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ON THE CAUCHY PROBLEM ASSOCIATED WITH 
THE MOTION OF A BINGHAM FLUID IN THE PLANE 

JONG URN KIM 

ABSTRACT. This paper discusses an initial value problem for the variational 
inequality which describes the motion of a Bingham fluid in the plane. The 
existence of strong solution is established. 

o. Introduction. The purpose of this paper is to establish the existence and 
uniqueness of strong solutions to the Cauchy problem associated with the motion 
of a Bingham fluid in R2: 

(0-1) (~~,w - u) + ((u· V)u,w - u) + Jla(u,w - u) 

(0-2) 
(0-3) 

+11 f D(w)dx-II f D(u)dx~(F,w-u), JR 2 JR 2 

V· u = 0, 
u(x,O) = uo(x), 

where x = (Xl, X2) is the space variable, t is the time variable, u(x, t) denotes the 
velocity vector and F(x, t) is the known external force; the bracket ( , ) denotes 
the inner product in L2(R2)2; Jl > 0 is the viscosity coefficient and II > 0 is the 
yield limit; 

1 (8Ui 8Uj ) Cij(U) ="2 8xj + 8Xi ' 

D(u) = 2.t Cij(u)2 ( )
1/2 

t,J=l 

for a more detailed description of notation, see the following section. Here, (0-2) is 
the condition of incompressibility and (0-1) is supposed to hold for almost all t of 
a certain time interval for every w(x) of a properly chosen function class, which we 
shall specify later on according to the definition of strong solution. Our definition 
of strong solution is motivated by the requirement that each term of (0-1) makes 
sense as an ordinary function and that the uniqueness of solution is easily proved; 
the precise definition is presented in the subsequent section. 
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A Bingham fluid is a rigid visco-plastic fluid which is described by special con-
stituent laws such that it behaves like a rigid medium if a certain function of the 
stresses does not reach the yield limit, and its motion is close to that of a Newtonian 
fluid beyond this threshold. In fact, if v = 0, (0-1) reduces to the Navier-Stokes 
equations. For v > 0, the flow contains rigid zones and the model is better described 
by the variational inequality which resolves the difficulty of interfaces separating 
two different zones; for the derivation of (0-1), see Duvaut and Lions [IJ. 

The initial boundary value problem associated with (0-1) to (0-3) was discussed 
by Duvaut and Lions [1], where weak solutions were obtained and the regularity 
of weak solutions was studied in the case of space dimension two. But it is not 
known whether there exists so regular a solution as to allow the second derivatives 
of u(x, t) with respect to x to be square integrable over the space domain at least 
for almost all t on a certain time interval even if the initial data and the forcing 
term are sufficiently smooth. Our main result Theorem 2.2 asserts that there ex-
ists such a solution which is also unique in a certain function class if the space 
domain is the whole space R 2 . When the space domain has a boundary, the major 
difficulty in obtaining the regularity of solutions of (0-1) to (0-3) lies in the fact 
that the projection operator associated with the Helmholtz decomposition does not 
commute with the Laplacian, and the standard technique of deriving energy es-
timates cannot be applied. On the other hand, if the space domain is the whole 
space, then the projection operator commutes with the Laplacian in the suitable 
function spaces. We are, however, faced with different trouble: we do not have 
a complete set of eigenfunctions associated with the Stokes operator while we can 
choose a complete orthonormal basis for L2(R2)2. Hence, if we employ the Galerkin 
approximation scheme using a certain orthonormal basis, we cannot obtain enough 
a priori estimates for each approximating system of equations since ~u does not 
belong to the same finite dimensional subspace where u is chosen. Therefore, the 
major task for our result is to overcome these difficulties. The recipe is to partition 
the whole space by a countable set of identical blocks and to consider the periodic 
boundary condition. Then the existence of a complete set of eigenfunctions asso-
ciated with the Stokes operator is ensured and, at the same time, the projection 
operator commutes with the Laplacian. For each period, we establish the existence 
of a strong solution to a regularized and space-periodic problem by the Galerkin 
method. By making use of the convexity of the regularized functional, we obtain 
sufficient a priori estimates independent of the period, i.e., the size of each block. 
We then pass a sequence of space-periodic solutions to a limit by expanding the 
block centered at the origin to the whole space. The limit function is shown to be 
a strong solution of the regularized problem in the whole space. Finally, we pass 
the regularizing parameter to the limit to arrive at a strong solution of the original 
problem, the uniqueness of which is also proved. 

It is interesting to compare the regularity of our strong solution and that of the 
solution to the Navier-Stokes equations with the same initial condition. Since it is 
known that we can raise indefinitely the regularity of solutions to the N avier-Stokes 
equations by assuming more regularity on the initial data, we are naturally led to 
wonder if the same is true of (0-1) to (0-3). The example in §4 shows that this is 
not true at least in terms of the regularity in time near t = O. We also discuss the 
behavior of solutions as v tends to zero. Using the same method as in Duvaut and 
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Lions [1], it is shown that the strong solution of the above problem converges to the 
solution of the Navier-Stokes equations as v tends to zero. But the convergence is 
weaker than that in [IJ. This is due to the fact that the L1-norm is not dominated 
by the L2-norm in an unbounded domain. 

Finally we comment on the possibility of extending the present method to the 
case of R3. 

1. Preliminaries. 
1.1. Notations. zn is the set of all n-tuples of integers and en is the set of 

all n-tuples of complex numbers. EL = {(Xl, X2): - L/2 ::; Xi ::; L/2, i = 1,2} 
and Gk(EL) denotes the set of all real-valued, L-periodic, k times continuously 
differentiable functions in R2. LP(EL), 1 ::; p ::; 00, stands for the set of all real-
valued, L-periodic functions which are locally LP in R2. When B is a Banach 
space, G([O, TJj B) is the space of all B-valued continuous functions on [0, TJ, and 
LP(O, Tj B) is the space of all B-valued, strongly measurable, LP functions on [0, TJ. 
For a = (al, ... , an), 13 = (131, ... , f3n) E en, we use the notation a·f3 = L~=1 aif3i 
and lal = (L~=1IaiI2)1/2. For a real-valued function g(x) in R2, we write 

and 

Vg _ (ag ag ) 
- aX1' aX2 

( 2 2) 1/2 
IVgl = t; (::J 

For I = (ft, h) an R2-valued function in R2, we let 

1 (ali ali) 
Cij(f) ="2 aXj + aXi ' i,j = 1,2, 

( )
1/2 

D(f) ~ 2,t, <;;(f)2 , 

( )
1/2 

IV/I = t (a l i.)2 , 
.. 1 ax] 
t,]= 

II/IILP(G) = III/IIILP(G) 

and 
IIV IIILP(G) = II IV IIIILP(G), 

where G is a measurable subset of R2. When 0 is an open subset of Rn, D'(O) 
denotes the space of distributions in 0 and Wm,P(O), m=nonnegative integer, con-
sists of all real-valued LP(O) functions which possess generalized derivatives up to 
order m in LP(O). w-m,q(O), m=nonnegative integer, 1 < q ::; 00, is defined to be 
the dual ofWo'P(O), 1/p+1/q = 1, which is the completion of Ger(O) in wm,p(o). 
Following the conventional notation, we write 

)/::(R2) = {f E wm,2(R2)2: V . I = ° in R2} 
with the obvious norm. We introduce 
(1-1) S = {4> E G8"(R2)2: V· 4> = ° in R2}j 

(1-2) Tv = {I E W 1,2(R2)2: ali E LP(R2), i,j = 1,2, V· I = ° in R2} aXj 
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with the norm 

IIfll1"p = IIfllp(Rl) + II Vfllp(R2) + IIVfIILP(R2); 
(1-3) gp = {f E W1,2(R2)2: Cij(f) E LP(R2), i,j = 1,2, V· f = 0 in R2} 

with the norm 
2 

IIfllgp = IIfIlLl(R2) + IIVfllp(R2) + L II Cij(f)IILP(R2). 
i,j=l 

It is apparent that 1p and gp are Banach spaces for 1 :$ p :$ 00. For m=nonnegative 
integer, we use the notation 

(1-4) Hm(Ed = {u: U = L cke21rik.x/L,Ck E C 2,Ck = C-k, 
kEZl 

L Ikl2m lckl2 < oo} 
kEZ 2 

with the norm 

(1-5) lIullHM(Ed = C~<mL, 1 (a!J' (a!,f _I' dX) ./, 

Jm(EL) = {U E Hm(EL): kL udx = o} 
with the Hm(EL) norm; 

(1-6) H::'(EL) = {u E Hm(EL): V· u = 0 in R2} 

with the Hm(Ed norm; 

(1-7) J;:(EL) = {u E Jm(EL): V . U = 0 in R2} 

with the Hm(EL) norm; 
00 

(1-8) J:;O(EL) = n J;:(EL). 
m=l 

1.2. Some basic facts. 

LEMMA 1.1. Let m be a nonnegative integer. Then J;:(EL) is characterized 
by 

(1-9) J;:(EL) = {U = L cke21rik.x/L E Jm(EL): k· Ck = 0 for each k} . 
kEZl 

This lemma is well known and the proof is omitted. 
It is clear that J~(EL) is a closed subspace of JO(EL). Let P be the projection 

from JO(EL) onto J~(EL). We can easily infer from Lemma 1.1 that the following 
lemma holds. 
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Pu = L (Ck - k(Ck . k)/lkI2)e27rik.x/L 
kEZ2 

375 

and the orthogonal complement 01 J2(EL) in JO(EL) is the set {v = Vq: q E 
L2(EL), Vq E JO(EL)}. 

From the above lemmas, it is easily seen that for each u E J;(EL)' P!::J.u = !::J.u 
holds, Le., the Stokes operator coincides with the Laplacian. We regard!::J. as an op-
erator in J2(EL) with the domain J;(EL). Then!::J. -1 exists and is continuous from 
J2(EL) onto J;(EL); furthermore, it is a selfadjoint compact mapping in J2(EL). 
Consequently, there is a sequence of eigenfunctions which form an orthonormal 
basis of J2(EL): 

(1-10) 
(1-11) o < >'1 ::; >'2 ::;, ... '>"i --+ 00, as J --+ 00. 

More precisely, {<Pi }~1 consists of 

(1-12) v'2( kO!.k) I kO!.kl- 1 ( X) T eO!. - Ikl2 eO!. - Ikl2 cos 21rk· L 

(1-13) v'2 ( kO!.k) I kO!.k 1-1 
. ( X) T eO!. - Ikl2 eO!. - Ikl2 sm 21rk· L ; 

and {>"i}~l consists of 41r2IkI2/L2, where k = (kt,k2) E Z2, k"# 0, a = 1,2, and 
e1, e2 represents the canonical basis of R2; see Temam [8] and Foias, Guillope and 
Temam [2]. 

LEMMA 1.3. J::'(EL)' m =nonnegative integer, can be characterized by 

(1-14) J;'(Ed ~ {u, u ~ t,dj'Pj,dj E Rand t,,qAj < oo}. 
This is also well known and the proof is omitted. 
The following estimates for functions of J1(Ed will be used in the subsequent 

section. 

LEMMA 1.4. 

(1-15) 

(1-16) 

For any 1 E J1(EL), it holds that 1 E L3(EL)2 n L4(EL)2 and 

1I/IIL3(ELl ::; CIIfIl~~ELlIIV fll~~EL)' 
1I/IIL4(EL) ::; CII/II~~EL) IIV 11I~~ELl; 

and if 1 E J 2(EL), 

(1-17) li B B~ .11 ::; CII!::J./II£2(EL)' 
X t xJ L2(EL) 

i,j = 1,2, 

where C is a positive constant independent 01 L. 
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PROOF. Let f(x) E COO(EL)2 such that IEL f(x) dx = O. Define g(y) = f(Ly). 
Then g(y) E COO(E1(y))2, and 

(1-18) 

(1-19) 
(1-20) 

(1-21) 

= t f1/2 f1/2 ({)gi(Yl. Y2)) 2 dY1 dY2 
i,j=1 J -1/2 J -1/2 {)Yj 

= IIVyg(y)lli2(El)' 

By the Nirenberg-Garliardo inequality (see Theorem 10.1 of Friedman [3]), we have 

(1-22) IIg(y)IIL4(Ed :$; CIIg(Y)IIU~'2(n)IIg(Y)II~~n) 

:$; CIIVyg(Y)II~~Ed IIg(y)II£2(Ed 

where 11 is an open disc such that E1 c 11 C E2, and C denotes positive constants 
independent of g and L. We have used the fact that g is I-periodic and IEl g(y) dy = 
O. Similarly, we obtain 

(1-23) 

where C is a positive constant independent of g and L. Combining (1-18) through 
(1-23) we derive 

(1-24) IIf(x)IIL4(Ed :$; CIIVxf(x)II~~Edllf(x)II~~EL)' 

(1-25) IIf(x)IIL3(EL) :$; CIIV xf(x)II~~EL)IIf(x)II~~Ed' 
where C is a positive constant independent of f and L. Using the standard tech-
nique of approximation, we arrive at (1-15) and (1-16) for any f E J1(EL). (1-17) 
follows from the series expansion of f. 

Next we derive some useful properties of functions defined in R2. 

LEMMA 1.5. Let 1 < p < 00. Suppose v E W1,2(R2)2, Cij(V) E LP(R2), for 
i,j = 1,2. Then {)vi/{)Xj E U(R2) and it holds that 

(1-26) II~Vi.11 :$; C t II Ckl(V)IIL"(R2) , for i,j = 1,2 
xJ L"(R2) k,I=1 

where C is a positive constant depending only on p. 
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LEMMA 1.6. Let 1 < p < 00. Ilw E L2(R2) and aW/aXi = '£~=l(alij/axj), 
i = 1,2, where Ii)' E p(R2), i,J' = 1,2, then w E P(R2) and 

2 
(1-27) Il w IILP(R2) ~ C L Illijlb(R2), 

i,j=l 
where C is a positive constant depending only on p. 

PROOF. Recalling that the Riesz transform is a bounded linear operator from 
LP(R2) into itself for 1 < p < 00, we can find a function w* in LP(R2) such that 

(1-28) 

(1-29) 
2 

Ilw*IILP(R2) ~ C L IllijIILP(R2), 
i,j=l 

where C is a positive constant depending only on p. Now let us set g = w - w*. 
Then g E L2 + LP and 6.g = 0 holds. Hence, g is a harmonic function, and it holds 
that 

(1-30) 112 g1/l dX l ~ C{1I1/I11£2(R2) + 111/I1ILQ(R2)}, 

for any 1/1 E L2(R2) n LQ(R2), l/p + l/q = 1, where C is a positive constant 
independent of 1/1. Define 

(1-31) 1/1 (x) = {1 for Ix - 0:1 ~ 1, 
Q 0 for Ix - 0:\ > 1. 

Then by the mean value theorem, 

(1-32) r g1/lQ dx = 11'g(0:), JR 2 

and consequently, (1-30) implies that g(o:) is uniformly bounded for all 0: E R2. 
Thus, g(x) == constant for all x E R2. In the meantime, there is a sequence of 
nonnegative functions {~m(X)};:;'=l such that lI~mll£2(R2) + lI~mlb(R2) ~ M < 00 

for all m and lI~mll£1(R2) tends to infinity as m --t 00. From (1-30), we conclude 
that g == O. 

PROOF OF LEMMA 1.5. Borrowing an idea from Duvaut and Lions [1], we make 
use of the identity 

a2Ui a a a 
(1-33) a a = ~cik(U) + ~Cij(U) - !lCjk(U) Xj Xk uXj UXk UXi 

and Lemma 1.6 to prove the assertion. 
LEMMA 1.7. 1p = gp, lor 1 < p < 00. 

PROOF. Obvious from Lemma 1.5. 
We next define 

(1-34) iv = {I E Wl,2(R2)2: ~~: E LP(R2), i,J' = 1,2} for 1 ~ p < 00, 

equipped with the same norm as 1p. Then, we have the following lemma. 



378 JONG UHN KIM 

LEMMA 1.8. C8"(R2)2 is dense in .t", 1 ~ p < 00. 

PROOF. Let f E .t" and define 

(1-35) Wr(x) = 2 -Ixl/r for r ~ Ixl ~ 2r, { 
1 for Ixl ~ r, 

o for 2r ~ Ixl. 
Put fr(x) = f(x)Wr(x). Then, IVf - Vfrl = 0 for Ixl < r, and 

(1-36) 1 IV frl P dx ~ Cp {1 IV flP dx + 1 IIIP ~ dX} 
r~lxl r~lxl~2r r~lxl~2r r 

~cp{1 IVflPdx+ ~ (1 IfI2PdX)1/2} , 
r~lxl~2r r r~lxl 

where Cp isa positive constant depending only on 1 ~ p < 00. We notice that 
If I E LQ(R2), for any 2 ~ q < 00, since f E Wl,2(R2)2. Now it is evident from 
(1-36) that 

(1-37) f If-frI 2dx+ f IVf-VfrI2dx+ f IVf-VfrIPdx--->O asr--->oo. 
JR~ JR~ JR~ 

In the meantime, using the Friedrichs mollifier, we can approximate each fr(x) by 
a sequence of functions in C8"(R2)2 with respect to the .t" norm, which proves the 
assertion of the lemma. 

LEMMA 1.9. S is dense in .1;, for 1 < p < 00. 

PROOF. By Lemma 1.8, each element of ~. (the dual of .t,,) can be identified as 
an element of D'(R2)2. In the meantime, each element of 1; (the dual of .1;,) can 
be represented by an element of ~. by the Hahn-Banach theorem. Assume that 
S is not dense in .1;,. Then, there is A E j; which annihilates S, but Af #- 0 for 
some f E .1;,. Since A is a distribution annihilating S, we can find a distribution ~ 
such that A = V~ by simple application of Theorem VI in Schwartz [6]. Using the 
same argument that is used to derive a repesentation formula for w-m,p(R2 ), we 
see that A = (AI, A2 ) can be expressed as 

2 2 
A a~ (; " aTJij " a Pij i = - = .. i + L--- + L- --, aXi . ax)· . ax)· 

)=1 )=1 

(1-38) i = 1,2, 

for some ei, TJij E L2(R2) and Pij E LQ(R2), 1/q + lip = 1, i,j = 1,2. Now, 
with the aid of the Riesz transform, we can find o:(x) E L2(R2), ,8(x) E LQ(R2), 
'"Yi(X) E L2(R2), i = 1,2, such that 

(1-39) 

(1-40) 

(1-41) 
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From the relation between the Fourier transforms of Ii'S and ~]. 's, it is clear that 
[hdax] = all/aXi holds, i,j = 1,2, which implies the existence of a distribution 
() such that 

(1-42) i = 1,2, 

on account of Theorem VI in Schwartz [6]. Next we observe that (1-38) yields 

2 a e 2 a2 2 a2 
~<I> = "_"'i +" TJij +" Pij 

~ ax' ~ ax ax . ~ ax·ax· i=l t i,j=l t ] i,j=l t ] 

(1-43) 

and thus, in conjunction with (1-39) to (1-42), 

(1-44) ~ a<I> = ~ a() + ~ aa + ~ a/3 , 
aXk aXk aXk aXk 

k = 1,2. 

We write 

( 1-45) 9 = V'<I> - V'() - V'a - V'/3. 

Then, by (1-44), 9 is an R2-valued harmonic function, which also belongs to 
L2(R2)2 + W- l ,2(R2)2 + W- l ,Q(R2)2. 

Let us introduce 

(1-46) {
I, 

'lj;o:(x) = 2 -Ix - ai, 
0, 

for Ix - al :S 1, 
for 1 :S Ix - al :S 2, 
for 2 :S Ix - al· 

Then, 'lj;o:(x) E L2(R2) n W l ,2(R2) n W l ,P(R2), for each a E R2, and, by the mean 
value theorem, 

(1-47) 

Since 9 E L2(R2)2 + W- l ,2(R2)2 + W- l ,Q(R2)2, it holds that 

(1-48) Il2 g'lj;o:dxl :S M{II'lj;o:ll£2(R2) + II'lj;o:llw 1,2(R2) + II'lj;o:llw 1 ,p(R2)} 

for a positive constant M independent of a. Consequently, g(a) is uniformly 
bounded for all a E R2, which implies g( x) = (C 1, C2) for all x E R2, for some con-
stant vector (Cl , C2) E R2. Now we choose h(x) E COO(R2) such that fR2 hdx > 0, 
and define hn(x) = h(Xl +n,x2 +n). Then, for each n, we see from (1-45) that 

( 1-49) 

Since ~i, T/ij, a, a()jaxi E L2(R2) and Pij, /3 E LQ(R2), i,j = 1,2, the right side 
of (1-49) tends to zero as n ~ 00, while the left side does not change as n ~ 00. 

Hence, we conclude Ci = 0, i = 1,2, and 

(1-50) V'<I> = V'a + V'(3 + V'(), 
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from which it follows that for every / = (It, h) E lp, 

(1-51) 2 1 a r 2 1 a r 2 1 ao -A/= L 0:_' dx+ L {3-' dx- L -Jidx 
i=1 R2 aXi i=1 R2 aXi i=1 R2 aXi 

holds. Since / E W 1,2(R2)2 and V· / = 0 in the sense of distribution in R2, it is 
evident that V . / = 0 for almost all x E R2 and thus, the first two terms on the 
right side of (1-51) are zero. At the same time, there is a sequence {Hn(X)}~=1 in 
S such that Hn converges to / in the L2(R2)2 norm. Therefore, 

2 

(1-52) 
L { aao /i dx = lim { VO· Hn dx = lim (VO, Hn) 
i=1 J R2 Xi n-+oo J R2 n-+oo 

= - lim (0, V . Hn) = 0, 
n-+oo 

where ( , ) stands for the duality pairing between C8" (R2) 2 and D' (R2) 2 . Therefore, 
A/ = 0, which contradicts the assumption that S is not dense in 1". 

In conjunction with the above lemma, we state 

LEMMA 1.10. 91 is separable. 

PROOF. Consider a bounded linear operator r from 91 into W 1,2(R2)2 x 
L1(R2)3: 

(1-53) 

Then, r(9t} is a closed subspace of W 1,2(R2)2 x L1(R2)3 and r is a topological 
isomorphism from 91 onto r(9t}. Since W1,2(R2)2 x L1(R2)3 is separable, 91 as 
well as r(9t} is separable. 

2. Existence and uniqueness of strong solution. 
DEFINITION 2.1. u(x, t) is called a strong solution on [0, T] of (0-1) to (0-3) 

if u E L2(0, Tj )(~(R2)) n L2(0, Tj 9t}, au/at E L2(0, Tj )/g(R2)), u(x,O) = uo(x), 
and for each w E 91, 

(2-1) 
( ~; , w - u) + (( u . V)u, w - u) + J.La( u, w - u) 

+v { D(w)dx-v ( D(u)dx?(F,w-u) JR 2 JR 2 

holds for almost all t E [0, T], where ( , ) denotes the inner product in L2(R2)2. 
Let 91,0 be the completion of S with respect to the 91 norm. Our main result 

is 

THEOREM 2.2. Let uo(x) E 91,0 and F(x,t) E L2(0,TjL2(R2)2). Then, 
there is a unique strong solution u(x, t) 0/ (0-1) to (0-3) and furthermore, u(x, t) E 
Loo(O, T; 9t}. 
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We shall sketch the procedure to prove the above theorem. It is convenient to 
introduce the following notations: 

(2-2) iL,'1(V) = ~ { D(V)1+'1 dx, 
+ 77 J EL 

(2-3) )~(v) = -1 1 (D(v)l+'1 dx, + 77 JR 2 

(2-4) i(v) = ( D(v) dx. JR2 

Step I. Regularize (2-1) by substituting iL,'1(') for i(')' We employ the Galerkin 
method, and use the convexity and differentiability of iL,'1 (.) to establish the exis-
tence of a strong and spatially L-periodic solution to this regularized problem. We 
also obtain enough a priori estimates independent of L. 

Step II. With the aid of the uniform a priori estimates obtained in Step I, we 
pass the periodic solutions to a limit by expanding E L to the whole space. It is 
then shown that this limit function is a strong solution of (2-1) with i(-) replaced 
by i'1(')' 

Step III. We finally let 77 - ° and arrive at a strong solution of (2-1). The 
uniqueness of solution is also proved. 

2.1. The Cauchy problem with periodic boundary condition. Let vo(x) E J;(EL) 
and Fdx, t) E C([O, Tj; JO(EL)), ° < T < 00, satisfying 
(2-5) IlvollJJ(Ed + IID(vo)II£1(EL) ~ K, 
(2-6) IIFL IIL2(O,T;JO(Ed) ~ K 
for some positive constant K. Then, we state 

PROPOSITION 2.3. Fix any ° < 77 < 1. There is a function v( x, t) such that 
(i) v E C([O, Tj; J;(EL)) n L2(0, T; J;(EL)), 8v/8t E L2(0, T; J2(EL)), v(x,O) 

= vo(x), D(v)l+'1 E LOO(O, T; L1(EL)); 
(ii) for each g E L2(0, T; H;(EL)), 

foT (~~,g) dt+ foT((v'V)v,g)dt-J.L foT(~v,g)dt 

+ v foT )1,,'1 (v + g) dt - v foT iL,'1(V) dt ~ foT (FL' g) dt, 
(2-7) 

where ( , ) denotes the inner product in L(EL)2; 
(iii) it holds that 

(2-8) Ilvllc([O,T];JJ(EL)) ~ M(J.L, K), 
(2-9) Ilvll£2(O,T;J~(Ed) ~ M(J.L, K), 
(2-10) 118v/8tll£2(O,T;Jg(EL)) ~ vM(K) + M(J.L, K), 
(2-11) vIlD(v)l+'1I1£1(EL) ~ vM(K) + M(J.L, K), for almost all t E [0, TJ, 
where M(K) is a positive constant depending only on K while M(J.L, K) denotes 
positive constants depending only on J.L and K, and independent of V,77 and the 
period L. 

Before proving this proposition, we list some useful properties of )1,,'1 (.) defined 
by (2-2). 



382 JONG UHN KIM 

LEMMA 2.4. (i) For every I,g E H1(EL), it holds that 
2 

(2-12) UL,1/(f),g) = i~12 hL D(f)-1+1/cij (f)cij(g)dx 

and 
(2-13) 
where jL,1/(f) denotes the Gateaux differential 01 jL,1/(') at 1 and ( , ) stands lor 
the duality pairing between H1(EL) and its dual. 

(ii) For each 1 E H3(EL), we have 

(2-14) (jL,1/(f), ::~ I) SO, i = 1,2. 

PROOF. (2-12) and (2-13) are well known; see Duvaut and Lions [IJ. To prove 
(2-14) for i = 1, we put 

(2-15) Ih(Xl, X2) = I(X1 + h, X2), 
and notice that as h -t 0+, 

(2-16) !h - 21 + I-h -t 8 2 1 in the H1(EL) norm 
h2 8x~ 

and that 

(2-17) (jL,1/(f),!h - 21 + I-h) = -(jL,1/(fh) - jL,1/(f),!h - I), 
where the periodicity of 1 has been used. Now the right-hand side of (2-17) is 
nonpositive since jL,1/0 is monotone, which follows from the convexity of jL,1/(-)' 
Hence, (2-14) is true for i = 1. The same argument applies for the case i = 2. 

PROOF OF PROPOSITION 2.3. Put vm(x, t) = 2::=1 ilmk(t)'Pk(X), where 
{'Pdr=1 is the sequence of eigenfunctions in (1-10). We determine 

ilmk(t) E 0 1([0, TmJ), k = 1, ... , m, 
so that 

(2-18) 
(8vm/8t,'PI) + ((vm ' V)Vm,'PI) - J.l(l!:.vm,'PI) 

+ 1I(jL,1/(vm), 'Pt} = (FL, 'PI), l = 1, ... , m, 
and 
(2-19) ilmk(O) = ilk = (vo, 'Pk), k = 1, . .. , m, 
where ( , ) denotes the inner product in L2(EL)2 and ( , ) stands for the duality 
pairing between H1(EL) and its dual; see (2-12). By the general theory of ordinary 
differential equations, there is a solution ilmk(t) E 0 1([0, TmJ), k = 1, ... , m, for 
some 0 < Tm ST. It follows from (2-18) that 
(2-20) (8vrn /8t, vrn) - J.l(l!:.vm, vm) S (FL, vm) 
and thus, 

(2-21) 
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Combing (2-5), (2-6) and (2-21), we obtain 

(2-22) r Ivm(x, t)1 2 dx ~ M(K) for all t E [0, Tm], 
iEL 

where M(K) is a positive constant depending only on K and independent of Tm. 
Hence, we may set T m = T and derive 

(2-23) 

where M(K) depends only on K. Next we substitute E~l amk(t).k<Pk(X), which 
is equal to -~vm, for <PI in (2-18) and derive, using (2-14), 

(2-24) 
~: r IVvml2 dx + JL r l~vml2 dx 

tiEL iEL 
~ II(vm· V)vmIILl(EL)II~vmll£2(EL) 

+ IIFLIIL2(EL) II~vmll£2(EL)' 
In the meantime, by virtue of Lemma 1.4, we get 

II(vm· V)vmll£2(EL) ~ CIIVmIIL4(EdIIVvm IlL4(EL) 

~ CIIVmll~~EL)IIVvmIlL2(Edll~Vmll~~EL) 
(2-25) 

and consequently, by Young's inequality, 

lI(vm . V)VmIlL2(Edll~vmIlL2(Ed 
(2-26) ~ ~1I~vmlli2(EL) + ~ IIvmlli2(EdllVvmllL2(Ed' 

where C stands for positive constants independent of m, JL, v, 'fJ and the period L. 
Now (2-24) and (2-26) yield 

~: r IVvml2 dx + ~ r l~vml2 dx 
tiEL iEL 

~ ~ Ilvmlli2(EL)IIVvmIIL2(EL) + !IIFLllh(EL)' JL JL 

(2-27) 

Borrowing an idea from Temam [7], we set u(t) = Ilvmlli2(EL)IIVvmlli2(Ed' Then, 
by (2-22) and (2-23), 

(2-28) 

holds where M(JL, K) is a positive constant independent of m, v, 'fJ and L; and we 
rewrite (2-27), 

(2-29) ~: r IVvml2 dx ~ ~u(t) r IVvml2 dx + !IIFLlli2(EL)' 
tiEL JL iEL JL 

Using the Gronwall inequality, we derive 

(2-30) r IVvml2 dx ~ M(JL, K), for all t E [0, TJ, 
iEL 
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which, together with (2-27), implies 

(2-31) {T { l~vml2 dxdt ~ M{Jl, K), 
10 1EL 

where M{Jl, K) is a positive constant independent of m, v, 'f/ and L. Next we sub-
stitute (a/at) E~=l amk {t)<Pk (x) for <PI in (2-18): 

LL I a~~ r dx + ~! LL IVvml2 dx + v !JL,l1 (vm) 

~ II{vm . V)Vmll£2(Ed II a~~ II + IIFLiI£2(Ed II a~~ II ' L2(Ed L2(EL) 

(2-32) 

using (2-25), 

~ ~ lL 1 a~~ 12 dx+ IIFLili2(Ed +C lL l~vml2 dx+Cllvmlli2(EdllVvmlli2(Ed' 

where C is a positive constant independent of m, v, 'f/ and L, from which it follows 
by using (2-22), (2-30) and (2-31) that 

(2-33) ~ t { I a~m 12 dxdt + ~ { IVvm{x, t)12 dx + vjL,l1 {vm{x, t)) 
10 1EL t 1EL 

~ ~ { IVvm{x,0)1 2dx+vjL,11{vm{X,0))+M{Jl,K), 
1EL 

for all t E [0, TJ, where M{Jl, K) is a positive constant independent of m, v, 'f/ and 
L. It follows from Lemma 1.3 and (2-19) that vm{x,O) - vo{x) strongly in J;{EL) 
and hence, D{vm{x,O)) - D{vo) strongly in Ll{EL) as m - 00. Combining this 
and (2-5), we find that there is a positive integer N such that for all m ;::: N, 

(2-34) IIvm(x,O)IIJJ(EL) + IID{vm{x,O))II£l(Ed ~ 2K 
and consequently, by HOlder's inequality, 

(2-35) 
IID{vm{x,0))IIL1+'1(Ed 

~ IID{vm{x,O))II~~~~:>l1)IID{vm{x,O))IIl\(~~)(1+11) ~ M{K). 
Combining (2-33) to (2-35), we deduce that for all m ;::: N, 

(2-36) loT LL 1 a~~ r dxdt ~ M{Jl, K) + vM{K) 

and, for all t E [0, TJ, 
(2-37) vjL,l1 {vm{x, t)) ~ M{Jl, K) + vM{K), 
where M{Jl, K) and M{K) are positive constants independent of m, v, 'f/ and L. 
By virtue of (2-22), (2-30), (2-31) and (2-36), we can extract a subsequence still 
denoted by {vm } such that as m - 00, 

(2-38) Vm - v weakly in L2{0, T; J;{Ed), 
(2-39) Vm - v weak* in Loo{O, T; J;{EL)), 
() aVm av . 2{ O{)) 2-40 Tt - at weakly In L 0, T; Ju EL , 
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for some function v{x, t), which satisfies (2-8) to (2-1O). We note that v E 
C{[O, Tj; J;{EL))' possibly after a modification on a set of measure zero in [0, Tj. By 
repeatedly extracting a subsequence if necessary, we may assume that Cij{Vm) con-
verges to Cij{V) for almost all (x, t) EEL X [0, Tj, for each i,J' = 1,2, since Vm -+ v 
strongly in L2{0, T; J;{EL)), which follows from (2-38), (2-40) and Aubin's com-
pactness Lemma (see Lions [5, p. 57]). With the help of Lemma 1.3 of Lions [5, p. 
12], we are led to conclude that for each i, j = 1,2. 

(2-41) D{vm)-1+11cij{Vm) -+ D{V)-1+11Cij {V) weakly in L2{EL x [O,T]). 

Since Vm -+ v strongly in L2{0, T; J;{EL)), we see that vm{x, t) -+ v{x, t) 
strongly in J;{EL) for almost all t E [0, Tj by extracting a subsequence. Hence, by 
letting m -+ 00, (2-33) yields 

rt r l~vl2 dxdt+J.L r IVvI 2dx+2I1jL,11{V{X,t)) 
(2-42) 10 1 EL t 1 EL 

:::; M{J.L, K) + IIM{K), for almost all t E [0, T], 

where M{J.L, K) and M{K) are positive constants independent of 11,1] and L. This 
shows (2-11). . 

Now we shall prove that v{x,O) = vo{x). For each k and m, 

(2-43) (vm{x, t), 'Pk{X)) = (vm{x, 0), 'Pk{X)) + lot (O;~ (x, t), 'Pk{X)) dt 

holds, where ( , ) denotes the inner product in L2{EL)2. Since vm{x, t) -+ v{x, t) 
strongly in J;{EL) for almost all t E [0, T], and oVm/ot -+ ov/ot weakly in 
L2{0, T; J2{EL)), it follows by letting m -+ 00 that 

(2-44) (v{x, t), 'Pk{X)) = (vo{x), 'Pk{X)) + lot (~~ (x, t), 'Pk{X)) dt 

holds for almost all t E [0, Tj. But v{x, t) E C{[O, Tj; J;{EL)) and hence, 

(v{X,O),'Pk{X)) = (vO{X),'Pk{X)) 

holds for all k, which implies v{x,O) = vo{x). Finally we have to show that (2-7) 
holds. On account of (2-38) to (2-41), it is apparent that 

loT (~~, a{t)'Pk{X)) dt + loT ({v· V)v, a{t)'Pk{X)) dt 

(2-45) - J.L loT (t1v, a{t)'Pk{X)) dt + II loT (j~'l1{V), a{t)'Pk{X)) dt 

= loT (FL, a{t)'Pk{X)) dt 

holds for each k and a{t) E L2{0, T), where ( , ) stands for the product in 
L2{EL)2. For given h(x, t) E L2{0, T; J;(EL))' E~=l ak(t)'Pk(X) -+ h(x, t) in 
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L2(0, T; J;(EL)) as m ----> 00, where O!k(t) = (h(x, t), <Pk(X)). Thus, for any h(x, t) E 

L2(0, T; J;(EL))' it holds that 

faT \ ~:, h(x, t)) dt + faT ((v· V')v, h(x, t)) dt 

(2-46) -fJ. faT(~v,h(x,t))dt+V faTutT/(v),h(x,t))dt 

= faT (FL, h(x, t)) dt. 

Now suppose g(x, t) E L2(0, T; H;(EL))' Then, it is obvious that 

(2-47) g(x, t) = g(x, t) - ~2 r g(x, t) dx JEL 
belongs to L2(0, T; J;(Ed). Noting that 

faT (ov/ot, c(t)) dt = 0, faT (~v, c(t)) dt = 0, 

faT ((v· V')v, c(t)) dt = 0 and loT (FL, c(t)) dt = 0 

hold for any c(t) E L2(0, T)2, where ( , ) denotes the inner product in L2(Ed2 
and recalling (2-13), we conclude that (2-7) holds for every g E L2(0, T; H;(Ed). 

2.2. Passing L ----> 00. In this subsection we still fix 0 < T/ < 1 and shall 
expand EL to the whole space R2. Through this process, the solutions obtained in 
Proposition 2.3 converge to a function in the appropriate sense. We state 

PROPOSITION 2.5. Let uo(x) and F(x, t) be the initial datum and the external 
force, respectively, given in Theorem 2.2. There is a function v(x, t) such that 

(i) v(x, t)E C([O, T]; )(; (R2))nL2 (0, T; )(;(R2)), (ov/ot)(x, t) E L2(0, T; )(2(R2)), 
Cij(V) E LOO(O, T; L1+T/(R2)), for i,j = 1,2, and v(x, 0) = uo(x); 

(ii) it holds that 

faT \~:,g) dt+ faT((v.V')v,g)dt+fJ.IoT a(v,g)dt 

(2-48) + v loT J~ (v + g) dt - v loT J~ (v) dt 

~ loT (F, g) dt, 

for all g E L2(0, T; 91+T/)' where ( , ) denotes the inner product in L2(R2)2; 
(iii) it holds that 

(2-49) IIvllc([o,TJ;)(~(R2)) ::; M(fJ., K), 
IlvIIL2(O,T;)(;(R2)) ::; M(fJ., K), 

118v/8tIIL2(o,T;)(2(R2)) ::; M(fJ., K) + vM(K) 
vJ~(v) ::; M(fJ., K) + vM(K), for almost all t E [0, TJ, 

(2-50) 
(2-51) 
(2-52) 
where M(fJ., K) and M(K) stand for positive constants independent of v and T/; and 
the constant K depends only on uo(x) and F(x, t). 
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PROOF. We shall use the notation X(G) for the characteristic function of a set G. 
Let {VL,O(X)} and {Fdx, t)} be sequences off unctions such that VL,O(X) E J~(EL)' 
Fdx, t) E C([O, TJ; JO(EL)) and 

(2-53) X(EL/2)VL,0(X) ~ uo(x) strongly in L2(R2)2 as L ~ 00, 

(2-54) X(EL/2)Fdx, t) ~ F(x, t) strongly in L2(0, T; L2(R2)2) as L ~ 00, 

(2-55) IIvL,oIIJ.}(Ed + IID(VL,0)IIL1(EL) ::; K, 
(2-56) IIFLII£2(O,T;JO(Ed) ::; K, 

for some positive constant K independent of TJ and L. We shall construct the above 
sequences in §2.4. Let us denote by VL(X, t) the solution obtained in Proposition 2.3 
with the initial datum VL,O(X) and the external force Fdx, t) as above. By means 
of (2-9) and (2-10), we can extract a subsequence still denoted by {vd such that 
for some function v(x, t), as L ~ 00, 

(2-57) 
(2-58) 

(2-59) 

X(EL)VL ~ v weakly in L2(0, T; L2{R2)2), 
X(EL)LlvL ~ Llv weakly in L2(0, T; L2{R2)2), 

8VL 8v . 2 2 2 2 X(EL)Tt ~ 8t weakly m L (0, T; L (R ) ). 

It follows that v E C([O, TJ; Wl,2{R2)2) possibly after a modification on a set of 
measure zero in [0, TJ. Let us choose any a(t) E L2(0, T) and 'Ij;(x) E C~(R2). 
Noticing that supp'lj; C EL for large L, we have 

(2-60) 
rT (v, a{t)V'Ij;{x)) dt = lim rT (X(EL)VL, a{t)V'Ij;{x)) dt 

10 L-+0010 

= lim rT (VL' a{t)V'Ij;(x)) dt = 0, since VL E C{[O, TJ; J;{EL))' 
L-+0010 

Here, the first two brackets denote the inner product in L2(R2)2 and the third 
one stands for the inner product in L2(EL)2. From (2-60) and the fact that v E 
C([O, TJ; Wl,2(R2)2), we deduce that V . v = ° for all t E [0, TJ, and consequently, 
v E L2{0, T; JI~(R2)) n C{[O, Tj; JI;{R2)) and 8v/8t E L2(0, T; JI~(R2)). Now 
(2-49), (2-50) and (2-51) follow from (2-8) , (2-9) and (2-1O). In the meantime, 
it is clear that X(EL)cij{VL) ~ Cij{V) in D'({O, T) X R2), for each i,j = 1,2. 
But (2-11) holds for each VL and thus, we obtain by applying the Banach-Alaoglu 
theorem 

(2-61) v r D(v)1+f/ dx ::; M{j.t, K) + vM{K), for almost all t E [0, TJ, 1R2 
where M(j.t, K) and M(K) are the same as in (2-11). Next we shall prove that 
v(x,O) = uo(x). Let a(t) E Cl([O,TJ) with a(T) = ° and 'Ij;(x) E C~(R2)2. Then 
for each L such that supp'lj; C interior of EL/2' it holds that 

(2-62) 
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where ( , ) denotes the inner product in L2(R2)2. As L -+ 00, we observe that 

(2-63) loT \ v, :ta(t)1jJ(x)) dt = (uo,a(O)1jJ(x)) - loT \ ~: ,a(t)1jJ(x)) dt 

holds, which, together with the fact that v E C([O, T]; )/;(R2)), implies that v(x,O) 
= uo(x). It remains to prove the property (ii). Let g(x, t) = EZ'=l D:k(t)1jJk(X), 
where 1jJk(X) E S, D:k(t) E L2 (0,T), k = 1, ... ,m, and supp1jJk C 11, k = 1, ... ,m, 
for some bounded open subset 11 of R2. For every large L so that 11 C interior of 
EL, we see from (2-7) that 

(2-64) 

loT \X(EL)a;t,g) dt+ loT (X(EL)(VL ·'il)vL,g)dt-j.l foT(X(EL)I:lVL,g)dt 

+ v loT JL,TJ(VL + g) dt - V loT jL,TJ(vd dt 

2: loT (x(EdFL, g) dt, 

where ( , ) is the inner product in L2(R2)2. Let {l1n}~l be a sequence of bounded 
open subsets of R2 such that l1n C l1n+l and U~=ll1n = R2. With the help of 
Aubin's compactness lemma, we may extract a subsequence still denoted by {VL} 
such that 

(2-65) rT r l'ilvL - 'ilv12 dxdt -+ 0 as L -+ 00. 10 101 

By further extracting a subsequence from the above one, 

(2-66) rT r l'ilvL - 'ilv12 dxdt -+ 0 as L -+ 00. 10 102 
By repeating this process for all subsequent l1n and by the standard diagonal pro-
cess, we conclude that for each bounded measurable subset G of R2, 

(2-67) loT fa I'ilVL - 'ilv12 dx dt -+ 0 as L -+ 00. 

Now it is easily seen that as L -+ 00, 

rT r D(VL+g)1+TJdxdt- rT [ D(VL)1+TJdxdt 10 lEL 10 lEL 
= loT In D(VL + g)1+TJ dxdt - faT In D(VL)1+TJ dxdt 

(2-68) 

converges to 

(2-69) 
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where we recall that supp 1Pk (x) C {1 for k = 1, ... , m. At the same time, by making 
use of (2-67) and the fact that X(EL)VL -+ v weak* in Loo(O, T; L2(R2)2), we find 
that 

(2-70) loT (X(EL)(VL . V)VL, g) L2(R2)2 dt = loT ((VL . V)VL, g) L2(0)2 dt 

converges to 

(2-71) foT((v. V)v,g)L2(0)2 dt = foT((v. V),g)L2(R2)2 dt, 

as L -+ 00. Therefore, by letting L -+ 00, we deduce that 

loT \ ~~, g) dt + loT ((v· V)v, g) dt - J.i, loT (Ilv, g) dt 

(2-72) +v loT J~(v+g)dt-v loT J~(v)dt 

~ loT (F, g) dt, 

where ( , ) denotes the inner product in L2(R2)2. Since 5 is dense in 91+"1 for each 
'T/ > 0 by Lemma 1.7 and 1.9, it is obvious that for each g E L2(0, T; 91+"1)' there 
is a sequence {gm}~=l such that gm = I:;:=1 (3mk(t)1Pk(X), (3mk(t) E L2(0, T), 
1Pk(X) E 5, k = 1, ... , m, and gm -+ g strongly in L2(0, T; 91+"1). (2-72) is valid for 
each gm as shown above and consequently, it is still true for all g E L2(0, T; 91+"1). 
Now (2-48) follows from (2-72) and the identity a(v,g) = -(Ilv,g). 

2.3. Passing 'T/ -+ o. We shall let 'T/ tend to zero and establish 

PROPOSITION 2.6. Let uo(x) and F(x, t) be the same as in Theorem 2.2. There 
is a function u(x, t) such that 

(i) u(x, t) E C([O, T]; }I; (R2))nL2(0, T; }I; (R2)), 8u(x, t)j8t E L2(0, T; }Ig(R2)), 
€ij(U) E Loo(O, T; Ll(R2)), i,j = 1,2, and u(x, 0) = uo(x); 

(ii) it holds that 

loT \~~,g) dt+ foT((u.V)u,g)dt 

(2-73) + J.i, loT a(u, g) dt + v loT j(u + g) dt - v loT j(u) dt 

~ loT (F, g) dt, 

for all g E L2(0, T; 9d, where ( , ) is the inner product in L2{R2)2; 
(iii) it holds that 

(2-74) 
(2-75) 
(2-76) 

(2-77) 

lIullc([o,T];)(J(R2)) :::; M(J.i" K), 
lIullL2(o,T;)(~(R2)) :::; M(J.i" K), 

118uj8tIIL2(O,T;)(2(R2)) :::; M(J.i" K) + vM(K), 

v r D(u) dx :::; M(J.i" K) + vM(K), for almost all t E [0, TJ, iR2 
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where the constant K depend8 only on uo(x), F(x, t); and M(f..L, K), M(K) are 
p08itive con8tant8 independent of v. 

PROOF. Let us denote by v11 the solution obtained in Proposition 2.5 for each 
0<11 < 1. By (2-49) to (2-51), we can extract a subsequence still denoted by {v11 } 

such that as 11 - 0, 
(2-78) v11 - u weakly in £2(0, T; JI;(R2)), 

v11 - u weak* in £<Xl(O, T; JI;(R2)), (2-79) 

(2-80) aV11 _ au weakly in £2(0 T· JlO(R2)) at at ' '''' , 
for some function u(x, t). It follows that u(x, t) E C([O, T]; JI;(R2)) possibly after 
a modification on a set of measure zero in [0, T]. As in the above section, it can 
be easily shown that u(x,O) = uo(x). Now (2-74), (2-75) and (2-76) follow from 
(2-49), (2-50) and (2-51). We may further extract by Aubin's compactness lemma 
and the diagonal process a subsequence such that 
(2-81) v11 - u strongly in £2(0, T; W1,2(0)2) 
for each bounded open subset 0 of R2. Let us choose any bounded open subset 
o of R2. Then, there is a subsequence extracted from the above subsequence such 
that for almost all t E [0, T], v11 (x, t) - u(x, t) strongly in W1,2(0)2. Consequently, 
we have 

v r D(u) dx = lim v r D(v11 ) dx 10 11-+0 10 
(2-82) () 1/(1+11) 

::=; lim v r D(v11 ) 1+11 dx (measure of 0)11/(1+11), 
11-+0 10 

using (2-52), 
::=; M(J.t, K) + vM(K), 

holds for almost all t E [0, T], where M(J.t, K) and M(K) are positive constants 
independent of v and o. Thus we infer 

(2-83) v r D(u)dx::=;M(J.t,K)+vM(K), foralmostalltE[O,T], lR2 
which proves (2-77). Next we shall establish (2-73). Choose any g E £2(0, T; .9d. 
We first notice by HOlder's inequality 
(2-84) 

IiCij(g)lli2(O,T;L1+'1(R2» ::=; loT (12 D(g) 1+11 dX) 2/(1+11) dt 

::=; loT (12 D(g) dX) (2-211)/(1+11) (12 D(g)2 dX) 211/(1+11) dt 

:5 (f (l, D(g) dx)' dt ),HI/(l+'1 ({ in, D(g)' dx dt f /('" I 
::=; M(g), i,j = 1,2, 

where M(g) is a positive constant independent of 0 ::=; 11 < 1. Using 'l/;r(x) defined 
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by (1-35), we put gr(X, t) = g(x, t).,pr(x). Then, it follows from (1-36) and its analog 
for eij(gr) that for almost all t E [0, TJ, 

(2-85) IIgr(x, t) - g(x, t)IIW1,2(R2)l - 0 as r - 00, 

(2-86) Ileij(gr) - eij(g) 11£1 (R2) - 0 as r - 00, i,j = 1,2, 

(2-87) IIgr(x,t)lIwl,2(R2)2 ~ ClIg(x,t)lIw1,2(R2)2, for all r ~ 1, 

(2-88) lIeij(gr)IIL1(R2) ~ C(lIeij(g)IIL1(R2) + IIgIlL2(R2)2), 

i, j = 1,2, for all r ~ 1, 

where C is a positive constant independent of g, rand t. By the dominated con-
vergence theorem, we see that as r - 00, 

(2-89) 

and 

(2-90) i,j = 1,2. 

We also observe the inequality 

(2-91) 

-1 1 I rT r D(v'T/ + g)1+'T/ dxdt - rT r D(v'T/ + gr)1+'T/ dXdtl 
+17 10 1R2 10 1R2 

~ -1 1 rT r ID(v'T/ + g)1+'T/ - D(v'T/ + gr)1+'T/1 dxdt 
+17 10 1R2 

~ rT r (D(v'T/+g)'T/+D(v'T/+gr)'T/)D(g-gr)dxdt 
10 1R2 

(where we have used the inequality la1+'T/ - ,81+'T/1 ~ (1 + 17)(a'T/ + ,8'T/)la - ,81, for 
all a ~ 0, ,8 ~ 0) 

where Holder's inequality has been used. Now Minkowski's inequality and Holder's 
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inequality yield the following estimates: 

Combining (2-52), (2-77) and (2-89) to (2-94), we deduce that for any given 8> 0, 
there is N( 8) > 0, independent of 0 < TJ < 1, so that for all r > N( 8) and 0 < TJ < 1, 

(2-95) 

and 

Now fix any 8> 0 and r > N(8). Suppose that suppgr is contained in a bounded 
open subset 0 of R2. Again by means of Minkowski's inequality and Holder's 
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inequality, we see 

(2-97) 

= 0, by (2-81); 

and, by the dominated convergence theorem, 

(2-98) lim fT f D(u+gr)1+1Jdxdt= fT f D(u+gr)dxdt. "1-->0 io in io in 
Hence, we obtain 

(2-99) lim fT f D(v1J + gr)1+"1 dxdt = fT f D(u + gr) dxdt 1J-->oio in io in 
and similarly, 

(2-100) lim fT f D(v1J)1+"1 dxdt = fT f D(u) dxdt. "1-->0 io in io in 
It is now apparent that 
(2-101) 

v fT f D(u+gr)dxdt-v fT f D(u)dxdt io iR2 io iR2 

393 
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Combining (2-96) and (2-101), we conclude 
(2-102) 
v {T ( D( u + g) dx dt _ V {T ( D( u) dx dt 10 1R2 10 1R2 

;::: lim -1 v ({T { D(vfJ + g)1+fJ dxdt _ {T ( D(vfJ)1+fJ dXdt) - 28, 
fJ-+O +1/ 10 1R2 10 1R2 

and, since 8 was arbitrarily chosen, 
(2-103) 

v {T { D(u+g)dxdt-v {T { D(u)dxdt 10 1R2 10 1R2 
;::: lim -1 v ({T { D(vfJ + g)1+fJ dxdt _ {T ( D(VfJ)l+fJ dXdt) . 

fJ-+O +1/ 10 1R2 10 1R2 
In the meantime, (2-79) and (2-81) yield 

(2-104) lim {T((vfJ·V)vfJ,gr)dt= {T((u.V)u,gr)dt 
fJ-+010 10 

for each r > 0, where ( , ) is the inner product in L2(R2)2, which, together with 
(2-78), (2-79) and (2-89), implies 

(2-105) lim {T ((vfJ . V)vfJ' g) dt = {T ((u. V)u, g) dt. 
fJ-+O 10 10 

Since each vfJ satisfies (2-48) with this g, we combine (2-78), (2-80), (2-103) and 
(2-105) to arrive at 

loT (~~,g) dt+ IoT((u.V)u,g)dt 

(2-106) + jJ loT a(u, g) dt + v loT j(u + g) dt - V loT j(u) dt 

;::: loT (F, g) dt, 

for all g E L2(0,T;.9t}, where (, ) is the inner product in L2(R2)2. 
2.4. Proof of Theorem 2.2. Let uo(x) be given in .91,0. Then, there is a se-

quence {Wk(X)} in S such that Wk(X) converges to uo(x) in the .91 norm. We 
can construct a sequence of increasing positive number {Lk} such that SUPpWk(X) 
cinterior of ELk/2 for each k and Lk -t 00 as k -t 00. Now we define VLk,O(X) as 
follows: 

(i) for -Lk/2 :$; Xl :$; -Lk/4, -Lk/2 :$; X2 $ -Lk/4, 
VLk,O(Xt, X2) = Wk(X1 + Lk/2, X2 + Lk/2); 

(ii) for -Lk/4 :$; Xl :$; Lk/4, -Lk/2 :$; X2 :$; -Lk/4, 
VLk,O(Xt, X2) = -Wk(X1, X2 + Lk/2); 

(iii) for Lk/4 :$; Xl :$; Lk/2, -Lk/2 :$; X2 :$; -Lk/4, 
VLk,O(Xt, X2) = Wk(X1 - Lk/2, X2 + Lk/2); 
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(iv) for -Lk/2 ~ Xl ~ -Lk/4, -Lk/4 ~ X2 ~ Lk/4, 

VLk,O(Xt, X2) = -Wk(X1 + Lk/2, X2)j 

(v) for -Lk/4 ~ Xl ~ Lk/4, -Lk/4 ~ X2 ~ Lk/4, 

(vi) for Lk/4 ~ Xl ~ Lk/2, -Lk/4 ~ X2 ~ Lk/4, 

VLk,O(Xt, X2) = -Wk(X1 - Lk/2, X2)j 

(vii) for -Lk/2 ~ Xl ~ -Lk/4, Lk/4 ~ X2 ~ Lk/2, 

VLk,O(Xt, X2) = Wk(X1 + Lk/2, X2 - Lk/2)j 

(viii) for -Lk/4 ~ Xl ~ Lk/4, Lk/4 ~ X2 ~ Lk/2, 

VLk,O(Xt, X2) = -Wk(X1, X2 - Lk/2)j 

(ix) for Lk/4 ~ Xl ~ Lk/2, Lk/4 ~ X2 ~ Lk/2, 

VLk,O(X1, X2) = Wk(X1 - Lk/2, X2 - Lk/2)j 
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(x) for other (Xl, X2), define VLk,O(Xt, X2) so that VLk,O(Xt, X2) be Lk-periodic, 
Le., 

VLk,O(X1, X2) = VLk,O(X1 + Lk, X2) = VLk,O(Xt, X2 + Lk). 
Then it is obvious that VLk,O(X) E Jgo(ELk). 

Furthermore, (2-53) holds and 

(2-107) 

where K is a positive constant independent of Lk and depends only on Iluo(x)IIH',HR2) 
and IIV(uo)II£1(R2). 

Next we shall construct FLk(X, t) for given F(x, t) in L2(0, Tj L2(R2)2). Since 
C([O, T]j L2(R2)2) is dense in L2(0, Tj L2(R2)2), we can find a sequence {Gk(X, t)} 
in C([O, T]j L2(R2)2) such that Gk(X, t) ---. F(x, t) strongly in L2(0, Tj L2(R2)2). 
For each t E [0, TJ, we define FLk (x, t) through the above procedure (i) to (x) 
with Wk replaced by X(ELk /2)Gk(X, t). Then it is easy to see that FLk (x, t) E 
C([O, T]j JO(EL)) and (2-54), (2-56) hold. With these data, we can use the results 
in §§2.1 to 2.3. By the same argument as in Duvaut and Lions [1], it can be shown 
that (2-73) implies (2-1)j we omit the technical details. For the uniqueness of 
solution, we still borrow an argument from Duvaut and Lions [1]. Suppose U1 (x, t) 
and U2(X, t) are strong solution of (0-1) to (0-3). By Lemma 1.10, 91 is separable 
and hence, there is a countable dense subset {Wn}~l in 91. Let us write (2-1) for 
U1 and each Wn: 

(2-108) 
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holds for every t E [0, T) - Gn , where Gn is a measurable subset of [0, T) with 
measure Gn = O. Put G = U:=l Gn . Then, measure G = 0 and (2-108) holds for 
all Wn at the same time for each t E [0, T) - G, from which it follows that 

(2-109) 
jaU1 ) \ at' U2 - U1 + ((U1 . V)U1 , U2 - U1) + J.w(Ul, U2 - Ud 

+ vj(U2) - vj(U1) ~ (F, U2 - U1) 

holds for almost all t E [0, T). In the same way, 

(2-110) 
jaU2 ) \ at' U1 - U2 + ((U2 . V)U2' U1 - U2) + J.la(U2, U1 - U2) 

+ vj(Ud - vj(U2) ~ (F, U1 - U2) 

holds for almost all t E [0, T). Adding (2-109) and (2-110), we obtain 

(2-111) 
j aU1 aU2 ) \ at - at' U1 - U2 + ((U1 . V)U1 - (U2 . V)U2' U1 - U2) 

+ J.la(U1 - U2, U1 - U2) ~ O. 

Using the inequality 
(2-112) 

1((U1 . V)U1 - (U2 . V)U2' U1 - U2)1 
~ 1((U1 - U2)· VUl, U1 - U2)1 + I(U2 . V(U1 - U2), U1 - U2)1 
= 1((U1 - U2) . VU1, U1 - U2)1 
~ CIIVU1 IIL2(R2) IIU1 - U2I1I4(R2) 
~ CIIVU111L2(R2)IIU1 - U211L2(R2)IIV(U1 - U2)11L2(R2) 

~ ~IIV(U1 - U2)III2(R2) + ~: II VUdh(R2)IIU1 - U2I1I2(R2), 

where C stands for positive constants independent of U1 and U2, we derive from 
(2-111) 

(2-113) ! IIU1 - U21II2(R2) + J.lIIV(U1 - U2)III2(R2) 

~ C21IVUdI2(R2)IIU1 - U21II2(R2). 
J.l 

Since U1 is a strong solution, IIVUdI2(R2) E Loo(O, T). Now the Gronwall inequal-
ity yields the uniqueness. 

3. Convergence of solutions as v - o. As mentioned in the introduction, 
the inequality (0-1) reduces to the Navier-Stokes equations when the yield limit v 
becomes zero. So we naturally expect the strong solution of (0-1) to (0-3) with 
v> 0 to converge to the solution of the Navier-Stokes equation as v tends to zero. 
Our assertion is 

THEOREM 3.1. Let uo(x) E 91,0 and F(x,t) E L2(0,T;L2(R2)2). Then the 
strong solution u,Ax, t) of (0-1) to (0-3) converges to the solution u(x, t) of the 
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Navier-Stokes equations as v tends to zero. A more precise statement is, as v --* 0, 

(3-1) 
(3-2) 

(3-3) 

Uv --* u weakly in L2(0, Tj )I;(R2)), 
UV --* u weak· in Loo(O, Tj )I~(R2)), 

auv au . 2( .IIO( 2)) at --* at weakly m L 0, T, XU R . 

PROOF. Owing to the uniqueness of strong sQlution, the estimates (2-74) to 
(2-77) are satisfied by uv(x, t), for each v> 0. Hence, we can extract a subsequence 
still denoted by {uv } such that as v --* 0, 

(3-4) 
(3-5) 

(3-6) 

U v --* u weakly in L2(0, Tj )I;(R2)), 
U V --* u weak· in Loo(O, Tj )I~(R2)), 

a;; --* ~~ weakly in L2(0, Tj )12 (R2)) 

for some function u(x, t). It follows that u E e([O, TJj )I; (R2)) possibly after a 
modification on a set of measure zero in [0, TJ. By an analogous argument as in §2.2, 
we can easily show that u(x,O) = uo(x). As before, we use Aubin's compactness 
lemma and the diagonal process to extract a further subsequence so that for each 
bounded open subset 0 of R2, 

(3-7) uv(x, t) --* u(x, t) strongly in L2(0, Tj Wl,2(0)2). 

By the same argument as in §2.4, we may put w = uv(x, t) + b(t)h(x) in (2-1), 
where h(x) E Sand b(t) E L2(0, T), so that 
(3-8) 

loT (a;;,b(t)h(X)) dt+p, faT a(uv,b(t)h(x))dt 

+ faT ((uv . V)Uv, b(t)h(x)) dt + v faT j(uv + b(t)h(x)) dt - v faT j(uv) dt 

2 faT (F, b(t)h(x)) dt 

holds. On account of (3-7), we find that 

lim (rT r D(uv + b(t)h(x)) dxdt _ rT r D(uv) dXdt) 
v---+O io iR2 io iR2 

(3-9) = lim (rT r D(uv+b(t)h(x))dxdt- rT r D(Uv)dxdt) 
v---+O io in io in 

= faT In D(u + b(t)h(x)) dxdt - faT In D(u) dxdt, 

where supp h c 0, and 

(3-10) lim rT ((uv . V)uv, b(t)h(x)) dt = rT ((u· V)u, b(t)h(x)) dt. 
v---+o~ ~ 
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We may now conclude that for each h(x) E Sand b(t) E L2 (0,T), 

loT \~~,b(t)h(X)) dt+f.L loT a(u,b(t)h(x))dt 
(3-11) 

+ loT ((u· V)u, b(t)h(x)) dt = loT (F, b(t)h(x)) dt, 

from which it follows that for each w(x) E ).(';(R2 ), 

(3-12) (8u/8t,w) - f.L(!:J.u,w) + ((u· V)u,w) = (F,w) 
holds for almost all t E [0, TJ, since S is dense in ).(';(R2). Hence, u(x, t) is a solution 
of the Navier-Stokes equations, and it can be easily shown that u(x, t) is the unique 
solution in the above function class, from which (3-1), (3-2) and (3-3) follow. 

4. Remark on the regularity of solutions. We shall present an initial 
datum which lies in S, but which does not generate a solution as regular in time 
variable near t = ° as the solution of the Navier-Stokes equations with the same 
initial condition. Let us define a velocity vector uo(x) as follows 

( 4-1) uo(x) = (-f(r)sinO,f(r) cosO), 
where Xl = r cos 0, X2 = r sin 0, and 
(4-2) f(r) E Coo((O, 00)), supp f C (0,2), f( r) = eT for'! < r < ~. 2 - - 2 

Then, it is obvious that Uo (x) E S, and our assertion is 

THEOREM 4.1. Let F(x, t) == ° in (0-1). For the initial datum uo(x) given by 
( 4-1), there is no strong solution of (0-1) to (0-3) satisfying further regularity 
(4-3) u(x, t) E C([O, T]; )'(;(R2)) n C1([0, TJ; ).(2(R2)) 
for some T > 0. 

REMARK 4.2. It is known that the solution of the Navier-Stokes equations with 
the above initial condition belongs to C([O, T]; )'(;:(R2)) n C 1 ([0, T]; ).(;:-2(R2)) for 
any m ~ 3, for some T > 0; see Kato [4] for the result in R3, which is also valid in 
R2. 

We need some elementary technical lemmas. 

LEMMA 4.3. Let a, bERn, n ~ 2. Then, it holds that 

(4-4) Iia + A~I-Iall ::; Ibl, for all A> 0, 

and if lal =J 0, then 

(4-5) la + Abl - lal (a, b) 
-'-----.,...:-----'--'- -+ -- as A -+ 0+, A lal 

where ( , ) is the inner product in Rn. 

PROOF. (4-4) is obvious from Iia + Abl-Iall ::; Albl. Suppose lal =J ° and note 
that 

(4-6) 

from which (4-5) follows. 

la+ Abl-Ial 
A 

2A(a, b) + A2 1W 
A(la + Abl + lal) , 
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LEMMA 4.4. Let'I/J = ('1/Ji,'l/J2) be a function in R2 such that D('I/J) E Ll(R2) 
and supp'I/J C {x: ! < Ixl < n. Then, we have 

(4-7) .!:. (f D(uo + A'I/J) dx - f D(uo) dX) ~ f ~ 2eij(Uo)eij('I/J) dx 
A JR 2 JR 2 JR 2 '~l D(uo) ',3-

as A ~ 0+, where uo(x) is defined by (4-1). 
PROOF. First we observe that 

(4-8) ell (uo) = sin (J cos (J (-df(r)/ dr + f(r )/r) , 
(4-9) e12(Uo) = !(cos2 (J - sin2 (J) (df(r)/dr - f(r)/r) , 
(4-10) e22( uo) = sin (J cos (J (df(r )/dr - f(r)/r) 
and hence D(uo) ¥- ° for r ¥- 1, ! ~ r ~ ~. By means of Lemma 4.3 and the 
dominated convergence theorem, we derive (4-7). 

Now we proceed to 
PROOF OF THEOREM 4.1. Assume that there is a strong solution u(x, t) of 

(0-1) to (0-3) satisfying (4-3) for some T > 0. Let us take w = u(x, t) + h(x) in 
(2-1), where h(x) E gl and supph(x) is contained in a bounded open subset n of 
R2, so that 

(4-11) (~;, h) + ((u· V')u, h) + JW(u, h) + V L2 D(u+ h) dx - V L2 D(u) dx 2: ° 
holds for almost all t E [O,Tj. Since u E C([0,Tj;)(;(R2)) nCl([0,Tj;)(2(R2)), it 
is evident that 

f D(u(x, t) + h(x)) dx - f D(u(x, t)) dx Jw Jw 

= In D(u(x, t) + h(x)) dx -In D(u(x, t)) dx 
(4-12) 

is a continuous function of f E [0, Tj, and that 

(4-13) vG(x, t) ~f -au/at - (u· V')u + J.tAu 
belongs to C([O, Tj; L2(R2)2). Thus, it follows from (4-11) that 

(4-14) f D(u + h) dx - f D(u) dx 2: (G, h) JR2 JR2 

holds for all t E [0, Tj, and, in particular, 

(4-15) f D(uo(x)+h(x))dx- f D(uo(x))dx2:(G(x,O),h(x)) JR 2 JR 2 

holds for all h(x) E gl with compact support, where G(x, 0) is a function of L2(R2)2 
and ( , ) is the inner product in L2(R2)2. Next we define hn(x), n 2: 4, as follows: 

(4-16) hn(x) = (-gn(r) sin (J, gn (r) cos (J), 

where Xl = r cos (J, X2 = r sin (J and 

{ 
n + 1 - nr for 1 ~ r ~ 1 + 1/ n, 

(4-17) gn(r)= 1-n+nr for1-1/n~r~1, ° otherwise. 
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Obviously, hn(x) E 91 for each n ::::: 4. With the aid of Lemma 4.4, we infer from 
(4-15) that 

(4-18) 

holds for every n ::::: 4. It is easy to express eij(hn ) analogously to (4-8), (4-9) and 
(4-10) so that 

2 (4-19) L 2eij(uo)eij(hn) _ (df(r)/dr - f(r)/r)(dgn(r)/dr - gn(r)/r) 
i,j=1 D(uo) - Idf(r)/dr - f(r)/rl ' 

which, together with (4-18), yields 

( 4-20) 
211' f1+1ln (-n _ n + 1- nr) rdr + 211' fl (-n + 1- n + nr) rdr 

il r iI-lin r 
::::: (G(x, 0), hn(x)), for every n ::::: 4 

consequently, 

( 4-21) -411' ::::: (G(x, 0), hn(x)) for every n ::::: 4. 

In the meantime, (G(x,O),hn(x)) -+ 0 as n -+ 00, since IIhn(x)II£2(R2) -+ 0 as 
n -+ 00. This is a contraction, which proves the theorem. 

5. Final remark. It is easy to show that Lemmas 1.1 through 1.7 and Lemma 
2.4 are also valid in the three-dimensional case ((1-15) and (1-16) should be modified 
slightly). Renardy [9J has given a very elegant proof of Lemma 1.8 in any dimension. 
Therefore, Lemma 1.9 is still true for R3. Renardy [9) has further shown that 
91,0 = 91 for n = 2,3. Hence, we can obtain a similar result for the local existence 
and uniqueness of strong solutions in R3 (according to our definition). 
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