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MULTIPLE CRITICAL POINTS OF 
PERTURBED SYMMETRIC FUNCTIONALS 

BY 
PAUL H. RABINOWITZ I 

ABSTRACT. Variational problems which are invariant under a group of symmetries 
often possess multiple solutions. This paper studies the effect of perturbations which 
are not small and which destroy the symmetry for two classes of such problems and 
shows how multiple solutions persist despite the perturbation. 

During the past fifteen years there has been a considerable amount of research on 
the role of symmetry in obtaining multiple critical points of symmetric functionals 
both in an abstract setting and in applications to ordinary and partial differential 
equations. In particular, problems of the form, 

(0.1 ) { 

n a 
Lu == -. ~l ax; (a;/x)uxJ + c(x)u = p(x, u), 

I,j-

x E Q, 

U = 0, x E aQ, 

have been studied where L is uniformly elliptic with e.g. C2 coefficients, Q c Rn is a 
bounded domain with a smooth boundary, and p is odd in u. Under appropriate 
hypotheses on p(x, n in particular more rapid growth than linear as 1 ~ 1-> 00, it has 
been shown that (0.1) possesses an unbounded sequence of solutions [1-6]. Similar 
existence statements have been obtained for periodic solutions of second order 
HaIniltonian systems of ordinary differential equations, 
(0.2) ij + V'(q) = 0, 
where q = (ql"" ,qn) and V E cl(Rn, R). Indeed, it has been shown that if V grows 
at an appropriate superquadratic rate, then for any T> 0, (0.2) possesses an 
unbounded sequence of T periodic solutions [7, 8]. 

Problems (0.1) and (0.2) each possess a natural symmetry. Namely (0.1) is the 
Euler equation obtained from 

(0.3) 
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where P, the primative of p, is even in u and therefore the functional is invariant 
under the Z2 symmetry u --> -u. Likewise, taking e.g. T = 2'17, we see (0.2) is the 
Euler equation of the functional 

(0.4) 12"'[ 1 2 ] o 2: lql - V(q) dt 

defined on the class of 2'17 periodic functions. If q(t) --> q(t + 0) for any 0 E R, the 
functional is unchanged. Thus (0.4) has a natural R mod[O, 2'17] or Sl symmetry. 

An open question for problems like (0.1) and (0.2) has been the effect of 
destroying the above symmetries by perturbing the equation, e.g. by adding an 
inhomogeneous termf(x) to the right-based side of (0.1) or a 2'17 periodic n-vector 
<p(t) to the right-hand side of (0.2). There has been some progress in this direction 
during the past few months due to Bahri and Berestycki [9], Struwe [10], Dong and 
Li [11], and Bahri [12]. In [9 and 10], the authors independently show that 

(0.5) {L~= p(x, u) + f(x), x En, 
u - 0, x E an, 

possesses an unbounded sequence of weak solutions provided that f E L 2( n) and p 
satisfies more stringent conditions than are required for the existence of solutions of 
(0.1). In this paper we shall show how some of the ideas from [5] in conjunction with 
those of [9 and 10] can be used to get somewhat better existence results for (0.5). 
Moreover closely related arguments allow us to treat perturbations of (0.2) of the 
form 

(0.6) q + V'(q) = <p(t). 

Bahri and Berestycki [13] have also recently announced related results for (0.6). 
In §l, (0.5) will be treated and (0.6) will be handled in §2. An appendix contains 

some topological results required for the study of (0.6). We are indebted to Ed 
Fadell and Sufian Husseini for several helpful conversations concerning these 
topological matters. 

1. The semilinear elliptic case. We begin by studying 

(1.1) { L~= p(x, u) + f(x), 
u - 0, x E an, 

x En, 

where Land n are in the introduction. We assume p satisfies 
(PI)P E qo X R,R), 
(P2) there are constants aI' a2 > 0 such that I p(x, ~) I =s;;;; a l + a21 ~ IS where 1 < s 

< (n + 2)/(n - 2) if n > 2 and s is unrestricted if n = 1,2, 
(P3) there are constants IL> 2 and ~ > 0 such that 0 < ILP(X, 0 === ILfJ p(x, t) dt 

=s;;;; ~p(x,~) for I ~ I;;;;'~, 
(P4) p(x, -~) = -p(x, ~). 
Under hypotheses (PI)-(P4)' if f=== 0, it is known that (1.1) possesses an un-

bounded sequence of weak solutions which can be obtained as critical points of a 
corresponding functional by means of minimax methods. We shall show that the 
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same is true for (1.1) for arbitrary f E L 2 provided that s satisfies the more stringent 
condition 

(1.2) -'..( n_+_2..:.,.) _-_(-,-n..,--_2 )'--s > _J1-_ 
n(s-l) p.-l· 

For J1- = s + 1, (1.2) reduces to the assumption made in [9 and 10]. In [9 and 10] 
somewhat stronger versions of (PI) and (P3) also are needed as well as the 
requirement that p behave like a positive function of x times a pure power of ~ at 
infinity. 

For future reference we note that tp3) implies there are constants a3 , a4 , a5 such 
that 

(1.3) 

for all ~ E R. Corresponding to (1.1) we have the functional 

(1.4) J(u) = 1 [~(. ~ aiix)uXiUXj + c(x)u 2 ) - P(x, u) - f(X)u] dx. 
g 1,)=1 

Letting E = WOI.2(~) where the norm in E is 

lIuli = (foi.~1 aiix)uxiUxjdX) 1/2 

hypotheses (p I )-(P2) and standard results imply J E C I( E, R) (provided f E L 2( ~». 
The main result in this section is 

THEOREM 1.5. Suppose p satisfies (PI) - (P4),f E L2(~), and s satisfies (1.2). Then 
J has an unbounded sequence of critical values. 

The corresponding critical points form an unbounded sequence of weak solutions 
of (1.1). Under additional regularity assumptions on p and f (e.g. p and f Holder 
continuous in their arguments), standard regularity results imply these weak solu-
tions are classical solutions of (1.1). After proving Theorem 1.5, a mild generaliza-
tion of recent work of Dong and Li [11] in which f is allowed to depend also on u 
will be mentioned. 

In the course of the proof of Theorem 1.5, we will obtain a minimax characteriza-
tion of critical values of J albeit not a completely satisfactory one. In [9 and 10], the 
fact that any solution of (1.1) lies on the set of w in E such that 

is exploited. On this set J becomes 

(1.7) J(u) = fo{ ~up(x, u) - P(x, u) - ~f(x)u) dx 
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which is bounded from below. (See also [1 and 2].) We will work with an indefinite 
functional. However for technical reasons I will be replaced by a modified func-
tional J. By way of motivation for the modification, the following lemma provides 
some a prior bounds for a critical point of I in terms of the corresponding critical 
value. In what follows ai' o.j repeatedly denote positive constants. 

LEMMA 1.8. Suppose u is a critical point 01 1. Then there is a constant a6 depending 
on II I II L2 such that 

(1.9) l(p(x, u) + a4 ) dx";; !l(up(x, u) + a3 ) dx";; a6 ({I(u»2 + If/2. 
n ~ n 

PROOF. Let J'(u) denote the Frechet derivative of u. At a critical point of I we 
have 

1 I(u) = I(u) - IJ'(u)u 
(1.10) 

;;;. ( ~ - ;) 10 (up(x, u) + a3 ) dx - ~ II I II L2 II ull L2 - a7 

via (1.3). Using the fact that ~ > 2 and the Holder and Young inequalities we see for 
anye > 0, 

(1.11) I(u);;;, agfo(up(x, u) + a3 ) dx - a9 - eIIull~~ - ,8(e)II/II1.2 

where p-' + IL-' = 1 and ,8(e) -> 00 as e -> O. Choosing e so that 2e = lLa5ag, (1.3), 
(1.11) and the Schwarz inequality yield (1.9). 

REMARK 1.12. The inequality (1.11) combined with J'(u)u = 0 leads to a bound 
for II u II in terms of I( u). However such an estimate will not be needed later. 

To define the modified functional J, let X E COO(R, R) such that X(t) = 1 for 
t";; 1, X(t) == 0 for t > 2 and -2 < X' < 0 for t E (1,2). For u E E, set 

!f(u) = 2a6 (I2(u) + 1)'/2 and I/J(u) = x( !f(ur'fo(p(x, u) + a4 ) dX). 

Let supp I/J denote the support of I/J. 
LEMMA 1.13. II u E supp I/J, then 

(1.14) 

where a, depends on II I" L2. 

PROOF. By the Schwarz and Holder inequalities and (1.3), for all u E E 

(1.15) / folu dX/";; IIJ1IL211ulk2 ..;; o.211ullu ..;; 0.3 (10 (p(x, u) + a4 ) dX) 'II'. 

If further u E supp I/J, 

(1.16) 

so (1.14) follows from (1.15)-(1.16). 
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Now set 

The main reason for introducing J is the following estimate which holds for J but 
not for l. 

LEMMA 1.18. There is a constant PI' depending on II I II L2 such that lor u E E: 

(1.19) IJ(u) - J(-u) 10;;; PI(IJ(u) II//L + I). 
PROOF. By (1.17) and (P4)' 

(1.20) IJ(u) -J(-u) 1= (I/I(u) +I/I(-u))I1nIUdxl· 

Thus by Lemma 1.13, 

(1.21 ) 

Since by (1.4) and (1.17), 

(1.22) 

(1.21) implies that 

(1.23) 1/I(-U)I1nludxlo;;;a2I/1(-u)(IJ(u)II//L+I1nludxr//L + 1). 
Thus by Young's inequality as in (1.11), the lu term on the right-hand side of (1.23) 
can be absorbed by the left-hand side. A corresponding estimate for the I/I( u) term in 
(1.20) then yields (1.19). 

REMARK 1.24. Although J(u) does not satisfy (1.19) for all u E E, it does for all 
solutions of (1.1). However we are unable to exploit this fact directly. 

We shall show that large critical values of J are critical values of J. First another 
technical lemma is needed. 

LEMMA 1.25. There are constants Mo, ao > 0, and depending on II I II L2 such that 
whenever M;;;. Mo' J(u);;;' M and u E supp 1/1, then J(u);;;' aoM. 

PROOF. Since by (1.4) and (1.17) 

(1.26) J(u) ;;;'J(u) -11nludxl, 

if u E supp 1/1, by (1.26) and (1.14) 

(1.27) J(u) + aIIJ(u)II//L;;;. J(u) - al ;;;. Mj2 
for Mo large enough. If J( u) 0;;; 0, 

(1.28) a~ +.!.IJ(u)l;;;.aIIJ(u)II//L;;;.M2 +IJ(u)1 
P IL 
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which is impossible if Mo > 2arp-1 which we can assume to be the case. Therefore 
/(u) > 0 and 

/(u) >M/4 or J(u);;;. (M(4a1rT' 
which implies the lemma since JL > 2. 

N ow we can prove 

LEMMA 1.29. There is a constant MI > 0 such that J( u) ;;;. MI and J'( u) = 0 implies 
that J(u) = /(u) and J'(u) = O. 

PROOF. It suffices to show that .p(u) = I and .p'(u) = O. By the definition of.p, 
this will be the case if 

(1.30) 

which we will verify. Note that 

J'(u)u = foL~1 aiix)uXiUXj + c(x)u2 - up(x, u) 

- (.p(u) + .p'(u)U)/uj dx 
(1.31 ) 

where 

.p'(u)u = X'( 1(ur1fo(p(x, u) + a4 ) dx) 
X 1(u r2[ 1(u) fo up(x, u) dx - (2a6 )2( fo (P(x, u) + a4 ) dX) 1( u rlJ( u )/'( u )u]. 

Regrouping terms shows that 

where 

Form 

J'(u)u = (1 + TI(u» fo( i.~1 aij(x)uXiUXj + c(x)u2) dx 

- (1 + Ti u»l up(x,u)dx-(.p(u) + T1(u»)1/udx 
o 0 

{
TI(U) = x,(-·· )(2a6 )21(ur3/(u) fo(p(x, u) + a4 ) dx fo/udx , 

Tiu) = X,(··· )[1(urlfo/UdX] + TI(u). 

J(u) - 2(1 + IT1 (u» J'(u)u. 

If TI(u) = T2(U) = 0 and .p(u) = 1 we are precisely in the situation of (1.10) so 
(1.30) reduces to (1.9). If T1(u) and Tiu) are sufficiently small, the estimates of 



CRITICAL POINTS OF PERTURBED SYMMETRIC FUNCTIONALS 759 

Lemma 1.8 carry over to this case at the expense of the factor a6 in (1.9) being 
replaced by 2a6 • But that gives (1.30). Hence the lemma follows once we show 
TI(u), ~(u) -> 0 as MI -> 00. 

Simple estimates show 

(l.32) 

If U fl supp~, TI(u) = O. Otherwise, by Lemmas 1.13 and 1.25, 

(l.33) ITI(u)l.,;; a 2 1(u)(IM-1 .,;; a 3(M I + 1)(1/1')-1, 

which goes to 0 as MI -> 00. The form 'of T2 shows Tz<u) also -> 0 as MI -> 00. 

By Lemma 1.29 to prove Theorem 1.5, it suffices to show J has an unbounded 
sequence of critical values. To begin that program, another technical result is 
required. Let Ac = {u EEl J(u) .,;; c}. We say J satisfies the Palais-Smale condition 
(PS) if whenever a sequence (urn) satisfies J(urn) is uniformly bounded and J'(u rn ) --> 

0, then (urn) is precompact. 

LEMMA 1.34. J E C I( E, R) and there is a constant M2 > 0 such that J satisfies (PS) 
on AM2 == {u EEl J(u);;;' M2}. 

PROOF. Sincep satisfies (PI)' (P2), IE CI(E,R). (See e.g. [14].) Since X E Coo, 
(PI)' (P2) further imply ~ and therefore J E CI(E,R). To verify (PS), we argue 
somewhat as in Lemma 1.29. Suppose (urn) C E with M2 .,;; J(u rn ) .,;; K and J'(u rn ) 
--> O. Then for all large m, 

pllurnll + K;;;'J(urn) - pJ'(urn)urn 

(l.35) 

= (I - p(1 + TI(U rn ))) ~(i'~l a;j(X)Urnx,UrnXj + cu~) dx 

+p(1 + T2(u rn )) ~ UrnP(X, Um) dx - ~ p(x, Urn) dx 

+[P(~(Urn) + TI(Urn)) - ~(Um)]~fumdx 

where p is free for the moment. Thus by (P3)' 

pllumll + K;;;. (t- p(1 + T\(urn)))llum II 2 

(l.36) 
+ (p(1 + T2(Um))P. - 1) ~ (p(x, urn) + a4 ) dx 

-a2 - (p(1 + T\(um)) + 1)lIf1lL211um11 L2 

- a3 II Urn II i2. 
For M2 sufficiently large and therefore Tp T2 sufficiently small, by (P3) we can 
choose p E (p.-I, 2-1) and e > 0 such that 

1 1 (1.37) > p + e > p - e > ----:----~ 
2(1 + T\(u rn )) p.(1 + T2(u rn )) 
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uniformly in m. Hence (1.36) and (1.3) show 

(1.38) pllumll + K;;;. elluml1 2 + ~p.a51Iumllt~ - a2 - a411umll - a3 1lumlli2. 

Using the Holder and Young inequalities again as in (Ul) we get 

(1.39) pllumll +K;;;.ellumIl2+a51Iumllt.-a41Iumll-a6 

which implies {u m } is bounded in E. 
Since 

(lAO) 

where 0' is compact-see e.g. [5]-for M2 large enough I TI(u m ) I~ t and therefore 
(um) bounded and J'(um) ---> 0 implies (l + TI(umWI0'(um) converges along a 
subsequence. Hence (lAO) shows (u m ) does also and (PS) is verified. 

Now we can show J has an unbounded sequence of critical values. Let 0 < Al < 
A2 ~ ... ~ Ak ,,;;; ... denote the eigenvalues of 

(1.41) { (L_-C)V=AV, xEn, 
v - 0, x E an, 

and v I' V 2 ' . .. denote corresponding eigenfunctions normalized such that II v k II = I. 
Let Ek == span{vl, ... ,vk} and Et its orthogonal complement. By (1.3) there is an 
Rk > 0 such that J IE. ,,;;; 0 if II ull ;;;. R k. Let BR denote the closed ball of radius R in 
E, Dk == BR • n Ek , and 
(1.42) fk = {h E C(Dk, E) I h is odd and h(u) = u if Ilull = Rd· 

Define 

(1.43) b k = inf max J( h ( u )) , 
hEr. uEDk 

kEN. 

If 1== 0 and J is even, it was essentially shown in [5] that the numbers bk are critical 
values of J. If I :2:: 0, that need not be the case. However we will use these numbers 
as the basis for a comparison argument to prove Theorem 1.5. First it will be shown 
that bk -> 00 as k ---> 00. 

LEMMA 1.44. For all kEN, p < R k , and h E fk' 

(1.45) h(Dk) n aBp n Et_1 =1= 0. 

PROOF. Let h E f k. Consider h-I(Bp). Since h is continuous, this is a neighbor-
hood of 0 in Ek. Let (9 denote the component of h-I(Bp) which contains o. Then 
(9 C Dk , (9 is symmetric with respect to the origin, i.e. u E (9 implies -u E (9, and 
II h( u)11 = p on a(9. Let Pk- I, Pt-I denote respectively the orthogonal projections of 
E onto Ek- I, Et_1 so h(u) = Pk_Ih(u) + pt_Ih(u) for u E E. Since Pk-Ih E 
C( a (9, E k _ I) and is an odd function, by one of the versions of the Borsuk -Ulam 
Theorem [16], Pk-Ih has a zero u on a(9. Hence h(u) = pt_Ih(u) E aBp n Et_1 and 
the proof is complete. 

LEMMA 1.46. There are constants {32 > 0 and ko E N depending on II I II L2 such that 
lor all k ;;;. ko, 

( 1.47) 
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PROOF. Let h E fk and p < R k • By Lemma 1.44, there is awE h(Dk ) n aBp n 
Et-l' Therefore 
(1.48) maxJ(h(u»);;;"J(w);;;" inf J(u). 

uED. uEaBpnEt_1 

Let u E aBp nEt-I' Then by (P2) and some simple estimates, 

(1.49) J(u) ;;;"~p2 - a211ull~2 - a31Iull~t}1 - a4 -lIfIIL2I1uIIL2. 
By the Gagliardo-Nirenberg inequality [17], 

(1.50) 

for all u E E where 2a = n(s - l)(s + ltl. Moreover if u E Et-l' 

(1.51) IIull L2 ~ Akl~rllull. 
Substituting (1.50)-(1.51) into (1.49) yields 

(1.52) 

Choose ko so large that 4a2 ~ Ak and p = Pk so that 

(1.53) 

Therefore 

( 1.54) 

The asymptotic distribution of the eigenvalues of (1.41) is such that for large k, 

( 1.55) 

for a 5 independent of k [18]. Combining (1.54)-(1.55) then gives the lemma. 
To construct a sequence of critical values of J, another set of comparison values 

first must be defined. Let 

Uk = {u = tVk+1 + wit E [0, Rk+l], wE BRk+1 n Ek, Ilull ~ Rk+I} 

and 

Ak = {H E C(Uk, E) I HID. E fk and H(u) = u 

if lIull = Rk+l or u E (BRk+1 \BRJ nEd. 
Now define 

(1.56) ck = inf maxJ(H(u», kEN. 
HEA. uEU. 

LEMMA 1.57. Suppose ck > bk ;;;" M2 • Let 8 E (0, Ck - bk) and 
Ak(8) = {H E AkIJ(H) ~ bk + 8 on Dk}. 

Let 

( 1.58) kEN. 

Then ck( 8) is a critical value of J. 

REMARK 1.59. Since by (1.58), (1.56), and (1.43), ck( 8) ;;;" ck ;;;" bk and bk ---> 00 as 
k --> 00 by Lemma l.46, the existence of a subsequence of ck's which satisfy ck > bk 
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then guarantees an unbounded sequence of critical values of J and hence Theorem 
1.5. As will be seen shortly, (1.2) implies that such a sequence of ck's exists. 

For the proof of Lemma 1.57 we require the following standard "Deformation 
Theorem" [14, 19]. 

LEMMA 1.60. Let J E CI(E,R) and satisfy (PS) on AM. Then if c > M, i> 0, and 
c is not a critical value of J, there exists e E (0, i) and 1/ E C([O, I] X E, E) such that 

(I) 1/(t, u) = u ifu ft. J-I(c - i, c + i), 
(2) 1/(1, A c+.) C A c - .. 

PROOF OF LEMMA 1.57. Note first that by the definition of bk and A k, Ak(~) =1= 0. 
Choose i = HCk - bk - ~) > O. If Ck(~) is not a critical value of J, there exists an e 
and 1/ as in Lemma 1.60. Choose H E Ak(~) such that 

(1.61) maxJ(H(u)) ..;; Ck(~) + e. 
Uk 

Consider 1/(1, H(u» E C(Uk, E). Note that if II ull = RHI or u E (BRk+l \ BR) n 
Ek, J(H(u» = J(u) ..;; 0 so 1/(1, H(u» = u by (1) of Lemma 1.60 (since we can 
assume bk > 0). Therefore 1/(1, H) E A k. Moreover on Dk, J(H(u» ..;; bk + ~ ..;; 
ck - i..;; Ck(~) - i via our choice of ~ and i. Therefore 1/(1, H) = H..;; bk + ~ on 
D k , again by (1) of Lemma 1.60. Thus 1/(1, H) E Ak(~) and by (1.61) and (2) of 
Lemma 1.60, 

( 1.62) 

contrary to the definition of ck ( ~). Hence Ck(~) is a critical value of J. 
REMARK 1.63. Note that Ck(~I) ;;;. Ck(~2) if ~I ..;; ~2. 

Now to complete the proof of Theorem 1.5, by Remark 1.59, it suffices to show 
that if s satisfies (1.2) and p satisfies (p I) - (P4)' c k = b k is not possible for all large 
k. Indeed we have 

LEMMA 1.64. If Ck = bdor all k ;;;. kl' there is a constant y = y(k l ) such that 

( 1.65) 

Thus comparing (1.65) to (1.47), we see the inequalities are incompatible if 

p. (n+2)-s(n-2) __ <-'--_~_--'-:-_---f.... 
p.-I n(s-I) 

But this is precisely condition (1.2) on s. Thus Theorem 1.5 is proved. 
PROOF OF LEMMA 1.64. Let k ;;;. k I and e > o. Choose H E A k such that 

(1.66) maxJ(H(u)),,;; bk + e. 
uEUk 

Let H(u) = H(u) if u E Uk and H(u) = -H(-u) if -u E Uk. Since H IB n Ek is 
.... ,.. Rk+l 

odd and continuous, H is well defined and H E rH I. Therefore 

(1.67) bH1 ..;; maxJ(H(u)). 
Dk + 1 

But DHI = Uk U (-Uk) and by Lemma l.l8 and (1.66), 

(1.68) maxJ(H(u)) = bk + e + ,81(1 bk + e 11//£ + I). 
-Uk 
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Thus (1.67)-(1.68) imply 

(1.69) bk+1 .;;; bk + f + ,81(1 bk + f 11/1' + 1). 
Since f > ° is arbitrary, 

(1.70) 

for all k ;:;. k l • An easy induction argument-see e.g. [9-10)-then yields (1.65). 
REMARK 1.71. An analysis of Theorem 1.5 shows that by slightly modifying 

several of the lemmas, the following result holds: 

THEOREM 1.72. Suppose p satisfies (PI)-(p4),f(x, ~) satisfies (PI)' 

(f I) I f( x, ~) I.;;; a 3 + a 41 ~ 1°, ° .;;; a < p. - 1, 

and 

( 1.73) 
(n + 2) - (n - 2)s p. 

n(s - 1) > p. - a-I· 

Then the equation 

(1.74) { L~ = P ( x, u) + f( x, u), 
u - 0, x E aQ, 

x E Q, 

possesses an unbounded sequence of weak solutions. 

Theorem 1.72 generalizes a result of Dong and Li (11). We will not carry out the 
details. 

REMARK 1.75. The question of whether or not the growth restrictions on s (1.2) 
and (1.73) are essential for these results remains open. In a very interesting recent 
work (12), Bahri has given a partial answer. He proved for 

{ -6.u: 1 u Is-I u + f(x), 
u - 0, x E aQ, 

(1.76) x E Q, 

for the full range of s: 1 < s < (n + 2)( n - 2t I that there is an open dense set of 
f E L2(Q) for which (1.76) possesses an infinite number of distinct solutions. One 
knows from an identity of Pohozaev (20) that even if f == 0, the result is false in 
general if s;:;. (n + 2)(n - 2tl. 

2. The second order Hamiltonian system case. A result analogous to Theorem 1.5 
holds for second order Hamiltonian systems. Consider such a system. 

(2.1 ) ij + V'( q) = <pc t) 
where q E Rn and V satisfies 

(VI) V E CI(Rn, R), 
(V2 ) There are constants aI' a2 > ° and p > 2 such that 

I V( q) I.;;; a l + a2 1 q IV for all q E Rn, 
(V3) There are constants p. > 2 and q > ° such that 

0< p.V(q).;;; q. V'(q) for all I q I;:;. q. 
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In (V3) and elsewhere p . q denotes the usual inner product of two elements of Rn. 
As in §1, (V3 ) implies the existence of constants a3, a4, a5 > 0 such that 

(2.2) '!'(q. V'(q)+a3)~V(q)+a4~a5Iqll£ forallqERn. 
p. 

We assume cp(t) is periodic in t. Without loss of generality we can take the period to 
be 21T. The functional corresponding to (2.l) is 

(2.3) I(q) = fo27T[ ~lql2 - V(q) - cp' q] dt. 

Hypotheses (VI)-(V2 ) imply IE CI(E, R) where now E = (W I,2(SI)y with the 
norm in E given by 

Our main result is 

THEOREM 2.4. Suppose V satisfies (VI )-(V3 ), cp E (L2(SI)y, and 
(2.5) P < 4p. - 2. 

Then I(q) has an unbounded sequence of critical values. 

As in §1, corresponding critical points are weak solutions of (2.1) and it is easy to 
show they satisfy (2.1) a.e. Moreover if cp E (C( S l)t, then these weak solutions in 
fact belong to (C2(SI)t. 

When cp == 0, it is known that Theorem 2.4 is true solely under hypotheses (VI) 
and (V3 ) [8]. A result like Theorem 2.4 has recently been announced by Bahri and 
Berestycki [13] who further require V E C 2 and in place of (2.5) have the more 
stringent condition P < 2p.. 

Our proof of Theorem 2.4 closely parallels that of Theorem 1.5. Therefore we will 
be somewhat sketchy in our exposition here. 

LEMMA 2.6. If q is a critical value of I, there is a constant a6 depending on II cp II L2 

such that 

(2.7) 127T(V{q) + a4) dt .;;;'!'127T(q. V'{q) + a3) dt.;;; a6 (I2(q) + If/2. 
o P. 0 

PROOF. As in Lemma 1.8. 
Now we set up a modified problem for (2.1). Let X, g be as in §1 (with I(u) 

replaced by I( q) given by (2.3». Let 

I/;(q) = x{ g(qflfo27T(V(q) + a4) dt) 

and set 

(2.8) 

LEMMA 2.9. If q E supp 1/;, then 

(2.10) I fo27T cp . q dtl.;;; al (II( q )1 1/1£ + 1) 
where al depends on Ilcpll L2. 
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PROOF. As in Lemma 1.13. 
For fJ E [0,2'17), let (l9q)(t) = q(t + fJ). 

LEMMA 2.11. There is a constant 131 depending on /I q> /I L 2 such that for all q E E and 
fJ E [0,2'17), 

(2.12) IJ(q) - J(T,q) I.,.;; 131(IJ(q) 11/,. + 1). 
PROOF. Observing that /lq/lL2 = /l19q/lL2, the proof is essentially as in Lemma 

1.18. 

LEMMA 2.13. There are constants Mo, a o > 0 and depending on /lq>/I L2 such that 
whenever M;;;. Mo, J(q);;;' M, and q E supp "', then J(q);;;' aoM. 

PROOF. As in Lemma 1.25. 

LEMMA 2.14. There is a constant MI > 0 such that J(q) ;;;. MI and J'(q) = 0 implies 
J(q) = J(q) and J'(q) = O. 

PROOF. As in Lemma 1.29. 
Let..( = {q E EIJ(q);;;' c} andAc = {q E EIJ(q).,.;; c}. 

LEMMA 2.15. J E CI(E,R) and there exists a constant M2 > 0 such that J satisfies 
(PS) on AM2• 

PROOF. J E CI(E, R) follows from (VI)' (V2) and the smoothness and form of "'. 
To verify (PS), we argue in a similar fashion to Lemma 1.34. As in (1.36) with p 
chosen to satisfy (1.37), we get 

(2.16) 
pllqm ll + K;;;. e12fTlilml2 dt + ;e a51Iqmll~. - a7 11qmllL2 

o 

= ellqmll 2 + p.~a5 IIqmll~. - ellqmll~2 - a7 11qmllL2 - ag. 

Hence using the Holder and Young inequalities as in (1.38), we conclude {qm} is 
uniformly bounded in E. Writing 

(2.17) 

we see 

J'(qm)Q = (1 + TI(qm» 1a2fT(ilm· Q + qm· Q) dt 

- (1 + TI ( qm») 12fT q m . Q dt + lower order terms 
o 

where ~ is compact. Thus the argument of Lemma 1.34 shows (qm) has a convergent 
subsequence and (PS) is satisfied. 

As a consequence of Lemma 2.14, in order to prove Theorem 2.4, it suffices to 
show J has an unbounded sequence of critical values. This will be accomplished as in 
§ 1 by a comparison argument. Let e I' ... ,e" denote the usual orthonormal basis in 
R". Define vjk = (sin jt)ek and l1jk = (cos jt)ek for j E N U {O} and 1 .,.;; k .,.;; n. 
These functions form an orthogonal basis for E. Let 

Em; = span { Vjk , wjk I 0 .,.;; j .,.;; m, 1 .,.;; k .,.;; i} 
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where 1 ",:; i ",:; n. By (2.2) there exists Rmi > ° such that J 1Emi ",:; ° if II q II ;;;;. R mi . Let 
Dmi = BRm , n Emi. We say h E C(Dmi' E) is equivariant if h(Toq) = Toh(q) for all 
o E [0,2'77']. Let 

(2.18) 
fki = {h E C( Dki> E) I h is equivariant and h( q) = q 

Define 
(2.19) 

whenever II q II = Rki or q E EOn}' 

bki = inf max J(h(q}). 
hErki qEDki 

Let Et,i-l denote the orthogonal complement of Ek,i-l if i =1= 1 and Et,o == E"t-l,n' 

LEMMA 2.20. For all kEN, 1 ",:; i ",:; n, p < Rki' and h E f ki • 

(2,21) h(Dki ) n 'dBp n E"t,i-l =1= 0. 

PROOF. The proof of this lemma will be carried out in the Appendix. 

LEMMA 2.22. There are constants /32 > ° and ko E N such that for k ;;;;. ko and 
1 ",:; i ",:; n, 
(2.23) bki ;;;;. /32k(v+2)/(v-2). 

PROOF. If k ;;;;. 1 and q E 'dBp n E"t,i-l' 

(2.24) 

and therefore 

(2.25) 

Arguing as in (1.48)-( 1.49) using (V2) and (2.25) leads to 

(2.26) J( q) ;;;;. *p2 - a21Iqll~' - /X2 - /X 31IqIIL2. 

The analogues here of (1.50)-(1.51) are 

(2.27) IIqllu ",:; a71Iqf-2)/2vllqll~,+2)/2v 

for all q E E and 

(2.28) 

for q E Et,i-l (unless i = 1 in which case k is replaced by k - 1). Continuing as in 
Lemma 1.46 then yields (2.23). 

Next to construct critical values of J, let 

Uki = {q = TVk,i+l + Q IT E [0. Rk,i+l], Q E BRk.,+1 n Ek,i' Ilqll",:; Rk,i+l} 

where if i = n, Vk,i+l == Vk+1,1 and Rk,i+l == Rk+1,1' Let 

Aki = {H E C(Uki • E) IHID. i E fki and H(q) = qwhen Ilqll = Rk,i+l' 

and define 

Cki = inf max J(H(q)). 
HEAb qEUki 
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LEMMA 2.29. Suppose Cki > bki ~ M 2 • Let 8 E (0, Cki - bki ) and 

Aki(8) = {H E AkiIJ(H) ~ bki + 80n Dki } 

Set 

(2.30) 

Then Cki( 8) is a critical value of J. 

PROOF. Essentially as in Lemma 1.57. 

LEMMA 2.31. If Cki = bkJor all k ~ kl and 1 ~ i ~ n, then there exists y = y(k l ) 
such that 

(2.32) 

PROOF. Let k ~ kl' 1 ~ i ~ n, E > 0, and HE Aki such that 

(2.33) maxJ(H(q)) ~ bki + E. 
Uki 

Let H(q) = H(q) for q E Uki and H(Tuq) = TuH(q) for q E Uki . Note that {T(Pki I 
(J E [0,2'11"]) = Dk HI and by construction H is equivariant. Moreover since HE 
C(Dki' E),H E C(Dk,HI' E)andH(q) = qif IIqll = Rk,i+I' ThereforeH E rk,i+I' 

Now arguing as in Lemma 1.64 with Lemma 1.18 replaced by Lemma 2.11, we find 

(2.34) bk,HI ~ bki + .81(1 bki 11/1' + 1) 

where bk,i+1 = bk+I,1 if i = n. A slight extension of the argument of [9 or 10] then 
yields (2.32). 

The proof of Theorem 2.4 is now immediate on comparing (2.32) to (2.13) and 
recalling (2.5). 

REMARK 2.35. As in §1, a more general perturbation than cp may be permitted 
using the above arguments. Indeed we have 

THEOREM 2.36. If V satisfies (VI)-(V3), cp(t, q) E C([O, 2'11"] X Rn,Rn) is 2'11" peri-
odic in t and 

I cp( t, q) I ~ Lr3 + Lr41 q IU 

where 0 ~ (J < P. - 1 and p < 4p.( (J + 1 t I - 2, then the system 

ij + V'(q) = cp(t, q) 

has an unbounded sequence of (classical) solutions. 

We omit the details. 

ApPENDIX. Our goal here is to prove 

LEMMA 2.20. For all kEN, k ~ 1, I ~ i ~ n, p < Rki' and h E rki , 

(2.21) h(Dki ) n aBp n Et,i-I =1= 0. 

The analogous result in §l, Lemma 1.44, was proved with the aid of the 
Borsuk-Ulam Theorem. The proof of Lemma 2.20 in turn depends on an SI version 
of the Borsuk-Ulam Theorem. In [21], the following situation was studied: Let SI act 
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on Rl X R2k via a family of orthogonal transformations such that Fix Sl = R X {OJ. 
For j < k we consider R2j to be a subspace of R2k via R2k = R2j X R2(k-j) ::J R2j X 
{O}. It was shown in [21] that 

LEMMA A-I. Let n be a bounded invariant neighborhood of 0 in Rl X R2k and 
let f E C(an, Rl X R2j) where j < k and f is equivariant. Suppose further that 
fl(sl-Ix{o})nall is the identity. Then {x E an If(x) = O} is nonempty. 

REMARK. If 1=0 and Fix Sl = {OJ, it is easy to use e.g. the index theory of [15] 
to prove Lemma A-I. 

We will show how to use Lemma A-I to prove Lemma 2.20. First the special case. 

LEMMA A-2. Let ~ = {«I> E fki I «I>(Dk;) C Emj for some m and j}. Then (2.21) 
holds for all «I> E ~. 

PROOF. Let h E ~. Then h-1(Bp) is a neighborhood of 0 in Eki . Let n be the 
component of h-1(aBp) containing O. Then n C Dki is an invariant neighborhood of 
o in Eki (i.e. x E n implies 18x E n V() E [0, 2?T ). Let Pk,i-l' Pt,i-l denote 
respectively the orthogonal projection of E onto Ek,i-l' Et,i-l respectively. Then 
Pk,i-lh =fE C(an, Ek,i-l)' Since Ek,i-l is an invariant subspace of E, f is an 
equivariant map. Note that 

EOn = {q EEl Tuq = q for all () E [ 0, 2?T )} = Fix S 1 • 

Since h E ~, h(q) = q = f(q) on EOn n Dkj. With some obvious identifications we 
have satisfied the hypotheses of Lemma A-I. Hence f has a zero Q on an. 
Consequently h(Q) = Pt,i-lh(Q) E aBp n Et,i-l' Thus (2.21) is satisfied. 

Now we can give the 
PROOF OF LEMMA 2.20. Let hE fki and m > k. Then Pmih E~. By Lemma A-I, 

Pmih(Dki ) n aBp n Et,i-l =1= 0. 

Therefore there is a sequence of m's -> 00 and corresponding to qm E Dki such that 

(A-2) Pmih(qm) E aBp n Et,i-l' 

Passing to a subsequence if necessary, the compactness of Dki implies qm -> q E Dki . 
Since 

Ilh(q)- - Pmih(qm)II.,;;;llh(q) - Pmih(q)11 +llpmi(h(q) - h(qm))II-> 0 
as m -> 00, by (A-2) 

h(q) E aBp n Et,i-l 

and (2.21) is satisfied. 
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