * v\(E X X) < /| Ju2|(£')|i'z|(A)m(dz) = 0. Simi-

larly | u * v\(X X E) = 0.

Next, let A be a Borel function on A" X Y, then

f \h(x,y)\(\p\ * \v\)(dx, dy) = ¡ff \h(x,y)\ \p\z(dx)\v\z(dy)m(dz),

in the sense that if one side is finite, the other side is also finite and the two

are equal. When A is a characteristic function, this is just the definition of

|/i| * \v\, and the extension to arbitrary functions is done be a standard

argument. Therefore if /, g G L2(X, m), then

/ 1/(7)1 |S0)|(JVI * \»\){dx, dy) = <7^,1/1, rw|i|>,

thus fiy)g(x) belongs to Ll(\ p\ * \p\). But the measure \p\ * \v\ dominates

\p * v\, so fiy)g(x) belongs to L\\p * v\). By Lemma 4.1, ft * v is an ab-

solutely bounded kernel. Furthermore, by Fubini's theorem, we have

<Tll.J,g>=ff(y)g(x)(p*v)(dx,dy)

= /// /(y)g(x)pz(dx)vz(dy)m(dz) = <F, G>,

where F(z) - //(y)vz(dy) and G(z) = fg(x)pz(dx), that is F = TJ and G =

7;g. Therefore <!;.,/, g> - <TJ, T^g) = (TJJ, g>, and 7;., = TJP.

Theorem 4.5. The class 9 of pseudo-integral operators with absolutely

bounded kernels is a self adjoint algebra containing the identity. The class 5 of

integral operators with absolutely bounded kernels is a selfadjoint two-sided ideal

in 9.

Proof. The first part of the theorem has already been proved. The fact that

í is selfadjoint is proved by an application of Fubini's theorem. It remains

only to show that 5 is an ideal. Let u and v be absolutely bounded kernels

and assume that v is absolutely continuous with respect to m X m. Write

v(dx, dy) = k(x, y)m(dx)m(dy), so vx(dy) = k(x, y)m(dy). Let S be a Borel
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subset of A" X A" such that (m X m)(S) = 0, and let Sx = {y: (x,y) G S),

so Sx is a Borel set for every x, and m(Sx) = 0 for almost every x. Let

E = {x: m(Sx) > 0), so m(E) = 0. From the definition of p * v, we have

\p * v\(S) < /// Xs(x,y)\Az{dy)\p\x(dx)m(dz)

= ( f f   \k(z,y)\m(dy)\p\z(dx)m(dz).
Jx Jx Js*

The innermost integral vanishes for x G E,so

\p*v\(S)< f   í   [   \k(z,y)\m(dy)\p\z(dx)m(dz)
JX JE JS*

< f   f   f \k(z,y)\\p\z(dx)m(dz)m(dy),
JX JX JE

by Fubini's theorem, and hence

\p * v\(S) <fxfx \«z*y)\ \p\z(E)m(dz)m(dy),

but | p\z(E) = 0 for almost every z, since /| p\z(E)m(dz) = | p\(E X A") = 0.

Therefore \k(z,y)\p\z(E) vanishes almost everywhere (m X m) on X X X,

and | p * v\(S) = 0. Therefore p * v «: m X m, and hence T^T, is an integral

operator. A similar argument (or by taking adjoints) shows that T„ T is also

an integral operator.

Remark. Neither the algebra 9 nor the ideal 5 is closed in the norm

topology since every finite rank operator belongs to 5 but there are compact

operators that do not belong to 9 (see Example 2.6).

Question. If T is a compact pseudo-integral operator, must T be an integral

operator?

We close this section by giving examples of bounded kernels which are not

absolutely bounded.

Examples. (1) Consider the Hubert matrix {a^,}, where arm = (m — «)-1

if m ^ n and am = 0. This matrix defines a bounded operator on I2, but the

matrix {|a„„|} does not give an operator of I2 into itself (see [11, pp.

212-214]). This example can be transplanted into 7-.2(0, 1) as follows: Let

/„ = (2~", 21""] and define a function k on (0, 1) X (0, 1) by

k(x y) = Í 2<" + m>/2(m - n)~l     iîxG Im,y G In,m*n,

[0 ifx,yGl„.

Therefore k defines a bounded integral operator T by the equation (7/)(x) =

fiMx, y)f(y)dy, but \k\ does not.
(2)   The   Fourier   transform   F:   L2(0, I) -+ I2   given   by   (P/)(w) =

fl0e~2vinxf(x) dx is an integral operator with kernel k(n,y) = e'2'"01, but

|£(w>v)l = 1 ana does not give an operator of L2 into I2. Also F* is not a
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pseudo-integral operator. Again, we can modify this example to get an

operator of L2(0, 1) into itself by taking /„ = (2~n, 21-"] and k(x, y) =

2»/2e-2mny tf x £ j^ Therefore k is a bounded kernel, the corresponding

operator Tk is given by (TJ)(x) = 2"/2f(n) when x G ln. But k(x,y) is not an

absolutely bounded kernel since if fix) = 1 and if g(x) = f\k(x, y)\f(y) ay,

then g(x) = 2"/2 if x G /„, and /¿|g(x)|2 dx = /~_,2" • 2~" - oo. We note

that 7£ is not an integral (or even pseudo-integral) operator.

(3) For/ G L2(0, 1), let

k(x,y) = (1 - x)'lexp(-2mxy/(l - *)),

(Tf)(x) = [\l - x)-iexp(-2mxy/(l - x))f(y) ay,

thus

(Tf)(x) = (\-x)-lf0(j^),

where /„ is the function defined on the real line by /0(;t) = fix) if 0 < x < 1

andf0(x) = 0 otherwise, and/0 is its Fourier transform. Thus

JT" \(Tf)(x)\2 dx = Jf ' (1 - x)-y0(j^)\2 dx = f" |/0(0|2 dt

< r \uo\2dt=r \f0(s)2\ ds=ii/ii2
^ — on J — oo

On the other hand the function g(x) = /¿(l - x)~ '/( y) </y does not belong to

L2(0, 1) unless Jlfiy) dy = 0, so the given kernel is not absolutely bounded.

The operator T* is not an integral (or even pseudo-integral operator), since if

(T*f\x) = flf(y)p(x, dy), then by taking functions/ which vanish on (a, 1)

for some a < 1, we get

</ Tg> = f Ç (1 - *)-'/(*)£( y)exp(2™cy/ (1 - x)) dy dx,

and by Fubini's theorem,

(T*f)(x) - F (1 - y)-'/(y)exp(2«xy/ (1 - y)) ^.
•'o

Thus p(x,ay) = (l - y)~1exp(2irixy/(l - y)) dy on (0,a), and since a is

arbitrary, p(x, dy) is absolutely continuous, and p(x, dy) — k(y, x)dy. But

k(y, x) is not a bounded kernel, for example if f(y) = 1, then k(y, x)f(y) is

not integrable on (0, 1).

Remark. The results of this section are valid (with essentially the same

proofs) for operators on LP(X),  1 <p < oo. In this case, the adjoint in

Theorem 4.3 should refer to the Banach space adjoint acting on Lq(X) where

p_1 + q~x = 1, and the selfadjointness conclusion of Theorem 4.5 becomes

meaningless and should be omitted.
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5. Operators which are always pseudo-integral. Which operators T on

Hubert space % have the property that every operator unitarily equivalent to

T is a pseudo-integral operator? More precisely, given a standard measure

space (A", m) that is not purely atomic, we ask when UTU* is a pseudo-in-

tegral operator for every unitary operator U from % onto L2(X, m). Every

Hilbert-Schmidt operator is an integral operator (see [18, p. 35]), and so every

operator of the form: scalar + Hilbert-Schmidt is always pseudo-integral. We

show that these are the only operators with this property. This is a generaliza-

tion of a theorem of Korotkov [15] which asserts that the unitary orbit of T

consists of integral operators if and only if T is Hilbert-Schmidt (see [21] for a

proof which lends itself easily to the present situation). The idea is to reduce

the problem to the case of a diagonal operator and then use techniques

similar to Korotkov's which become very simple in the case of a diagonal

operator. Recall that the compression of an operator T to a subspace 911 is the

operator PTP |91L, where P is the orthogonal projection onto 911. The

essential numerical range [7] of an operator T is defined by f\W(T+K)~,

where the intersection is taken over the set of all compact operators K, and

W(T)~ denotes the closure of the numerical range of T. We need the

following facts from [7]:

(a) If TT is the canonical quotient map of 9> (%) onto the Calkin algebra,

then We(T) = V(ir(T)), where V(t) denotes the Banach-algebra numerical

range of / (see [5, §10]). In particular if tt(Tx) is unitarily equivalent to ^(TJ),

then We(Tx) = Wt(TJ).
(b) We(T) = {X} if and only if T - XI is compact.

(c) X G We(T) if and only if there exists an orthonormal sequence {en}

such that (7é>„, en)-*X.

The next four lemmas are due to Anderson and Stampfli [24] and to J. P.

Williams [25].

Lemma 5.1. If P is a projection with finite dimensional null space, then

We(T) = We(PTP\P%).

Proof. The operator PTP is a compact perturbation of T, so We(T) =

We(PTP). Lei. A = PTP\P%, and S the unilateral shift, and n the dimension

of the null space of P, then S"A(S*)" is unitarily equivalent to PTP. But S is

essentially unitary, so We(A) = We(PTP) = We(T).

Lemma 5.2. Every operator has an infinite-dimensional diagonal compression.

Proof. Let T G ^>(%). We will construct an orthonormal sequence {en}

in % so that the compression of T to the closed linear span of {e„} is

diagonal. Choose e, arbitrarily and proceed by induction. Take en+x to be a

unit vector orthogonal to the finite-dimensional space
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9lt„ = V {e„ Te„ T*et: !</<«}.

It is easy to see that Ten is orthogonal to em, whenever n ¥^ m, and hence the

compression of T to \/{en: n = 1, 2, . . . } is diagonal.

Lemma 5.3. Every operator T has a diagonal compression with the same

essential numerical range as T.

Proof. Let {\,} be a sequence of complex numbers contained in We(T)

such that the limit points of {X„} is We(T). Modify the proof of the preceding

lemma as follows. Choose en + l so that |(7e„+I, en+x) — \,+1| < \/(n + 1).

This is possible since the compression of T to 91t¿" has the same essential

numerical range as that of T, therefore we may choose en+x in 91tj" so that

KQTQen+x, e„+x) - \+x\ < \/(n + 1) where Q is the projection on 91t¿.

But (QTQen+x, en+x) = (TQen + x, Qen+X) = (7e„+1, e„+1).

Let D be the compression of T to \/{en: n = 1, 2, . . . }, then D =

diag(a,, a2, . .. ) where a„ = (Te„, en). By the construction of en, we see that

the limit points of {an} are the same as the limit points of {\,}. Therefore

We(T) Ç We(D). The reverse inclusion is always true, so We(T) = We(D).

Corollary 5.4. If T is not of the form: scalar + compact, then T has a

compression of the form

Ial + Kx 0       \

\       0 ßI+K2)

where a and ß are complex numbers, a ¥^ ß, and Kx and K2 are Hilbert-

Schmidt operators.

Proof. Take a, ß G We(T) such that a =£ ß. If D = diag(a„ a2, . . . ) is

the operator constructed in Lemma 5.3, choose subsequences {nk} and {mk}

of the positive integers such that ¡A. - a\ < \/k and |\^ — ß\ < \/k. Let

911, and 911^ be the closed linear spans of {e^} and {e^} respectively, then

the compression of T to 911, © 91L, has the required form.

Recall that the j-numbers of a compact operator T is the nonincreasing

sequence {s„} of nonzero eigenvalues of (T*T)X/2, counting multiplicities.

Recall also that every nontrivial two-sided ideal in 9> (%) is contained in the

ideal %(%) of all compact operators. Corresponding to every ideal 5 there is

a set S (5) of sequences {A,} of nonnegative numbers which are nonincreasing

and converge to 0, such that 165 iff the sequence of j-numbers of T

belongs to S (5). Furthermore S (5) satisfies the following properties:

(i) If {\,} G S(5), then {A„ Xx, X2, X2, . .. } G S(4). This is also true if

each \ is repeated m times (a fixed m for all X„).

(ii) S (3) is closed under addition and multiplication by nonnegative

numbers.
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(iii) If{a„} G S (3) and if {/?„} is a nonincreasing sequence of nonnegative

numbers with ßn < a„, then { ß„} G S 0 ). For an exposition of these results

we refer the reader to p. 26 of [20].

Lemma 5.5. Let T G 9> (%), then T has a diagonal compression D with the

property that D belongs to an ideal í // and only if T G í. In particular D is

not a Hilbert-Schmidt operator if T is not.

Proof. If T is not compact, then the result follows from Corollary 5.4. If T

is compact, let {sn} be the sequence of j-numbers of T, sx > s2 > .... We

now modify the construction of {e„} in the proof of Lemma 5.2. Choose ex

such that |(7e„ ex)\ > |[| T\\ = \sx. This is possible since the numerical radius

w(T) > j\\T\\. After ex, . . ., e„ have been constructed, let P„ to be the

projection on 9ltx where 91t„ = V {*„ Te¡, T*e¡, 1 < / < n}. The operator

T - P„TP„ has rank at most 6«. Therefore ||P„7P„|| > s6n+x (see pp. 48-49

of [9]). Choose e„+x so that \(Ten+x, en+x)\ > 5^6n + 1. Let D be the compres-

sion of T to the closed linear span of {en}, then D = diag(a„ a2,. . . ), where

<*„ = (Te„, en).

If T belongs to an ideal 5, then obviously D G 5. Conversely if D G 5,

then 7J>(6) = D ® • ■ ■ ®D (6 copies) also belongs to 5, and hence also

3Z>(6). But the diagonal elements of the latter dominate the sequence {sn}, so

T G 5.

Corollary 5.6. If T is not of the form: scalar + Hilbert-Schmidt, then T

has a diagonal compression which is not a scalar + Hilbert-Schmidt.

Proof. Immediate from Lemmas 5.3 and 5.5.

Lemma 5.7. Let (X, m) be a separable measure space, Y a measurable subset

of X such that L2(Y) and L2(X \ Y) are both infinite dimensional, and let % be

a separable Hilbert space, 911 a subspace of % with dim 9R- = dim 9!t"L = oo,

A an operator on % and B the compression of A to 9IL. If UAU* is a

pseudo-integral operator on L2(X) for every unitary operator U from % onto

L2(X), then VAV* is a pseudo-integral operator on L2(Y) for every unitary

operator V from % onto L2( Y).

Proof. Let F be a unitary operator of 911 onto L2( Y) and let U be any

unitary operator of 9ILX onto L2(A" \ Y), and W = V © U. By hypothesis

WA W* is a pseudo-integral operator, so

(WAW*f)(x) = f f(t)p(x, dt)   a.e.
Jx

If v(x, • ) is the restriction of p(x, • ) to Y, then

(VAV*f)(y)= ( f(t)v(y,dt)
Jy

for almost every y in Y.
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Theorem 5.8. Let (X, m) be a standard measure space which is not purely

atomic, and let T be an operator on Hilbert space %. Then UTU* is a

pseudo-integral operator on L2(X, m) for every unitary operator U from % onto

L2(X, m) if and only if A is of the form: scalar + Hilbert-Schmidt.

Proof. The "if part is trivial. To prove the "only if" part assume that

UAU* is always pseudo-integral for every unitary U. By Corollary 5.6 and

Lemma 5.7 we need only consider diagonal operators and measure spaces

(Y, m) with no atoms. Without loss of generality we may take m(Y) = 1.

Since every standard Borel space is Borel isomorphic to a complete separable

metric space [17], we may assume that y is a complete separable metric space,

and by a result in [18, p. 327], there is a Borel subset Y0 of Y with m(Y0) = 0,

a Borel subset EQ of [0, 1] of Lebesgue measure zero and a Borel equivalence

i// of y \ y0 onto [0, 1] \ E0 such that m(^~\S)) = X(S) where X is Lebesgue

measure on [0, 1]. Therefore we may take Y = [0, 1] with Lebesgue measure.

(Note that we may add or delete a set of m-measure zero, since if p(x, ay) is a

kernel of an operator and E a set of m-measure zero, then {x: \ p\(x, E) > 0}

is a set of m-measure zero, cf. Remark 2.2(ii).)

First we show that T must be a scalar + compact. By Corollary 5.4 we

need only show that an operator of the form: (J7 p\) + Hilbert-Schmidt

(a 7e ß) is not always pseudo-integral. Since every scalar and every Hilbert-

Schmidt operator is always pseudo-integral, we need only consider (0 %). But

this is unitarily equivalent to the projection of L2 onto H2 which is not

pseudo-integral (see Example 2.4).

So T = XI + K where K is compact. We will show now that K is Hilbert-

Schmidt. The operator K also has the property that UKU* is pseudo-integral

for every unitary U: % -» L2(X). By adding a Hilbert-Schmidt operator we

may assume that K = (£ %) where D = diag(A„ X2,.. . ). Now choose a

lacunary sequence {nk} of positive integers, that is (nk+x/nk) > a > 1, and

let <¡>„(t) = exp( — 2mnt), and define an operator K0 on L2(0, 1) by

Ko<t>nh = h<t>nt    for/c= 1,2, ...,

K0f =0   if / J. ^ for all k.

This extends to a bounded operator on L2(0, 1) which is unitarily equivalent

to K. Therefore K0 is a pseudo-integral operator, i.e.,

(K0f)(t)=ff(s)p(t,ds)   a.e.

Let E0 be a set of measure zero such that

|u|(r, •)<«>    foriG^o,

(KQ<pn)(t) = f <t>„(s)p(t, ds)   for t G Eo, and n G Z.
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Fix t G [0, 1] \ E0 and let v(ds) = p(t, ds), thus v is a bounded Borel measure,

and

P(n) = f <¡>n(s)v(ds) = (K^Xs)

m í VM')    if" = nk,

\ 0 otherwise.

Since p(n) = 0 for all negative n, the F. and M. Riesz theorem [12, p. 47]

implies that p is absolutely continuous, and hence 2 Xkexp( — 2trinkt)exp(2

irinkx) is the Fourier series of a function g(x) in Ll(0, 1). By [13, p. 109], we

must have "Z\Xk\2 < oo, i.e. K is Hilbert-Schmidt.

Remarks. 1. A different proof of Theorem 5.8 can be obtained by slightly

modifying the argument used in [21] for integral operators. That proof is

more elementary (no results from Fourier series are used), and is valid on any

separable sigma-finite measure space (not necessarily standard).

2. Another interesting question is this: which operators T have the property

that some operator unitarily equivalent to T is pseudo-integral? The answer

is: all operators. This follows from a result of Weidmann [23, Satz 7.3] which

implies that if 0 belongs to the right essential spectrum of T, then T is

unitarily equivalent to an integral operator.

6. Operators whose restriction to L°° is pseudo-integral. Theorem 2.7 gives a

necessary condition for an operator from L2( Y, n) into L2(A", m) to be a

pseudo-integral operator. We ask if this condition is also sufficient. The

answer is no. It turns out, however, that the condition of Theorem 2.7

characterizes a related class of operators, namely the operators T where

(Tf)(x)= f f(y)p(x,dy)    a.e. (•)

for every/in Lco(Y, n). It should be noted that it is possible for the operator

T to be bounded and for (*) to be valid for / in a dense subset but not for

every/in L2 (see Examples 6.2). A simple example (on a sigma-finite measure

space) is the Fourier transform/—»/, from L2(— oo, oo) onto itself, which is

defined by the equation

f(x) = (2<T1/2 fX f(y)e-ixydy,

for / G L1 n L2, and then extended to a unitary operator on all of

L2(—oo, oo). If / G L2 but / G L\ the integral on the right side is not

defined.



PSEUDO-INTEGRAL OPERATORS 359

Theorem 6.1. Let T be a bounded operator from L2(Y, n) into L2(X, m). The

following conditions are equivalent:

(i) The restriction of T to L°C(Y) is a pseudo-integral operator.

(ii) There exists a positive Borel function ñ on X such that

\Tf{x)\ < ll/ILQi»    a.e.

forf G L°°.

Proof. If T\LK is a pseudo-integral operator with kernel p(x, ay), then

| p\(x, Y) must be finite for almost every x, since the constant function 1

belongs to LX(Y, n) and hence must be | p\(x, • )-integrable for almost every

x. So condition (ii) is satisfied if we take fi(jc) = | p\(x, Y). (If | p\(x, Y) — oo,

take fl(jc) = 0.)

To prove the converse, we may assume that y is a compact metric space

(see [17]). Assume that T satisfies (ii) and let En = {x: n — 1 < Q(x) < n}.

For every g G L1(En, m), define a linear functional <f>g on C(Y) by

%(f) = J (Tf)(x)g(x)m(dx).

This is a bounded functional since

\t>g(f)\ < ll/IL /   Q(x)\g(x)\m(dx) < n\\f\U\g\\x.

Therefore, there is a bounded Borel measure Xg on Y such that \\Xg\\ < »|| g||i,

and

<f,Xg}=f (Tf)(x)g(x)m(dx) (1)

for every/ G C(Y).

The map g->\ is a bounded linear operator of Ll(En) into M(Y), the

space of bounded Borel measures on Y. By the Dunford-Pettis Theorem,

there is an essentially-bounded weak*-measurable map x -» p„(x, • ) of En

into M(Y) such that

ess sup| p„\(x, Y) < n,       \(-) = j g(x)p„(x,   )m(dx),

where the integral exists in the weak*-topology, i.e.,

</, Xg} = f g(x)f f(y)pn(x, dy)m(dx), (2)

for every/ G C(Y) and every g G Ll(En, m). From (1) and (2), we have

f   (Tf)(x)g(x)m(dx) - f  g(x) f f(y)pn(x, dy)m(dx). (3)
JE„ JE„ JY
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Since this is valid for every g G L1(En, m), we must have

(Tf)(x) = f f(y)pn(x, dy)
Jy

for almost every x in En. Now let

M(*>   ) = M»(*> O    if x G En>

thus x -» /i(jc, •) is a weak*-measurable function from A" into M(Y), and for

/ g c(y),

(7ï)ix)-ffiyMx,dr)   a.e. (*)

For/ G L°°, there is a sequence of continuous functions {/„} converging to/

almost everywhere and dominatedly, that is, |/„| < g G L00. The validity of

(*) for/ G Ie0 follows from the dominated convergence theorem.

The Borel measurability of p(x, B) for every Borel subset B of Y follows

from the weak*-measurability of the map x —» p(x, ■ ) as in Remark 2.2 (vi).

Remark. As can be seen from the proof, the theorem is valid under the

assumption that T is merely a linear transformation from Lco(Y) into the

linear space of (equivalence classes of) measurable functions on X such that

for every sequence {/„} converging to /almost everywhere and dominatedly,

the sequence {Tfn} converges to 7/is some sense (e.g., in measure, or almost

everywhere, or in the weak*-topology). See Examples below.

Examples 6.2. We give two pseudo-integral operators from U° into L2.

One of the operators is unbounded in the L2-norm, the other is bounded, but

the integration formula defining Tf on LM is not valid for all/ G L2.

(a) Let X = y = (0, 1) with Lebesgue measure and let k(x,y) = y ~I/2. For

every / G L°°, and every x, the function k(x, •)/(•) is integrable and the

equation

(Tf)(x)=C k(x,y)f(y)dy
Jo

defines a linear transformation of L°° into L2. Here \(Tf)(x)\ < 211/H^,. It is

easy to see that T is not bounded in the L2-norm.

(b) Let X = y = (0, 1) with Lebesgue measure and

k(x, y) = x~1/2y~ l/2exp( — i log x log y).

If/ G L00, then fl0\k(x,y)f(y)\ dy < 2||/||00x_,/2, so the equation

g(x)=Ç k(x,y)f(y)dy

defines a measurable function g(x). We will show that g G L2 and that

|| g||2 < 3/||/||2 for some constant M, so the map/-» g extends to a bounded

linear operator from L2 into itself. By a change of variable we see that
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g(e~s)= f°° e^e-'/^e-^e-* dt
Jo

= V2^ es/2F(s),       s > 0,

where

/■(/)= f e-'/2f(e-')    for/>0,
I 0 for í < 0

and F is the Fourier transform of F. But

r1 i/(oi2 * = r e-x\f(e-x)\2 dx=r ip^p &,
J0 J0 •'-oo

and

/' |g(*)|2 dx = r e-*|^(e—)|2 * = 2* f° \F(t)\2 dt
Jo Jo Jo

< 2w f" |P(0|2 dt = 2w f °°  |P(i)|2 ds,
•'oo -'-oo

by Plancherel's formula. Thus || g||2 < V2w- ||/||2. Finally we show that there

is a function/ in L2, for which the function k(x, •)/(•) is not integrable for

any x in (0, 1). Take/(y) = ^-,/2/(l - log y).

Remark. Theorem 6.1 is similar to the characterization of Carleman

integral operators given by Korotkov [14] and Weidmann [23, Satz 2.9]. They

show that T is a Carleman integral operator (i.e., the kernel k(x, y) is an

L2-function of y for almost every x) if and only if there exists a positive Borel

function ñ on X such that \(Tf)(x)\ < ||/||2i2(x), a.e. for every / in L2.

Furthermore T is a Hilbert-Schmidt operator if and only if ß can be chosen

in L2(A-) (see [23, Korollar 2.10]).

7. Sigma-finite measure spaces. Until now, we have dealt only with finite

measure spaces (A", m) and ( Y, n). In this section we make some remarks

about extensions to sigma-finite measure spaces. When m and n have total

finite variations, the kernel p(x, •) must also have finite total variation for

almost every x since the function 1 belongs to L2( Y, n) and hence must be

integrable with respect to almost all of the measures \p\(x, •). In the case m

or n have infinite total variation we need "measures" p(x, •) which are

allowed to have finite total variations and are complex-valued. Since there is

no such a thing, we define the kernel p(x, •) to be the "product"

w(jt,.y)|tt|(x, dy) where w(x,y) is a complex-valued function with modulus 1

which is a Borel function of y for almost every x, and where \p\(x, ■) is a

sigma-finite positive measure on the Borel subsets of Y. The integral

ff(y)p(x, dy) will be understood to mean Jf(y)w(x, y)\ p\(x, dy). The measur-

ability condition of the map x —» p(x, B) in Definition 2.1 would have to be
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modified into the following: For every Borel subset B of Y of finite n-

measure, the map x -» p(x, B) is a Borel function. We note that for such a set

B, the total variation | p\(x, B) must be finite for almost every x since

XB G L2(Y). With this as our definition of a "kernel" and with the corre-

sponding definition of a pseudo-integral operator, most of the results of the

preceding sections remain valid in the new setting with slight modifications of

the proofs. We make a few remarks about the exceptions.

For operators with absolutely bounded kernels, we have

<Tf, g> = / f(y)g(x)p(dx, dy), (..)

where now p(dx, dy) is the product <p(x,y)\p\(dx, dy) of a unimodular

jointly-measurable function <? and a positive sigma-finite measure | u|. It is

easy to see that p must be sigma-finite in a very special way: there are disjoint

Borel sets Xn (respectively Yn) in X (respectively Y) such that X = U Xn,

Y = U Y„, and | u|(A"„ X Ym) < oo for every n and m. We call a measure

with this property bi-sigma-finite. All of the results of §4 now extend to the

new setting.

Theorems 2.7 and 6.1 must be modified. The appropriate extension of

Theorem 6.1 should be as follows:

Theorem. Let Y = U Yn, where U Yn is an increasing sequence of Borel

subsets of Y of finite measure and let T be a bounded operator from L2( Y) into

L2(X). The following conditions are equivalent.

(i) The restriction of T to Lcc(Yn) is a pseudo-integral operator for every n.

(ii) There is a sequence Í2„ of positive Borel functions on X such that for every

f which vanishes outside Yn, we have

\(Tf)(x)\ < ||/|Lfl„(x).

The proof is omitted.
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