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BEST CONSTANTS IN NORM INEQUALITIES 
FOR THE DIFFERENCE OPERA TOR 

HANS G. KAPER AND BETH E. SPELLMAN 

ABSTRACT. Let ~ = (~m)rnEZ be an arbitrary element of the sequence space /OO(Z), 
and let Ll. be the difference operator on /OO(Z): Ll.~ = am+! - ~rn)rnEZ' The object 
of this investigation is the best possible value 

C(n,k) = sup{QIl,dO: ~ E /OO(Z), Ll.1l~ *- O} 
of the quotient 

Qn dO = IW~II , 
, 11~II(n-k)/nIW~llk/n 

where n = 2,3, ... ; k = 1, ... , n - 1. It is shown that C( n, k) is at least equal to 
the corresponding constant K(n, k), determined by Kolmogorov [Moscov. Gos. 
Univ. Uchen. Zap. Mat. 30 (1939), 3-13; Amer. Math. Soc. Trans!. (1) 2 (1962), 
233-243] for the differential operator D on LOO(R), and exactly equal to K(n, k) if 
k = n -" 1. Lower bounds for C( n, k) are derived that show that C( n, k) is 
generally greater than K(n, k). The values of C(n, k), k = 1 ....• n - 1, are com-
puted for n = 2, .... 5. 

1. Introduction. In 1914, Hadamard [1] showed that if the twice differentiable 
real-valued function / on ( - 00, 00) is bounded along with its second derivative, then 

(1.1) 

where P-j = sup{ I/(J)(x )1: - 00 < x < oo}, j = 0,1,2. This result was the analog of 
a similar inequality derived earlier by Landau [2] for functions / on (0, (0), viz., 

(1.2) 

wherep-j = sup{l/(J)(x)l: ° ~ x < oo}, j = 0,1,2. 
The ciassical inequality (1.1) was generalized to higher-order derivatives first by 

Silov [3] for derivatives up to order five and, subsequently, by Kolmogorov [4, 5] for 
derivatives of arbitrary order. In [5], Kolmogorov showed that if the n times 
continuously differentiable real-valued function / on (- 00, 00) is bounded along 
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with its nth derivative (n = 2,3, ... ), then 
(1.3) ILk ~ K(n, k )ILbn-k)/nIL~/n, k = 1, ... , n - 1, 
where ILj = sup{lf(J)(x)l: - 00 < x < oo}, j = 0, ... , n. The constants K(n, k) are 
best possible; they are given by 

( ) ( ) Mn-k 
1.4 K n, k = M(n-k)/n' 

n 

where 
4 00 (_1)(J+l)P M=-L 

) 7T r O (2p + IV+ 1 
(1.5) 

Extremal functions, for which equality is attained in (1.3), are of the form fnk(x) = 
C!f!n(Px), where C and P are constants and 

( x) = 4n! ~ sin«2p + I)7Tx - n7T/2) . 
(1.6) !f!n 7T n+ 1 p'-::o (2p + Ir+ 1 

Later, it was observed by Ljubic [6, 7] that inequality (1.3) is a particular instance 
of a more general class of inequalities involving the norms of powers of linear 
operators. Thus, if D is the differential operator with maximal domain in Loo(R), the 
best possible constant K(n, k) in (1.3) is given by 
(1.7) K(n,k) = sUp{Qn,k(f): fE domD n C Loo(R), Dnf"* A}, 

where 

(1.8) 

The same observation motivated Gindler and Goldstein [8, 9] in their investigations 
of inequalities involving the norms of powers of dissipative operators on Banach 
spaces. 

The discrete analog of D is the difference operator I:::. on the sequence space [oo(Z). 
If ~ = (~) mE Z denotes the general element of [OO(Z), then I:::.~ is the vector with 
components 
(1.9) mE Z. 
I:::. is a bounded operator on [OO(Z), whose norm is 2. Successive powers of I:::. are 
defined in the usual way, 
(1.10) I:::.k~ = 1:::.(l:::.k-l~), k = 2,3, .... 

In the present article, we are interested in the analogs of Kolmogorov's best 
constants K(n, k) for the difference operator 1:::.. Denoting them by C(n, k), we have 
(1.11) C(n,k) = sUp{Qn,k(O: ~ E [oo(Z), I:::.n~"* O}, 
where 

(1.12) 
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These constants have been investigated previously by Ditzian [10] and, more 
recently, by Ditzian and Newman [11]. 

In §2 we explore some corollaries of Kolmogorov's results for the best constants 
K (n, k). In §3 we show that the discrete constants C( n, k) are at least equal to the 
corresponding K (n, k), and exactly equal if k = n - 1. In §4 we construct lower 
bounds for the discrete constants C( n, k) and show that C( n, k) is generally greater 
than the corresponding K(n, k). In §5 we derive several inequalities for the quotient 
Qn,k(~)' In §6 we compute the values of C(n, k), k = 1, ... , n - 1, for n = 2, ... ,5. 

2. Kolmogorov's results revisited. The extremals CfJn given in (1.6) are examples of 
(un scaled and shifted) Euler splines (cf. [12, Lecture 4 or 13, Chapter VI]). 

Let the polynomial functions En' n = 1,2, ... , be defined on [0,1] recursively by 
the relation 

(2.1) n = 1,2, ... , 

with Eo( x) = 1. The Euler spline of order n is an extension of En to all of R which 
is obtained via the functional relation 

(2.2) 

Here, [x] denotes the largest integer contained in x. Thus, En has n - 1 continuous 
derivatives on R and is strictly monotone between its extreme values, which occur at 
the integers if n is odd and at the half integers if n is even, with 

(2.3) 
if n is odd, 

if n is even. 

En(O) and End) can be expressed in terms of the Bernoulli and Euler numbers Bn+l 
and En' respectively: 

(2.4) 

Values of the Bernoulli and Euler numbers can be found in [14, Table 23.2]. 
The infinite sum (1.6) is the Fourier expansion of En(x), so 

(2.5) 

The constant MJ in (1.5) is equal to the quantity (j!)-lIIEnll; hence, 

(j + I)! J+l {( _1)(J-ll/2 2 (2J+l_1)B ifJ'isodd, 

(2.6) M = 
J (_1)J/2_1_. E if j is even. 

2Jj! J 

Because the tables in Kolmogorov's article [5] contain several errors, we give the 
first few values of K (n, k) n, which is rational, and all values of K (n, k) for 
n = 2, ... , 12 in Tables 1 and 2, respectively. 
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TABLE 1. K(n, k r 
k 

n 
1 2 3 4 

2 2 

3 9 
3 -

8 

4 512 36 24 
375 

-
25 5 

5 1953125 125 225 15 - - -
1572864 72 128 2 

TABLE 2. K(n, k) 
k 

n 

1 2 3 4 5 6 7 8 9 10 11 

2 1.41421 
3 1.04004 1.44225 
4 1.08096 1.09545 1.48017 
5 1.04426 1.11665 1.11942 1.49628 
6 1.04298 1.08001 1.14520 1.13842 1.50892 
7 1.03451 1.07289 1.10472 1.16479 1.15137 1.51748 
8 1.03086 1.06182 1.09643 1.12407 1.18006 1.16142 1.52408 
9 1.02714 1.05530 1.08336 1.11494 1.13922 1.19197 1.16922 1.52919 

10 1.02447 1.04945 1.07533 1.10096 1.13001 1.15153 1.20162 1.17551 1.53331 
11 1.02220 1.04492 1.06804 1.09198 1.11556 1.14249 1.16169 1.20956 1.18069 1.53668 
12 1.02034 1.04108 1.06227 1.08380 1.10606 1.12788 1.15299 1.17022 1.21622 1.18502 1.53949 

As n ~ 00, we have the asymptotic results 

(2.7) 1 4 ( 1 ) K(n,l)=l+-ln-+O -
n 7T n 2 

and 

(2.8) K(n, n -I) = 7TM/( 1 - ~ In ~ + o( :2))' I fixed. 

In particular, 

(2.9) K(n n - 1) = ~(1 - .!..In i + o(~)). , 2 n 7T n 2 

Furthermore, 

(2.10) 
7T 

l<K(n,k)<1· 

Given the bounds [14, Equation (23.1.15)] for the Bernoulli and Euler numbers, one 
may obtain better bounds for the individual K(n, k), 

(2.11) Kb(n,k) ~ K(n,k) ~ K#(n,k), 
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where 

(2.12) Kb{n k) = (i)k/n lI n-k 
, 7T e(n-k)/n' 

n 

with 

(2.13) {
I - 2-(J+l) 

11 = 1 
J 1 + 3-(J+l) 

if j is odd, 

if j is even. 

3. General results. The following general results are due to Ditzian [10] and are 
included here for the sake of completeness. 

THEOREM 1. K(n, k) ~ C(n, k). 

PROOF. Let h be fixed, h > O. We use the extremal En for the differential 
operator Din LOO(R) to define the sequence Hh) E lOO(Z), 
(3.1) (~{h))m = En{mh), mE Z. 
This sequence has the property that h-kll~kHh)1I ~ IIE~k)1I as h ~ 0 for k = 
0, ... , n, so the value of the quotient Qn,k for this sequence approaches the value of 
Qn,k for En' which is K(n, k), as h tends to O. Since C(n, k) is the supremum of 
Qn,ka) over all sequences ~ E lOO(Z), we have Qn,ka(h)) ~ C(n, k). The assertion 
of the theorem follows if we let h tend to O. 0 

THEOREM 2. K(n, n - 1) = C(n, n - 1). 

PROOF. Given an arbitrary sequence ~ = (~m)mEZ in lOO(Z), we define a function 
fin LOO(R), 

(3.2) f{x) = L~mBm,n+l(X), x E R, 
m 

where Bm,n+l is the B-spline of order n + 1 with support [m, m + n + 1] (cf. [13, 
Chapter IX]). This function belongs to dom D n , where D is the differential operator 
with maximal domain in L OO(R). Its derivatives are obtained by interpolating the 
differences of ~, 
(3.3) Dkf(x) = L(~k~)m_kBm,n+l_k(X), k = O, ... ,n. 

m 

In particular, Dn-lf is the piecewise linear interpolant of ~n-l~, 
(3.4) Dn-1f(x) = L(~n-l~)m_n+lBm,2{X), 

m 

and Dnf the piecewise constant interpolant of ~nt 
(3.5) Dnf{x) = L(~nOm-nBm,l{X). 

m 

Therefore, IIDn- 1fll = II~n-l~11 and IIDnfll = lI~n~lI. Furthermore, IIfll ~ II~II, be-
cause the B-splines are nonnegative functions that sum to one at every point of R. 
Thus, using Kolmogorov's result for D with k = n - 1, we find that 
(3.6) 

IILln-l~ II ~ K(n, n - l)llf III/nil Dn!ll(n-l)/n ~ K(n, n _ l)II~lll/nll~n~ II(n-l)/n. 
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Hence, Qn,n-1(O:::;; K(n, n - 1), Taking the supremum over all sequences ~ E 

[OO(Z), we obtain the inequality 

(3.7) e(n,n - 1):::;; K(n,n - 1). 

The reverse inequality follows from Theorem 1. D 
Equality does not hold for all values of k, as is easily shown by a counterexample. 

Consider the sequence ~ = (~m)mEZ with ~m = 1 if m < 0, ~m = -1 if m;;, 0. For 
this sequence we have Q31a) = 21/ 3, so 

(3.8) K(3, 1) = (f)1/3 < 21/ 3 :::;; e(3, 1). 

In fact, we shall show in §6 that C(3, 1) = 21/3. 

4. Lower bounds for C(n, k). In this section we derive lower bounds for C(n, k); 
we denote them by eb( n, k). In view of Theorem 2, we can restrict ourselves to pairs 
(n, k) with n = 3,4, ... and k = 1, ... , n - 2. 

Obviously, a lower bound for C(n, k) can be obtained by evaluating the quotient 
Qn,k( 0 at any sequence ~ E [OO(Z). The following procedure for getting a "good" 
lower bound was suggested in [11]: Maximize Qn ka) by choosing ~ from among 
those sequences in [OO(Z) for which II~II = 1 and II~k~11 = 2k. (Clearly, 2k is the 
largest possible value of II~k~11 if II~II = 1.) Sequences of this type must have a core 
consisting of k + 1 elements, alternatingly equal to + 1 and - 1. One then extends 
this core in both directions in such a way that lI~n~1I is minimized, while neither II~II 

nor II~k~11 increase beyond the values 1 and 2\ respectively. 
We have implemented this procedure and computed lower bounds eben, k) for 

values of n up to 12, choosing the elements ~m from the set {-I, 0, I}. The 
sequences thus obtained were not unique: In some cases, it was possible to select a 
sequence with only finitely many nonzero elements; in other cases, an infinite but 
periodic one resulted. Table 3 contains several examples. In each example, the core is 
at the center; a type f indicates a finite sequence, a type p a periodic one.Values of 
eben, k) thus obtained are given in Table 4. A superscript * indicates that the given 
value is greater than the corresponding value of K (n, k ). 

The algorithm can be worked out analytically for k = 1 with the result 

(4.1) { 
2(n-1)/(2n) 

eb(n,l) = 21/2 
if n is odd, 
if n is even. 

The value of eben, 1) thus obtained always exceeds the value of K(n, 1). 

TABLE 3. Maximizing sequences ~ for Qn.k; II~II = 1 and IILlk~11 = 2k 

(n,k) ~ type 

(3,1) 0 0 0 1 1 -1 -1 0 0 0 f 
(4,1) 1 -1 -1 1 1 -1 -1 1 1 -1 P 
(4,2) 0 0 1 1 -1 1 1 0 0 0 f 
(5,1) 1 -1 -1 1 1 -1 -1 1 1 -1 P 
(5,2) 0 -1 1 1 -1 1 1 -1 0 0 f 
(5,3) 0 0 1 1 -1 1 -1 -1 0 0 f 
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TABLE 4. Cb (n, k); first pass. 

n k 

1 2 3 4 5 6 7 8 9 10 

3 1.25992* 
4 1.41421 * 1.15470* 
5 1.31951* 1.25878* 1.08342 
6 1.41421* 1.21141* 1.15470* 1.04396 
7 1.34590* 1.26642* 1.13122* 1.09046 1.02294 
8 1.41421* 1.22958* 1.18174* 1.07872 1.05216 l.01188 
9 1.36079* 1.26150* 1.16002* l.11596* l.04623 l.02971 l.00612 
10 l.41421 * 1.24524* 1.19721* 1.10378* 1.07264 l.02670 l.01674 l.00314 
11 1.37035* 1.26020* 1.17778* 1.13379* l.06583 l.04477 l.01521 l.00934 l.00160 
12 l.41421 * 1.24460* l.20605* 1.12199* l.08874 l.04096 l.02717 1.00855 l.00516 l.00081 

TABLE 5. Q'lA~(i), i = 1,2,3. 

n k Q'l.ka(I)) Q'l.ka(2)) Q'l.ka(3)) 

odd odd (~)('l-k)/(2'l) 2(n- k ll(2'l) < 1 
odd even (~)(2'l-k)/(2'l) < 1 2 k /(2'l) 

even odd (~)('l-2k)/(2'l) 21/2 < 1 
even even (I)(n-k)/'l 1 1 

Greater lower bounds Cb(n, k) may be obtained if the constraint II~kgll = 2k is 
relaxed. The periodic sequences 

(4.2) 

(4.3) 

(4.4) 

g(l) = ( ... ,1,1, -1,1,1, -1,1,1, -1, ... ), 

g(2) = ( ... ,1,1, -1, -1,1,1, -1, -1, ... ), 

g(3) = ( ... ,0,1,0, -1,0,1,0, -1, ... ) 

still have unit length, but the norms of the vectors of their kth differences are 
generally less than 2 k, 

(4.5) 

(4.6) 

(4.7) 

II~kg(l)11 = (l)[(k-l)/212k, 

II ~kg(2) II = (l )[k/212k , 

II ~ke3) II = (~)[(k+ 1)/212k. 

The 3-periodic sequence (4.2) was chosen on the basis of numerical experiments; the 
4-periodic sequence (4.3) already appeared in Table 3 for k = 1; the 4-periodic 
sequence (4.4) was constructed so that ~g(3) = g(2). The value of Qn k at these 
vectors depends on the parities of nand k; see Table 5. 

A value of Qn,k less than or equal to one is useless as a lower bound for C(n, k), 
in view of (2.10) and Theorem 1. 

By comparing the entries of Table 5 and selecting the greatest one in each row, we 
obtain a lower bound for C(n, k) that may, in fact, be greater than the lower bound 
Cb( n, k) given in Table 4. The result of this exercise is summarized in the following 
lemma. 
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TABLE 6. Cb(n,k); second pass. 

n k 

1 2 3 4 5 6 7 8 9 lO 

3 1.25992* 
4 1.41421 * 1.15470* 
5 l.31951 * 1.25878* 1.14870* 
6 1.41421 * 1.21141* 1.41421* 1.04396 
7 l.34590* 1.27965* 1.21901* 1.22812* 1.10409 
8 1.41421* 1.24081* 1.41421 * 1.15470* 1.41421* 1.07457' 
9 l.36079 * 1.29139* 1.25992' 1.25076* 1.16653* 1.25992* 1.08006 
10 1.41421* 1.25878* 1.41421* 1.18840' 1.41421' 1.12196' 1.41421' 1.05922* 
11 1.37035* 1.29891 * 1.28666' 1.26538' 1.20809' 1.23272' 1.13431 1.28666* 1.06504 
12 1.41421* 1.27091* 1.41421 * 1.21141* 1.41421* 1.15470* 1.41421' 1.10064 1.41421' 1.04912 

LEMMA 3. C(n, k) ~ Cb(n, k), where the value of Cb(n, k) is obtained from one of 
the following expressions: 

(4.8) 

2(n-k)/(2n) 

max { 2 kl(2n), {1 )(2n-k)/(2n)} 

21/2 

{1 )(n-k)/n 

if n is odd, k odd, 

if n is odd, k even, 

ifn is even, k odd, 

if n is even, k even, 

or from Table 4, whichever is greater. 

We observe that 

(4.9) (
4 )(2n-k)/(2n) 2kl(2n) § _ 
3 

if !5.. § 2In(4/3) = 0.58661. 
n In(8/3) 

Table 4 can now be updated; the result is Table 6. Again, a superscript* indicates 
that the value of Cb(n, k) is greater than that of K(n, k). 

Having established these results, we can now investigate when K (n, k) is strictly 
less than C( n, k). 

THEOREM 4. K( n, k) < C( n, k) if n - k is odd, or if n - k is even and either 

(4.10) !5.. < In{15/2 /16) = 0.53865 ifn is odd, 
n In{15/2 /16· 4/?T) 

or 

(4.11) k In(81/61) . . 
- < (8 ) = 0.54000 ifn IS even. n In 1/61· 4/?T 

PROOF. The proof is based on establishing the strict inequality KlI(n, k) < Cb(n, k) 
between the upper bound KlI(n, k) of K(n, k), given by (2.12), and the lower bound 
Cb(n, k) of C(n, k), given by (4.8). 

(i) n odd, k even. Notice that n - k must be odd, with n ~ 3 and n - k ~ 3. 
Because £n-k ~ £3 = 15/14 and 7I n ~ 713 = 15/16, it suffices to establish the in-
equalities 

(4.12) ( 4)kln15 (16)(n-k)/n kin if!5..>2In(4/3) 
-.; 14 15 < (/2) n In(8/3)' 
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and 

(4.13) (i)kln.!1( 16 )<n-k)ln (i)<2n-k)/<2n) if ~ < 2In(4/3) 
'IT 14 15 < 3 n In(8/3) 

The first inequality is satisfied as soon as 

k In(16/14) ->----'--...!.-..---'----
n In{(16/15)y'2 . ('IT/4)) , 

which is always the case if kin satisfies the inequality in (4.12), and the second 
inequality is satisfied as soon as 

k In(7/6) - < --~---'--
n In{ 15 /(2'ITv'3)) , 

which is also always the case if kin satisfies the inequality in (4.13). 
(ii) n even, k odd. Again, n - k must be odd, with n ~ 4 and n - k ~ 3. Using 

the estimates fn-k ~ f3 = 15/14 and l1n ~ 114 = 244/243, we see that it suffices to 
establish the inequality 

(4.14) (i) kln.!1 ( 243 )<n-k)ln 1/2 
'IT. 14 244 < 2 . 

This inequality is satisfied if 

k In{(15/14)y'2 ·(244/243)) 
-<-'-'---'-----'-----'---'---'-'-
n In( (4/'IT) . (244/243)) , 

which is always the case: The quantity in the right member is greater than one, 
because (15/14)y'2 > (4/'IT). 

(iii) n odd, k odd. This time, n - k must be even; furthermore, n ~ 3. Because 
l1n ~ 113 = 15/16, it suffices to establish the inequality 

(4.15) (i)kln (.!1 )<n-kl/n 
'IT < 16 y'2 . 

The inequality is satisfied if kin satisfies (4.10). 
(iv) n even, k even. Again, n - k must be even; furthermore, n ~ 4. Using the 

estimate l1n-k ~ 114 = 244/243, we see that it suffices to establish the inequality 

(4.16) (i)kln(244)<n-kl/n (i)<n-k)ln 
'IT 243 < 3 . 

The inequality is satisfied if k / n satisfies (4.11). 0 
The fact that we do not have a good expression for the lower bound of C(n, k) if 

n - k is even precludes us from extending the theorem to all (n, k). 

5. Inequalities for Qn.k(~). In this section we derive several inequalities for the 
quotient Qn ka). We restrict ourselves again to pairs (n, k) with n = 3,4, ... and 
k = 1, ... , n - 2. 
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LEMMA 5. Let ~ be an arbitrary vector of unit length in lOO(Z). Then 

(5.1) Qn,k(~) ~ K(n,k) + n - ~ + 1 Qn,k+2(OII~n~112/n 
for k = 1, ... , n - 2, where Qn,n(O = 1. 

PROOF. Let f E L OO(R) be the piecewise polynomial function introduced in (3.2) 

(5.2) f(x) = L~mBm,n+1(X), x E R. 
m 

We recall from the proof of Theorem 2 that f E dom D n, where D is the differentia-
tion operator with maximal domain in L 00 (R), and 

(5.3) Dkf(x) = L(~k~)m-kBm,n+l-k' k=O, ... ,n. 
m 

Furthermore, Ilfll ~ 1 and IIDnfl1 = lI~nfll. 
For k = n - I and x E [m, m + 1), we have 

m 
(5.4) Dn-'f(x) = L (~n-'~L_n+,Bj,'+1(X). 

j=m-I 
Suppose I is even. If we split off the term with j = m - n + 1/2 and use the 
property that the B-splines sum to 1, we obtain the identity 
(5.5) Dn-'f(x) = (~n-I~)m_n+1j2 

m-I/2-1 

+ L ((~n-I~)j_n+I-(~n-I~)m_n+I/2)Bj'/+1(X) 
j=m-I 

m 
+ L ((~n-I~)j_n+1 _(~n-I~)m_n+I/2)Bj'/+1(X). 

j=m-I/2+1 
N ext, we observe that 

(5.6) Bm-i+p.i+l(m + 1) = Bm_p,/+l(m + 1) = BO,/+l(P + 1) 
for P = 0, ... , 1/2 - 1. Hence, at x = m + 1, the two sums above can be combined 
into one: 
(5.7) 

Dn-'f(m + 1) 
1/2-1 

= (~n-I~)m_n+I/2 + L ((~n-I~)m_n+p - 2(~n-I~)m_n+I/2 
p=O 

+(~n-I~)m-n+l-p)Bo,i+l(P + 1)' 
The linear combination of the (n - I)th differences that occurs under the summa-
tion sign can be expressed in terms of (n - I + 2)th differences 
(5.8) (~n-I~)m_n+p - 2(~n-I~)m_n+I/2 +(~n-I~)m_n+l_p 

1/2-1-p 
L r((~n-i+20m_n+P+r_l +(~n-I+2~)m_n+l_p_l_r) 
r=1 



Thus 
(5.9) 
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(Lln-10 m-n+I/2 = Dn-1f( m + ~) 
1/2-1 {1/2-1-P 

- L L r((Lln-1+2~)m_n+p+r_1 +(Lln-1+2~)m_n+l_p_1_r) 
p=O r=1 

x BO,l+1( P + ~). 
The right-hand side of (5.9) is less in absolute value than the quantity 

(5.10) II Dn-1f II + (':~01 (//2r~1-P r + f -p) BO,I+1( P + ~)) II Lln-1+2~ II 
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= II Dn-'lll + (':~01 (f -P r Bo,l+ 1 ( P + ~)) II Lln-1+2H· 

The sum inside the braces can be evaluated 

1/2 -1 ( I ) 2 ( 1 ) I + 1 L 2" - P BO,l+1 P + 2" = ~ 
p=O 

(5.11) 

(cf. [15, Theorem 4.21]). Hence, 

(5.12) I(Lln-I~)m_n+I/21 ~ IIDn-1fll + I ;411ILln-I+2~11. 
As the right-hand side is independent of m, we can take the supremum over all m 
and arrive at the inequality 

(5.13) IILln-I~11 ~lIDn-lfll + I ;411ILln-I+2~11. 

Here, IID n- 1fll can be estimated by K(n, n - 1)llflll/nIiDn/ll(n-I)/n, according to 
Kolmogorov, and this bound, in turn, is equal to K(n, n -- 1)IILln~II(n-I)/n. Thus, 

(5.14) IILln-I~11 ~ K(n, n _l)IILln~II(n-I)/n + I ;411ILln-I+2~11. 

The assertion of the lemma now follows upon division of both sides of this 
inequality by IILln~II(n-llin. 

The proof for odd I is similar and is omitted. 0 
Equation (5.1) is a recurrence relation that, upon repeated application, gives an 

upper bound for Qn k(O that depends polynomially on IILln~lIl/n. For example, 

(5.15) Qn,n-2(~) ~ K(n,n - 2) + tIILln~112/n, 
2/n (5.16) Qn,n-3(~) ~ K(n, n - 3) + iK(n, n - l)IILln~11 , 

(5.17) Qn,n-4(O ~ K(n,n - 4) + tt(K(n,n - 2) + tIILln~112/n)IILln~112/n. 
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These bounds confirm the more qualitative statement of [11, Theorem 5.1]. Obvi-
ously, they are most useful when lI~n~1I is small. The following lemma is useful when 
II~n~1I is large. 

LEMMA 6. Let ~ be an arbitrary vector of unit length in lOO(Z). Then 
2k 

(5.18) Qn.k(~) ~ k/n' 
II~nH 

PROOF. The proof is trivial: If "~II = 1, then "~k~,, ~ 2k. 0 
Lemmas 5 and 6 enable us to estimate Qn,k(g) when lI~n~" is small and large, 

respectively. Suitable bounds in the intermediate range are derived directly from 
specific identities among the components of a vector and its nth and kth dif-
ferences. The following lemmas give several examples. 

LEMMA 7. Let ~ be an arbitrary vector of unit length in lOO(Z). Then 

(5.19) Qn,l(~) ~ n 1 II~n~ll(n-l)/n + (;-nl )/2 ifn is odd, ! 2n - 2Cn ) 
C(n -1)/2 II ~n~ II / 

(5.20) Qnl(~)~ _2_fll~n~f-l)/n+ 2n- cnn/;l) ifniseven. 
, Cn;/ \ II ~n~ Ill/n 

Here, Cpn is the binomial coefficient G). 
PROOF. Suppose n is odd. For any IE Z, we have the identity 

n 

(5.21) (~n~), = L: (-I)PC;~'+n_p. 
p=o 

The terms with p = (n - 1)/2 and p = (n + 1)/2 have equal coefficients, but 
opposite signs. Combining them into one single term involving (~~)I+(n-l)/2' we 
obtain the identity 

( _1)(n-l)/2 {n } 
(5.22) (~O'+(n-l)/2 = C n (~n~L - L:' (-IVq~l+n-p . 

(n-l)/2 p=O 

(The prime on the sum indicates that the terms with p = (n - 1)/2 and p = 
(n + 1)/2 are to be omitted.) Hence, 

(5.23) 1(~~)I+(n-l)/21 ~ C n 1 {11~n~11 + r.' c;}. 
(n-l)/2 p=O 

The sum over p is readily evaluated, 
n n 

(5.24) L:' q = L: C; - 2C(:-1)/2 = 2n - 2C(:-1)/2' 
p=O p=O 

Since the right-hand side of (5.23) is independent of I, we can take the supremum 
over I and find that 

(5.25) II~~ II ~ en 1 {11~n~11 + 2n - 2C(:-1)/2}' 
(n-!)/2 

The inequality (5.19) follows upon division of both sides of (5.25) by lI~n~1I1/n. 
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The proof for even n is similar. One starts from the identity 

(5.26) 
n+l 

(~ng)/-(~nO/+l = - L (-1)PCpn+1g'+n+l_p 
P~O 
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and proceeds as before, combining the terms with p = nl2 and p = nl2 + 1. We 
omit the details. 0 

Lemma 7 is particularly useful to estimate Qn.la) in the intermediate range of 
values of lI~ngli. The quantity in the right member of (5.19) increases indefinitely as 
lI~ngll tends to zero and as lI~ngll tends to infinity, and has a minimum at 

(5.27) 

The quantity in the right member of (5.20) behaves similarly, with a minimum at 

(5.28) 

The inequalities (5.19) and (5.20) are the first of a hierarchy of inequalities that 
one derives from linear combinations of nth differences. For example, if n is odd 
one may start from the identity 

(5.29) (~ng)/_l + n(~ng),+(~ng)/+l 
n+l p p(n-p)n! 

= (n + 2) P~l (-1) (n _ p + l)!(p + I)! gl+n-p 

to derive the inequality 
(5.30) 

or, if n is even, from the identity 

(5.31) (~nO'_l + n(~nO/- n(~ng)/+l _(~ngL+2 

n+l 
= L (-lV(n - p)q+l(gl+n_p - gl+l+P) 

p~O 

to derive the inequality 

Notice that the linear combination of the elements of ~ng in the starting identity 
(5.29) is such that the coefficients of the penultimate elements gl+n and g, (at p = 0 
and p = n, respectively) vanish. A similar remark applies to the linear combination 
in (5.31). At the next step in the hierarchy, one takes one more element at each end 
of the vector ~ng and chooses linear combinations for which the coefficients of the 
penultimate and a second element of g vanish, etc. The same idea is recognized in 
the construction of the inequalities in Lemmas 8 and 9. 
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LEMMA 8. Let m be any nonnegative integer and let a(m) be the vector (aim), E Z 

with aim) = 0 if III ~ m + 1, and 

aim) = (m-I~I+3), I='-m, ... ,m. 

Let g be an arbitrary vector of unit length in lOO(Z). Then 

(5.33) Qn.n-2(g):( 1~ (m + l)(m + 3)II~nH2/n + 4 2 Qn,n-4~n 
(m + 2) II~ngll n 

for n = 4,5, ... , where Qn 0(0 = l. 

PROOF. (We suppress the superscript (m) on a.) Let Cp4 be the binomial coeffi-
cient (;). For any integer n and any I E Z we have 

4 

(5.34) (~ng), = L (-1)PCp4(~n-4gL+p" 
p=o 

Hence, 
4 

(5.35) La,(~ng), = L L (-1)PCp4a,(~n-4gL+p 
, I p=O 

4 
= L L (-lVCp4a,_p(~n-4gL = L(~4a),_i~n-4gL· 

I p=O I 

The vector of the fourth differences of a vanishes except for five elements: 

(5.36) 

(5.37) 

(5.38) 
Thus, 
(5.39) 

(~4a)_m_4 = (~4a)m = 1, 

(~4a)_3 = (~4a)_1 = -em + 2)2, 

(~4a)_2 = 2(m + 2)2 - 2. 

La,(~ngL = -em + 2)2(~n-2gL +(~n-4g)_m - 2(~n-4g)2 +(~n-4g)m+4. 
I 

Hence, 

(5.40) 

One readily verifies that 

(5.41) La, = -&(m + l)(m + 2)2(m + 3), 
I 

so (5.40) reduces to 

(5.42) 
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As the reference point for the indices of the elements of ~ is arbitrary, the same 
estimate holds for any element of .:In-2~, so taking the supremum over all elements 
we obtain the inequality 

(5.43) 

The statement of the lemma follows upon division of both sides of this inequality by 
II.:ln~lI(n-2)/n. 0 

LEMMA 9. Let m be any nonnegative integer and let a(m) be the vector (a)m)'EZ 
with a)m) = 0 if I ~ -(m + 1) orl;;. m + 2, and 

1= -m, ... ,O, 
(5.44) 

l=l, ... ,m+l. 

Let ~ be an arbitrary vector of unit lenght in lOO(Z). Then 

(5.45) Q ( t) ~.l (m + 2)(m + 4) II.:lnt I1 3/ n 
n,n-3 <;; "" 20 (m + 3) <;; 

+ (m + 2)(m + 4) Qn,n-5(O 
(m + l)(m + 5) lI.:lnn 2/n 

for n = 4,5, ... , where Qn,oa) = 1. 

PROOF. (We suppress the superscript (m) on a.) The proof is similar to the proof 
of Lemma 8. Let C) be the binomial coefficient (~). For any integer n and any 
IE Z we have 

5 

(5.46) (.:ln~L= L (-lVC)(.:ln-5~)/+p' 
p=O 

Hence, 
5 

(5.47) La,(.:ln~), = L L (-1)PC)a,(.:ln- 50/+p 
, , p=O 

5 
= L L (-1)PC)a,_p(.:ln-5~L = - L(.:l5a)'_5(.:ln-5~L· 

, p=O , 

The vector of the fifth differences of a vanishes except for seven elements: 

(5.48) 

(5.49) 

(5.50) 

(5.51) 

(.:l5a )_m_5 = (.:l5a )m+l = 1, 

(.:l5a )_4 = (.:l5a )o = - A(m + 2)(m + 3)2(m + 4), 

(.:l5a )_3 = (.:l5a )_1 = t{m + l)(m + 3)2(m + 5), 

(.:l5a)_2 = - Hm + l)(m + 2)(m + 4)(m + 5). 
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Thus, 

(5.52) Lal(~nnl= -Hm + l)(m + 3)2(m + 5)(~n-3~)2 _(~n-5~)_m 
I 

+iz(m + 2)(m + 3)2(m + 4)(~n-5~)1 
- t{m + 1)(m2 + 6m + 12)(m + 5)(~n-503 
+iz(m + 2)(m + 3)2(m + 4)(~n-5~)5 _(~n-5~)m+6' 

Hence, 

(5.53) 1(~n-3~)21 ~ 1 
Hm + l)(m + 3)2(m + 5) 

. {( ~ lal!) II~n~11 + -j-(m + 2)(m + 3)\m + 4)II~n-5~ II}. 
One readily verifies that 

1 (5.54) L Jail = 60 (m + l)(m + 2)(m + 3)(m + 4)(m + 5), 
I 

so (5.53) reduces to 

(5.55) 1(~n-3~) I ~ ~ (m + 2)(m + 4) II~n~11 (m + 2)(m + 4) II~n-5t.11 
2~20 m+3 +(m+1)(m+5)'" 

As the reference point for the indices of the elements of ~ is arbitrary, the same 
estimate holds for any element of ~n-3~. Taking the supremum over all elements, we 
obtain the inequality 

(5.56) II~n-3~11 ~ ~ (m + 2)(m + 4) II~n~11 + (m + 2)(m + 4) II~n-5~11. 
~ 20 (m + 3) (m + 1) (m + 5) 

The statement of the lemma follows upon division of both sides of this inequality by 
lI~n~u<n-3)/n. D 

In Lemma 8, the vector a(m) was chosen in such a way that the vector of its fourth 
differences vanished everywhere except at the extremities (cf. (5.36» and at the 
center (cf. (5.37) and (5.38». The same principle led to the choice of a(m) in Lemma 
9. Other choices are, of course, possible. They lead to the same type of inequalities 
among Qn,n-2 and Qn,n-4 (in the case of Lemma 8) or Qn,n-3 and Qn,n-5 (in the 
case of Lemma 9), but with different coefficients. These new inequalities may be 
better over some ranges of II~n~lI, as we shall see in the following section. 

6. Values of C(n, k). In this section we compute C(n, k), k = 0, ... , n - 1, for 
n = 2, ... ,5. The results are summarized in Table 7. The entries for k = n - 1 are 
the same as in Table 2, in accordance with Theorem 2. 

6.1. C(3, 1) = 21/ 3 = 1.25992. From Lemma 3 we know that C(n, k) ~ 21/ 3, so it 
suffices to establish the reverse inequality. 

Let ~ be an arbitrary vector of unit length in [OO(Z). From (5.15) we have the 
estimate 

(6.1) () (9)1/3 111 311 2/ 3 
Q3,1 ~ ~"8 +"8 ~ ~ , 
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from (5.18) the estimate 

(6.2) 
and from (5.19) the estimate 

(6.3) Q3,1(O ~ tII1l3~112/3 + t/111l3~111/3. 
The inequality Q31a) ~ 21/ 3 follows 

(i) from (6.1) if 0 ~ 111l3~1I ~ 8(42/ 3 - 32/ 3)3/2 = 2.33298, 
(ii) from (6.3) if 3/i - 5/2 = 1.74264 ~ 111l3~11 ~ 4, and 

(iii) from (6.2) if 111l3~11 ~ 4. 
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Hence, Q3,la) is uniformly bounded by 21/ 3 over the entire range of 1I1l3~11. It 
follows that C(3, 1) ~ 21/3. 

TABLE 7. C ( n , k ). The entries for C (5, 3) represent upper and lower bounds. 

k 

n 1 2 3 4 

2 l.41421 
3 l.25992 l.44225 
4 l.41421 1.15470 l.48017 

5 1.31951 1.25878 1.19758 l.49628 
1.14870 

6.2. C(4, 1) = 21/2 = 1.41421. From Lemma 3 we know that C(4, 1) ~ 21/2, so it 
suffices to establish the reverse inequality. 

Let ~ be an arbitrary vector of unit length in /OO(Z). From (5.16) we have the 
estimate 

(6.4) ( 512 )1/4 1 ( 24 )1/4 4 2/4 
Q4,1(O ~ 375 + 6" 5" IIIl ~II ' 

from (5.18) the estimate 

(6.5) 
and from (5.20) the estimate 

(6.6) Q4,1(O ~ tII1l4~113/4 + ~/111l4u~li1/4. 
The inequality Q4,1 (~) ~ 21/2 follows 

(i) from (6.4) if 0 ~ 111l4~1I ~ (*)1/2(3751/ 4 - 1281/ 4)2 = 1.82487, 
(ii) from (6.6) if 0.91414 ~ 111l4~1I ~ 4, and 

(iii) from (6.5) if 111l4~11 ~ 4. 
Hence, Q41a) is uniformly bounded by 21/2 over the entire range of 111l4~11. It 
follows that C(4, 1) ~ 21/2. 

6.3. C(4,2) = (1)1/2 = 1.15470. From Lemma 3 we know that C(4, 2) ~ (1)1/2, so 
it suffices to establish the reverse inequality. 

Let ~ be an arbitrary vector of unit length in /OO(Z). From (5.15) we have the 
estimate 

(6.7) 



368 H. G. KAPER AND B. E. SPELLMAN 

from (5.18) the estimate 

(6.8) 
and from (5.33), taking m = 0,1,2, the estimates 

(6.9) Q4,2(~) < tIILl4~112/4 + 1/IILl4~112/4, 

(6.10) 
and 

(6.11) 
respectively. The inequality Q4 2(~) < C!)1/2 follows 

(i) from (6.7) if 0 < IILl4~1I ~ 112S8(VlO - 3)2 = 0.22472, 
(ii) from (6.11) if 15 = 0.12 < IILl4~11 < 1, 

(iii) from (6.10) if t < IILl4~11 < ~, 
(iv) from (6.9) if ~ < IILl4~11 < 12, and 
(v) from (6.8) if IILl4~11 » 12. 

Hence, Q42(~) is uniformly bounded by (~)1/2 over the entire range of IILl4~11. It 
follows th~t C(4,2) < (4)1/2. 

We observe that, although Ditzian and Newman give the correct value of C(4,2) 
in [11], their proof is incomplete. 

6.4. C(5,1) = 22/ 5 = 1.31951. From Lemma 3 we know that C(5, 1) » 22/ 5, so it 
suffices to establish the reverse inequality. 

Let ~ be an arbitrary vector of unit length in [OO(Z). From (5.17) we have the 
estimate 

( 1953125 ) 1/5 5 (225) 1/5 5 2/5 5 5 4/5 
(6.12) Q5,l(~) < 1572864 + 24 128 IILl ~II + 192 IILl ~II ' 

from (5.18) the estimate 

(6.13) 
and from (5.19) the estimate 

(6.14) Q5,lU) < foIILl5~114/5 + ~/IILl5~111/5. 
The inequality Q5,l a) < 22/ 5 follows 

(i) from (6.12) if 0 < IILl5~11 < 1.14534, 
(ii) from (6.14) if 0.97684 < IILl5~11 < 8, and 

(iii) from (6.13) if IILl5~11 » 8. 
Hence, Q5,la) is uniformly bounded by 22/ 5 over the entire range of IILl5~11. It 
follows that C(5, 1) < 22/ 5. 

6.5. C(5,2) = (~)4/5 = 1.25878. From Lemma 3 we know that C(5,2) » (~)4/5, so 
it suffices to establish the reverse inequality. 

Let ~ be an arbitrary vector of unit length in [OO(Z). From (5.16) we have the 
estimate 

(6.15) ( 125 )1/5 1 ( 15 )1/5 5 2/5 
Q5,2(n < 72 + 6' 2 IILl ~II ' 
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from (5.18) the estimate 

(6.16) 

and from (5.45), taking m = 0 and m = 1, the estimates 

(6.17) 

and 

(6.18) 

respectively. Furthermore, 

(6.19) 

(6.20) 

and 

(6.21) 

38 11 5 11 3/ 5 2 5 2/5 Q5,2(~):S:; 75 Il~ + 3/111l~11 ' 

154 11 5 11 3/ 5 140 II 5 2/5 Q5,2(n:s:; 243 Il ~ + 243/ Il ~II ' 

(The inequalities (6.19) through (6.21) are obtained as in Lemma 9, with 

a (2) = (· .. 031520 -20 -15 -30···), 

a(3) = ( ... 02103035 - 35 - 30 -10 - 20· .. ), 

and 

a(4) = ( ... 0 5 25 75 126 105 - 105 - 126 - 75 - 25 - 5 0 ... ), 

respectively; cf. the remark following Lemma 9. We omit the details.) 
The inequality Q5 2(~):S:; (1)4/5 follows 

(i) from (6.15) io :s:; 1I1l5~1I :s:; 0.24526, 
(ii) from (6.21) if 0.08502 :s:; 1I1l5~11 :s:; 0.42606, 

(iii) from (6.20) if 0.27356 :s:; 1I1l5~1I :s:; 1.29047, 
(iv) from (6.19) if 0.39143 :s:; 111l5~11 :s:; 1.88721, 
(v) from (6.18) if 1.77068 :s:; 1I1l5~11 :s:; 10.58443, 

(vi) from (6.17) if 3.39637 :s:; 111l5~1I :s:; 18, and 
(vii) from (6.16) if 1I1l5~11 ~ 18. 
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Hence, Q5,2(O is uniformly bounded by (1)4/5 over the entire range of 111l5~11. It 
follows that C(5,2) :s:; (1)4/5. 

6.6. 21/ 5 = 1.14870 :s:; C(5,3) :s:; 1.19758. We have been unsuccessful in finding 
the value of the best possible constant C(n, k) in the case n = 5, k = 3. It is not 
clear whether this is due to the lack of a good lower bound for C(n, k) or to the 
difficulty in obtaining an upper bound for Qn,k(~) in the intermediate range of 
1I1l5~II-values. 

From Lemma 3 we know that C(5, 3) ~ 21/ 5. The upper bound given above is 
obtained in the following way. 
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Let ~ be an arbitrary vector of unit length in [OO(Z). From (5.15) we have the 
estimate 

(6.22) 

and from (5.18) the estimate 

(6.23) 

We observe that the constant term in the right member of (6.22) is only slightly less 
than 21/ 5, so the interval over which (6.22) can be used to estimate Q5.3a) by 21/ 5 is 
very small; in fact, it extends only up to the point 

11.l5~11 = 24(2561/ 5 - 2251/ 5)5/2 = 0.026543. 

On the other hand, (6.23) yields Q5 3a) ~ 21/ 5 only for 11.l5~11 ;:;. 214/ 3 = 25.39842. 
Q 5,3 (~) therefore remains to be estimated over a rather wide gap, for which a variety 
of inequalities is needed. 

The inequality (5.33) requires good estimates for Q5,1(H We found the following 
ones useful, besides (6.14): 

(6.24) 

(6.25) 

Q5,l(~) ~ t!I.l5H 4/ 5 + ~/II.l5~1I1/5, 

Q5,1(~) ~ tll.l5H 4/ 5 + ~UII.l5~1I1/5. 
The former is obtained from (5.30); the latter is derived by the method of Lemma 8, 
with 

0:(2) = ( ... 0 1 5 15 5 1 0 ... ). 

Thus we obtain from (5.33), taking m = 0 and using (6.14) and (6.24), the inequali-
ties 

(6.26) 

and 

(6.27) 

respectively; also from (5.33), taking m = 1 and using (6.24) and (6.25), the 
inequalities 

(6.28) () 3411 5 11 2/ 5 8 II 5 11 3/ 5 Q5,3 ~ ~ 45.l~ + TIl .l~ 
and 

(6.29) () 2211 5 11 2/ 5 248 II 5 11 3/ 5 Q5,3~~Yf.l~ +729/.l~ , 
respectively. Furthermore, 

(6.30) 

and 

(6.31) 

() I II 5 11 2/ 5 12 II 5 11 3/ 5 Q5,3 ~ ~ 5" .1 ~ + 5"1 .1 ~ , 
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(The inequalities (6.30) and (6.31) are obtained as in Lemma 8, with 
a(O) = ( ... 010 ... ) 

and 
a(l) = ( ... 0 1 5 1 0 ... ), 

respectively. We omit the details.) 
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The least upper bound for Q5 3( g) is obtained 
(i) from (6.22) if 0 ~ 1I~5gil ~ 0.30909, where its maximum value 1.19758 is 

achieved at the right endpoint, 
(ii) from (6.29) if 0.30909 ~ 11~5gl1 ~ 0.68783, where its maximum value 1.19758 

is achieved at the left endpoint, 
(iii) from (6.28) if 0.68783 ~ 1I~5gl1 ~ 1.22449, where its maximum value 1.15667 

is achieved at the right endpoint, 
(iv) from (6.31) if 1.22449 ~ 1I~5gl1 ~ 1.90476, where its maximum value 1.16461 is 

achieved at the right endpoint, and 
(v) from (6.27) if 1.90476 ~ 1I~5gll ~ 2.27212, where its maximum value 1.16461 is 

achieved at the left endpoint. 
For values of 1I~5gl1 beyond 2.27212 we use the rough estimate Q5.3(O ~ 21/ 5 = 
1.14870, which follows 

(vi) from (6.27) if 2.27212 ~ 1I~5gl1 ~ 3.60558, 
(vii) from (6.26) if 3.34806 ~ 1I~5gl1 ~ 8, 
(viii) from (6.30) if 8 ~ 11~5gl1 ~ 42.39816, and 
(ix) from (6.23) if 11~5gll ~ 25.39842. 

All other inequalities which we have investigated yield upper bounds for Q5,3(g) 
that are greater than or equal to the ones given above. We therefore conclude that 
the least upper bound of Q5.3(g) over the entire range of 1I~5gll is 1.19758. As we 
have not been able to determine whether there exists a sequence g in /OO(Z) for which 
Q5,3(g) = 1.19758, our analysis proves only the inequality C(5, 3) ~ 1.19758. 
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