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AFFINE SEMIGROUPS AND COHEN-MACAULAY RINGS
GENERATED BY MONOMIALS

NGO VIET TRUNG AND LE TUAN HOA

ABSTRACT. We give a criterion for an arbitrary ring generated by monomials to be
Cohen-Macaulay in terms of certain numerical and topological properties of the
additive semigroup generated by the exponents of the monomials. As a consequence,
the Cohen-Macaulayness of such a ring is dependent upon the characteristic of the
ground field.

Introduction. Let N denote the set of nonnegative integers. By an affine semigroup
we mean a finitely generated submonoid S of the additive monoid N”, where n is
some positive integer. Let k[S] denote the semigroup ring of S over a field k. Then
one can identify k[S] with the subring of a polynomial ring k{z,,...,?,] generated
by the monomials ¢* = 1 - -+ ¢, x = (xq,...,X,) € S. Obviously, every subring
of k[t,,...,t,] generated by a finite set of monomials is the semigroup ring of the
affine semigroup in N” generated by the exponents of the monomials.

So one has, up to isomorphisms, a one-to-one correspondence between affine
semigroups and affine varieties which are given parametrically by finite sets of
monomials. When illustrating problems of algebraic geometry one almost inevitably
tends to choose varieties of this type. Even when dealing with a quite general variety,
either its singularities or a certain blowup may well be defined in local coordinates
by monomials [15, 19]. Moreover, one can also use rings generated by monomials to
study solutions of linear equations in nonnegative integers or, equivalently, in-
variants of a torus acting linearly on a polynomial ring [11, 26]. Therefore, a
criterion for such a ring to be Cohen-Macaulay in terms of the associated semigroup
would be very useful. It should be mentioned that the first example of a non-Cohen-
Macaulay domain (in modern language), given by F. S. Macaulay at the beginning
of this century [17, p. 98], was the ring k[t{,tt,,¢,¢3,¢5] and that analyzing this
example, Grobner [7] already posed the problem of classifying rings generated by
monomials of the same degree with respect to their Cohen-Macaulayness.

The first step toward such a criterion was taken by Hochster [11], who succeeded
in characterizing normal rings generated by monomials in terms of the associated
semigroups and showed that they are always Cohen-Macaulay. Although this result
was motivated by a conjecture on rings of invariants of reductive linear algebraic
groups, which was later settled [12], its proof deserved much attention. It suggested
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the use of topological techniques in studying rings generated by monomials. The
next step was a criterion given by Goto et al. for the case that the ring has a system
of parameters consisting of monomials [5]. These results inspired many other works
and were re-proved many times by different techniques, such as rational resolution
[15], Hilbert functions of graded algebras [25], homology of polyhedral complexes
[13, 26], and the Hodge algebra [10].

In both steps, one used the coincidence of an affine semigroup S with one of its
extensions to indicate the Cohen-Macaulayness of k[S]. Inspired by this phenome-
non, Goto and Watanabe [6] defined a suitable extension S’ of S (see below) and
claimed that S’ = S is a necessary and sufficient condition for k[S] to be Cohen-
Macaulay.

Let Z and Q denote the sets of integers and rational numbers, respectively.
Consider the elements of S as points in the space Q". Let G denote the additive
group in Z" generated by S and put r = rank , G. Let Cg denote the convex rational
polyhedral cone spanned by S in Q" Then Cg is r-dimensional. Suppose that
F,,..., F, are the (r — 1)-dimensional faces of C. Let S; denote the set of elements
x € G such that x + y € S for some element y € SN F,, i = 1,..., m. Then they
define S’ = N, S,.

In this paper, we shall see that the condition S’ = § is not sufficient for the
Cohen-Macaulayness of k[S], and that one has to add some topological condition
on the convex cone Cg to get a correct criterion. To formulate this we need some
more notation.

Let [1, m] denote the set of the integers 1,. .., m. For every subset J of [1, m], set

GJ= nSI\U Sjs

ieJ jeJ

and let 7, be the simplicial complex of nonempty subsets I of J with the property
N; ;S N F, # (0). Note that one calls 7, acyclic if the reduced homology group
I:Iq(wj; k) vanishes for all g > 0.

MAIN THEOREM. Let S be an arbitrary affine semigroup. Then k[S] is a Cohen-
Macaulay (resp. Gorenstein) ring if and only if the following conditions are satisfied:

(i) S = S (resp. there exists an element x € G such that every element of G ,,, is
the difference of x by some element of S).

(ii) For every nonempty proper subset J of [1, m], G, = @ or =, is acyclic.

It will follow from some property of the Cousin complex of k[S] and from an
explicit description of all local cohomology modules of k[S’] in terms of G, and ;.
We will also give some simple methods for checking the above conditions. As a
consequence, one immediately gets the abovementioned results of Hochster and
Goto et al. Another application is a criterion for the Rees algebra (blowing-up) of a
ring generated by monomials to be Cohen-Macaulay (resp. Gorenstein). In particu-
lar, as in the work of Reisner on polynomial rings modulo ideals generated by
square-free monomials [20] where a similar link to topology is given, we will show
that the Cohen-Macaulayness of k[S] is dependent upon the characteristic of the
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field k. Moreover, using the main theorem, we have been able to solve Grobner’s
problem for some particular cases [31] (cf. [21, 29, and 30]).

We would like to mention that Stanley [26] also obtained a similar result on
modules associated with solutions of systems of linear diophantine equations, which
overlaps with ours only in Hochster’s normal case.

This paper is organized in five sections. §1 gives a counterexample to the result of
Goto and Watanabe via some consideration on the Rees algebras of affine semi-
group rings. In §2, S’ will be related to the Cousin complex of k[.S]in order to show
that §” = S if k[S] is a Cohen-Macaulay ring. §3 deals with the local cohomology
modules of k[S’]. Criteria for k[S] to be Cohen-Macaulay (resp. Gorenstein) are
given in §4. There we will also deal with the Buchsbaumness of £[S]. The aim of §5
is to construct an affine semigroup ring whose local cohomology modules are just
the reduced homology groups of a given finite simplicial complex.

All notations introduced above will be used throughout. Moreover, if 4 and B are
subsets of Z", G(A) denotes the additive group generated by 4 in Z”, and 4 + B is
the set of elements a + b witha € 4 and b € B. If x, y,... are elements of Z", we
will denote their components by x,,y,,..., i =1,...,n, respectively. For unex-
plained notations and standard facts in commutative algebra, algebraic topology,
and local cohomology, we refer the reader to [18, 24, and 8].

ACKNOWLEDGMENT. The authors would like to thank S. Ikeda for pointing out
that our earlier conclusion on the Cohen-Macaulayness of the Rees algebras of
Cohen-Macaulay rings generated by monomials is false (see §1). This led us to check
the result of [6, II]. Thanks are also due to S. Goto for encouraging our study, and to
L. Robbiano for some useful suggestions.

1. Counterexamples to the result of Goto and Watanabe. Let S be an arbitrary
affine semigroup in N". Set
S = {x € G; px € § for some p > 0},
S(,.)={x€S;x,.=0}, i=1,...,n.
Then we call S standard if the following conditions are satisfied:
1)S=GnNnN",
(2) Sy # Sy for i # j,
() rank ,G(S;)=r—1,i=1,...,n
Geometrically, these conditions mean that Cg has exactly n (r — 1)-dimensional
faces lying on the hyperplane x; = 0, i = 1,..., n. In this case, we may assume that
S;yy=SNFand S, =8-S,
Goto and Watanabe [6, Theorem 3.3.3] claimed that if S is standard, then k[S]is
a Cohen-Macaulay ring if and only if §” = S. We shall see that this is false. First, we
have to remark that every affine semigroup can be transformed isomorphically onto
a standard one by the following technique which is due to Hochster [11, p. 323].
HOCHSTER’S TRANSFORMATION. Let W denote the vector space generated by S in
Q". Then one can find m linear functionals /,,...,/, from W to Q corresponding
with F,,..., F, such that
Cs={xe W;l(x)>0foralli}.
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See also [15, p. 6]. Let T denote the linear transformation which sends every element
x € W to the element (/;(x),...,/,(x)) € Q™. By replacing /, by a suitable positive
integer multiple, one can assume that 7(S) C N ™. Hochster has shown that 7(S) is
isomorphic to S and that
T(S) = G(T(S)) N N"™.
Obviously, T also induces an isomorphism between the semigroups S N F, and
T(S)(,-), i=1,...,mSince SNF,+ SN F, fori#j,andrank ,G(SNF)=r —
1, we can conclude that 7(S) is a standard affine semigroup in N ™. Moreover, since
T(S),= T(S) - T(S)w = T(S = S N F) = T(S)),

we also have T(S) = T(S").

According to this transformation, one can omit the assumption on the standard-
ness of S in the claim of Goto and Watanabe. The counterexample will also be
constructed in the nonstandard case by using the following observation.

Let A: Q" — Q be a linear functional such that A(S) C N, and, if x € S and
A(x) = 0, then x = 0. Then we call the affine semigroup

Eyi={(x,p)eN""}; xe Sand A\(x) > p}
a blowing-up extension of S. The name stems from the fact that one can define an
N-grading on k[E,] by setting degt* = A(x) for all x € S [26, p. 190] and that
k[ E,] is isomorphic to the graded algebra €B;°= o Ip» where I, is the ideal of k[S]
generated by elements of degree > p.

LEMMA 1.1. Let E, be a blowing-up extension of S. Then E; = E, if and only if
S'=S.

PRrROOF. Set E = E,. Then it is easy to see that rank ,G(E) = r + 1 and Cj has
the following m + 2 r-dimensional faces:

P, = {(x,p) € Q"*'; x € Fand A\(x) > p > 0},
i=1,...,m,and
P,= {(x,O) eQlxe Cs}»
P..,= {(x,p) € Q" x € Cgand A(x) =p}.
From this it follows that
E,.={(x,p)EZ"+1;xESi}, i=1,...,m,
E,..={(x,p)€Z"!; x€ Gand p > 0},
E,.,={(x,p)eZ"; xeGand A(x) > p}.
Therefore, one can compute E’ and get
E'={(x,p)€Z"? xe€ S and A(x) > p > 0}.

As a consequence, E’ = E if and only if §" = S.

Now consider the case that Scanbe generated by elements x with A(x) = 1. Then
k[E,] is the Rees algebra @ >  m?”, where m denotes the ideal of k[S] generated by
all elements ¢*, x # 0. In this case, one knows that k[E] being Cohen-Macaulay
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imposes certain conditions on k[S], including m” = gm’"~! for every minimal
reduction g of m [4, 14]. Note that an ideal g of k[S]is called a minimal reduction
of mif g is generated by r elements whose initial forms in the associated graded ring
&* m?f/m? *1 form a homogeneous system of parameters of degree one, here
r = dim k[ S] because rank , G is equal to the transcendence degree of the fraction
field of k[S] over k.

ExaMPLE 1.2. Let S be the affine semigroup in N2 generated by the elements
(3,0), (2,1), (0, 3). Then

G = {x € Z% x, + x, = 0 modulo 3}.
Now one can rewrite
S={xeGNN%x +1}.

Using this formula, it is easy to check that S is a standard affine semigroup with
S’ = S. Obviously, k[S]= k[t},t},,t3] is a two-dimensional Cohen-Macaulay
ring. Moreover, ¢:= (¢},13) is a minimal reduction of m:= (¢}, 1t,,13) and m? #
gm because 113 & gm. Let \ be the linear functional (x,, x,) = (x; + X,)/3. Then
E, is the affine semigroup in N3 generated by the elements (3,0, 0), (2, 1,0), (0, 3,0),
(3,0,1), (2,1,1), (0,3,1) and k[E,] is isomorphic to the Rees algebra of k[S] with
respect to m. By the above analysis, one gets Ej = E, but k[E,] is not a
Cohen-Macaulay ring. This yields a counterexample to the claim of Goto and
Watanabe.

2. The meaning of k[S’]. The aim of this section is to show that §’ =S is a
necessary condition for the Cohen-Macaulayness of k[S] (the arguments of [6] do
not work even for this conclusion). For this we have to use the notion of the Cousin
complex of a commutative noetherian ring introduced by Sharp [22].

Recall that the Cousin complex C(R) of a Z"-graded commutative noetherian
ring R with identity is a complex of graded R-modules and graded homomorphisms

d-? 1 al o d o dt
O0-- M'=R- M- M > ... s M —> ...,

It is defined inductively as follows: M’ is the direct sum of the homogeneous
localizations of cokerd’~? at all graded prime ideals p of R withht p = i, and d'~*
is the composition of the canonical epimorphism M‘~! — cokerd’~? and the
homomorphism sending an element x € cokerd’~? to the element @ x/1 of M'.
Sharp [22] proved that R is a Cohen-Macaulay ring if and only if C(R) is exact.
Although he only dealt with the nongraded case, his result can be easily extended to
the Z"-graded case as found in [6, 1.§4].

Now suppose that R is a domain. Then M° =R and M'= &(R(/R,),
where p runs all graded prime ideals of R with htp = 1. Thus, kerd® is the
intersection of all homogeneous localizations R - Using this presentation of kerd 0
we will prove the following

LEMMA 2.1. Let R = k[S). Then, with respect to the Z"-graded structure of k[S]
inherited from k[t,,...,t,], kerd® = k[S’].

This has some consequences for our further investigation.
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COROLLARY 2.2. 8’ = S if k[S] is a Cohen-Macaulay ring.
PROOF. Straightforward by the exactness of C(k[S]).

COROLLARY 2.3, dim(k[S)/K[S]) < inf(i; k[S], is Cohen-Macaulay for all graded
prime ideals p of k[S] withhtp =r — i} <r—1.

PROOF. By the stability of Cousin complexes under localizations [22, Theorem 3.5],
k[S']P = k[S]P and therefore (k[S’]/k[S])l, = 0 for all graded prime ideals p of
k[S] such that k[S] » is Cohen-Macaulay. In particular, this condition is always
satisfied if ht p = 1. Hence the statement is immediate.

REMARK. We would like to mention that the Cousin complex C(R) carries much
information on the local cohomology of R [23]. Since C(kerd?) differs from C(R)
only at the first term, i.e. C(ker d®) has the form

d° :
0->kerd* > M >M - ... s M > ...

(which can be easily checked), one can use kerd® as an approximation of R in
studying local cohomology and related subjects as shown above for k[S].

To prove Lemma 2.1 we have to determine all homogeneous localizations of k[S]
at graded prime ideals of height one. This can be done purely in terms of S as
follows.

Let A be an arbitrary subset of G. Then we will denote by k[ 4] the k-vector space
spanned by 4 in k[G]. If A + S C A, we call 4 an S-ideal. In this case, k[ A] can be
considered as a Z"-graded module over k[S]. If 4 = B\ C, where B 2 C are
S-ideals, k[ A] will be identified with the factor module k[ B]/k[C].

We call a proper subset P of S a prime ideal if P is an S-ideal and S\ P is
additively closed. It is easily seen that every graded prime ideal p of k[S] is exactly
of the form k[ P] for some prime ideal P of S and that the homogeneous localization
k[S], is isomorphic to k[S — (S\ P)].

LEmMMA 2.4. For every subset I of [1, n}, set
P { (0) ifl= 9,
! {(x€S; x;>0forsomeicl} ifl+ 2.
If S is a standard affine semigroup, then { P;} is the set of prime ideals of S.
PRrROOF. Obviously, every P, is an S-ideal and
S\P,={x€S;x,=0foralliel}

is additively closed. Hence P, is a prime ideal of S. Conversely, let P be an arbitrary
prime ideal of S. Let I be the set of integers i € [1, n] such that

P:={x€eS; x>0}

is contained in P. Then P, =U,.;P,C P.If I = [1,n], P, = S\ (0), hence P = P,.
If I C 1, n] properly, choose an element x € P,\ P for every i € [1,n]\ 1. Let y
denote the sum of these elements. Then y, > 0 for all i & I. Therefore, if P contains
an element z & P, i.e. z; = 0 for i € I, one can find a positive integer p such that
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py, — z; > 0 for all i€ [1,n]. From this it follows that py —z€ GN N" = §.
Hence g(py — z) € S for some g > 0. Since pgy = gz + g(py —z) € P + S C P,
one gets y € P because S\ P is additively closed. Therefore, by the same reason,
some of the chosen elements x must belong to P, a contradiction. So P = P,, as
required.

Lemma 2.1 was already known in the normal case [6, 3.1.5].

PrROOF OF LEMMA 2.1. Via Hochster’s transformation (§1) we may assume that S
is standard. In this case, one canset S, = S — S, i=1,...,n. Since S;) = S\ P,

§'=N(s-(5\P)).
i=1
Put p; = k[P,]. Then
k(8] = N k[S]p.
i=1

It remains to show that { p,} is the set of graded prime ideals of height one of k[S].
By Lemma 2.4, we only need to show that ht p; = 1 or, equivalently, dim k[S]/p; =
r—1 for all i=1,...,n. Since k[S]/p, = k[S\ P,] = k[S;)), this is immediate
because r — 1 = rank ; G(S;)) is the transcendence degree of the fraction field of
k[S;] over k.

3. Local cohomology of k[S’]. Given two Z"-graded modules M; and M, over
k[S], one can define the Segre product

M @M,= @ [M], e, [M,],,

xeZ"
where [M,], and [M,], denote the x-graded piece of M; and M,. Obviously,
M, ® M, can be considered as a Z"-graded module over k[S] = k[S] ® k[S]. Note
that

k[A] ® k[B] = k[4 n B]
if A and B are S-idealsin G.
Let D; denote the complex
d
0-D?->D}! -0,
where D?:= k[G], D}!:= k[G\ S,], and d is the canonical map from k[G] to
k[G\ S;] = k[G1/k[S;],i=1,...,m. Put
D'=D/®---8D,.
LeMMA 3.1. D"is a coresolution of k[S'].
PrOOF. Note that H(D;) = k[S;] and H?(D,)=0forall p # 0, i=1,...,m.
Then, using the Kiinneth formula [13, Chapter V, (10.1)], one has
m
H(D) =k[S] & - 8 k[S,] = k[ N S.] = k[s'],
i=1

H?(D)=0 forall p#0,
which yields the statement.
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By the definition of D', we can write

D’= @ D
Icl, m]
#I=p
for all p > 0, where D, is the Segre product of the modules D} with i € I.
Let 7 be the simplicial complex of nonempty subsets J of [1, m] with the property
N; ;S N F; # (0). Let D, denote the subcomplex of D" consisting of the terms
D= @ D

Ien
#I=p

p = 0. Then we have the following preliminary formula for the local cohomology
modules of k[S’] with respect to m:= k[S\ (0)].

LEMMA 3.2 [6, COROLLARY 3.3.7]). H1(k[S']) = HYD/D,) forall g > 0.

Since the proof of [6, Corollary 3.3.7] is not clear enough (some arguments do not
work) and to make this paper self-contained, we will do it once more.

PrROOF OF LEMMA 3.2. By Lemma 3.1, one need only show that H3(D") = D /D,
and Hl(D") = 0 for all g > 0. In terms of D,, this means

(1) Hi(D;)=0forall g > 0if I € m,

(2) HX(D,) = D; and H(D;) = Oforall ¢ > 0if I & m.

To prove these facts we may assume that S is a standard affine semigroup by
using Hochster’s transformation (§1). Moreover, we want to note that by definition,

D, =k [G\ U S,.]
iel
for all subsets I of [1, n]. i
To (1). Let x # (0) be an arbitrary element of ;¢ ;S;). Since §;, is additively

closed,
Si—x=8-8§;,-x<S-8§,=S5

for all i € I. Therefore, if x + y € U,.,S; for some element y € G, then y €
U, < ;S; too. From this it follows that the multiplication map by ¢* is bijective on D,
and hence on Hj(D;) for all g > 0. Since every element of H}(D,) is annihilated
by some power of ¢*, HZ(D;) = 0, as required.

To (2). It suffices to show that every element of D, is annihilated by some power
of m or, equivalently, that for any pair of elements x € G and y € S\ (0), there
exist i € I and p > O such that x + py € §;. First, since y # (0) and N, ,S;, = (0),
there exists i € I such that y, > 0. For this i, one has sup{x; + py; p > 0} = 0.
Therefore, one only need to show that there is a bound for the ith components of
elements of G\ S,. For this purpose, choose an element z € S\ S;,. Let H denote
the additive group generated by S;) and z in Z". Since rank,G(S;) =r — 1,
rank , H = r. Thus, one can find a finite set of elements of S such that G can be
obtained from A by translating along H, thatis G = A + H. Note that

H= U (6(8,) +mz), U (4+6(S,)+mz)cs,.
mezZ

m>0
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Then one gets
G\S,c U (4 +G(s,) —mz).
menN
Hence max{u,;; u € A} bounds the ith components of elements of G \ S;. The proof
of Lemma 3.2 is now complete.

Now, we shall see that every graded piece [HZ(k[S'])], can be expressed com-
pletely in terms of some simplicial subcomplex 7, of 7. Note that for every subset J
of [1, m], =, is the simplicial complex of nonempty subsets I of J with the property
N, e ;S N F; # (0) (see Introduction). Since [ HZ(k[S'D)], = 0 for all x & G, we may
restrict our attention to elements x € G. For such x set

Jo={iel,ml;xes).
Then the main result of this section can be formulated as follows.

THEOREM 3.3. [HZ(K[S'D], = I'Iq_-z(vrjx; k) forallq > 0.

Proor. For simplicity, set J = J,. Let I be an arbitrary subset of {1, m]. Note
that D; = k[G\ U, S;]. Then we have the following formula:
k ifIcJ,
[DJx‘{o ifI1¢J.
Let A; denote the simplicial complex of all nonempty subsets of J. Let C(4;) be

the oriented chain complex of A; (see [24]). Then one can consider [D], as the
complex Hom(C(A ), k) with degree shifted by one. Therefore, by Lemma 3.1,

[H:(k[S'D] = HY([D/D;].) = H (A, 8, N 5 k).
Since H9A,; k) = 0 for all g, from the reduced cohomology sequence of the pair
A, and A; N 7 one gets
H77Y A, A, Nnm; k)=HI*A, Nnm; k).
Note that A; N« = 7, and that cohomology and homology coincide over a field.
Then one can conclude that

[HZ(k[S'])] x = Hq—Z(WJ; k)
COROLLARY 3.4. (i) H,,(k[S']) = 0.
(i) H,(k[S]) = k[S” \ S, where S denotes the set of all elements x € G such that
x + p(S\ (0)) C S for some positive integer p.

PrROOF. (i) is immediate because I?_l(w,x; k) =10 for every x € G. For (ii),

consider the exact sequence
0-k[S] - Kk[S]—Kk[S'\S]—0.

Since Hf (k[S]) = 0, i = 0,1, we get H,(k[S]) = H(k[S’\ S]). But H3(k[S"\ S])
is the set of all elements f € k[S’\ S] which are annihilated by m? for some p > 0.
Translating this into the language of semigroups, we get Hg(k[S’ \S]D = k[S”\ S].

In order to derive other consequences of Theorem 3.3 we have to replace =; by a
more tractable object. To this end, let P be a nondegenerate hyperplane section of
Cs. P is a (r — 1)-dimensional convex polytope with m (r — 2)-dimensional faces.



154 N. V. TRUNG AND L. T. HOA

Let P* denote the dual polytope of P [9]. Then there is a one-to-one inclusion
reversing correspondence F <> F* between faces F of P and F* of P* such that
dim F + dim F* = r — 2. So P* has m vertices. Let v, be the vertex of P*
corresponding with the ( — 2)-dimensional face of P on F,, i = 1,...,m. It is not
hard to realize that =, is the simplicial complex of nonempty subsets I C J such that
there is a proper face of P* containing all vertices v; with i € I. Let P}* denote the
union of all convex polytopes on dP* spanned by a set of vertices v; with i € [ for
some maximal I of 7,.

LEMMA 3.5. P;* and the geometric realization |m;| have the same homotopy type.

PrOOF. We shall prove a more general statement. Let U be a finite union of
convex rational polytopes in Q" such that the intersection of two polytopes of U is
either empty or a proper common face. Suppose that v, ..., v, are the vertices of the
polytopes of U. Let #(U) denote the simplicial complex of nonempty subsets I of
[1, 5] such that there is a polytope of U which contains all vertices v; with i € I.
Then there exists a canonical linear map f from |7(U)| onto U. We claim that f is a
homotopy equivalence. That is trivial if U consists of only one polytope because
]m(U)| and U are contractible spaces in this case. If U consists of more than one
polytope, we take a polytope u out of U. Let V' denote the union of the remaining
polytopes. By induction, we may assume that f induces a homotopy equivalence
between |7(u)|, |7(V)], |7(u N V)| and u, V, u N V, respectively. Therefore, f
must be a homotopy equivalence between |7(U)| = |7(u)| U |7(V)|and U =u U V,
as claimed. Since m; = w(P}*), this yields the statement.

COROLLARY 3.6.
®
N 0 ifgq#r,

@) If J # [1,m), H,_(m; k) =0forg>r.
(i) IfJ€emor#J =m— 1, H,_,(my; k) = 0 forall q.

PrROOF. By Lemma 3.5, we may replace any =, by P*. Then (i) follows from the
fact that Pj,,= dP* is homeomorphic to a (r — 2)-dimensional sphere. Since
every proper subspace of dP* contains no (r — 2)-dimensional “hole”, (ii) is also
immediate. In particular, if J € 7 or #J = m — 1, P, is homeomorphic to a ball,
hence (iii).

Now we will combine Theorem 3.3 with Corollary 3.6 to get some description of
H(k[S'D), i > 2.

First, we would like to remark that Theorem 3.3 divides G into classes of points x
with the same J,. It is easily seen that these classes are exactly the sets

G,:= n Si\ U S]

ieJ jeJ

introduced in the Introduction.
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COROLLARY 3.7. For all q < r, there is an isomorphism of k-vector spaces
Hi(k[S)= @ klGe H, (m; k).
#iem—2
PROOF. By Corollary 3.6, H, (m;; k)=01if J € 7 or #J = m, m — 1. There-
fore, by Theorem 3.3, taking the sum of all H,_,(m;; k) over x € G will yield the
above formula for HZ(k[S']).

REMARK. We are unable to determine the module structure of the above presen-
tation of HZ(k[S']), g <.

COROLLARY 3.8. H, (k[S]) = H,(k[S']) = k[G 1 ]
Proor. First, consider the exact sequence
0 > k[S] > k[8] = k[S'\ S] > 0.

Note that dimk[S"\ S]<r — 2 by Corollary 2.3. Then one gets H,(k[S]) =
H, (k[S']). By Theorem 3.3 and Corollary 3.6,

0
[H,(k[SD]. = {k

Therefore, using Lemma 3.2, it is not hard to see that
Hy(k[S']) = k[Gpm]-
EXAMPLE 3.9. Let S be the affine semigroup in N* generated by the elements

(3,0,0,3), (2,1,0,3), (0,3,0,3), (3,0,1,0), (2,1,1,0), (0, 3,1,0). It is easily seen that
S is isomorphic to the affine semigroup E, of Example 1.2. Note that

G = {x € Z% x; + x, = 3x; + x4, = 0 modulo 3}.

if x & Gy
if x € Gy -

Then one can write
S

{x € GNN% x, #1}.
From this it follows that
S§=GnN* G(SV)={xe€G,;x,=0}
for i = 1, 2, 3, 4. Hence S is a standard affine semigroup. Now one can identify S,
with § — §;) and get
S;={x€G;x,20,x, #1},
S, ={x€G;x,>0}, i=2,3,4,

which implies S” = S. Obviously, 7 consists of the sets &, {1}, {2}, {3}, {4}, {1, 3},
(1,4}, {2,3}, {2,4}. Hence P* is quadrilateral:

U3 Uy
There are only two sets J = {1,2}, {3,4} with the properties J & 7 and |J| < 2.
Since the corresponding simplicial complex =, consists of two points,

- k ifg=0,
Hy(my; k) = {0 if g # 0.

=
=
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On the other hand, G, ,, = {(1,-1,0,0)}, G(34) = 2. Summing up, one gets
0 if g # 2,3,
Hy(K[S]) = | k if g =2,
k[Guq] ifg=3,

where HZ2(k[S]) is concentrated in degree (1,-1,0,0) € S; U S,. This yields a
counterexample to the formula [HZ(k[S]], = 0, x € U/L, §,, given in [6, Lemma
3.3.8]. Actually, this was the critical point leading to the mistake of [6, Theorem
3.3.3].

4. Cohen-Macaulayness of k[S]. Now we are going to prove the Main Theorem of
the Introduction. According to Corollary 3.6, it can be reformulated as follows.

THEOREM 4.1. k[S] is Cohen-Macaulay (resp. Gorenstein) if and only if the
following conditions are satisfied:

(i) 8" = S (resp. G,y = x — S for some x € G),

(ii) For every nonempty subset J of [1, m] withJ & wand #J < m — 2, G, = Dor
ffq(w,; k)=0 forallg<r—2.

ProoF. Concerning the Cohen-Macaulayness of k[S], we may assume that S’ = S
by using Corollary 2.2. In this case we may apply Corollary 4.7 and get the
statement because k[S] is Cohen-Macaulay if and only if HZ(k[S]) =0 for all
q < r [8]. It is also known that k[S] is Gorenstein if and only if k[S] is Cohen-
Macaulay and its canonical module

K := Hom,(H](k[S]),k)

is isomorphic to k[S] with degree shifted by some x € G, see [6, Corollary 2.2.3 or
25, Theorem 6.1]. Set C = Gy, By Corollary 3.8, H,(k[S]) = k[C]. Hence
K = k[-C]. Therefore, it suffices to show that the condition C = x — S implies
S’ = S. Let y be an arbitrary elementof S. If y € S, x — y &€ C. Thus, x — y € §;
for some i € [1,m]. Since y € S’ C S, x € §; + y C S, too. From this it follows
that x & C = x — S, a contradiction.

REeMARK. In Theorem 4.1, one can replace 7, by the simplicial complex

mri={IcT; I\IT&n).

For, using the one-to-one correspondence I « J\ I between faces of =, and =¥,
one can check that

Hq('”J*; k) =H"UA,,m; k) = fIs—q—l(Wj; k),
where 4 is the simplicial complex of all nonempty subsets of J and s is the number
of elements of J.

In the following, we will give an affine semigroup which satisfies condition (i) of
Theorem 4.1 but not condition (ii).

ExAMPLE 4.2. Suppose that
G= {er"; x1+x2=x3+x4},

S={xeGNNx #1,x;#1}.
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It is not hard to see that S is a standard affine semigroup. Therefore, one can set
S, =S8 — S, and get

S:{{xGG;x,;O,xi#l}, i=13,
"l {x€G; x>0}, i=24
From this it follows that
Gug={x€G; x,<0o0rx,=1fori=13,x,<0fori=24}
=(1,-1,1,-1) - S.

Hence condition (i) of Theorem 4.1 is satisfied. On the other hand, it is easily seen
that 7 consists of the sets &, {1}, {2}, {3}, {4}, {1,3}, {1,4}, {2,3}, {2,4}. For
J ={1,2} or {3,4}, m, consists of two points. Since G, = {(0,0,1,~-1)} and
G(3,4) = {(1,-1,0,0)}, condition (ii) of Theorem 4.1 is not satisfied. Therefore, by
Corollary 3.7, k[S] is not Cohen-Macaulay. This yields a counterexample to [6,
Theorem 3.3.3] where one also gave a false criterion for the Gorensteinness of k[S]
containing only the condition G|; ,,; = x — S.

To check condition (i) of Theorem 4.1 one should make use of the following
notation.

Let A be a finite set of elements of S\ (0) such that 4 spans the convex cone Cs.
Then we will denote by S, the set of elements x € G such that x + y € S for all
elements y of some minimal generic subset of A, where we call a subset B of S
genericif BN F,# @ foralli=1,...,m.

LEMMA 43. S" = Sifandonly if S, = S.

ProoF. Since S C S, C 8, it suffices to show that S, = S implies S’ = S.
Without restriction, we may assume that S is standard (§1). Let x be an arbitrary
element of S’. Then for every i € [1, n], one can find an element y® € S, such
that x + y(’ € §. Since 4 spans C;, one may assume that

yO= ¥y pPz

z€EANS,

for some integers p{” > 0. Put

p=YX X po

i=1 z€ANS;
Then we will prove by induction on p that x € S. Of course, we may assume that
Y p">0

Z€ANS;,
for every i € [1, n]. From this it follows that p > n. If p = n, y@ =z for some
z€A4NS;,. Therefore, one can find a minimal generic subset B of 4 such that
x4+ z€B for all z€ B, whence x € S, = S. If p > n, there exists an integer
J € [1, n] such that
Y p0>1

z€ANS
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Fix an element z' € 4 N §;, such that p{/’ > 0. Consider the element x’:= x +
yWD —z . Then x’ + 2/ € S, x’ + y) € S for i # j. Since

Z Z Pz(i)+1<P_1’

i#j z€ANS;

x’ € S by the induction hypothesis. Now, one can replace y) by the element
y) — z’. Then, again by the induction hypothesis, we can conclude that x € S.

As an example for Lemma 4.3, consider the simplicial case of [S and 25]. Recall
that an affine semigroup S is called simplicial if C; can be spanned by r elements
e, ...,e, of S. Algebraically, this means that k[S] has a homogeneous system of
parameters of the form ¢%,...,¢%. Since Cy is r-dimensional, we can conclude that
Cs has exactly r extreme rays passing through e;,...,e,. Thus, Cy has only r
(r — 1)-dimensional faces and each of them is spanned by r — 1 elements of the set
A:= {e,,...,e}. As a consequence, the minimal generic subsets of A4 are exactly
the subsets of two elements. From this it follows that

S;={x€G;x+e€S,x+e€Sforsomei+j}.

COROLLARY 4.4 [S5, THEOREM 5.1, 25, THEOREM 6.4]. Let S be a simplicial affine
semigroup. Let e, ..., e, be elements of S which span Cg. Then k[S] is Cohen-Macaulay
(resp. Gorenstein) if and only if

{xGG;x+e,.ES,x+ejeSf0rsomei¢j} =S
(resp. Gy ,y = x — S for some x € G).

PrOOF. By Lemma 4.2, one only needs to show that condition (ii) of Theorem 4.1
is satisfied. Let J be an arbitrary proper subset of [1, r]. Since the intersection of the
faces F,, i € J, contains some element of {e,,...,e,}, 7, is the simplicial complex
of all nonempty subsets of J, whence acyclic.

To check condition (ii) of Theorem 4.1 one can also use the artinian property of
local cohomology modules [8].

LEMMA 4.5. @ is acyclicif sup{x; x € G;,, i=1,...,n} = 0.
PrOOF. By Theorem 3.3, if f{q_z(w,; k) # 0 for some g, then [HJ(k[S]], # O
for all x € G,. Therefore, if sup{x; x € G,, i =1,...,n} = 00, one can conclude

that H}(k[S’]) is not artinian, a contradiction.
The following lemma will be used many times in our further investigation.

LEMMA 4.6. Let S be a standard affine semigroup and J a subset of [1, n] such that
there exists an element y € G; with y; < 0 for allj € J. Then sup{x;; x € G;} = o0
foralli & J.

PrROOF. By the definition of standard affine semigroups one can find an element
z € S such that z, > 0 for all i € [1, n]. For any positive integer p, choose a positive
integer ¢ such that gy, + pz; <0 for all j € J. Then gy + pz € S, for all j € J.
For i ¢ J, gy + pz € S, because y € S,. Therefore, gy + pz € G,. Since y, > 0,
sup{qy, + pz;; p > 0} = o0.
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Now, from Theorem 4.1 and Lemma 4.6 one can easily derive Hochster’s result on
the Cohen-Macaulayness of normal affine semigroup rings. Recall that an affine
semigroup S is called normal if S = S, where

S:= {x € G; px € § for some p > 0}.

COROLLARY 4.7 [11, THEOREM 1, 25, THEOREM 6.7]. Let S be a normal affine
semigroup. Then k[S] is Cohen-Macaulay. Moreover, k[S] is Gorenstein if and only if
Gi,my = x — S for somex € G.

PROOF. Since SC S’ C S=S, §'=S. It remains to show condition (i) of
Theorem 4.1. For this, we may assume that § is standard and set S, =S — §,,,
i=1,...,n (§1). By Lemmas 4.5 and 4.6, it is sufficient to show that S, = {x € G;
x; = 0} because this implies

G, c{x€G;x;<0forallieJ}
for all subsets J of [1, n]. Let x be an arbitrary element of G with x; > 0. Choose an
element y € S;) with y, > 0 for all j # i (this is possible because Siy * Sii)- Then
x; + py; > 0 for p sufficiently large. Thus, x + py € GN N" = § = §. It follows
that x € § — §;) = §;. Hence we get the above formula for §;.

Theorem 4.1 can be also used to study the problem when a blowing-up extension
E, of S (see definition in §1) yields a Cohen-Macaulay (resp. Gorenstein) ring
k[E,].

LEMMA 4.8. Let E, be a blowing-up extension of S. Then k[ E, ] is Cohen-Macaulay
(resp. Gorenstein) if and only if the following conditions are satisfied:
(i) 8" = S (resp. Gy,,yy = x — S for some x € G with A(x) = -2). )
(ii) For every nonempty proper subset J of [1,m], A(G;) € (-1} or Hy(m;; k) =0
forallg <r—2.
(i) AM(Gpp,m) NN = 2.

PrROOF. Set E = E,. By Lemma 1.1, E’ = E if and only if §" = S. So, for the
Cohen-Macaulay case, one need only prove that condition (ii) of Theorem 4.1
formulated for E is equivalent to the above conditions (ii) and (iii). First, we note
that the convex cone Cy is (r + 1)-dimensional and that C; has m + 2 r-dimen-
sional faces P,,...,P,., as described in the proof of Lemma 1.1. Let I be an
arbitrary nonempty proper subset of [1,m + 2]. Let ¢, denote the simplicial
complex of nonempty subsets I’ of I such that, ., E N P, # (0) and set

GI(E) = ﬂ Ej\ U E,.
jer ier

Put J = I N [1, m]. Then we have to distinguish three cases:

(1) I =J. Then {,; = m;, and

G,(E)={(x,p) € Z"*'; x € G, and A(x) > p > 0}

(this follows from the presentations of P,...,P,, E,,...,E, in the proof of
Lemma 1.1). Obviously, G,(E) = @ if and only if A(G,)N N = @.

2)I=JU{m+1}or I=JU{m+ 2}. Then y, is the join of «, with the
point {m + 1} or {m + 2}. Therefore, ¢, as the cone of 7; is acyclic [24].
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B)I=JU{m+1,m+ 2}. Then J is a proper subset of [1, m]. Since v, is the
join of &, with the complex {{m + 1}, {m + 2}}, I:Iq(x,b,; k)= fIq('rrj; k) for all q.
Moreover, since

G;(E) = {(x,p) € Z"*'; x € G, and A(x) < p < 0},

G,(E)= & if and only if A(G,) € {-1,0,1,...}. From all these facts, one can
conclude that condition (ii) of Theorem 4.1 formulated for E is equivalent to (ii) and
(iii), where (iii) comes from the condition G|, ,,;(E) = & because ¥ ; ,,; = [ ) 18
not acyclic (Corollary 3.6(i)). Concerning the Gorenstein case, one need only show
that Gy, 5)(E) = (x, p) — E forsome(x, p) € G(E)ifand only if Gy ,,; = x — S
for some x € G with A(x) = -2. Since

G[l,m+2](E) = {(y,Q) ezl ye Gp,m and AMy)<g< O},

the first condition is satisfied if and only if there exist x € G and p € Z such that

4 G[l,m] =x-35,

G)AMx—y)=p—qg=>0foranyy € G, ,;and g € Z with A(y) < ¢ <0,

6) AM(x —z)<p—s<O0forany z € S and s > 0 with A(z) > s.

Obviously, (5) (resp. (6)) can be written as A(x)>p —1 and p > -1 (resp.
A(x) < p < 0). Hence (5) and (6) are satisfied iff A(x) = -2 and p = -1. The proof
is now complete.

ExaMPLE 4.9. k[S] need not be a Cohen-Macaulay ring if k[E,] is Cohen-
Macaulay. Let S be the affine semigroup of Example 3.9. Let A be the linear
functional x — x, + 2x, from Q* to Q. We have seen that k[S] is a non-Cohen-
Macaulay ring with S’ = § and that, for an arbitrary nonempty proper subset J of
[1,4] with J # {1,2}, G, = & or I?q(vrj; k) =0 for all ¢. If J={1,2}, G, =
{(1,-1,0,0)} and A(G,) = {-1}. Since G, 4= {x € Q% x, <0orx, =1, x, <0,
i=2,3 4, and x; + x, =3x3+ x, = 3p for some p € Z}, MG ) "N = 2.
Therefore, by the above criterion, k[ E,] is Cohen-Macaulay. It should be noted that
if A is the linear functional x = x; + x,, k[ E,]is not Cohen-Macaulay.

We conclude §4 with some observation on the Buchsbaumness of affine semigroup
rings. Recall that a local ring 4 with maximal ideal g is called a Buchsbaum ring if
for every system of parameters a,,...,a, of 4,

(ay,...,a;): a=(ay,...,a;): a®

fori=0,...,d — 1[27, 28]. Of course, Buchsbaum rings are natural generalizations
of local Cohen-Macaulay rings.

Goto [3] claimed that k[S],, is a Buchsbaum ring if and only if " + (S\ (0)) C §
(the proof uses [6, Theorem 3.3.3]). This result is also false by the following example.

ExAMPLE 4.10. Let S be the affine semigroup in N? generated by the elements
(3,0,0), (2,1,0), (0,3,0), (0,3,1), (3,0,1), (4,2,1), (5,1,2), (3,1,2). Then it is not
hard to see that S’ is the affine semigroup E, of Example 1.2 and that S" + (S \ (0))
C S. But k[S],, is not a Buchsbaum ring because ¢}, 73, form a part of a system of
parameters of k[S],, with

idtm? € (7.680), 16 - G e (6.61).
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It is interesting to note that from the formula for local cohomology modules of k[S’]
(given in Example 3.9 for another but isomorphic affine semigroup) one can even
conclude that k[S’],, is a Buchsbaum ring [28, Corollary 1.1].

LemMMA 4.11. 8" + (S\ (0)) € S if k[S],, is a Buchsbaum ring. The converse holds
if k[S'] is Cohen-Macaulay.

PRrOOF. If k[S],, is a Buchsbaum ring, k[S], is Cohen-Macaulay for all graded
prime ideals p # m of k[S][2, (3.5)]. Thus, by Corollary 2.3, dim k[S"\ S]= 0. By
Corollary 3.4, this implies Hé(k[S]) = k[S'\ S] (8" = §’). Therefore, by [28],
k[S’\ S]is annihilated by m, i.e. S’ + (S\ (0)) € S. Conversely, if S"+ (S\ (0))
S and if k[S’] is Cohen-Macaulay, then mk[S’\ S]= 0 and H}(k[S’]) = 0 for all
q. Therefore, from the exact sequence

0- k[S]— k[S']— Kk[S'\S]—-0
one can derive that

_ 0 ifg#1,r,
H'z(k[s])'{k[s'\s] if g =1.

Hence by [22, Corollary 1.1}, k[S],, is a Buchsbaum ring.

REMARK. If S is a simplicial affine semigroup, k[S’] is always Cohen-Macaulay
because (S’)’ = S’. In this case, from Lemma 4.11 one can derive a simple criterion
for k[S],, to be Buchsbaum which is similar to Corollary 4.4 [29, Lemma 3]. It
remains an open question whether there exists a general criterion for k[S],, being
Buchsbaum in terms of S.

5. Dependence upon the characteristic of k. The investigation of §3 leads us to
suspect that the vanishing of local cohomology modules of k[S] may depend upon
the characteristic of k. We can actually confirm this by the following result.

THEOREM 5.1. For every finite simplicial complex A with r vertices, there exists an

affine semigroup S with rank ,G = r such that Hl(k[S]) = H,_,(4; k) for g =
0,...,r— 1.

The proof of Theorem 5.1 is based on the following observations.

LEMMA 5.2. Let L be a subgroup of Z" such that for every i = 1, ..., n, there exists
an element x € L with x;=0, x;>0 for all j #i. Let sy,...,s, be arbitrary
nonnegative integers. Put

S={xeLnNN"x;=0o0rx;>s,i=1,...,n}.
Then S is a standard affine semigroup with G = L, S’ = S.

Prook. First, we have to check the conditions of standard affine semigroups given
in §1. Choose an element x € S such that x,>0foralli=1,...,n. If e,..., e
generate L, so do x, e; + px,...,e, + px for every integer p. Since e, + px,..., e,
+ px € S for p sufficiently large, G = G(S) = L. From this it follows that § = G
N N". By the assumption on L, we also have S, # S, for i # j. Moreover, using
the same argument as above, we can show that G(S)) = G(L N H,), where H;
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denotes the hyperplane x;, = 0, i = 1,..., n. Let W denote the linear space spanned
by L in Q". Since L N H, spans the space W N H,and W ¢ H,,
rank , G (S;)) = dim,W N H; = dim,W — 1 =r — 1.
Therefore, we can conclude that S is a standard affine semigroup. Now we can set
S; =S — S, and get
={x€L;x;,=00rx;>s},

i =1,...,n. From this we see that S’ = N"_, S, = S.

LemMA 5.2 will be used to give a large class of affine semigroup S with S = §
such that A = =, for some J C [1, n].

Let A, ,; be the simplicial complex of all nonempty subsets of [1, ]. Consider A

as a subcomplex of A, ,;. Suppose that A;; ,;\ A has s minimal simplexes. Then we
will denote these simplexesby I, ,..., I, n=r +s.

LEMMA 5.3. Suppose that A + A, . Let

(*) Za,.ij=a,.X,, i=r+1,...,n,

j=1
be a system of linear equations with integral coefficients such that a;> 0, I, = {j €
(1,7} a,;>0}, and, if a;; >0, a;;+ ¥,,;a,,>0. Let L be a subgroup of the
additive group of integral solutions of (%) with rank , L = r. Let s,, ..., s, be arbitrary
integers. Put

S={xeLnN"%x,=00rx;>s;,i=1,...,n}.
Then S is a standard affine semigroup with G = L, S" = S, and m; ,, = A.

PROOF. Let I be an arbitrary subset of [1,r]. If 7€ A, I 21, for all i =r +
1,...,n. Hence ¥, ;a;; > 0 by the assumption. Set a = a,,, --- a,. Consider the
solution y of () with

0 ifiel,
y,=(4a ifie[l,r]\1,
(a/a)L;g a,; ifi€[r+1,n],

where [r + 1, n] denotes the set of integers r + 1,..., n. Since rank , L = r is the
rank of the group of integral solutions of () over Z, all sufficiently large multiples
of y must belong to L and, therefore, to S. From this it follows that N, ¢ ; S, # (0).
If '€ A, 121, forsomei € [r+ 1,n] In this case, if x € S, for all j € I, from
the equation

we can conclude that x; = 0 for all j € [1,r], j = i and, therefore, for all j € [1, n]
by using the other equations of (*). So we have proved that

A= {1 c sl N Sy # (o)}.

el
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It remains to show that S is a standard affine semigroup with L = G, S’ = S. For
this we need only show that L satisfies the condition of Lemma 5.2. First, for every
i €[1, r], one can consider i/ as a simplex of A. Hence, as shown above, L has an
element x with x, = 0, x, > Oforall j # i. Fori € [r + 1, n], put
b=—Zaij, C=Zaij.
i€l jel,

Then b and ¢ are positive integers with b < ¢. Consider the integral solution z of (*)
with

ab ifrel,

z,={ac ifre[1,r]\1,
(a/a,)(Z;cra,b+X,ea,c) ifte[r+1,n]

Obviously, z; = 0.Fort # i, t € [r + 1,n],

z, 2 f_b_(am + Z atj) > 0’
4 jel,
where u is some element of I,\ I,. Therefore, we can also conclude that L has an
element x with x;, = 0, x; > O forall j + i.
PrOOF OF THEOREM 5.1. If A is acyclic, one only need to set S = N’. Assume that

A is not acylic. Then A # A, ,;. Consider the following linear equations

Z "Xj“ Z )(j=(rni_r+ni))(i’

JEIL JEL rNJ;
i=r+1,...,n, where n, = #I,. Let L be the group of integral solutions x of the
system of the above equations with x; = x; modulo 2 for all i, j=1,...,n.
Obviously, rank , L = r. Put

S={xeLnNN" x;+1foralli e [1,r]}.

By Lemma 5.3, S is a standard affine semigroup withG = L, §" = §, and 7, ,; = A.
Therefore, by Corollary 3.7, one has to show that G, contains only one element
and that for every nonempty proper subset J # [1,7] of [1,n], G, = @ or =, is
acyclic. Note that

5 - {xeL;x,>
i {xeL;x,>

1

Oand x; # 1} ifie(1,r],
0} ifie[r+1,n].
Then one can easily check that (1,...,1) € G, ,;. Therefore, it is sufficient to prove
the following claim.

CLAIM. Let J be an arbitrary nonempty proper subset of [1, n]. Suppose that G,
contains an element x # (1,...,1). Then #; is acyclic.

Assume the contrary. Then, for all i € [1,n], sup{y; y € G;} < o0 by Lemma
4.5. By Lemma 4.6, x; > 0 for some j € J. Note that

G, = n Si\ U S;.-

i€J ieJ
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Then, by the above formula for S,, this is only possible if j €[1,r] and x; = 1.
Therefore, for all i € [1, n], x; # 0 because x; = 1 modulo 2. Let p be an arbitrary
positive integer. Then (p+ Dx,—p =0 iff x;,>0 and (p + )x,—p =1 iff
x;=1, i=1,...,n. Therefore (p + 1)x — p(1,...,1) € §; if and only if x € S,.
So, like x € G;, (p + )x — p(1,...,1) € G,. Hence, by the above assumption,
(p + 1)x;, — p cannot be arbitrarily large. Hence either x;,=1 or x; < 0. As a
consequence, x & S; for all i € [1, r], which implies J 2 [1, r]. Put

I'={ie[l,r]; x;,=1}, a:=2]](rn;—r+n,).
i=1

Consider the element y € L with
0 ifiel,
y, = { ax; ifie[1,r]\1,
ax,—a(rb—c)/(rm,—r+n,) ifie[r+1,n],

where b:= #(I NI) and c:= #(I\ I;). We shall see that for all i € [1,n],
x + py € S;if and only if x € S,. For i € [1, r], thatis immediate. For i € [r + 1, n],
we have to show that x, + py, > Oif and only if x; > 0. If x; <0,

alrb+(r—n,—c)+2n,+ r(n; - 2)] <0

yi=a(x+1) - rn;—r+ n,
1 1

because r > n; + ¢ and n, > 2 (A is not acyclic). Hence x, + py, < 0. If x; > 0,
then x; = 1. In this case, if

a[r(n,—1-=b)+c+n,]
i = <0
rm;,—r+n,;
we must have b = n,, ie. x; =1 for all j € I,. Now, from the equation associated
with I, we get

Z X;=r—n,.

JEILrN;

Since x; <1 and #([1,7]\[;) = r — n,, this implies x; =1 for all j €[1,r]\ ]
and therefore for all j €[r+ 1,n] by using the other equations. Hence x =
1,...,1), a contradiction. Thus, we must have y, > 0 and, therefore, x; + py, > 0.
So we have proved that x + py € S, if and only if x € S, for all i € [1, n]. Thus
x + py € G,. Hence x; + py;, cannot be arbitrarily large. Hence y, < 0. For i €
[r + 1, n], this implies x; < 0 by the above analysis. From this it follows that x & S,
for i € [r + 1,n]. Hence J 2 [r + 1, n]. Summing up, we get J = [1,n], a con-
tradiction. So we have proved the claim and, therefore, Theorem 5.1.

Now we will illustrate Theorem 5.1 by giving an affine semigroup ring k[.S] whose
Cohen-Macaulayness depends upon the characteristic of k.

ExaMPLE 5.4. Let A be the simplicial complex associated with the minimal
triangulation of the projective plane:
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Then A can be considered as a subcomplex of the simplicial complex A ¢ of
nonempty subsets of [1,6]. Obviously, A;;\A has the following 10 minimal
simplexes: {1,2,3}, {1,2,4}, {1,3,5}, {1,4,6}, {1,5,6}, {2,3,6}, {2,4,5}, {2,5,6},
{3,4,5}, {3,4,6}. Consider the system of linear equations

6(X, + X, + X;) =X, + Xs + X, + 15X,

6(X; + X, + X,) = Xy + Xs + Xg + 15X,

6(X, + X3+ Xs) =X, + X, + Xg + 15X,

6(X, + X, + Xg) = X, + X; + X5 + 15X,

6(X; + X, + Xg) =X, + X, + X5 + 15X.

Let S be the affine semigroup of solutions x € N'® of this system of linear
equations with x; = x; modulo 2 for all i, j € [1,16] and x; # 1 for all i € [1,6].
Then, by the proof of Theorem 5.1, dim k[S] = 6 and H](k[S]) = I?q_z(A; k) for
qg=0,...,5. Since

- 0 ifg#3,

A8 2) {5 ¢i13
one can conclude that k[.S] is a Cohen-Macaulay ring if and only if char(k) # 2, cf.
[20] for a similar result.

Another consequence of Theorem 5.1 is the following result concerning the

existence of a unique minimal Macaulayfication of an affine semigroup ring.

COROLLARY 5.5. There exist non-Cohen-Macaulay affine semigroup rings k[S]
which are the intersections of all Cohen-Macaulay rings k[ E] with E 2 S.

PROOF. Let S be as in the proof of Theorem 5.1. Then S is the intersection of the
affine semigroups {x € LN N" x;# 1}, i =1,...,n. We claim that their semi-
group rings are Cohen-Macaulay. Of course, it suffices to consider the case

E={xeLNN" x, #1}.

First, it is easily seen that E is a standard affine semigroup with E’ = E and
E = {x€G;x;>0and x; # 1},
E={x€G;x;>20}, ie€[2,n].

For every nonempty proper subset J of [1, ], set

G,;(E):= NE\NUE,.

ieJ iE€J
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Then, by Theorem 4.1 and Lemma 4.5, one only needs to show that sup{x,;
x € G,(E)} = oo for some i € [1,n] if G;(E) # &. Assume the contrary. Let x be
an arbitrary element of G,(E). By Lemma 4.6, one has x; = 1. From this it follows
that 1 € J. Hence x; # 0 for all i € [1, n] because x; = 1 modulo 2. Now, consider
the element y € L with

0 ifi=1,
ax; ifie(2,r],

Y= Nax,—ar/(m;—r+n,) ifl1el,ic[r+1,n],
ax;+a/(m;,—r+n;) iflel,ie[r+1,n].

It is not hard to check that for every positive integer p and i € [1,n], x + py € E, if
and only if x € E,. This means that x + my € G,(E). Hence x; + my, cannot be
arbitrarily large. Hence y; < 0. Thus, x; < 0 or, equivalently, x & E, forall i € [2, n].
So one would obtain J = [1, n], a contradiction.
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