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BY

STANLEY KAPLAN

Abstract. A class of singular first-order partial differential equations is

described for which an analogue of a theorem of M. Artin on the solutions

of analytic equations holds: given any formal power series solution and any

nonnegative integer v, a convergent power series solution may be found

which agrees with the given formal solution up to all terms of order < v.

1. Introduction. Let

be a first-order linear differential operator with coefficients X¡(z) which are

power series in the d variables z = (z„ z2,..., zd), convergent in some

neighborhood of the origin 0 in C*. (For short, we write X¡(z) G C{z},

i - 1, . . ., d.) We seek /^-tuples u(z) = (ux(z),.. ., Up(z)) of formal power

series with no constant term which satisfy systems of equations of the form

Xui(z)=fi(z,u(z)),       i=\,...,p, (1)

where each f(z, u) is a convergent power series in (z„ .. ., zd, «„ ..., ft,).

(We write u(z) G [C[[z]]0]í', the subscript 0 denoting constant term zero, and

fiz, u) = (f(z, u), . . . ,fp(z, u)) G [C{z, u}Y-) We assume that X is singular,

in the sense that X¡(0) = 0, i = 1, . . . , d; in the nonsingular case the problem

of the existence and convergence of power series solutions of (1) is easily

treated by methods which go back to Cauchy. In fact, if X(0) =

(Xx(0), . . . , Xd(0)) =£ 0, let S be any d — 1 dimensional analytic submanifold

through 0 in C1, transverse at 0 to X(0). Consideration of the characteristic

equation i = X(z) leads to a change of variables f = f (z) (by which we mean

a ¿-tuple f(z) = (f,(z), . . ., $d(z)) of elements of C{z} such that the d X d

matrix (9f,(0)/3zy),v_, d is invertible and where z = z(f ) is used to denote

the inverse change of variables) with the following properties:

(i) S = {z GC1: Çd(z) = 0} near 0 in C*; and

(Ü) for any^(z) £ Q[z]],

Xy(z(t)) = j^{y(z(S))}
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(we say, for short, that the change of variables f = f(z) transforms X into

3/9£rf). We now work in the variables f, and write f for (f„ f2,. .. , £/_i).

For any/(z, u) G [C{z, w}}p the following assertions are easily shown:

(a) For every <p(£') E [OK'HoF mere exists a unique solution u(z) 6

[C[[zM of (1) with «(*«;', 0)) = <p(n-
(b) With the same notation, u(z) G [C{z)Y if and only if «p(D G [C{Ç'}Y-

(c) If u*(z) and <p*(f ') are related as u(z) and <p(f') above, then

ord{«(z) - u*(z)] = ord{ç>(r) - ¥>*(*")}•

Here, we define

ord u(z) = min{ord u¡(z): 1 </'</>}

for k(z) = (ux(z), . . ., t^,(z)). (Given y(z) G C[[z]] with v(z) = 2 v0za where

each ya G C, and the sum is taken over the set <bd of all ¿/-tuples a =

(a„ . . ., ad) of nonnegative integers, we define orày(z) = inf{|a| = a, + a2

+ • •• +^^£^,^^0}.)
An easy consequence of (a), (b), and (c) is the following analogue of a

theorem of M. Artin [1] on solutions of equations of the form

/(z,u(z)) = 0 (2)

(with the notation already used above):

(d) Suppose X is nonsingular. If u(z) G [C[[z]]0}p satisfies (1), then, given

any positive integer v, there exists ü(z) G [C{z}0Y such that ü(z) satisfies (1)

as well, and ord(tü(z) — u(z)) > v.

To see that this no longer holds in general in the singular case, we recall an

example due to Euler: with d = p = 1, the equation

22-^"(z) = "(*) -*

has the unique power series solution

00

ku(z) = 2 (* - »>!*
k=\

which is not convergent. That this phenomenon is not limited to the case of

one variable and that it does not depend entirely on the vanishing to

second-order of the coefficients of X is seen by consideration of the equation

in two variables z = (zx, z^:

(z, + jz2z2]-^u(z) - (z2 - ^z,z|J-^-w(z) = u(z) - zxz2,      (3)

which has the unique power series solution

«(*) - 2 (* - O! (*i*2)*.
k-l

In fact, suppose u(z) G Cflz]]^ and write u(z) = "2aSi uaza, with u0 = 0. (3)
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is equivalent to the infinite system of equations

(«i - «2 - l)"a + Hai + «2)"«- = e«       (a G í2)

where we have written a' to mean either (a, — 1, a2 — 1) if this is in $2, or

0 = (0, 0) G i2 otherwise, and ea = - 1 if a = (1, 1), ea = 0 in all other

cases. From this we see at once that ua = 0 unless ax = a2 and thus u(z) is of

the form

00

u(z) = <p(zxz2)   with<p(0 = 2 <P*'* e C[[t]]0.
k-l

But, for (3) to hold in this case, it is necessary and sufficient that t2q>'(t) =

tp(t) — t, whence our assertion.

The purpose of the present work is to isolate a subclass of singular X for

which something like the theory described above in the nonsingular case still

holds. Our hypotheses on X concern the zero variety S of the coefficients

Xx(z), . . . , Xd(z) and the eigenvalues of the linear part of X(z) =

(A"j(z),..., Xd(z)) (see (H,) and (Hj) below). In place of (a) we obtain a

bijective correspondence between formal solutions of (1) and formal solutions

of an associated system of equations of the form (2). These latter equations

express compatibility conditions which must be satisfied by the "restriction to

S" of a solution of (1) and a certain number of its tangential derivatives. The

main part of our work is to show that assertion (b) carries over in this case

(i.e., convergent solutions of one system correspond to convergent solutions

of the other). Assertion (c) also goes over (the correspondence preserves

"order") so Artin's theorem cited above may be applied to give a version of

(d) in our singular case.

2. The main results. We assume from here on that X(0) = 0 and we denote

by S the germ at 0 G C1 of the analytic variety

{zGCf:Xi(z) = 0,i=\,...,d}.

The following hypothesis on X will be assumed to hold throughout the

remainder of this work:

(H,): S is the germ at 0 G C* of an analytic submanifold of C*, of

dimension s, where 0 < s < d — 1. We write n = d — s throughout. Then

(H,) means: There exists a change of variables I = f(z) such that

S={zGCd: £,(z) = f2(z) = • • • = f„(z) = 0}   near 0.

We say in this case that the variables ? = (?„...,&) are adapted to 5 and

we write them in the form f = (x, Ç) = (x„ . . ., x„, £„ .. ., Q where x, = f„

i = \, . . . ,n, and £ = Çn+j for / = 1,..., s. Observe that any change of

variables f = f (z) (adapted to S or not) transforms
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*-2*(*)■=■ into 2*,(o4
, = i oz¡ ,= 1 ds,

where, writing X(z) and X(f ) as column vectors and writing 3z(f )/3f for the

d X d matrix (3z,(?)/3?,),i/^,.rfwe have

*('(n) = -|tt)*a).
Since A"(0) = 0, we conclude from this that the d X d matrices dX(0)/dz and

3ÂX0)/3f are related by

f(0)-|(0,f(0)(|(0))"'.
As dX(0)/d!¡ has an s X s block of zeros in its lower right-hand corner, we

conclude further that the characteristic polynomial P(X) of 3X(0)/3z has the

form P(X) = XSQ(X), with Q(X) a monic polynomial of degree n.

Our second hypothesis goes back to Poincaré's thesis [5, p. 100]; in the

sequel we invoke it explicitly when needed:

(Hj): Let \„ ..., \, denote the zeros of Q(X), repeated according to

algebraic multiplicity. Let A denote the convex hull in C of the set

{A„ ..., \) (i.e., A = {27=, <&: 0 < tt < 1, i - 1,..., », 27-, t¡ = 1}).
Then OÍA.

Since it is easily seen that

d(0, A) = inf { ̂  : a G í„, a * oj

(where a ■ X = 27= i a,\) (Hj) is equivalent to the following: there exists

c0 > 0 such that

\a ■ X\ > c0\a\    for all a £ i„. (4)

Let us fix variables (x, |) adapted to S. Given any y(z) E C[[z]] we write

y(x, £) for y(z(x, £)) and we expand

y(x,0= 2^(1)*°

so that.ya(£) E C[[£]] denotes the coefficient of xa in this expansion, for each

a G S„.X now becomes an operator of the form

where X¡(0, £) = 0, /' = 1, . . ., n, and Yj(0, £) = 0, / = 1, .. ., s. Expanding

Xu(x, £) in the same way gives, for the coefficient of x", the sum of two

expressions of the form

{x'uUQ =    2    %*®Uß®
0<|/S|<|«|
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and

{*<}*(!)= 2   2  %*«)|r(0
7=1 |yS|<|«| %

with certain coefficients 9Ca/3(£)> %aß(0 which depend on our choice of

variables. Moreover, the coefficient of Xa in the expansion of f(z(x, £),

u(z(x, g))) is of the form/a(£, k0(0, {uß(§: 0 < |/?| < |a|}), where, for each

a G $„, fa is a /»-tuple of polynomials in the last set of variables with

coefficients which are convergent power series in the variables £ and u0(g).

Thus (1) is equivalent to the infinite system of equations for the undetermined

coefficients {u„(Ç) G q[£]}°: «£Í„):

s 3U

= Uè,u0(0, {uß(i):0<\ß\<\a\}).       (5)a

We shall specialize our choice of variables below so that (5)a becomes

easier to analyze, but our results are all independent of this choice. To state

them in invariant form requires some notation. Thus, let J denote the ideal of

C[[z]] consisting of those y(z) which "vanish on S" in the sense that

v(x, |) = 0 when x = 0; it is easily seen that this condition is independent of

our choice of variables (x, |) adapted to S. Denoting by J(K) the ideal

generated by products of k elements of J, we observe that y (z) E J(K) if and

only if ya(Q «■ 0 for all a with \a\ < k, and this condition is again indepen-

dent of our choice. Consequently, for each integer k > 0 and for each choice

of variables (x, Q we have a bijective correspondence between the residue

classes [y(z)]k of elements y(z) G Q[z]] in the quotient algebra Q[z]]/J(k) =

Ak, on the one hand, and the pseudo-polynomials "2,ai<k ya(Qxa of degree

less than k in x, with coefficients .y„(x) G C[[£]], on the other; for k = 0 both

sets reduce to the one containing only the zero element. When a choice of

variables (x, Ç) has been made we write simply

[H*)]k- 2 ya®*a-
\a\<k

We denote by Ak0 the image, in Ak, of C[[z]]0 under the natural projection.

Define, for any.y(z) E C[[z]],

ord,f.y(z) = sup{A:: v(z) E /(*>}.

Then, clearly, for any y(z) G Q[z]]

ordsXy(x) > ordsy(z)

which translates into the assertion that only the coefficients {Uß(C): \ß\ <

\a\] appear on the left-hand side of (5)a. Given u(z) = (ux(z), . . ., Up(z)) G

C[[z]Y we define
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ords u(z) =     min     ords u¡(z),
'=i.p

and we note that for any <p(z, u) G C[[z, u]] and any u(z), v(z) G [CfTziy we

have

ords{<p(z, u(z)) - <p(z, v(z))] > ord5{t/(z) - t?(z)}

(see the proof of the corollary to Lemma 2 below). Translated, this becomes

the assertion that in the right-hand side of (5)a only {Uß(Q: \ß\ < \a\} occur.

In our invariant notation, the finite system of equations {(5)a: \a\ <k}

becomes

[Xu(z)]k=[f(z,u(z))]k.

Both sides of this last equation define transformations of [Ak0Y into itself, as

we have just seen. Thus, we may define $k: [Ak0Y -* [AkfiY for each k by

%{[u{z)]k)=[Xu(z)]k-[f(z,u(z))]k

and so the infinite system {(5)a: a. G $„} becomes

**(["(*)]*) «0,       *- 0,1,2,....

We need finally two last pieces of terminology: given any element \p of Ak we

say that \p is convergent if ^ = [y(z)]k for some v(z) E C{z}. If in the

variables (x, £), yp = ~2\a\<k va(|)x", then clearly \p is convergent if and only if

each va(£) E C{£}, \a\ < k, and this is independent of which such variables

we use. We say that a/>-tuple \p = (fa . . ., \¡>p) G [AkY is convergent if each

of its components is. Given \¡/ G Ak, we define

ord ^ B inf{ord y(z): [y(z)]k = i/<}.

It is easily seen that if i/> = 2|£r|<* .>>„(£)*" m me (•*> Ö variables then ord ^ is

precisely the order of 2|a|<Jt va(£)xa in C[[x, £]]. As usual, if $ = (fa . .., \pp)

G [AkY, ord ^ = min,_,?.. ¡p ord ^¡.

Theorem 1. Suppose (Hj) holds. Given any fiz, u) G [C{z, u}0Y let F0 be the

p X p matrix (3/(0, 0)/3tí,),¿_ t> _ and let k0 be the least nonnegative integer

such that

X ■ a is not an eigenvalue of F0 for any a G í„ with \a\ > k0. (6)

(The existence of such a k0 is a consequence of (4).) Then the map u(z) -» ^ =

[u(z)]ko is a bijective correspondence between the solutions u(z) of (1) in

[C[[z]]0]/, and the solutions $ in [Ak 0Y °f®k W) = 0- Moreover,

(i) if u(z) and u*(z) are solutions of (1) in [C[[z]]0]'' and if4/ = [u(z)]k and

r = [u*(z)]kJhen

ord(^ - xf,*) = ord(w(z) - u*(z)),

and

(ii) u(z) is convergent if and only if $ is convergent.
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Remark. If k0 = 0, Theorem 1 asserts that (1) has a unique solution

u(z) G miz]]^ which is, in fact, convergent.

The proof of Theorem 1 will be given in §3 below. Note that the first

assertion of Theorem 1 translates as follows: if k0 satisfies (6), then each

solution {wa(0: |a| < k0) °f me finite system of equations {(5)„: \a\ < k0]

extends in a unique way to a solution {ua(Q: a G 5„} of the whole infinite

system {(5)a: a £ i„}. In fact, we shall see that whenever (6) holds, without

assuming (H^, for each k > k0 the equations {(5)a: \a\ = k} may be solved

for {ua(£): \a\ = k) in terms of {wa(ö: M < &} (this is essentially Lemma 1

below). Without (6), this may fail: consider the equation

du du _

3z, 3z2

in which/» = 1, d = 2,/ = 0, S = {0} and Xx = 1, X2 = - 1, so that X • a = 0
(= FQ) whenever a, = a2. The general solution is given by <p(z,Z2) where

<p(t) G C[[/]] is an arbitrary formal power series in one variable so that no

finite number of coefficients determine the whole solution.

We may read assertion (i) of Theorem 1 as follows: if {«„(£): a E i„} and

{«*(£): a G $„} are solutions of {(5)a: a G $„} and if k0 satisfies (6) then

ord( 2 ("«(£)- u;(9)x") = ord( 2  te(8 - «tf(0)*-)•

Again, only (6) (and not (H^) is needed here (see Lemma 2 below). The full

strength of (Hj) seems to be needed for the proof of assertion (ii), given by

majorant arguments (Lemmas 3-5 below). Relaxing (Hj) here leads to small-

divisor problems; we give one example to show that even if a k0 satisfying (6)

exists, assertion (ii) may fail in the absence of (H^. Consider (with 0 and/to

be described below) the equation

du      „    du       .,        v ,_,.
z'-3z;-fc23z7=/(z"Z2)- (7)

Here 0 is taken irrational with 0 < 6 < 1 so that we have p = 1, d = 2,

S = {0} and F0 = 0, but X, = 1 and X2 = - 0, so that (H^ fails although (6)

holds with k0 = I. We assume further about 0 that it may be extremely well

approximated by rationals, in the following sense: for q = 1, 2, .. . define

¿>—o,i,..
0-P-

We assume that

lim — logftf}, = -oo.
ç-»oo "

(Take, e.g., 0 = 2j_, 2 * where {«,}j_, is any increasing sequence of positive

integers such that i%+1/2*-»oo as/-»oo.) To construct/(z„ z^ take an
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increasing sequence {^,}J1, of positive integers such that ^,-1log{#} -» — oo

(in the example 0 = 2j_, 2~\ qs = 2"> will do) and, for/ - 1,2,..., let/»,

be the integer/» between 0 and ^ at which \0 — p/q¡\ attains its minimum

value {0}g. Now define/(z„ z¿ = 2j_, zfz$ which is certainly convergent.

The unique formal power series solution w(z„ z-¿) of (7) is given by

00     7PJ7S1

if we take z, ^ 0 and z2 ^ 0, and write p s min(|z,|, |z2|) > 0, then

z?z$

Pj - Oqj

pPj+ij

and

log t$ = (pj + qj)log p - log Oj - log{0 }q. -+ + 00   as/ -* 00,

so that u(zx, Z2) is not convergent.

Theorem 2. Suppose (H2) Ao/ds. JÄevi there exist variables (x, £) adapted to

S in which X becomes X' = 27_, X¡(x, £)9/9*, (so /Aaí 7 = 0, i.e., the

variables £„...,£ appear in X only as parameters).

Proof. Let (x\ £') be any variables adapted to S. We shall show the

existence of solutions |,(x', {■),..., ¿(x', £') £ C{x', £'} of the equation

Xi = 0 (8)

such that

|y(0, f) = §   for/ - 1, . .., j.

The variables (x, £) defined by

•*/ = XU       i = I,. .., n,

% = iy(x', rx   / = 1,..., 5,

will then clearly have the desired properties. But (8) is a special case of (1),

with/» = 1 and/ = 0; (6) holds in this case with k0 = 1. We define \pj E Axo

by setting ty — % in the variables (x', Ç); we have $,(ty) = 0 since X% =

Yj(x', £') G J for/ = 1,. . ., s. We may therefore apply Theorem 1 to con-

clude our proof.

The following examples are meant to put Theorem 2 in perspective. In all

three we have d = 3, S = {z E C3: z, = z2 — 0} so that the equations x, =

z„ x2 = z2, £, = z3 define variables (x„ x2, £,) adapted to S.

Y 3 3    . 3 r.v
^ = z'^z;-Z2-3zi + z'Z23z7- (l)

Here, X, = 1 and X2 = — 1, so (TLJ fails, as does (6), for any k^ Moreover
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there is not even any formal power series solution £(z) of (8) with 9£(0)/3z3 9e

0, as is easily seen by calculating the coefficient of z,z2 in the expansion of

X£[z); thus Theorem 2 fails here.

3 3 3 ,-.*
* = Zl3z7-Z2-3zI + ZlZ33z7- (U)

Here again we have X, = 1 and X2 = — 1, but now a solution £(z) = z3e~z' °f

(8) with 3|(0)/3z3 = 1 is at hand. Thus Theorem 2 is not the last word on the

subject.

x = Zii; - 0Z2é¡ -/(z" Z2)Z3_3z7 (üi)

where 0 and/(z„ z^ are as in the example (7) above. Suppose £(z) is a formal

power series solution of (8) with 3£(0)/3z3 9* 0; we may assume then that

3|(0)/3z3 = 1. If we expand

00

£(Z„ Z2, Z3) =   2 &(*1> *2)*3>
*-0

(8) becomes

Í z, -^- - fc2-gp k(z„ z2) = kf(zx, z2)ik(zx, z2),       k = 0, 1, 2,-

In particular, since £,(0, 0) = 1, u(zx, z¿ = log £,(z„ Zz) is a formal power

series solution of (7), and so, as we have seen, is not convergent. Thus, in this

case, a change of variables as described in Theorem 2 may be effected with

formal power series, but not with convergent ones.

Theorem 3. Suppose (H2) holds. Given any solution u(z) G [C^z]]^ of (1)

and any integer v > 0 there exists ü(z) G [C{z)0Y which also satisfies (1) and is

such that

ord(w(z) — u(z)) > v.

Proof. Let k0 be as in Theorem 1 ; by the remark following Theorem 1 we

may assume that k0> 1. It suffices to find a convergent element ^ of [Ak(^0Y

satisfying $*0(#) = 0 and such that

ord([u(z)]ko-4,)>r.

To that end, choose variables (x, 9 as in Theorem 2. Writing \p =

2|a|<*0 fa£)xa in these variables and translating the equation $^(^) = 0

(using {(5)a: \a\ < k0}, with all the %aß = 0) we get

2    ^a0(0UO = /«(€, *&k [MO' °<\ß\< ¡«I))       P)
0<|/8|<|a|
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for all a with \a\ < k^ for the equations to be satisfied by the {fag):

\a\ < ko). By assumption the elements {ua(g): \a\ < k0} of [Q^]?9 furnish a

solution of (9); moreover, u„(£) E [C[[£]]oF znd the /„ are polynomials in the

variables {fa\ 0 < \ß\ < \a\} so a trivial modification of Artin's theorem [1]

gives us the existence of {fag) E [C{£}Y: \a\ < k0), with fag) G [C{Z)0Y,
satisfying (9) and such that

ord(ua(£) - fag)) >v   for all a with |a| < k^

Then

OTd([u(z)]ko-t) = OTd(    2     {««(9 - Ut)}*")

> min {|«| + oid(ua(g) - fag))} > v.
M<*0

Remark. Counterexamples to Theorem 3 (failing (Hj)) are provided by the

two examples at the end of §1, the example given in (7) above, and the

example (iii) given just before Theorem 3.

3. Proof of Theorem 1. Given $ G [Ak 0Y satisfying $fc (if/) = 0, we seek a

(unique) u(z) E [Cf[z]]0]p satisfying (1) and [u(z)]k = $. Simple arguments

which we give at the end of this section enable us to reduce the general case

to the apparently special one where k0 > 1 and \j/ = 0, which we treat in the

following lemmas. Note that ®ko(0) = 0 means precisely that ord$ fiz, 0) > k0

while [u(z)]ko = 0 means that ords u(z) > k0.

Lemma 1. Given an integer k > 1 and fiz, u) G [C[[z, «]]qF such that

(a) ords/(z, 0) > k, and

(b) X • a is not an eigenvalue of F0 = (3/(0, 0)/3m,)i>;_, p for any a E $„

with \a\ > k. Then there exists a unique solution u(z) E [Cfl.zHoF' of (1)

satisfying ords u(z) > k.

Proof. For the moment, choose any variables (x, g) adapted to S. We

rewrite (5)a so as to isolate the terms {uß(g): \ß\ = \a\) of highest order. To

this end, let F(g) denote the matrix (3/(z(0, g), 0)/3*fe)y„i., and define

fl\x, g, u) G [Q[x, g, uM" by means of

f(z(x,g),u) = F(g)u+fW(x,g,u)

with the obvious vector notation; clearly then F(0) = FQ and

-^-(0,|,0) = 0   for/,/=l,...,/». (10)

Rewriting (1) in the form

= fW(x, g, u(x, g)) - (XV + Y)u(x, g) (11)
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where we have written Xm for 27=, Xfn(x, g)d/dx¡ with

3X
Xf»(x, g) = *,(*, I) - 2 -57(0, í)*y,

7=1    d*7
/=!,...,«,

we see, comparing with (5)a that the coefficient of xa on the left-hand side of

(11) is precisely

2 ?mí)«í(o - m)ua(o - 2 {9^(ö/-nö*^K(ö
M-M W-W

where / denotes the identity element in Mp(C), the ring of p X p matrices

with entries in C, while the coefficient of xa on the right-hand side involves

only {Uß(g): \ß\ < \a\) and their first derivatives in £„ . . ., ¿. We shall show

that for each / > k, the finite system {(5)a: \a\ = /} may be solved for {ua(g):

\a\ = /}, at least if we choose our variables (x, g) appropriately. Clearly, for

our purpose it would suffice to show that there exists even one such choice of

variables adapted to (x, g) for which this holds; it is, in fact, not hard to see

that it must then also be so for any such choice of variables. Since for any

variables (x, g) adapted to S,

dY,

3¿(0,0) = 0,
,s,/, k - 1,

it follows that the numbers X,,. .., X„ are the eigenvalues of the matrix

fëH, = A.

We may then assume that (x, g) has been chosen (applying an invertible

linear transformation x' = Tx, if necessary) so that A is in Jordan canonical

form, i.e., that

A =

*i     Mi

0     X,

0

where 0 < /n, < 1 for /' = 1,. . ., n — 1. To complete our proof, we order

$nJ = {a G 5„: \a\ = /} lexicographically, so that a > ß means that there is

an /', 1 < 1 < n, such that a¡ = ßj for all/ < i but a, > /J,. With this ordering,

the array

of elements of Mp(Q[g]\) becomes an element I<'\g) of MpNi(C[[g]]) where N,

denotes the cardinality of $nJ. In fact, we shall show that ^(g) is invertible
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in MpNi(Q[g]]) for l > k, which amounts to our assertion that {(5)a: \a\ = /}

may be solved for {ua(g): \a\ = /}. Clearly, it suffices to show that I^O) is

invertible in MpNfC). Since 2^6^ %aß(0)uß(g) is the coefficient of xa in the

expansion of

it follows that 5Caa(0) = X • a for all a G ín>/ and %aß(0) = 0 if a > ß,

a,ß G $nj. Thus

det H' \0) =   II  det((X • a)I - F0) # 0

if / > k, by (b), and our proof is complete.

Lemma 2. Given an integer k > 1 and ap X p matrix C(z) of formal power

series such that X- a is not an eigenvalue of C(0)for any a G 5„ with \a\ > k,

suppose u(z) G [C[[z]]0}p satisfies Xu(z) = C(z)u(z). Then

ordw(z) = ord([u(z)]J.

Proof. Choose variables (x, g) as in the proof of Lemma 1. Define, for

/ = 0, 1, 2, . . .,

£/,(*,!)- 2 "„(¿)*a.
<*e9„.

Since u(x, g) = 2JL0 U¡(x, g) it suffices to show that

ord U,(x, g) > ordj 2 U¡(x, g)\   for/ > k.

This, in turn, is an immediate consequence of the assertion that

ord U,(x, g) > ordl 2 U¡(x, g)\   for / > k,

which is, in fact, what we shall prove. Now we set

^) = c(z(o,|))

and

C'(x, g) = C(z(x, g)) - F(g)

so that, as in the proof of Lemma 1, the equation Xu(z) = C(z)u(z) may be

rewritten as

{ Ji ||(0, 0xj± - F(g)^u(x, g) = (C'(x, g) - Xm - Y)u(x, g).

We expand both sides as in the proof of Lemma 1. If we denote by va(g) the

coefficient of xa on either side, then we have
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*„«)« 2 {%aß(g)i - ms^upig).

If \a\ — I, va(g) is clearly also the coefficient of xa in the expansion of

(c(x, £)-*<'>-y) 2 ü;(*>£)
i=0

and so

ord va(g) + I > ordi (C'(x, g) - X™ - Y)i |£ Ut(x, g)\ J

/-i
> ord 2 U;(x, g).

i=0

On the other hand, it follows from the invertibihty of T*'\g) that, for

\a\ = / > )fc,

ord ua(£) > min ord vß(g) > ordi 2 U,(x, g)\ ~ /•
\ß\ = l \i-0 )

As

ord U,(x, g) = min ord ua(g) + /,
|a| = /

our proof is complete.

Corollary. Given an integer k > 1 and fiz, u) G [C[[z, wjy satisfying

condition (b) o/ Lemma 1, suppose that u(z) and v(z), both in [CfJz]]o]/', ore

solutions of (I). Then

ord{u(z) - v(z)} = ord{[«(z) - v(z)]k}.

Proof. We write fiz, u) — fiz, v) = H(z, u, t>X« — v) where H(z, u, v) is a

p X p matrix of elements of Q[z, u, v]] with

#(0,0,0) = F0 = (-g-(0,0))
V     7 /,v-i.p

If we define C(z) = H(z, u(z), v(z)) and w(z) = u(z) - v(z), then we have

Xw(z) = C(z)w(z), and our assertion follows at once from Lemma 2.

Remark. Both Lemma 2 and its corollary remain true when the orders in

question are infinite (e.g., for the corollary, u(z) = v(z) if and only if

[u(z)]k = [v(z)]k). In fact, the reasoning is exactly the same in this case.

Définition. If

y{*) -   2 y^a   and   y*(z) =   2 J**"

are in C[[z]], we say that y(z) < y*(z) if | va| < v* for all a E 5¿. For
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u(z) = (ux(z), ..., ^(z)) and u*(z) = (uf(z),..., Up*(z)) in [C[[z]]Y, u(z) <

u*(z) means that u¡(z) < k*(z) for all i = 1, 2, ...,/». We write C[[z]]+ for

the subset of C[[z]] consisting of those power series all of whose coefficients

are nonnegative; similarly for C{z} + . Finally, we write \y\(z) for

2aej„ |.vaka> the least majorant of y(z), and

\u\(z) = (\ux\(z),\u2\(z),...,\up\(z)).

Lemma 3. Given A(z), a p X p matrix of elements of C[[z]]+, let p be the

largest eigenvalue, in absolute value, of A(0). (By a theorem of Frobenius and

Perron, p > 0; see, for example, [3, Chapter XIII, Theorem 3].) Let p < 1.

Then (I — A(z))~l exists, in the ring ofp X p matrices with entries in Q[z]]. In

fact, (I — A(z))~x has entries in C[[z]]+, and is convergent whenever A(z) is.

Moreover, if u(z) and v(z) are elements o/[C[[z]]+]/' such that

u(z) -< A(z)u(z) + v(z)

then

u(z)<(I-A(z))-iv(z).

Proof. We write A(z) = A(0) + A'(z). Our proof proceeds by cases.

(i) Suppose A'(z) = 0. We know that limm^oo||/4(0)m||1/m - p < 1,

whenever || • || is any norm which makes the ring of p X p matrices with

complex entries into a Banach algebra (see [2, p. 864]). Therefore, the series

2/" 0A(0)' converges to (/ - ^4(0))_1; in particular, (/ - A(0))~l has non-

negative entries, and limm_00 A(0)m = 0. Furthermore, we have

u(z) <A(0)u(z) + v(z) <A(0)2u(z) + (A(0) + I)v(z)

< A(0)3u(z) + (A(0)2 + A(0) + I)v(z)

<A(0r+1u(z)-r{f,QA(0),}v(z),

for m = 0, 1, 2,... . Letting m —> oo gives

u(z)<(I-A(0)ylv(z).

(ii) Suppose A(0) = 0. We have

^A'(z)' = (I-A'(z))-\
i-o

the sum converging in the usual formal power series sense. As is well known

(/ — A'(z))~l is convergent whenever A'(z) is. As in (i), we have

u(z) < A'(z)m+1u(z) + Í ±*(z)l\v(z)
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for m = 0, 1, 2, .... Letting m -» oo now gives

u(z)<(I-A'(z)y1v(z).

(iii) For the general case, we set B(z) = (I - A(0))~lA'(z). Then 5(0) = 0,

and an easy calculation shows that

(/ - A(z))-1 = (I- B(z)T\l - A(0))-\

the right-hand side making sense because of (i) and (ii); appealing to these

two special cases gives further that

u(z) < (I - A(0))~\A'(z)u(z) + v(z))

and therefore

u(z)<(I-B(z))-\l-A(0))-lv(z)

which completes our proof.

Throughout the remainder of our work t is used to denote a single variable.

Lemma 4. Suppose v(t, g) G [C[[/, g]]+Y satisfies v(0, g) = 0 and

t^(t, g) < h\t, g v(t, g), { ||(i, I): /=!,... ,p;j = 1, . .., í j J    (13)

where  h(t, g v, q) G [C{t, g, v, q]+Y  (v = (c„ . . ., vp)  and q= {qv:   i =

1, . ..,/»;/ = 1,. . ., s}) and where we suppose that

dh-
ä-HO, 0, 0, 0) = 0   foriJ=l,...,p (14)
dVj

and

ä-MO, g 0, 0) = 0   for ij=\,...,p;k=l,..., s. (15)
°Hjk

Then, in fact, v(t, g) G [C{t, t}+y.

Proof. We may assume, without loss of generality, that A(0, g, 0, 0) = 0

since, in any case, h may be modified to bring this about without any effect

on our hypotheses. We may also replace (14) by the stronger hypothesis

dh
g¿(0, |, 0, 0) = 0   for ij = 1, .. . ,p (14')

as the following argument shows: Write h(t, g v, q) = H(g)v + h'(t, g, v, q)

where H(g) is the p x p matrix (3A,(0, g, 0, 0)/3o,),v_, with entries in

C{g)+ and h'(t, g, v, q) is in [C{r, g v, q)+Y and also satisfies (14') and (15).

Since v(t, g) G [C[[t, g]]+Y and t>(0, g) = 0, we have

v(t,g)<t-^(t,g)
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so (13) leads to

t^(t, g) < H(g){t^(t, g)) + h'[t, g v(t, g), j ||(/, £)}).

Because we are assuming that (14) holds for h, we have H(0) = 0, so applying

Lemma 3 gives us

dv,
,g)<h[t,gv(t,g), {|fM)})

where h(t, g v, q) = (/ - H(g)Ylh'(t, g v, q) which is in [C{t, g v, q)+Y

and satisfies (14') and (15). Thus, we replace (14) by (14') and revert to our

original notation. We now write

h(t, g, v, q) = thx(g) + h(t, g v, q)

with

hx(g) = ^(o,go,o)G[c{t}+y

and h(t, g v, q) expressible as a finite sum

where the sum is over these k G 5, (= N), o e }; and ß G í_ for which

k + \a\ + \ß\ - 2, and each hkaß(t, g v, q) is in [C{t, g v, q}+Y- Define

w(t, g) G [C[[t, g]]+Y by v(t, g) = tw{tt g); then (13) gives

f2^(/,!) + rw(/,!)

< thx(g) + f22 ***(', fc tw(t, g), {Ä(/. !)})(*(/, 0)«N ̂ (t, £)}) .

Therefore w(0, £) < hx(g) and

l»|£<l, I) < /22 ***(/, fc M', 0, { Ä(<. ©j W ©)"({ |?(*. ö})

so

^(<> I) < 2 >w('> fc tw(t, & jA(í, i)JJ(w(/, €))"({ ^0,1) j) •

By the Cauchy-Kowalewski theorem (see [4, Chapter 1], for example) the

equation

ífí*. o = 2 Kaß[t, g tw*(t, g), {t^(t, ö})(W*(/, ö)'({i^e. o})'
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has a unique solution w*(t, g) E [C[[t, g]]Y satisfying w*(0, g) = hx(g); most

important for us is that w*(t, g) is convergent. The convergence of w(t, g), and

hence of v(t, g), follows from the fact that w(t, g) < w*(t, g), which is easily

seen: write

Ht, 0-2 HV(Ö''   and   w*(t, C)=2 Hf (€)/',
/=0 /=0

and then observe, as in the proof of the Cauchy-Kowalewski theorem, that

the assertion w¡(g) < wf(g) for all / = 0, 1, 2,.. . follows by induction on /.

This completes our proof.

Lemma 5. We suppose that (H2) holds and that an integer k > 1 and

fiz, u) G [C{z, u)0Y are given, satisfying conditions (a) and (b) of Lemma 1.

Then if u(z) G [Qizjy is a solution of (1) such that ord, u(z) > k (a unique

such u(z) exists, by Lemma 1) u(z) is, in fact, convergent.

Proof. For a G í„, with \a\ > k, let M(a) denote the/» x /» matrix

Then Af(a) -» / as \a\ -» oo by (4), so for each i,j = 1, . . . ,p,

My S sup{|A/<a>|: a G í„, \a\ > k) < oo.

(4) implies that, for |a| > k, each entry of ((X • a)I - F0)~* is dominated, in

absolute value, by the corresponding entry of the matrix (\/c0\a\)M. Choose

e > 0 so small that

the largest eigenvalue of (2(n — l)e/c0)M is less than 1. (16)

Now choose variables (x, g) as in the proof of Lemma 1, but so as to have

0 < /i) < e for /' = 1,..., n — 1 (see (8)); if necessary, a change of variables

x' = Tx can be used to bring this about.

We modify the reasoning used in Lemma 1, by writing now

f(z(x,g)) = F0u+ß2\x,gu)

where F0 = F(0) = (3/(0, 0)/3uy)lV_,      p. We also write, for / = 1,..., n,

n   ay

XlW(x,g) = Xi(x,g)-21¿(0,0)Xj
7=1   ÖXj

= i X¡(x, g) - XíXí - p¡xi+x,       i= 1, ...,n - 1,

1 X„(x, g) - \,x„,       i = n,

and

X(2)=   ¿ */*>(*, 0^-.
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Clearly we have

VF*,
3k,

(o,o,o) = o,     iy = i,...,/»,

*/2>(0, g) = 0,      i = l,...,«,    and

ay (2)
-^-(0,0) = 0,       ij=l,...,n, 1 (18)

and (1) may be rewritten as

{n a n—\ a 1

.2 \*tgj + 2 ttf^+1-gr- Fo\»(*>Ö " »(*»Ö        (19)

where o(x, ¿) is defined by

v(x, g) = /<2>(x, g u(x, g)) - (*<2> + Y)u(x, g)- (20)

For any i = I,. .., n — 1 and any aGÍ, with a¡+x > 0, we denote by a(0

the element of i„ obtained by increasing a, by 1 and decreasing a,+1 by 1; if

a,+1 =0 we define a(0 = 0, recalling that u0(g) = 0 since ords u(z) > k > 1.

Then equating the coefficients of x° on either side of (19) gives, for all

{(X • «)/ - F0K(I) + 2 ftfo + 1)"«<'>(I) - ©„({). (21)
/-i

We deduce at once from (21) the relation

J f n-X

l"al(l) ^7Tr7\M  \v^) + 2 M«, + i)M(©
c0la| I. ' = 1

which is vahd for all a G §m with \a\ > k, from which we get at once

|Ma|(l) < "¿I M {|üa|(l) + 2£|a| % |Ma",|(l)} (22)

for |a| > A:. On the other hand, \va\(g) is the coefficient of xa in the expansion

of \v\(x, g), and, if we write

\XV\=±\XP\(x,g)±    and    \Y\=í\m*>0^

we have

|ü|(x,|)-<l/<2>|(x,É, t«|(x,D) + {|*<2>| + |y|}|«|(x,|). (23)

We stop to note here that by virtue of (18) we may write

|*/2>|(x, |)=2 bv(x, g)Xj   for i = 1, ..., n
7-1

where ^(x, g) G C{x, g}+ and 6^.(0, 0) - 0, ij = 1,..., n;  (24)
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furthermore, we have

|r,|(0,£) = 0   for/=l,...,i (25)

and, as a consequence of (18),

3i/;(2)i
Jj^-KO, 0, 0) = 0   îoriJ=l,...,p. (26)

Let us now agree that whenever v(x, w) is a formal power series in

x = (x„ ..., x„) and some other set of variables « = (<o„ ..., <or) (we have

only two cases in mind: (i) <o = g and r = s; and (ii) w = (4 u) and r = s +

/») then v*(/, w) denotes the element of C[[/, w]] obtained by substituting

x, = x2 = • • • = x„ = t into v(x, w); similarly, if

u(x, w) = (u,(x, w),. . ., t$,(x, «)),

then

«*(/, to) = («?(f, <o)>, . ., i¿(r, w)).

Thus, for example, if y(x, g) = 2aei„ va(0xa, then y*(t, g) = 2f_0 vf^r'

where, for each / = 0, 1, 2,... yfly(g) = 2|a|_,ya(g)- We observe that if, in

fact, v(x, g) E q[x, g]]+, then, for/ - 1,..., «,

(£)Vo<£e.a. <w
To see this, let 5W denote the element (0, 0,..., 0, 1, 0,..., 0) of i„ (i.e., 1

in the rth place), and suppose

Then

y(x,g)= 2 .v«(£)*a-
«el

%7(x>®= 2 («, + iK+5<')(^'

so, for each / = 0, 1,2,

(Ir)* (Ö = 2 («, + iK+fic»œ<(i+1)   2  >,(*)

= (/+iM/+1)d).
Since this last expression is the coefficient of t' in 3v*(/, g)/dt, (27) is

estabhshed. Applying it to (23), we deduce that

i»r('.e<i/c>r(',í,i«i,('.í))
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where we have written b(t, g) for 27,=, bfj(t, g). On the other hand, fixing

I > k, and summing in (22) over those a E §„ with \a\ = / gives

¡\«\lÁ0 <±m[\v\1 M) + 2el"i"    2  k«>|(|)
<-0 [ ; = 1    \a\-I

and so, clearly,

/|«|f/,(i)^7-^{H?/)(ö + 2e/(«-l)|«|f„(ö}.
co

Since Iwlf/jiO = 0 for / < k, by hypothesis, we deduce at once that

¿jjffc Ö <¿lf {hflfc I) + 2e(« - l)f^f (f> I)}.

Combining this last relation with (28) yields

where yí(r, £) = (2e(« - 1)/cq) M + b(t, g)I and

ft(f, fc v, q) = f M ( \f<2>\\t, gv)+±\ Yj\\t, g)q(j)
co       { j-\

here q^ denotes the/»-tuple (qXj, q2j,. . . , qpJ) for/ = 1, .. ., s. We note first

that A(t, g) is convergent, and, because of (16) and (24), satisfies the hypothe-

sis of Lemma 3. Moreover, by virtue of (25) and (26), h(t, g v, q) satisfies the

hypotheses of Lemma 4. Applying Lemma 3 first, we may, in effect, suppose

that A(t, g) = 0. Lemma 4 then applies to show that \u\\t, g) is convergent.

From this it follows trivially that |m|(x, g) and therefore u(z) are convergent,

which was to be shown.

Proof of Theorem 1 (concluded). We suppose first that k0 > 1. If

4/ G [Ak<t0Y satisfies &k (^) = 0, and if v(z) is chosen in [CtfzJo]' so as to

satisfy [v(z)]k = \p, then

ords{/(z, v(z)) - Xv(z)} > k»

Thus, defining

fiz, u) = f(z, v(z) + u)- Xv(z) G[C[[z, u]]0]p,

we have ords f(z, 0) > k0. Therefore, by Lemma 1, there exists w(z) G

[QU]]oY with ords w(z) > k0 and Xw(z) = fiz, w(z)). It follows that u(z) =

v(z) + w(z) satisfies [u(z)]ko = if/ and (1); moreover, the uniqueness of this

solution u(z) of (1), with [u(z)]k(¡ = tp follows from the corollary to Lemma 2

(see the remark following the proof of that corollary) as does assertion (i) of

Theorem 1. To prove assertion (ii) it suffices to note that, if t^ is convergent,
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in the above argument we may choose v(z) in [CfzJof" so that fiz, u) G

[C{z, u}oY and Lemma 5 then asserts that w(z) E [C{z}0Y; this means that

u(z) = v(z) + w(z) is convergent as well.

Finally, we treat the case k0 = 0, as follows: Choose any variables (x, g)

adapted to S. Since the matrix

-(IH.
is now assumed to be invertible the implicit function theorem asserts the

existence of a unique solution u0(g) G [Q[g]]oY °f me equation/(z(0, g), m0(0)

= 0; in fact, u0(g) is even convergent. We now define \ft G [A X0Y so that

\¡/ = u0(g) in the (x, g) variables. Clearly, $,0/0 = 0, so, by the part of

Theorem 1 already proved, there is a unique solution u(z) E [Cflzjy of (1)

with [u(z)]x = ip, and, in fact, u(z) G [C{z}0y. On the other hand, given any

solution u*(z) G [Q[z]]oY of (1), we must have /(z(0, g), u*(z(0, g))) = 0, so

«*(z(0, g)) = Uo(g), i.e., [w*(z)], = ip, and therefore u*(z) = u(z). Our proof is

now complete.
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