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ABSTRACT. Various known methods for studying the bifurcation of zeros of

a Banach-space-valued mapping are unified under a single idea, akin to using

a coordinate transformation to obtain a simple form of the function under

consideration. The general nature of the hypotheses permits the dropping of

the pervasive "Fredholm condition" of bifurcation theory.

1. Introduction. Let X and Y be real Banach spaces and g:X —* Y a Cn

mapping such that g(0) = 0. We shall consider the problem of determining, up

to diffeomorphism, the set of solutions of g(x) — 0 in a neighbourhood of 0. This

problem arises in bifurcation theory, where solutions of an equation are sought near

to a known degenerate solution.

To attack this question there exists a family of techniques scattered over hun-

dreds of research papers. At the beginning is the implicit function theorem (Dg(0)

surjective with complemented kernel), and various stages of degeneracy of Dg(0)

have been studied usually by reducing the problem g(x) = 0 to an algebraic prob-

lem in finitely many variables (the "bifurcation equations"). Later developments

have received names like "the method of scaling" and "blowing up".

In this paper it is hoped to unify these methods under a single idea, that of

transforming the function g on an open set, of which 0 is in the closure, into a more

amenable function h. More precisely we shall be concerned with a relationship

between a pair of functions g and h, which ensures the existence of open sets E\

and E2 and a diffeomorphism <¡>: E\ —» E2 such that 0 G E\ l~l E2 and g<t> — h\E\,

the object being that the study of g~x(0) near to 0 is replaced by the study of

fc-»(0).
An earlier weaker version of the main theorem was proved by the author in an

unpublished paper [7] which contained complicated proofs. This was intended to

justify the result conjectured at the end of [6], proofs of which have since appeared

in other articles [1, 8, 9, 12].

A great difficulty in bifurcation theory is the need for the Fredholm condition.

This is the assumption that Dg(0) is a Fredholm operator. This condition is not

needed in the main theorem. The dropping of the Fredholm condition in a concrete

bifurcation problem has been the subject of a series of papers by Stuart; [e.g.

13], but has been scarcely touched on elsewhere. In §6 we describe one way of

extending the results of [6] to a "non-Fredholm" case in that we permit Dg(0) to

have nonclosed range, whereas the closure of the range is to have finite codimension.
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This work belongs to the no-man's-land between bifurcation theory and singu-

larity theory, but is definitely inclined to the former. It is not resolved how it is

related to the work of Kuiper and Kuo on C°-equivalence [4, 5]. This question will

be touched on in the relevant places.

2. The main theorem. In this section we reprove Theorem 1.2 of [7]. The

theorem is slightly improved, but the proof is much shorter.

Let X and Y be real Banach spaces. We assume that X and Y are equipped

with linear flows which we can write in the form t *-* etB on X and 11-> etC on Y.

The generators B and C are bounded linear operators on X and Y respectively, and

we assume that the spectrum of the complexification of B lies in the left half-plane

and is bounded away from the imaginary axis. This implies that lim^oce'3 = 0.

We now set 6(a) — e~'logQ'ß and 7r(a) = e-(ioso¡)C wnere a > 0. From now on we

forget about B and C and just use 6 and 7r. Note that

(i)6(aß) = 9(a)e(ß) = 9(ß)9(a),
(ii) 0(1) = /.

Similar properties are possessed by tt. In addition limQ_o+ 0(a) — 0.

The curve a t~» 6(a)x will be called the trajectory through x. The term 6-

invariant refers to the invariance of an object (set, vector-field etc.) under all

transformations 6(a) for a > 0.

Let D be an open 0-invariant subset of X\{0}. A subset E of X\{0} is called a

6-set of D if for every xo G D there exist r > 0 and a neighbourhood U of xn. such

that E contains all points 6(a)x where 0 < a < r and x G U.

If /:X\{0} —» Y we say that / is (7T,0)-homogeneous if for all x G X\{0} and

q > 0

f(0(a)x) = ir(a)f(x).

Now let g and h be Cn mappings (for some fixed n > 1) from X\{0} into Y and

assume that

(2.1) lim  Tr(a-1)g(6(a)x) = h(x),
a—>0 +

(2.2) lim   it(a-i)Dg(6(a)x)6(a) = Dh(x).
Q—0 +

where the limits are locally uniform for x G X\{0}. Note that (2.2) is obtained by

formally differentiating (2.1), and that (2.1) implies that h is (7r,0)-homogeneous.

The prototype for the relations (2.1) and (2.2) is provided by the Morse Lemma.

If g: X — R is C°°, g(0) = 0, Dg(0) = 0, we let h(x) = ±F>2<,(0)x<2>. Then (2.1)

and (2.2) are satisfied with 6(a) = al and 7t(q) = a2I. The Morse Lemma gives

conditions under which g — h<p for a local diffeomorphism 4> defined near 0 in X.

Although the Morse Lemma is a convenient motivation for the main result,

there are profound differences, mainly because we do not assert that anything

nondegenerate happens at x — 0. Indeed g need not be defined at 0.

THEOREM 2.1. Let g:X\{0} -> Y and h: X\{0} — Y be Cn mappings which

satisfy (2.1) and (2.2). Let D be an open 6-invariant subset o/X\{0} such that

(i) h\D is a submersion,

(ii) there exists a Cn subbundle of the tangent bundle TD which is 6-invariant

and is transversal to ker Dh.
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Then there exists a Cn diffeomorphism tf>:E —* 4>(E), where E and <p(E) are

6-sets of D, such that for all x G E, g(x) = h(<p(x)).

Furthermore on the trajectory through x the diffeomorphism 4> has the form

6(a)x *-* 6(a)(x + n(a,x))

where limQ^o+ r](a,x) — 0 locally uniformly with respect to x.

We preface the proof with some remarks.

(2.3) Condition (i) means that for each x G D the derivative Dh(x) is surjective

and its kernel admits a topological complement.

(2.4) In the original version of this theorem [7] condition (ii) was replaced by a

stronger requirement, equivalent to making the transversal subbundle an integrable

distribution.

(2.5) If X is finite dimensional and h of class Cn+1 then (i) implies (ii). This is

proved in Appendix 1.

PROOF. Let F be the ^-invariant subbundle of TD transversal to ker Dh. If

a G [0, oo), x G D and u G Fx we define

M(a,x,u) = n(a~1)g(0(a)x) - h(x + u)    if a > 0,

M(0,x,u) = h(x) - h(x + u).

Then M is continuous on [0, oo) x F, Cn on (0, oo) x F and the partial derivatives

D2M and D3M are continuous on [0, oo) x F. We have in fact

D3M(0,x,0) = -Dh(x)\Fx

and this is an isomorphism of Fx onto Y. For all x G D, M(0, x,0) = 0. By the

implicit function theorem there is an open set B in [0, oo) x D containing {0}xD and

a mapping û: B —► F such that û(a, x) G Fx, û is Cn for a > 0, D2u is continuous

for q > 0 and M(a,x,u(a,x)) = 0 for all (a,x) G B. Moreover ¿(0, x) — 0 for

all x G D and we can arrange that the domain B should have the property that

(a, x) G B implies (aß, x) G B for 0 < ß < 1. We define

B+ = {(a,x) e B:a > 0}.

Clearly we must define <p in such a way that

<p(0(a)x) =6(a)(x + û(a,x))

for then

g(6(a)x) = Tx(a)h(x -Y û(a, x)) = h(6(a)(x + û(a, x))) = h(<j>(6(a)x)).

The problem is to show that 6(a)(x -Y û(a,x)) depends only on 6(a)x. Suppose

then that (a,x) and (qi,xi) are points in B+ such that 6(a)x = ö(qi)xi. We have

(2.6) 7r(a-1)g(6»(Q)x)-/z(x-r-û(Q,x)) =0.

Operating with 7r(/3_1) we find that

n{a-1ß-1)g(6(aß)6(ß-l)x) - h(6(ß~1)x -Y 6(ß-1)u(a,x)) = 0

that is

M(aß,6(ß-1)x,6(ß-1)u(a,x)) = 0.
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Now 6(ß l)û(a, x) G Fq(0-i)x by the ö-invariance of F. Hence the uniqueness of

the implicit function (see Appendix 2) gives

(*) 6(ß-l)U(a,x) = u(aß,6(ß-l)x)

whenever both sides are defined. Taking ß — aiQ-1 we find that

6(a)u(a,x) = 6(al)û(ai,6(a\l)6(a)x) = 6(a1)u(ai,xl).

Thus 0 is well defined and Cn on the set E0 — {6(a)x:(a,x) G B+}. Obvi-

ously Eq is a 0-set of D. Moreover the continuity of D2ii for q > 0 implies that

limQ_o+ û(a,x) = 0 locally uniformly with respect to x, and this gives us the last

statement of the theorem.

Next we must construct the inverse of tj). Using the property û(0, x) = 0 and

the continuity of D2ii we can apply the implicit function theorem to the mapping

x i—► x -Y û(a, x). We obtain a unique function f:C—*X where C is an open subset

of [0, oo) x D containing {0} x D, such that for all (a,x) G C, (a,f(a,x)) G B and

(**) f(a,x) + û(a,f(a,x)) — x.

In addition C should have the property that if (a,x) G C then (aß, x) G C for

0 < ß < 1. We define

C+ ={(q,x)gC:q>0}    and    Ex = {6{a)x: (a,x) G C+}.

Operating on (**) with 6(ß~l), and using (*) and the uniqueness of / we find

that 0(ß~1)f(a,x) = f(aß,6(ß~1)x) whenever both sides are defined. Now let

6(a)x = 0(ai)xi where both (a,x) and (qi,xi) are in C+. We have that

6(a)f(a,x) = 6(a1)f(al,6(aila)x) = 6(al)f(al,xl).

Hence we may define tp on Ei by i¡)(6(a)x) = 6(a) f (a, x) for all (a,x) G C+. Let

B'+ = {(a,f(a,x)):(a,x)€C+}

If (q,x) G B'+ then f(a,x +- û(q,x)) = x. We define the set E of the theorem by

E = {6(a)x: (a,x) G B'+}. We finally check that 4>\E and th are inverses to each

other. If x G E and x = 6(a)y with (a, y) G B'+ then

il>(4>(x)) = tl>(6(a)(y -Y û(a,y))) = 6(a)f(a,y + u(a,y)) = 6(a)y = x.

If x G Ei and x = 0(a)y with (a, y) G C+ then

ct>(iP(x)) = 4>(0(a)f(a, y)) = 6(a)(f(a, y) + ¿(a, /(a, y))) = 6(a)y = x.

This concludes the proof.

3. Remarks on the main theorem. The simplest instances of Theorem 2.1

are those where 6(a) is something obvious. We shall describe some of these and

make further comments in a series of numbered paragraphs. Unexplained notation

is the same as in Theorem 2.1.

(3.1) Let g: X — Y be a C" mapping such that DJff(0) = 0 for j = 0,..., k - 1,
where k < n. Then (2.1) and (2.2) are satisfied with

h(x) = ^¡Dkg(0)x{k),    6(a) = al,    n(a) = akI.



THE TRANSFORMATION OF VECTOR-FUNCTIONS 693

(3.2) If K is a compact subset of D then there exist r > 0 and a neighbourhood

U of K such that E contains the set

K0 = {6(a)x: 0 < a < r, x G U}

and moreover the extension of <f> to Kp U {0} obtained by defining 0(0) = 0 is a

homeomorphism. In particular if D — X\{0} and X is finite dimensional then

E U {0} is a neighbourhood of 0.

(3.3) If X is finite dimensional, DJg(0) = 0 for j = 0,..., k - 1, and the mapping

Q given by Q(x) — Dkg(0)x^ is regular at all points x ^ 0, then there are

neighbourhoods U and V of 0 in X and a diffeomorphism <p: U\{0} —» V\{0} such

that g(x) = Q(d)(x)) for all x G í/\{0}. It can be shown that <p can be extended to

U so as to be C1 and satisfy D<p(0) = I (see §4).

(3.4) In (3.3) we could assume instead that Q is regular on its zero-set (except

at 0) and take D to be a narrow cone containing Q_1(0). It then follows that

the zero-sets of g and Q in a neighbourhood of 0 are homeomorphic. This is the

conjectured theorem of [6].

(3.5) The last paragraph combined with the Liapunov-Schmidt reduction gives

information about o_1(0) for infinite-dimensional X. It is possible, however, to

bypass Liapunov-Schmidt in such cases, and use Theorem 2.1 directly in infinite

dimensions. This procedure is aesthetically appealing and was adopted in [7].

Suppose that g is a Cn mapping from X into Y such that g(0) = 0 and Dg(0) is

a Fredholm operator of nonnegative index. Let X — V © Z where V = kerDg(O).

Suppose further that D3g(Q)v^ = 0 for all v G V and j — 1,...,k — 1, where

k <n. Then we define

h(x) = Dg(0)z+~Dkg(0)vW

where x — v -Y z, v eV and z G Z. Define 6(a)x = av -Y akz, n(a) — akI. Then

g and h satisfy (2.1) and (2.2).

Let Y = Y/Dg(0)X and let P: Y — F be the canonical mapping. Let B(v) =

PDkg(0)vW for v G V. Note that B is a mapping from V into Y both of which

axe finite dimensional. We now assume that B is regular on its zero-set (except at

0). Then h is regular on its zero-set (except at 0).

We shall apply Theorem 2.1 where D will be the set of regular points of h. The

construction of a 0-invariant subbundle F in TD transversal to kerö/i is based

on the following considerations. Identify X with V x Z. Then Dh(v0, z0) is the

mapping

(v,z) r- Dg(0)z + ^-±-^Dkg(0)v{0k-l)v.

Then Dh(vo,zr¡) is surjective if and only if DB(vq) is surjective. Hence D —

D\ x Z where D\ is the set of regular points of B. We construct a bundle F\

over Di, constant along rays through 0 and transversal to ker£>B. This is most

easily done by introducing orthogonality in V; see also Appendix 1. The bundle

F is defined fibre-by-fibre by i^.z) = (^i)t; x Z. Now we use Theorem 2.1 and

obtain 0-sets E and <p(E) of D and a diffeomorphism (p:E —> <j)(E) such that

g(x) = h((j>(x)). We would like to conclude that the set germs of g~l{0) and /i_1(0)

at 0 are homeomorphic. Unfortunately some additional arguments are now needed.

Firstly /i_1 (0)\{0} is of the form {6(a)x: x G K, 0 < a < oo} where K is a compact
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subset of D. Referring now to (3.2) we find that E contains a set K0. Finally all

zeros of g sufficiently near to 0 lie in Ko by Lemma 6(c) of [6]. Actually the germs

of ¡7-1(0) and 5_1(0) are homeomorphic, since those of B_1(0) and fo-I(0) are

obviously homeomorphic. See also remark (3.7).

(3.6) The method of scaling, as developed in [2] corresponds to the case when

X is a direct sum of f?-invariant subspaces Xi,..., Xp and on Xt the operator 6(a)

is multiplication by ak¡ for positive k\,... ,kp. See also §7.

(3.7) The splitting of the space X in remark (3.5) can be cast into a more general

form. We thereby obtain a kind of extension of the Liapunov-Schmidt procedure.

Let g: X —> Y be a C2 mapping. Suppose that X = V © Z and that g satisfies

on V relations like (2.1) and (2.2) with certain trajectories in V. More precisely

we assume that there are operators 6o(a) for a > 0 on V having the properties

required for 6(a) in §2, and a C2 mapping /: V —> Y such that

(3.7.1) lim  a-kg(60(a)v) = f(v),
Q—>0 +

(3.7.2) lim  a-kDg(60(a)v)60(a) = Df(v)
Q—>0 +

locally uniformly for v G V\{0}. Then we define on X

6(a)x = 60(a)v + akz

where x — v + z, v G V, z G Z. We set h(x) — Dg(0)z + f(v). Then relations (2.1)

and (2.2) are satisfied with n(a) = akI.

To see this we first observe that g(v + z) — g(v) = T(v, z)z where v G V, z G Z

and T:V x Z — L(Z,Y) is a C1 mapping such that T(0,0) = Dg(0)\Z. We shall
verify (2.2). For arbitrary v and v in V, and z and z in Z we have

Dg(v-Y z)(v + z) - Dg(v)v = (DT(v, z)(v,z))z + T(v,z)z.

Hence

a~kDg(60(a)v + akz)(60(a)v -Y akz) - a~kDg(60(a)v)60(a)v

= (DT(60(a)v, akz)(60(a)v, akz))z + T(60(a)v, akz)z.

Taking the limit as a —> 0 we obtain (2.2). The verification of (2.1) is even simpler

(but see remark (3.8)).

We shall next prove that if V is finite dimensional and Dg(0)\Z has a bounded

inverse, then small solutions of g(x) — 0 lie near to solutions of h(x) = 0. The

special case when 6o(a) = a and V = kerDg(O) was spread over several lemmata

and theorems in [6]. The present result is more general and the proof much more

concise. We shall need a hyperellipsoid S in V enclosing 0 with the property that

each trajectory meets it in a unique point. The existence of 5 is shown in Appendix

1.

THEOREM 3.1. Let V be finite dimensional and Dg(0)\Z have a bounded in-

verse. Then limI^0 11^(0)2 + /(w)|| = 0 where the limit is taken for x G ¡7-1(0)

and x = 6o(a)u -Y akz for u G S and z G Z.

PROOF. Let K be such that K||z|| < ||Dg(0)z|| for all z G Z. Choose a neigh-

bourhood N of 0 in X such that if x G N then

\\a-kg(60(a)u) - f(u)\\ < \k    and    \\T(60(a)u, akz) - Dg(0)\\ < \k.
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Recall that g(v -Y z) - g(v) — T(v, z)z and so

a-kg(0o(a)u + akz) - a-kg(60(a)u) = T(60(a)u, akz)z.

Hence if x G N fl g~l(0) we have

\\Dg(0)z + f(u)\\<l-K+±K\\z\\

and so \K\\z\\ < ±K+\\f(u)\\. So ||z|| is bounded by a constant C if x G iVng-1(0).

Now given e > 0 choose a neighbourhood No C N such that if x G No we have

\\a-kg(60(a)u) - f(u)\\ < l-t    and    \\T(60(a)u,akz) - Dg(0)\\ < \e/C.

Then for x G iV0 n {,"'(0) we find that

\\Dg(0)* + f(u)\\<\e+\44/C<e.

This concludes the proof.

Now let P: Y -> y/D<7(0)Z be the natural mapping and let B = P o f\V. Let

us assume that all zeros of B, excepting 0, are regular. Then under the hypotheses

of Theorem 3.1, we have the result that the set germs of ?_1(0) and B_1(0) are

homeomorphic, just as in remark (3.5).

(3.8) In many cases the limit formulae (2.1) and (2.2) are not independent, so

that it is only necessary to verify one of them.

If g and h are continuous on neighbourhoods of 0 and g(0) = h(Q) = 0, then,

provided (2.2) holds we have that

7r(a)-lg(6(a)x)-h(x)

= / (■K(t)/t)\K(at)-lDg(6(at)x)6(at) - Dh(x)](-B)xdt
Jo

whence it follows that (2.2) implies (2.1) if, in addition ||7r(í)||/í is integrable on

(0,1). This nearly always holds in practice, though it is unclear whether it may be

dispensed with in general.

As (2.2) is more complicated than (2.1) it is preferable to have conditions under

which (2.1) implies (2.2). The following conditions, taken together, are sufficient.

(i) n(a~1) = a~fc7Ti(a) where 7Ti is Ck+1 on (0,oo).

(ii) g is Ck+l on a neighbourhood of 0.

(iii) 6isCk+1 on ]0,oo).

We then have, if (2.1) holds,

h(x) = ^Dka{7Tl(ct)g(6(a)x)}a=0

so that h(x) is a polynomial. The implication in question then reduces to permuting

mixed derivatives of order k + 1.

(3.9) Let us assume that g is Ck+m on a neighbourhood of 0, that 6 is Ck+m on

[0, oo), and that 7r(o_1) = a~fc7Ti(o:) where 7ti is Ck+m on [0, oo). Then, referring

to the proof of Theorem 2.1, we have

M(a,x,u) = a~kTTi(a)g(6(a)x) - h(x -Y u)

so that M is Cm on [0, oo) x F. Hence û is Cm for q > 0. The extra differentiability

of û will be useful later.
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4. Differentiability of tj> at the origin. Throughout this section we shall

consider 0 as extended to E U {0} by defining 0(0) = 0. One of our principal

conclusions will be that 0 is C1 if E U {0} is a neighbourhood of 0 and g differs

from h by sufficiently small terms.

Assume that there exists o > 0 such that

(4.1) ir(a-l)g(6(a)x) - h(x) = o(a°)

locally uniformly for i^O, and

(4.2) \\6(a)\\-\\6(a-i)\\^0(a-")

as q —► 0. We observe that (4.2) will hold if 6(a) corresponds to scaling (see remark

(3.6)) with exponents fci,..., km and a = max \k{ — kj\. Equations (4.1) and (2.6)

now imply ^(x + u(a,x)) - h(x) = o(a") and so because h is a submersion and

û(a,x) G Fx we have u(a,x) = o(aa) locally uniformly for x ^ 0. Hence

||0(0(a)x) - 0(a)x||/||0(a)x|| < ||0(a)u(a,x)|| • \\6(a-l)\\/\\x\\

so that we have

\\<j>(6(a)x) - 6(a)x\\/\\0(a)x\\ ^ 0

as a —» 0, locally uniformly for x ^ 0.

In a certain sense therefore D0(O) is the identity. In fact for any x0 ^ 0 in the

domain of 0, there is a neighbourhood U of xo such that if y tends to 0 inside the

cone {6(a)x:0 < a < l,x G U} then \\4>(y) - y\\/\\y\\ tends to 0. This means that 0

preserves the tangent at 0 of any curve through 0 which lies in such a cone, though,

be it noted, not all smooth curves through 0 need do so. Furthermore if E U {0}

contains a finite-dimensional submanifold N containing 0 and invariant under 6(a)

for 0 < a < 1, then the restriction of 0 to N has derivative the identity at 0 in the

usual sense. In particular if X is finite dimensional and if 0 is an interior point of

E U {0} then D0(O) = /, assuming of course (4.1) and (4.2).

We must also consider what technical assumptions in addition to (4.1) and (4.2)

ensure continuity of D<p(x) at x = 0. We have that

4>(6(a)x) = 6(a)(x -Y u(a, x))

and hence

D(h(6(a)x) = I-Y6(a)D2u(a,x)6(a~1)

so that

\\D4>(6(a)x) - I\\ < \\6(a)\\ ■ ||Datk(a,x)|| ■ \\6(a'l)\\.

To ensure that Dd>(6(a)x) —♦ / as a —» 0 (locally uniformly for x / 0) it is

enough if D2Û(q,x) = o(aa) (locally uniformly for x ^ 0) and this will follow if

(4.3) Tt(a-l)Dg(6(a)x)6(a) - Dh(x) = o(a")

locally uniformly for x / 0, and in case a/Owe require h to be of class C2. This

may be seen as follows. Since

n(a~1)g(6(a)x) = h(x-Yu(a,x))

we have

n(a-1)Dg(6(a)x)6(a) = Dh(x -Y û(a,x))(I + D2û(a,x))
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so that by (4.3)

Dh(x -Y u(a, x))D2u(a, x) = Dh(x) - Dh(x + û(a, x)) + o(a").

We want the right-hand side to be o(aa). We already know that û(a,x) is o(aa).

To conclude that Dh(x) — Dh(x -Y u(a,x)) is o(a") requires something more than

continuity of Dh when a > 0, although to require h to be C2 is excessive.

Under the conditions (4.1), (4.2) and (4.3), and with h of class C2 if a > 0, we

can conclude that on any finite-dimensional submanifold of E U {0} containing 0

and invariant under 6(a) for 0 < a < 1, the restriction of 0 is C1.

In many cases (4.1) and (4.3) are not independent. If the mapping (a,x) •—►

Tt(a-1)g(6(a)x) is Cm for a > 0 and m > o-Y 1 then (4.1) implies (4.3). Frequently

m = oo.

In case 6(a) = al then o = 0 and (4.1), (4.2) and (4.3) are certainly fulfilled.

EXAMPLE. Let h: Rn -+ R be a polynomial such that h(0) = 0, Dh(Q) = 0 and
Dh(x) t¿ 0 for x / 0. We suppose that h(6(a)x) = akh(x) where 0(a)(xi,..., xn) =

(afc,xi,...,afc"x„) for positive powers k,k\,k2,..., kn. Let a = max \kx-k3\. Now

let g(x) = h(x) + xl where x* = x',1 • • • xj,", t — (t\,..., tn) for positive t\,..., tn.

According to Theorem 2.1 we have g(x) = h(<f>(x)) for a homeomorphism 0 in a

neighbourhood of 0 whenever fciti H-+ kntn > k, and 0 is a C1 diffeomorphism

with D0(O) = / whenever k\t\ H-Ykntn > k-Yo according to the present section.

Moreover if r = min{fci,..., kn } then h is [fc/r]-determinate for C°-equivalence, and

[(k -Y ir)/r]-determinate for C'-equivalence. The square bracket indicates integer

part, and we suppose all functions to be C°°.

It is interesting to compare this with the results of Kuiper on C°- and in-

equivalence [4, p. 202, Theorems 1 and 2]. It is not hard to see that under the

conditions of this example ||Z?/i(x)|| > c||x||'fc//r'-1 whence the results of Kuiper

and Kuo imply that h is [fc/rj-determinate for C°-equivalence, so that we do not

improve their conclusion.   But for C1 -equivalence we can often do better.   For

example if h(x) = x\ ■+ x\ H-h x£+ ' then according to Kuiper h is 2n-determinate

and according to us it is [(3n+ l)/2]-determinate for C1-equivalence. Here we take

fc = n + 1 and fc¿ = (n + l)/(i + 1)- Of course Kuiper's results apply to a wider

class of functions, on the face of it at least.

5. Extension of the main theorem: Uniformity. Even if D U {0} is a

neighbourhood of 0 it need not be the case that E U {0} is a neighbourhood of 0

if X is infinite dimensional. We can, however, achieve this by introducing more

uniformity into the hypotheses of Theorem 2.1, and using a stronger form of the

implicit function theorem (see Appendix 2).

We now make the following assumption which we call condition (P), for "polar".

There exists a subset S of D such that the collection of sets        (P)

{NT:r >0} defined by

Nr = {0} U {6(a)w:0 < a < r,w G S}

forms a base for the system of neighbourhoods of 0 in Du{0}.
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In finite dimensions conditions (P) is always fulfilled, and S may be chosen to

be a hyperellipsoid enclosing the origin (see Appendix 1).

It is our aim to find conditions which ensure that E U {0} is a neighbourhood

of 0 in D U {0}. This will require a reexamination of the proof of Theorem 2.1.

Essentially what is needed is to make the hypotheses of Theorem 2.1 hold uniformly

for x G S.

THEOREM   5.1.   In addition to the hypotheses of Theorem 2.1 we make the

following assumptions.

(i) Assumption (P).

(ii) ||(D/i(x)|F2:)-1|| is bounded for x G S.

(iii) Dh is uniformly continuous for x G S.

(iv) Given e > 0 there exists 6 > 0 such that

\\n(a'l)g(9(a)x) - h(x)\\ < e

whenever 0 < a < 6 and x G S¿, where Ss is the set of points within 6 of S.

(v) Given e > 0 there exists 6 > 0 such that

\\7r(a-l)Dg(6(a)x)6(a) - Dh(x)\\ < e

whenever 0 < a < 6 and x G S¿.

Then the set E given by Theorem 2.1 may be chosen so that both E U {0} and

4>(E) U {0} are neighbourhoods ofO in D U {0}.

PROOF. We use the notation of the proof of Theorem 2.1. Recall that

M(a,x,u) = Tr(a"i)g(6(a)x) - h(x -Y u),    M(0,x,u) = h(x) - h(x -Y u),

where a G [0, oo), x G D and u G Fx. Now we use the uniform implicit function

theorem (see §10) at each point (0, x,0) with x G 5. We find that the domain of û

which we called B can be chosen to contain a set of the form [0, r ) x 5r. Furthermore

the continuity of û and D2û at points of the form (0, x) is uniform for x G S. This

follows from the last two sentences of Theorem 10.2, and incidentally, condition (v)

is needed only to obtain the conclusion about D2u. Now we apply the second part

of Theorem 10.3 to the mapping (a, x) >—» x + û(a, x).

We find that there is a subset C of the domain of û and 6 > 0 such that the

restriction of the mapping

(q,x) i—> (q,x + û(q,x))

to C is a homeomorphism onto [0,6) x S¿. Furthermore C contains a set of the

form ]0,p) x Sp. We now define E as the set E — {6(a)x: (a,x) G C}. Just as in

the proof of Theorem 2.1 we may define 0 on E by

4>(6(a)x) =6(a)(x + û(a,x)).

Then because of condition (P) both EU {0} and 4>(E) U {0} are neighbourhoods of

0 in D. This concludes the proof.

A simple example will show the effect of assumption (ii) of Theorem 5.1. Let

X = I2 with
oo oo

9(x) = ]T((l/n)x2-x3)    and    h(x) = £(l/n)x2,

0 0
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where x = (xn)o°. We take 6(a) — al, 7r(a) = a2 and 5 = {x: ||x|| = 1}. According

to Theorem 2.1 there are #-sets E\ and E2 and a surjective homeomorphism 0: E\ U

{0} -» E2 U {0} such that 0(0) = 0 and g(x) = h(4>(x)) for all x G £i U {0}. But
Ei U {0} cannot be a neighbourhood of 0 since g takes negative values in every

neighbourhood of 0 whereas h is everywhere nonnegative. Of all the assumptions

of Theorem 5.1 only (ii) is violated, since ||D/i(x)|| is not bounded away from 0 on

S.
As in the above example whenever X is a Hilbert space and Y = R condition (ii)

is equivalent to requiring that ||Z)/i(x)|| should be bounded away from zero on the

unit sphere. If h is homogeneous of degree d and g is a Cd+l mapping, we obtain

a case of Kuiper's theorem [4, corollary on p. 202].

6. Extension of the main theorem: Nonlinear trajectories. A more far-

reaching extension of Theorem 2.1 is obtained by replacing 6(a) by a nonlinear

operator. The linearity of 6(a) is not used in the proof so that the change is

straightforward and produces a more general theorem. The notation 6(a,x) will

replace the notation 6(a)x of Theorem 2.1. We suppose that on an open set N

such that 0 G Ñ\N there is a C°° local flow T* such that r'(x) is defined for all

x G N and t > 0, and limt_oort(x) = 0 locally uniformly in x. Then we set

6(a,x) = r~'°£Q(x) whenever the right-hand side is defined.

The relations (2.1) and (2.2) become

(6.1) lim  tt(q- 1)g(6(a, x)) = h(x),
Q—0 +

(6.2) lim  ir(a-1)Dg(6(a,x))D26(a,x) = Dh(x),
Q—>0 +

where the limits are locally uniform for x G N.

It is the author's belief that by using nonlinear trajectories it is possible to unify

Theorem 2.1 with the results of Kuiper and Kuo on C°-sufficiency of jets. The

problem is to determine the trajectories so that (6.1) and (more difficult) (6.2) are

satisfied when g and h realise the same jet and the Kuiper-Kuo conditions hold.

For the present we stick to applications in which the trajectories are fairly obvious.
We shall show how nonlinear trajectories can be used to study bifurcation when

the Fredholm condition fails, and obtain branching results similar to those in [6].

We assume that g: X —> Y is a Cn mapping such that g(0) = 0, and we denote

ker Dg(0) by V and ran Dg(0) by W. We suppose that dim V < oo, that codim W <

oo, and that W is not closed, so that Dg(0) is not a Fredholm operator. We choose

topological complements Z and U so that X = V © Z and Y = W © U. We denote

the restrictions Dg(0)\Z and D2g(0)(x, -)\Z by To and L(x) respectively. Note that

L(x) is a linear operator from Z to Y which depends linearly on x.

Consider the open set K of all points v in V such that the range of To + L(v) is

a topological complement of U. We note that 0 $ K precisely because Dg(0) is not

a Fredholm operator. However K may contain points arbitrarily near to 0, and it

is this possibility which we shall exploit instead of the Fredholm condition.

We assume in fact that there is an open cone Ko in K with vertex at 0. Let

P:Y —> U be projection with kernel W. We make the following assumption con-

cerning Kq.

(Ci) For each v G K0 and y G W,   lim   a((I - P)(T0 + L(av)))~ly = 0.
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Note that for 0 < a < 1 the operator (I - P)(To -Y L(av)) is an isomorphism of

Z onto W which approaches the singular To as a approaches 0. The condition (Ci)

limits the growth of its inverse as a —► 0, but only by requiring strong convergence

as opposed to norm convergence. It is easily seen that convergence in (Ci) is locally

uniform in y and v.

For each v G K0 let J(v) be the projection from Y onto the range of To -I- L(v)

with kernel U. We can write

J(v) = (To + L(v))((I - P)(T0 + L(v)))-l(I - P)

which shows that J(v) depends smoothly on t;. We impose the following condition.

(Ci) lim  PJ(av) = 0 for each v £ Ko where the limit is in the
o—»0+

norm topology.

We shall point out later some instances of conditions (Ci) and (C2), but first a

theorem, analogous to Theorem 1 of [6].

THEOREM 6.1.   Let B:V -+ U be the mapping B(v) = PD2g(Q)v(2).

Suppose that Ko satisfies (Ci) and (C2) and that all solutions of B(v) = 0

which lie in Ko are regular (v is regular if DB(v) is surjective). Let N = {0} U

{v G Ko'. B(v) = 0}. Then there exists a neighbourhood No of {0} in N and a

homeomorphism F from No onto a subset M o/g_1(0) such that

(i)F(0) = 0;
(ii) the restriction of F to Nq\{0} is a diffeomorphism onto M\{0} and the latter

is a Cn manifold;

(iii) for each v G 7Vo\{0} we can write F(av) = av -+ o(a) for 0 < a < 1.

PROOF. We define our trajectories in the set

Ko -Y Z — {x E X:x = v -+ z, v E Ko, z G Z}.

We shall use the convention that the letters x, v, z refer to elements of X, V, Z

respectively such that x — v -Y z, and that the same should be understood if sub-

scripts, bars, primes etc. are attached to these letters. The trajectories are given

by 6(a, x) — xa — va -Y za, where vQ = av and

za = a2(T0 -Y L(av))~lJ(av)(T0 -Y L(v))z = a2S(av)~1S(v)z

where we have written S(v) for (I - P)(To + L(v)).  We leave it to the reader to

check that xaß = (xa)ß. The main thing to note is that J(aßv)J(av) — J(aßv).

Furthermore limQ_o+ xa = 0. This follows from condition (Ci).

The function h of Theorem 2.1 is defined by

h(x) = l-D2g(ti)vW + (I- P)(T0 + L(v))z.

The assumptions of the theorem and the definition of K imply that Dh(x) is sur-

jective whenever h(x) = 0 and x G Ko -Y Z. The idea is to apply Theorem 2.1 on

the set

D = {x E Ko + Z: Dh(x) is surjective }.

Then D is open, 0-invariant, contains all zeros of h in Äo + Z and h\D is a sub-

mersion.  We defer the checking of (6.1) and (6.2) to observe how the conclusions
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of the theorem are reached. We obtain a diffeomorphism 0 defined on a 0-set E of

D and having the property </(0(x)) = h(x) for all x G E.

The zero-set of h in D and the zero-set of B in Ko (which is just N\{0}) are

closely related. The former is the image of the latter under the mapping tp given

by

ip(v) = v-\s(v)-1D2g(0)vW.
m

We note that tp maps the curves a ^> av to 0-trajectories and preserves tangents

at the origin. In fact

tp(av) = av- ^S(av)-1D2g(0)(av){2)

= av- ^a2S(av)-1S(v)S(v)-1D2g(0)vm = 0(a,tP(v)).

Since N is locally compact the 0-set E contains all points of t/>(.iV\{0}) sufficiently

near to 0, and so it contains t/)(ATo\{0}) for a suitable neighbourhood No of 0 in N.

We define F to be the restriction of 0 o tp to No.

Finally we check relations (6.1) and (6.2) where 7r(a) = a2. Firstly we note that

a~19(a, x) is bounded as a —► 0 and the bound is locally uniform with respect to x.

In fact by condition (Ci) and the uniform boundedness principle there is a bound

on the norm of aS(av)~1 for 0 < a < 1 which is locally uniform with respect to

v in Ko- We leave it to the reader to check that a~2h(xa) — h(x) so that h is

0-homogeneous. In doing this note that (I - P)J(av) = I — P for v E Kq. Now we

let f(x) = g(x)  — h(x). We can write

g(x) = Toz -Y \D2g(Q)(v + z)™ -Y R(x)

where R(x) = 0(||x||3) so that

f(x) = PL(v)z + l-D2g(tí)zW + R(X).

We need to check that

(6.3) lim  a~2f(6(a,x)) =0
a—»0+

and

(6.4) lim  a~2Df(6(a,x))D26(a,x) =0
a—>0+

locally uniformly for x G Kq + Z. We take each part of / separately. As regards

(6.3)

a~2PL(va)za = PL(v)(aS(av)-l)S(v)z — 0    by (Ci).

a~2l-D2g(G)zW = ^D2g(Q)(aS(av)-1S(v)z)^ - 0   by (C,).

||a_2i2(xQ)|| < const||a_1xQ||2 ||xQ|| —> 0   since q_1xq is bounded.

Next we consider (6.4). We use the notation D26(a, x)x = xa = vQ + zQ although

properly speaking xQ depends on a, x and x. Then va = av and

za =a2S(av)-iS(v)z + a2S(av)~1(I - P)L(v)z

- a3S(av)~l(I - P)L(av)S(av)~1S(v)z.
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The first part of a~2Df(xQ)xQ is

a~2PL(av)za -Y a~2PL(av)za.

This expression defines a linear operator acting on (v, z) which should converge to

0 in the norm topology (i.e. uniformly for bounded v and z). It is sufficient to check

mere pointwise (i.e. strong) convergence in terms not involving z since V is finite

dimensional. This leaves only the term aPL(v)S(av)~lS(v)z unaccounted for by

condition (Ci). We can rewrite it as PJ(av)S(v)z and now condition (C2) implies

convergence to 0 in the norm topology.

The next term of a~2Df(xa)xa is a~2D2g(0)(za,zQ). The norm of this is less

than a constant times ||a_1zQ|| • ||a-1zQ||. The first factor tends to 0 and the second

is bounded by a constant times ||x||. Finally the term a~2DR(xa)xa is dealt with

by writing DR(x) = i?i(x)x'2' where Ri(x) is a bilinear mapping with values in

L(X,Y).
To conclude the proof we point out that the invariant subbundle of the tangent

bundle of Kq + Z is constructed as in remark (3.5).

We shall give a simple example where conditions (C¡ ) and (C2) can be verified by

exploiting the spectral properties of selfadjoint operators in a Hubert space. Other

examples can be found by considering spaces of almost periodic functions. So let

H be a Hubert space and A a bounded selfadjoint operator, such that ker A is one

dimensional and ran A is not closed. We suppose that there is an interval (—r, 0)

with r > 0, not lying in the spectrum of A. Consider the bifurcation problem

(A - XI)x = f(x) where f:H—>H is a C°° mapping such that /(0) = 0 and
Df(0) = 0. The problem of bifurcation at (A,x) = (0,0) is not covered by the

usual theorem about bifurcation at simple eigenvalues because ran A is not closed.

We set X = R x H, Y = H, g(X,x) = (A - XI)x - f(x). Translating from

Theorem 6.1 we have: V - R x ker A; U - ker A; W = ran A; Z = {0} x

ran A; P: H —* U is orthogonal projection. Let io be a basis vector in ker A and

let PD2f(0)t0 = cío- If we write t G ker A as aio for u G R the equation

PD2g(0)v{2) = 0 becomes Xp. + \cp? = 0.

The root-lines are p — 0 and X-Y \cp = 0, and if W were closed they would be

the tangents at (0,0) of solution-curves of g(X, x) — 0. However as W is not closed

the situation is more complicated, though p = 0 still defines the trivial curve of

solutions x = 0.

For v = (X,ut0) G R x ker A and z — (0, x) G {0} x ran A we have, translating

from Theorem 6.1

(T0 + L(v))z = Ax - Ax - pD2f(0)(t0, x) = Ax - Ax - pBx

where we have written B for D2/(0)(to. •)• Now A — XI is invertible if —r < X < 0,

and ||(A - XI)~l\\ = A"1 if -¿r < A < 0. Thus A - XI - uB is invertible if

-\r < X < 0 and \p\ < ||S||~x|A|. This defines a cone in V.

Let us suppose that the part of the line A + \cp — 0 with A < 0 falls inside

the cone \p\ < ||B||_1|A|. Then we claim that it is tangent at (0,0) to a curve of

solutions of g(X, x) = 0 ending at (0,0) and, of course, bifurcating from the trivial

line.

We shall apply Theorem 6.1 using for Ko a cone in V which contains that part

of the root-line A + ¿c/x = 0 with —Ir < X < 0 and lies in the region |ju|  <
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||B||   1|A|. For »gio the operator (7 - F)(To + L(v)) is the restriction to ran A

of A - XI - p(I - P)B. Its inverse may be written either as

(A - A/)"1]/ - n(I - P)B(A - XI)'1}'1

or as

[7 - p(A - XI)-\I - P)B\-l(A - A7)-1

where all operators are restricted to ran A. Now (Ci) is equivalent to the statement

lim  q[7 - ap(A - qA7)_1(7 - P)B}~l(A - aXI)~ly = 0

for all y G ran A. This is valid because of a basic property of selfadjoint operators.

LEMMA.   For all y G ran A, lim0^o+ ß(A + ßl)~ly = 0.

This establishes condition (Ci) if we take into account the bound

||(7 - ap(A - ûA7)"1(7 - P)^)-1!! < 1/(1 - ImI ■ |A|"Ml^ll)

obtained from the usual expansion (7 - T)-1 = J2n°=o Tn.

As no reference for the lemma could be found we shall indicate its proof. Let

E be the projection-valued measure associated with the spectral resolution of A.

Then

ß(A + ßl)'ly = jß(X -Y ß)-1dEy(X)

where Ey is the vector-valued measure E()y. Now lim/g_o+ ß(X + ß)~l = 0 for all

A except A = 0. But E({0})y = 0 since y E (ker A)x. Thus lim/3_0+ ß(X-Yß)~l =0

almost everywhere with respect to Ey and is uniformly bounded on the spectrum

of A. The result then follows from the dominated convergence theorem.

Finally we must check condition (C2). We have that

PJ(av) = -apPB(A - aA7)~1[7 - au(I - P)B(A - qA7)-1]"1(7 - P).

The conclusion will follow if we show that ||aPß(A — qA7)_1|| —♦ 0 as a —> 0.

This follows from an elementary property of selfadjoint operators for which again

no reference could be found.

LEMMA. Let {A¿} be a generalised sequence of selfadjoint operators which con-

verges strongly to 0. Then if C is an operator of finite rank, {CAt} converges to 0

in norm.

PROOF. There are vectors xl5... ,xm and Cj,..., cm such that

m

Cx = ^(x,Cj)xr

3 = 1

Then
m m

CAíx = Y2(AiX,Cj)xj = y^(x, AjCj)xj.

3=1 3=1

Thus
m

IICA^^IIA^IIIM.
3=1
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Since limt ||A,-c_,-|| = 0 for each j we have lim¿ || C Ai \\ = 0.

REMARK. There is a further generalisation of Theorem 2.1, obtained by assum-

ing that the limit-set of the trajectories of 6 is a set other than the origin. It could,

for example, be a curve or surface. The invariant set D must be in the complement

of the limit-set. Since no property of the limit-set is used in the proof, the theorem

can be carried over without change. In this connection it is appropriate to mention

the work of Shearer [10], in which the zero-set of g is assumed to contain a curve

of critical points through the origin.

7. The method of scaling. If Theorem 2.1 is used to compare the zero-

sets near 0 of g and h, a severe problem arises. The diffeomorphism 0 may have no

differentiable extension to the point 0. This makes it difficult to compare "tangents"

to the zero-sets at 0 itself.

The mapping 0_1, which maps h~l(0) to <7_1(0), is most easily envisaged on

trajectories, for

4>-1(6(a)x) = 0(a)(x + r,(a,x))

where lim„_o+ f](a,x) — 0 locally uniformly in x. We might expect that the

trajectory and its image have the same tangent at 0.

Tangents to trajectories exist at the origin when the trajectories form a node. We

shall specialise further and assume that X is a direct sum of 0-invariant subspaces

À'i,..., Xp and on Xt the operator 6(a) is multiplication by afc' where ki,... ,kv

are all positive. We refer to such a 6(a) as a simple scaling. We may assume that

k\ < k2 < ■ ■ ■ < kp. If o = kp — k\ and

(7.1) 7t(a-l)g(6(a)x)-h(x)=o(a")

locally uniformly for x ^ 0 then 0~ : preserves the tangent of every trajectory. In

fact by the results of §4, the restriction of 0 to any finite-dimensional ^-invariant

submanifold containing 0 has derivative the identity at 0. In practice this often fails

because the higher-order terms do not vanish so fast. We then have little choice

but to think of /i-I(0) as the union of trajectories, and examine the image of each

under 0_1.

Identify X with the direct product Xi x X2 x • • • x Xp. The trajectory of

(xi,i2, ■ ■ ■ ,xp) is the curve a 1—► (afclxi,... ,akpxp) defined for a > 0. This is

tangent to (xi,0,... ,0) at 0 provided xi ^ 0. Its image under 0_1 has the form

a^ (afc,(xi + 771(a)),..., a*» (Xp + i7p(a)))

where r?,(0) = 0 for each i. This curve is also tangent to (xi,0,...,0) provided

ii / 0. Those trajectories through points such that xi = 0 we shall refer to as

exceptional. Thus 0~ ' preserves the tangents at 0 of all nonexceptional trajectories.

From the form of 0_1 on trajectories we can assert the following: if W is a

finite-dimensional submanifold of Xi x {0} x • • • x {0} which contains 0, then the

restriction of 0_1 to W has derivative the identity at 0.

If (xi,... ,xp) is such that no x, is 0 then the tangent at 0 of the projection of

the trajectory into each space X, x • ■ • x Xp (i = 1,... ,p) is preserved.

On the other hand it is not clear whether the image of an exceptional trajectory

even possesses a tangent at 0, let alone whether it is preserved. Here it is of interest

to consider the situation described in remark (3.9). The assumptions are that:

(i) g is Ck+m on a neighbourhood of 0.
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(ii) 6 is Ck+m on [0,oo).

(iii) 7r(a-1) = a_fe7Ti(a) where tti is Ck+m on [0,oo).

These imply that the mappings r¡i(a) are Cm for a > 0, and we repeat that they

satisfy r¡i (0) = 0.

PROPOSITION 7.1. If m > kp - ki then the image of every trajectory under

0_1 has a tangent at 0.

PROOF. Consider the trajectory through (xi,... ,xp). For each j let r3 be the

greatest integer r such that x3 -Y Vj(a) = 0(aT) as a —> 0. If there is no greatest

integer we set Tj = oo. Choose a subscript q such that xq ^ 0. Then rq = 0. Hence

if p. = min^fcj + Tj) then p < kq. The image of the trajectory will have a tangent

at 0 if for all j such that kj -Y r¿ = p, the limit

A, =   lim  a~r'(xj+rij(a))
J Q-.0+ J •* "

exists and for at least one such j it is not 0. Now assume that m > kp - kt. If

kj +Tj = p. then t3 = p — k3 < kq — k3 < m. Since each n} is of class Cm for a > 0

the limits Xj all exist. Suppose that all such X3 are 0. Then we must have r} — m

whenever kj -Y r3 = p. If, however, kj -+r} = p we have

kq > p = kj + Tj = kj + m > kj + kp — ki > kp.

Hence kq = p. = kp so that u is also attained at q where rq = 0 and Xq = xq ^ 0, a

contradiction. This concludes the proof.

We can interpret Proposition 7.1 as saying that the nodal structure of ^"'(O) is

preserved, though not necessarily the actual tangents of exceptional trajectories.

In order to illustrate the determination of bifurcation sets we shall consider the

example treated by Chow, Hale and Mallet-Paret [2]. Let M:KN —► RN be a

homogeneous cubic polynomial, L:R^ —► Rw a linear operator, and v E RN a

fixed vector other than 0. We consider the equation

/(u,Ai,A2) = Af(u) + AiLu + A2U + r(ii,Ai,A2) = 0

where r is (for the present) a C1 mapping, thought of as "higher-order terms". To

apply Theorem 2.1 we define

X = RNxRxR,    x = (u,A,,A2),

g(x) = f(u, Ai, A2),    h(x) = Ai(it) + AiLu + A2t>,

6(a)x = (au, a2Xi, a3X2),    ir(a) = q3.

Relations (2.1) and (2.2) will be satisfied if

lim  a 2Dr(au,a2Xi,a3X2]
a—»0+

1 0 0

0 a 0

0    0    a2

= 0

uniformly for bounded (u, Ai, A2). If r is C4 we can assume more simply (see remark

(3.8)) that

(*) r(U,A1,A2) = o(|W|3 + |A1|3/2 + |A2|).
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Figure i

To use Theorem 2.1 it remains to check that h is regular on its zero-set except at

0. This is frequently equivalent to checking that certain curves, surfaces etc. meet

transversally.

If h is regular on its zero-set the latter will be a smooth manifold in general

singular at 0, and composed of trajectories. All these trajectories except the pair

through (0, ±1,0) lie in the region u ^ 0. They are tangent to a vector in R^ x {0} x

{0} and the same is true of their images in g-1(0). The two exceptional trajectories

are mapped to curves with definite tangents at the origin if g is C5, according to

Proposition 7.1. We can ensure preservation of all tangents at 0 of curves in h~l(0)

if 7J)0(O) = 7 and this occurs if r(au, a2Xi,a3X2) = o(a5), according to §4.

The manifolds /i_1(0) and g~l(0) will in general have critical points with re-

spect to the projection (u,Xi,X2) »-► (Ai,A2). The images of these points in the

(Ai, A2)-plane for the respective manifolds form the bifurcation sets for the problems

h(u,X\,X2) = 0 and g(u, Ai,A2) = 0 when Ai and A2 are regarded as parameters.

The diffeomorphism <p~1 will not in general preserve the property of being a critical

point for projection, and so it will not relate the two bifurcation sets.

Analytically, critical points for projection on g_I(0) are given by g(x) — 0,

det Dug(x) = 0. We define mappings G and H from RN x R x R to RN x R by

G(w,Ai,A2) = (g(x),detDug(x)),

77(u,Ai,A2) = (h(x), det Duh(x)).

We define ir(a): RN x R — RN x R by 7r(a)(u, t) = (a3u, a2Nt). It is now not too

hard to verify that if the remainder term r is C5 and satisfies (*) then G and 77

satisfy relations (2.1) and (2.2).
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0 sols.

Figure 2

We now assume that H is regular on its zero-set except at 0. This assumption is

slightly weaker than those used by Chow, Hale and Mallet-Paret [2, Theorem 4.1].

It implies that h is regular on its zero-set (excepting, as always, the point 0).

The zero-set of 77 consists of a finite number of trajectories, and none is excep-

tional, that is, they all have u ^ 0. Their images in G~l(0) have the same tangents

at 0, and projecting down to the (Ai, A2)-plane we obtain the bifurcation set (see

Figure 1). This consists of a finite number of curves, some, like Ci, tangent to (1,0)

at the origin, and others, like C2, with indeterminate tangents, corresponding to

trajectories in 77_1(0) through points of the form (u, 0, A2). These last curves were

eliminated in [2] by assuming essentially that if u ^ 0 and M(u) -Y X2v — 0 then

DM(u) is nonsingular.

This example shows how Theorem 2.1 clarifies previously used hypotheses and

can suggest new ones. However the important result proved in [2] that the number

of solutions of f(u,X\,X2) — 0 near to (0,0,0) changes by two as (Ai, A2) crosses

the bifurcation set does not fall out of the above calculations, and will be considered

in the next section. Figure 1 shows parts of the surface

1   2     1   2
ljx  + TfV   - ^2 + higher-order terms = 0,

xy - Xiy - A2 + higher-order terms = 0

in (x,y, Ai, A2)-space. A quadratic polynomial was used, rather than a cubic, to

simplify the calculations. There are four fold-lines, Fi,F2,F3 and F4, with well-

defined tangents at the origin independent of the higher-order terms. These lines

are projected down to the curves Ci,C2, C3 and C4 in the (Ai, A2)-plane, shown in

Figure 2. The tangents at the origin of C\ and C4 are well defined, but those of

C2 and C3 depend on the higher-order terms.  The number of solutions (x, y) for
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each region of the (Ai, A2)-plane may be calculated by dropping the higher-order

terms, except between C2 and C3 where there may be none or four. The latter

curves coincide with the positive A2-axis when the higher-order terms are zero,

but the corresponding fold-lines remain always distinct. The geometry is most

easily understood as a section of the "hyperbolic umbilic catastrophe", but the

higher-order terms need not be a gradient. It is enough if they are C3 and satisfy

a'2r(ax,ay,aAi,a2A2) —» 0 as a —* 0+.

8. Two-parameter bifurcations. In this section we shall pursue further the

problem of bifurcation sets motivated by the example in the last section. Let

g: RwxR2- RN be a Cn mapping such that g(Q) = 0. We write x = (u, Xi,X2)

for x G RN x R2 where u E R2 and (Ai, A2) G R2. The point of view of this section

is that the mappings g(\l,x2y-u •—» g(u,Xi,X2) are deformations of the mapping

0(0.0)-

We are interested in the singular zero-set of g near to 0 by which we mean the

solutions of g(u,Xi,X2) = 0 near to 0 for which Dug(u,X\,X2) is singular. The

projection of this set to (Ai, A2)-space is the (local) bifurcation set.

Suppose that a >-* 6(a) is a multiplicative group of linear operators in RN x R2

(as in §2) and that h: RN x R2 —► R" is a Cn mapping such that

lim   a~kg(6(a)x) = h(x)
a—'0+

uniformly for x in bounded sets. Under appropriate conditions, generalising those

of [2], we shall relate the singular zero-set of g to that of h, and it will consist of

simple fold-points, a term which we proceed to define.

Let /: RN x Rp —► RN be a C2 mapping, which we regard as a p-parameter family

of mappings from RN into itself. Write x = (u, X) where x G RN x Rp, u E RN

and A G Rp and write f\(u) = f(u, A). A point (tto,Ao) is said to be a simple

fold-point if the following conditions hold.

(i)/(«o,A0) = 0.
(ii) Dif(u0, A0) has rank TV - 1.

(iii) If« spans kerDi/(uo, Ao) then D2f(uo, Ao)i>(2' ̂  ranDi/(ito, Ao).

(iv) RanD2/(uo,A0) £ ran£>i/(u0, A0).

If these four conditions hold it may be shown that there is a hypersurface S in

Rp containing Ao, and neighbourhoods U of tto m RN and W of Ao in Rp, such

that S separates W into three disjoint regions W = W\ U W2 U (W n S) such that

(fx\U)-i(Q) is empty for A G W\, consists of two points for A G W2, and consists

of one point for A G W n S. This is proved in [2]. It is an easy consequence of the

Liapunov-Schmidt procedure and the Morse lemma.

THEOREM 8.1.   Let 77:RN x R2 -» RN x R1 be defined by

H(x) = (h(x),detDuh(x)).

Assume that:

(i) 6 isCn on[0,oo).

(ii) n-k > 2.

(iii) h(u,0,0) = 0 if and only ifu = 0.

(iv) 77 is regular on its zero-set except at 0.
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(v) There is a flow a >—► tp(a) in R2 (having the properties (i) and (ii) given for

6(a) in §2) such that tp(a) o F = F o 6(a), where F: RN x R2 —► R2 is projection.

(In short, 6(a) is a "/i/tmg" of tp(a).)

Then there is a neighbourhood W o/O in RN x R2 such that the singular zero-set

of g in W consists of a finite number of curves of simple fold-points. If X\,...,xr

are points such that the zero-set of H consists of the trajectories a >—► 6(a)x3, j =

1,... ,r, then the singular zero-set of g\W consists of r curves of the form

a r-+ 6(a)(xj -Yr)j(a))

where lima_o+ Vj(a) = 0-  T/ie mappings nj are of class Cn~k~1 on [0, oo). '

PROOF. We define a mapping G:RN xR^R^xR1 by

G(x) = (g(x),detDuo(x)).

The zeros of G constitute the singular zero-set of g. If 7r(a): RN xR1^ RN x R1

is defined by
n(a)(v,t) = (akv,akN (det 6(a-x))t)

where 6(a) is the restriction of 6(a) to RN x {(0,0)}, then

lim  7r(a-1)G(6»(a)x) = 77(x).
a—»0+

Furthermore because of conditions (i) and (ii) the mapping

(a'X)      \77(x), a = 0,

is of class Cn-k~1 on [0, oo) x RN+2. Applying Theorem 2.1 we get all the stated

conclusions except that the singular zero-set of g consists of simple-fold points in a

neighbourhood W of 0.

If G(x) = 0, x ^ 0 and ||x|| is sufficiently small then DG(x) is surjective.

Consider such a point xo and let uo be a nonzero vector in the kernel of Dug(xo).

We may assume that

x0 = 6(a0)(xj +r/j(ao))

for some j and ao > 0. The tangent-vector vq to the curve

a >-► 6(a)(xj +r¡j(a))

at xo lies in the kernel of DG(xo) and so spans it since this space is one dimensional.

Now Dg(xo) ■ (uo,0,0) = 0. We shall show that W may be chosen so that the

tangent-vectors to the curves of zeros of G in W\{0} do not lie in R^ x {(0,0)}.

Assuming this it follows that (uo,0,0) ^ kerDG(xo), so that

D(det)(Dug(x0))(D2ug(xo)u0) ¿ 0.

This is the same as

(d/dí)t=odet[£>ug(xo) + íD2g(x0)u0] ^ 0

and this implies that kerL>ug(xo) is one dimensional and that D2g(xo)u0 ^

ran7)u(j(xo) according to the following lemma.
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LEMMA. Let Ti and T2 belong to L(RN,RN) and suppose that the function

4>(t) = det(Ti + tT2) has a simple zero at t = 0. Then kerTi is one dimensional

and T2 (ker Ti ) ot ran Ti.

PROOF. Let n be a projection onto the kernel of T\. Let

A(t) = (Ti + tT2)(rlir + I - tt) = T, + T2rr + ¿T2(7 - ir).

ThenTi+íT2 = A(í)(<7r + 7-7r) and 0(í) = ¿rdet A(t) where r = dim ker Ti. Henee

r = 1 and det A(0) / 0. Thus Ti 4- T27r is nonsingular whence ran(T27r) ^ ran Ti.

This proves the lemma.

To conclude that xo is a simple fold-point of g it remains to show that there

exist Ai and A2 such that

Dg(x0) • (0, Ai, A2) <£ ran Dug(x0).

This follows from the facts that 7?ug(x0) has rank TV - 1 and Dg(xo) is surjective.

To complete the proof we must show that the tangents to the curves of zeros of

G do not lie in RN x {(0,0)} in a sufficiently small punctured neighbourhood of 0.

Consider the curve

a i-> 6(a)(xj +7/j(a)).

The tangent is given by

va=d'(a)(xJ+rlj(a)) + 6(a)n'J(a)

= a-l6(a)B(x} -Y r¡j(a)) -Y 6(a)r¡'j(a)

where B = 6'(l). Using (v) we have that

Fva = a-ltp(a)C(Fx3 + Fn3(a)) -Y ip(a)Fr)}(a)

where C = tp'(l). Hence limQ_o+ aip(a~1)Fva = CFxy According to condition

(iii) the right-hand side is not 0. Hence for sufficiently small a we see that Fva / 0,

that is, vQ £ RN x {(0,0)}. This concludes the proof.

REMARKS. I. The theorem is valid for nonlinear trajectories. The proof is

unchanged except that the formula for va is more complicated.

2. The theorem does not hold if instead of (iv) we merely assume that h is

regular on its zero-set.

3. It would be interesting and useful to prove that under the hypotheses of

Theorem 8.1 (but replacing R2 by Rp) there was a diffeomorphism from the zero-

set of h to the zero-set of g in some neighbourhood of 0, which was a lifting of a

diffeomorphism in the parameter-space Rp.

4. The hypothesis (iv) that 77 is regular on its zero-set implies that if h(x) = 0

then Duh(x) has rank at least TV - 1. This is a rather restrictive condition if R2 is

replaced by Rp. Is there a weaker transversality condition which implies the same

conclusion as in Remark 3?

9. Appendix 1: The existence of a subbundle transversal to ker Dh. It

weis asserted in remark (2.5) that if X is finite dimensional and h of class Gn+1

then (i) implies (ii) in Theorem 2.1. We shall now prove this. Identify X with Rm

equipped with the Euclidean inner-product.
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LEMMA. There exists a hyper ellipsoid S in Rm given by S = {x: (Ax,x) = 1}

for some positive selfadjoint operator A, such that each trajectory of 6 meets S

transversally in a unique point.

PROOF. Let 0(a) = e-(loeQ)ß where the spectrum of B lies in the left half-plane.

By a real linear transformation of coordinates, we may transform the matrix of B

to one that has real eigenvalues on the diagonal, blocks on the diagonal of the form

~"   corresponding to complex eigenvalues A ± iu>, and all other entries less

than £ in absolute value for given e > 0. This well-known result was used (and

proved) in a similar context in [11, p. 102]. We may therefore assume that B has

such a matrix in the standard coordinate system of Rm. A simple calculation now

shows that ||x||2 is strictly increasing on the trajectories if e is sufficiently small.

Hence we may take S to be the sphere ||x||2 = 1. For arbitrary B, therefore, S is

a hyperellipsoid of the stated form.

The same proof works incidentally in the nonlinear case where the trajectories of

6 are the phase-curves of the differential equation x' = — Bx -Y f(x) where /(0) = 0

and Df(0) = 0.
We can now prove remark (2.5). On the surface 5 choose Fx to be the orthogonal

complement of kerDh(x). For x £ S define Fx to be 6(a)Fy where y E S and

0(a)y = x.

10. Appendix 2: Implicit functions. We collect together here various results

on implicit functions, beginning with the implicit function theorem itself. For a

concise proof see [14].

THEOREM 10.1. Let F and G be Banach spaces, E a topological space, and f

a continuous mapping of an open subset A of E x F into G such that the derivative

D2f exists and is continuous. Let (xo,yo) be a point of A such that f(xo,yo) = 0

and D2f(xo,yo) ls a linear homeomorphism of F onto G. Then there are neigh-

bourhoods U of Xo in E and V of yo in F, such that U x V C A, and there exists

a continuous function v. U —► V such that v(xo) = yo and f(x,v(x)) = 0 for all

x E U. Furthermore whenever x EU and y EV satisfy f(x,y) — 0 then y = v(x).

By slightly modifying Dieudonné's proof [14, p. 266, second paragraph] we can

derive as a corollary an extremely convenient uniqueness criterion. The hypotheses

and notation are those of Theorem 10.1, but, be it noted, the neighbourhood V is

not mentioned.

COROLLARY 10.1. Let S be a connected subset ofUxF such that f(x,y) = 0

for all (x,y) E S and suppose that S contains a point of the form (x,v(x)). Then

y = v(x) for all (x,y) E S.

This result (proved in [6]) is useful for patching together implicit functions. Let

us assume that E has a basis U for its topology such that the intersection of any two

members of U is connected. Suppose that P = {(xoi,yoi)'i G 7} is a set of points,

indexed by a set 7, such that /(x0l, yoi) — 0 and D2f(xoi, yoi) is invertible for each

i. Then, applying the implicit function theorem at each point (xo,, yoi), we can find

a neighbourhood Ut of xo¿, such that í/¿ eU, and a continuous function vr: Í7, —» F

such that /(x,t;,(x)) = 0 for all x G f/¿, and j/ot — ví(xoí). Corollary 10.1 now

implies that if there is a point x in Ul n Uj such that vt(x) = Vj(x) then equality
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holds for all x in Ui (1 Uj. Under this condition we obtain an implicit function in a

neighbourhood of P, defined in fact on the union \JUi.

In §5 a form of the implicit function theorem was needed which provides for

uniformity in the size of the domains of different implicit functions. We now give a

precise statement.

THEOREM 10.2. For each i in some index set I, let Ft and G, be Banach

spaces, Ei a metric space, Ai an open subset of Et x F¿ and fi:Ai-^da continuous

mapping such that D2/, exists and is continuous. Let (xoi,J/Oi) be a point in Ai

such that f(xoi,yoi) = 0 and D2fi(xoi,yoi) is invertible. We make the following

uniformity assumptions.

(a) There exists r > 0 such that Ai contains the ball with centre (xoí,j/o¿) and

radius r for all i.

(b) There exists k > 0 such that ||D2/j(xoi,yot)_I|l < ^ for a^ *•

(c) The continuity of D2fi at (xot,yo¿) is uniform with respect to i.

(d) The continuity o//¿(-,yo¿) ai xoí is uniform with respect to i.

Then there exist Si < r and e2 < r such that, if (7, (resp. Vi) is the ball with

centre xqí (resp. t/ot) and radius £i (resp. e2), then there is an implicit function

Vi'. Ui —* Vt satisfying t>i(xot) = yoi and ft(x,Vi(x)) = 0 for all x E Ui. The implicit
function possesses the usual uniqueness property. Moreover the continuity of f¿ at

lot is uniform with respect to i. Finally if Et belongs to a suitable category which

admits a first-order differential operator Li, and the continuity of Li/, at (xoi,t/ot)

is uniform with respect to i, then the continuity ofLiVi at xoí is uniform with respect

to i.

PROOF. For all but the last two sentences the reader is asked to study Dieu-

donné's proof of the implicit function theorem and observe how the sizes of the

neighbourhoods U and V depend on inequalities associated with the norm of

7}2/(xo,2/o)~\ and the continuity of /(■, t/o) and D2f.
The penultimate sentence is proved by a trick. Given e < r we replace each A,

by the ball with centre (xo¿, j/ot) and radius e, and use what we have just proved.

To prove the last statement we have that

LiVi(x) = -D2fl(x,v1(x))~1 Llfi(x,vi(x)).

The result follows since v¿ is uniformly continuous at io1, and assumptions (b)

and (c) imply that ||D2/j(x,2/)_1|| is uniformly bounded on a neighbourhood of

(xoi,yoi) with radius independent of t. This concludes the proof.

The following is a formal statement embodying the arguments used in §§2 and

5.

THEOREM 10.3. Let T be a metric space, X a Banach space, A an open sub-

set of T x X, and f:A—>X a continuous mapping such that D2f exists and is

continuous. Let to be a point ofT such that f(to,x) = x whenever (to,x) E A, and

suppose that to has a basis of neighbourhoods {t/n}o° such that Un+i C Un and Un

is connected for each n. Let f:A—*TxXbethe mapping (t,x) •—» (t,f(t,x)).

Then the following two statements hold, of which the second is a "uniform" version

of the first.
(i) There are open subsets B and C ofTxX each containing the set {(t,x) E

A:t = to}, such that B is contained in A and the restriction f\B is a homeomor-

phism of B onto C.
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(ii) Let S be a subset of X such that A contains a set of the form Un x S£ (5e

stands for the set of points within e of S), and such that the continuity of D2f

at (to,x) and of /(-,x) at to is uniform for x E S. Then there exists an open set

D Ç A, a subscript m, and r > 0 such that f\D is a homeomorphism of D onto

Um x ST. Furthermore D contains a set of the form Uk x Ss-

PROOF. We shall only outline the proof. Both parts are based on solving the

equation y — f(t, z) for 2 as a function of y and t. We obtain an implicit function

in a neighbourhood of each point of the form (to,x) in A. The implicit functions

are glued together using Corollary 10.1 and the ensuing discussion, and the union

of their domains is G. Then B is the set /    (G).

For the second part we use the uniform implicit function theorem (Theorem

10.2) to solve for 2 in a neighbourhood of each point (to,x) such that x G S.

We obtain implicit functions defined on domains of uniform size, and gluing these

together we obtain Um x ST. Let h: Um x ST —► X be the implicit function, that is

x = f(t,h(t,x)) for all (t,x) G Um x Sr. From the last two sentences of Theorem

10.2 we can conclude that the continuity of h and D2h at points (io,x) is uniform

for x E S. Then applying to h what we have just proved for /, we find that D,

defined as f~l(Um xSr), must contain a set of the form Uk x Ss- This concludes

the proof.
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