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CHARACTERIZATIONS OF SIMPLY CONNECTED

ROTATIONALLY SYMMETRIC MANIFOLDS

BY

HYEONG IN CHOI

Abstract. We prove that a simply connected, complete Riemannian manifold M is

rotationally symmetric at p if and only if the exponential image of every linear

subspace of Mp is a smooth, closed, totally geodesic submanifold of M. This result is

in essence Schur's theorem at one point p, as it becomes apparent in the proof.

A Riemannian manifold M is called rotationally symmetric at a point p of M if the

isotropy subgroup atp of the isometry group of M is G(«). Recently the rotationally

symmetric manifolds received much attention as model spaces for comparison in

Riemannian geometry because of the simplicity of the geometric structure. This

point was well recognized and systematically developed by Greene and Wu [2].

The rotational symmetry condition is a fairly strong one. Therefore there are

many clear-cut geometric consequences. The purpose of this paper is to discuss some

of these properties, and to show that they in turn characterize the rotational

symmetry. Throughout this paper, M is assumed to be a connected, simply con-

nected, complete Riemannian manifold of dimension n > 3.

M is topologically very simple: M is diffeomorphic to R" or S". One of the

interesting geometric properties of M is the existence of closed, totally geodesic

submanifolds. In fact the exponential image of any linear subspace of Mp is a

smooth, closed, totally geodesic submanifold. In Theorem 3, which is our main

result, we shall prove that the converse is also true.

Theorem 3 can be viewed heuristically as follows: A totally geodesic submanifold

may be envisioned as a fixed point set of some isometry in a certain infinitesimal

sense, even though there may be no such isometry. Thus the assumption that the

exponential image of any hnear hyperplane is totally geodesic suggests that all

reflections with respect to those image hypersurfaces look like isometries. Since the

group 0(«) is generated by reflections, it is quite natural to suspect the validity of

Theorem 3.

Theorem 3 is a version of Schur's theorem at one point, as it becomes visibly clear

in the proof. Schur's theorem (e.g. see [3, p. 202]) says that if the sectional curvature

of a connected Riemannian manifold N of dimension > 3 depends only on the

points of N, then TV is a space of constant curvature. The idea of the proof of Schur's

theorem is to show that Xk = 0 for any vector X, where k is the curvature function,
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by utilizing the second Bianchi identity. The key step in the proof of Theorem 3 is to

prove that the radial curvature depends only on the distance from p by carefully

analyzing the variation of the radial curvature in the direction perpendicular to the

radial direction.

I would like to thank Professor H. Wu for constant encouragement and many

helpful suggestions.

Let us fix some notations. As usual, the Riemannian metric of M is denoted by

( , > or ds2. DXY denotes the covariant derivative of the Riemannian metric. The

curvature tensor is defined to be /?(X, Y)Z = -DXDYZ + DYDXZ + D[X Y]Z. The

geodesic distance between two pointsp and q is denoted by dip, q). For X E M , yx

denotes the geodesic such that y^O) = q, and y^(0) = X. Let p E M. We define 8

to be the distance from O E Mp to the first conjugate locus in M . Define

BSp={XEMp\\X\<Sp}.
Letp be a fixed point, and let U be a normal coordinate neighborhood of p. Then

at any point q E U we define radial planes to be 2-dimensional subspaces of M

which are tangent to the unique minimizing geodesic from p to q. The radial

curvature at q is the restriction of sectional curvature to radial planes at q. In our

problem we are interested in Bs and its exponential image. But unfortunately Bs

may contain cut points of p. Thus we shall adopt the following more convenient

approach: It is clear that Bs becomes a Riemannian manifold when equipped with

the metric exp* ds2, since exp^,: És -» M is nonsingular. A two-dimensional plane IT.

of (M )y is called a radial plane if II is tangent to the ray from 0 to Y. The radial

curvature of Bs is the sectional curvature restricted to radial planes. The sectional

curvature is, of course, computed with respect to the metric exp* ds2.

Let M be rotationally symmetric at p. Then the following facts on Bs with metric

exp* ds2 are well known (see [2, pp. 24-30]).

(1) On És , exp* ds2 = dr2 + flr)2 dO2, for some function/, where (/-, 0) are the

usual polar coordinates of R", and dO2 is the metric of the standard sphere S"~l.

(2) The intersection of any linear subspace of M with És is a totally geodesic

submanifold of Bs .

(3) The radial curvature of Bs depends only on the distance r from O E M . Let k

denote the radial curvature function.

(4) Every Jacobi field J perpendicular to the geodesic ray y which vanishes at

O E Mp is of the form /(/) = flt)Eit), where £(?) is a parallel vector field along y. /

satisfies the Jacobi equation /"(/) + kit)fit) = 0, with /(0) = 0, and fl8p) = 0 if

op< oo.

Proposition 1. Let M be a simply connected manifold which is rotationally

symmetric at p. Then M is diffeomorphic to S" or R", depending on whether M is

compact or noncompact.

Proof. See [1, Theorem 3.2].

Corollary 2. Let M be rotationally symmetric at p. Then the exponential image of

any linear subspace of Mp is a closed, smooth, totally geodesic submanifold of M.
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Proof. Let S be a hnear subspace of M . Using the argument in the proof of

Proposition 1, it is easy to show that exppS is a smooth, closed submanifold of M.

Let 3>: M -» M be an isometry fixing p such that the fixed point set <£„,: M -> M is

5, then the fixed point set of $ is exp^ S. Thus expp S is totally geodesic.

Theorem 3. Let M be a connected, simply connected, complete Riemannian mani-

fold of dimension n > 3. Let p be a fixed point of M. Then the following are equivalent:

il) M is rotationally symmetric at p.

(2) The exponential image of any linear subspace of Mp is a closed, smooth, totally

geodesic submanifold of M.

(3) For any point q E M such that d(p, q) < 8p, and for any minimal geodesic y

from p to q, the sectional curvature of any plane IT of Mq tangent toy at q depends only

on d(p, q).

(4) The Riemannian metric pulled back under expp: Mp -» M is exp* ds2 = dr2 +

flr)2 dO2 on Bs — {0} for some function f, where (r,0) are the usual polar coordinates

of R", and dO2 is the metric of the standard sphere.

Remark. Considering Bs as a manifold equipped with the Riemannian metric

exp* ds2, the condition (3) is equivalent to the following:

(3)' The radial curvature of És in terms of the Riemannian metric exp* ds2

depends only on r.

Proof. By Corollary 2, (1) implies (2). We will prove that (2) imphes (3)'. Since

our argument below is local, we may assume for simplicity that exp^: Bs -* exp(Bs )

is a diffeomorphism. Define fi = expp(Ês ). Let q E ñ, q ¥^ p, and let y be the

minimizing geodesic from p to q. Let X, Y, and Z be O.N. vectors of M such that X

is tangent to y at q. By assumption we can take the two-dimensional totally geodesic

subspace P tangent to X and Y which is perpendicular to Z. Since P is totally

geodesic, R(X, Y)X is tangent to P, thus (R(X, Y)X, Z) = 0. Let Wt = (cos t)Y +

(sin t)Z be a one-parameter family of vectors in Mq which is perpendicular to X.

Then Wt = -(sin t)Y + (cos t)Z is perpendicular to both X and Wt. Thus

d(R(X, Wt)X, W,)/dt = 2(R(X, W,)X, W,)= 0 by the same argument as above.

This shows that the radial curvature depends only on the point q E M. Let k be the

radial curvature function. We shall prove that k depends only on the distance from

p. Let q, X, Y and Z be defined as above. Since the exponential image of any linear

subspace of Mp is totally geodesic, by restricting to the image of a three-dimensional

subspace of M , we may assume dim M = 3. Take the geodesic sphere S centered at

p with radius r — d(p, q). Extend X to be the unit radial vector field near q. Take

two totally geodesic two-dimensional surfaces Px and P2 tangent to Y and Z,

respectively, and both tangent to X. Let Sx and S2 be the intersection of S with P,

and P2, respectively. Extend Y on P2 as the unit normal vector field and along Sx as

the unit tangent vectors. Similarly extend Z on P, and along S2. The unit normal

vector field on a totally geodesic hypersurface is globally parallel along any curve on

the totally geodesic hypersurface. Thus we get DXY = 0 on P2 and DXZ = 0 on Px.

Also DYZ = 0 along Sx, and DZY = 0 along S2. We also have DxX = 0. Now

(DYX, X)={Y(X, X)=0 along Sx, and (DYX,Z)= Y(X,Z)- (X,DYZ)=0
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along Sx. Thus we have DYX = fY along Sx for some function/defined on Sx. Also

(DYY,Y)={Y(Y,Y)=0 along Sx, and (DYY, Z)= Y(Y, Z>- (Y, DYZ)= 0

along S„ and </)yF, X)= Y(Y, X)- (Y, DYX)= -f along 5,. Thus we have

DYY -fX along 5,.

Similarly we have

£>zA' = gZ   along S2,

-gX   along S2.DZZ

Now </?(A-, 7)Ar, A->=0, and </<(*, Y)X, Z)= (R(X, Z)X, Y) = 0 along S2,

since R(A", Z)A'is tangent to P2, and y is perpendicular to P2. Thus R(X, Y)X = &7

along 52. Similarly, R(X, Z)X = kZ along S,. Take the family of geodesic spheres

Sa of radius a. Let SXa = Sa n P i and £>,« Son P,. Note that 5, = 5, , and

S2 = S2 r. Extend T and Z along 5, a and S2 a, respectively, as unit tangent vector

fields; then clearly DYZ = 0 along Sx for any a close to r. Thus DYZ = 0 along the

geodesic ray from p to q. Then since /? is a tensor, we get R( X, Y)Z = -DXDYZ +

DYDXZ + D[XY]Z — 0 at q, since DrZ = DXZ = 0 and [A", Y] is tangent to the

totally geodesic P,, and Z is parallel on Px. Similarly R(Z, X)Y — 0 at q; then by

the first Bianchi identity we get

(*) R(X, Y)Z = RiZ, X)Y=RiY, Z)X = 0    atq.

For notational clarity, define /?(f7, V, W) = RiU, V)W for vectors U, V and W. We

claim the following three equalities are true.

(i) iDzR)iX, Y, X) = iZk)Yat q.

(ii) iDYR\Z, X, X) = -iYk)Z at q.

(ni) (DXR)(Y, Z, X) = 0 at q.
To prove (i), note that we already proved /î( X, Y )X = k Y along S2. Thus

iDzR)iX, Y, X) = DziRiX, Y)X) - RÍDZX, Y)X

-RiX,DzY)X- RiX,Y)DzX.

Now DZY = 0 implies the third term is zero, and DZX — gZ and (*) imply the

second and the fourth terms are zero. Thus we proved (i). Similarly we can prove (ii)
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just by interchanging Y and Z. To prove (hi), it is easy to see that /?(F, Z, X) =

RiX, Z)A' = 0 along the geodesic ray fromp to q using the same argument to prove

(*). Also DXY = DXZ = DXX — 0 at q. Thus (hi) is proved. Adding (i), (ii) and (hi),

and then applying the second Bianchi identity, we obtain iZk)Y — iYk)Z = 0 at q.

Since Y and Z are independent in M , we obtain Zk = Yk = 0 at q. Since q, Z and

Y are arbitrary, k obviously depends only on the distance fromp.

It is rather easy to prove that (3)' implies (4). Let y be a ray in M from O. It can

be easily seen that, with respect to the Riemannian metric exp* ds2, the Jacobi field

J along y, perpendicular to y, is of the form Jit) = flt)Eit) for some function /,

where £ is a vector field parallel along y and perpendicular to y. / satisfies the

differential equation /"(/) + k(t)f(t) = 0 with flO) = 0, and fl8p) = 0 ii 8p < oo.

Thus (4) follows immediately.

Let us now assume (4). By applying the same Jacobi field argument, it is easy to

see that the sphere in Mp of radius 8p is the first conjugate locus in M of order

n — 1, if 8p < oo. Again by Warner's theorem the first conjugate locus in M and the

cut locus in M coincide, if Sp < oo. Thus if 6^ < oo, the exponential map collapses

the first conjugate locus in Mp into a point p*. Now the reflection with respect to any

linear hyperplane in M is an isometry with respect to the metric exp* ds2, thus it

defines an isometry of M if 8p = oo. If 8p < oo, then it defines an isometry of

M — {p*}. Butp* is a fixed point of the isometry, therefore it extends top* as an

isometry by continuity. Thus any reflection with respect to any hnear hyperplane in

M is a differential of an isometry of M. Since the group 0(«) is generated by

reflections, the isotropy subgroup atp must be 0(«).
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