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CONTRIBUTIONS TO THE THEORY

OF SET VALUED FUNCTIONS

AND SET VALUED MEASURES

NIKOLAOS S. PAPAGEORGIOU

Abstract. Measurable multifunctions and multimeasures with values in a Banach

space are studied. We start by proving a variation of the known Dunford theorem

for weak compactness in L1 ( X). With a similar technique we prove that the range of

certain vector valued integrals that appear in applications is »-compact and convex.

Also we obtain Dunford-Pettis type theorems for sequences of integrably bounded

multifunctions. Some pointwise w-compactness theorems are also obtained for

certain families of measurable multifunctions. Then we prove a representation

theorem for additive, set valued operators defined on Ll{X). Finally, in the last

section, a detailed study of transition multimeasures is conducted and several

representation theorems are proved.

1. Introduction. In this paper we continue the work started in [31], where we

extended some well-known functional analytic results to set valued operators and

used techniques from the general theory of multifunctions to obtain a new result

about weak compactness in the Lebesgue-Bochner space Ll(X). This effort is

continued in this paper, where we have a new weak compactness result for Ll(X)

that complements some earlier results of Brooks and Dinculeanu [2] and we present

a Dunford-Pettis type theorem for sequences of integrably bounded multifunctions.

We also have a new representation theorem for additive set valued operators, some

pointwise weak compactness results for multifunctions with a weakly compact set of

Bochner integrable selectors, another weak compactness theorem for the space

L}( A), and we determine various properties of transition multimeasures. Our proofs

are based on results from the general theory of measurable multifunctions and

multimeasures which can be found in the works of Castaing and Valadier [3], Costé

[5, 6], Godet-Thobie [14, 15], Hiai [16, 17], Hiai and Umegaki [18], Pallu de la

Barrière [30], and Saint-Beuve [29, 40, 41]. Also for the relevant background on

vector measures, the Radon-Nikodym property (R.N.P.), and Bochner or Pettis

integration the reader is referred to Diestel and Uhl [9]. Our work was partially

motivated by problems in mathematical economics, control theory, and optimiza-

tion, where the results and techniques developed in this paper can have useful

applications.
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2. Preliminaries. In this section we establish our notation and terminology and

also we present some basic facts from the theory of multifunctions that we will need

in the sequel.

Let (ñ, 2) be a measurable space and A a separable Banach space. Throughout

this paper we will be using the following notations:

Pf(c)(X) = {A çz X: nonempty, closed, (convex)},

£(H,)A(i)(A) = [A ç A: nonempty, (w-)compact, (convex)}.

Also for A g 2X\ {0 }, we define \A\ = sup{ ||a||: a G A} (the "norm" of the set

A), a(x*. A) = sup{(x*,a): a G A), x* G A* (support function of A), and

d(x, A) = inf{||x - a||: a g A} (the distance function from A).

A multifunction £: ß -» £y( A) is said to be measurable if one of the following

two equivalent conditions is satisfied:

(i) for all x g A, w -» d(x, £(«)) is measurable;

(ii) there exist /„: Í2 -» A measurable functions s.t.

F(co) = d{/„(co)}„>1    for all <o g £2

(Castaing's representation).

If in addition there exists a complete, a-finite measure /i(-) on 2, then (i) and (ii)

above are equivalent to

(iii) Gr£ = {(to, x) g fi x A: x g £(w)} g 2 X £( A), where £( A) is the Bord

CT-field of A (graph measurability).

By S£ (1 < /7 < oo ) we will denote the set of selectors of a measurable multifunc-

tion £: £2 -* £y( A), which belongs to the Lebesgue-Bochner space £i'(A). This set

(which may be empty) is closed in £i'(A). It is easy to see that S£ is nonempty if

and only if inf{||x||: x G £(w)} e L''. We will say that £(•) is integrably bounded

if co -» |£(w)| belongs in L1. Using the Kuratowski-Ryll-Nardzewski measurable

selection theorem, we can easily see that for an integrably bounded multifunction

£( • ), Sjr # 0. Having this set we can define a set valued integral for £( • ) as

/ Fiu)dpio:)=iffi<j)dpiu):fGSlF]

The vector valued integrals of the right-hand side are defined in the sense of

Bochner.

A set £c£1(A) is said to be decomposable (or "convex with respect to

switching") if for all /, g G K and all A G 2 we have XaÍ + XacS e K- Decom-

posability plays an important role in control theory and optimization.

If 20 ç 2 is a sub-rj-field and £: fi -> £y(A) is integrably bounded, then from

Hiai and Umegaki [18] we know that there exists a unique multifunction E^°F:

Yl —> £y(A) which is 20-measurable, integrably bounded and SJUoF = cl{£ °f:

/ g Sjr), the closure taken in the norm topology of Ll( A, 20).

Now let A be any Banach space. A multimeasureis a map M: 2 -> 2X\{0) s.t.

M(0) = {0} and for [An}n>x ç 2 pairwise disjoint we have

MÍU A„\-  I M(An).
\  .. ^ 1 ' » ^ 1" n>\ ' n>1
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Depending on how we interpret the sum in the right-hand side, we have different

types of multimeasures. Here we present the two basic ones that we will be using in

this work.

(a) M(-) is a "multimeasure" (or "strong multimeasure") if and only if

T.„>xM(An) = (x g A: x = ¿Z„>xxn (unconditionallyconvergent), x„ g M(A„)}.

(b) If the values of M(-) are closed, we define M(-) as a "weak multimeasure" if

and only if for every x* g A*, A -* o(x*, M(A)) is a signed measure.

We know (see Godet-Thobie [14, Proposition 3] and Pallu de la Barrière [30, p.

7-07]), that if M(-) is £H,A(,.(A)-valued, then the above two definitions are equiva-

lent. This fact can be viewed as the multivalued analogue of the Orlicz-Pettis

theorem (see Diestel and Uhl [9]). In fact in this case

m h I \

Y_ M(An) -» MMJ A A    asm -> oo,
n = i %>i      '

where h( •, • ) denotes the Hausdorff metric on Pwkci A).

If M( ■ ) is a multimeasure and A g 2, then we define

\M\(A) = snpY.\MiAn)\,

where the supremum is taken over all finite measurable partitions 77 = { Ax,..., A„}

of A. If |M|ß < 00 then M(-) is said to be of bounded variation. It is easy to see

that |M|(-) is a positive measure. Also A G 2 is said to be an atom for Af(-) if

Mi A) * {0} and M(£) = {0} or Mi A \B) = {0} for all £ c A, B g 2. Clearly

A g 2 is an atom for M(-) if and only if it is an atom for |M|(-). If M(-) has no

atoms it is called nonatomic. Finally A/(-) is said to be jti(-)-continuous if pi A) = 0

implies Mi A) = {0}. Again M(-) is ^-continuous if and only if \M\(-) is. A vector

measure m: 2 -» A s.t. m(A) G M(A) for all A G 2 is said to be a measure

selector of M( ■ ). The set of all measure selectors of M( ■ ) is denoted by SM.

Now let (ß, 2), (£, Z) be measurable spaces and A be a separable Banach space.

A map L: ßxZ—>£y(A)is said to be a transition multimeasure (resp. a weak

transition multimeasure) if:

(1) for all A g Z, w -> L(u>, A) is a measurable miltifunction,

(2) for all co g ß, A -> L(u>, A) is a multimeasure (resp. a weak multimeasure).

A "selector transition measure" or simply a "transition selector" is a map m:

ß X Z -> A s.t.

(1) for all A G Z, co -» m(u, A) is 2-measurable,

(2) for all co G ß, A -* w(co, /I) is a vector measure,

(3) for all co G ß and all A e Z, m(a, A) g £(co, A).

The set of all transition selectors of £( •, • ) will be denoted by £5^.

Finally recall (see Diestel and Uhl [9, p. 74]) that K <z Ll(X) is uniformly

integrable if limlliA)^0jA\\f(u)\\dp(u) = 0 uniformly in /(•) g K.

Closing this section we would like to point out that several of the results in this

paper can be extended to separable Fréchet spaces. But in order to have a uniform

exposition we have decided to present everything within the framework of Banach

spaces.
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3. Weak compactness in LX(X). We will start with a variation of the well-known

Dunford compactness theorem (see Diestel and Uhl [9, p. 101]). Note that we do not

require A to have the R.N.P. and instead we have the weaker hypothesis (3) and

separability. However we require that our set K ç £:(A) is convex. Our result is

also related to Theorem 1 of Brooks and Dinculeanu [2]. Furthermore our proof is

different from those in [2 and 9] and is based on the theory of multimeasures. Our

theorem was motivated by a problem in mathematical economics.

Theorem 3.1. Assume that (ß, 2, p) is a positive, finite measure space and X a

separable Banach space. If K ç £^A) is closed, convex, bounded, and

(1) £ is uniformly integrable,

(2) for all A G £, £(,4) = { jA f(u)dp(u): f G £ } is w-compact in A,

(3) for all vector measures m: 2 -» X s.t. miA) G K(A) for all A G 2 there exists

g G L\X) s.t. m(A) = jAg(u)dp(tc),

(4)[L\X)]* = £°°(A*),
then K is weakly compact in LX(X).

Proof. Consider the map M: 2 -> 2X\ ( 0 } defined by M(A) = { jA /(co) dp(u):

/g £}. Because of hypothesis (2) and the convexity of K, we deduce that for all

A g 2, M(A) g Pwkc(X). Next fix x* g A*. We have

a(x*, M (A)) = sup   x*, f f(ic)dp(tc)\ = sup   f (x*,/(co)) c7>(co).

Consider the set Kx, ç Lx defined by

£x,= {(x*,/(-))g£1:/g£}.

Because of hypothesis (1), Kx* is uniformly integrable and also bounded. So from

the classical Dunford-Pettis criterion Kx, is w-compact in Lx. Hence there exists

h(-)g£~?' s.t. a(x*,M(A))=fAu(u)dn(tí)^>A-yaix*,MiA)) is a signed

measure => M( • ) is a weak multimeasure on 2 (in fact a multimeasure since it is

Pwkc( A)- valued).

Next imbed £ into [£:(A)]** and consider Kw*. Because of Alaoglu's theorem

£"* is w*-compact. To prove our theorem it suffices to show that for every

o g £"'*,  we  have   v g Lx(X).  For every A g 2  and  for every x* g A*   let
w*

(x*,m(A)) = (xAx*,v). Take a net {fh}heB Q K (B = directed set) s.t. fb-> v.

Then (x*, fAfhi<¿)dp.(u>))= ix*,mhiA))-^> ix*, miA)). Note that mh G SM, b G

B; from the first part of the proof we know that M(-) is a £WÄ.£,(A)-valued

multimeasure and from Theorem 1 of Godet-Thobie [14] we know then that SM is

compact for the topology of pointwise w-convergence. Thus we get that m g SM.

Then using hypothesis (3) we can find g g Lli X) s.t.

(x*,miA)) = f (x*,g(co))c/u.(co) =» (Xax*,v) = ( (x*, g(co)) dp(o>)
JA JA

and so (s, v) = fA(s(to), g(co))c7jti(co) for all s(-) g £°°^A*) countably valued

simple functions. Recalling that those functions are dense in £°°(A*) (see Diestel

and Uhl [9, p. 42]), we conclude that for all w g £°°( A*) we have

(w,v) = ( (w(u),v(to))dp(u)^v£Ll(X)=>K=Kw* => £

is w-compact in £1(A).    Q.E.D.
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Remarks. From Theorem 1 of Diestel and Uhl [9, p. 98], we know that hypothesis

(4) is equivalent to saying that A* has the R.N.P. with respect to p and if p is

nonatomic, then this is equivalent to saying that A* is separable. However note that

hypothesis (3) is weaker than saying that A has the R.N.P.

Using a similar technique involving multimeasures, we can have the following

result on the range of certain vector valued integrals. Our result extends those of

Cesari [4] and is useful in control theory and optimization.

Theorem 3.2. Assume that (ß, 2, p) is a nonatomic, positive, finite measure space

and X is a Banach space with the R.N.P. If K ç Ll( X) is closed, convex, bounded,

and

(1) K is uniformly integrable,

(2) for all A G 2, K(A) = { fA /(co) dp(a): f g £ } is w-compact in A,

then U A e s K( A ) is w-compact and convex in X.

Proof. Again consider M: 2 -» 2X\ {0} defined by M(A) = {fA /(co) Jjtt(co):

/ g £}. As we have already seen in the proof of Theorem 3.1, M(-) is a Pwkc(X)-

valued multimeasure which clearly is of bounded variation. Also M «: p and since

jtx(-) is nonatomic, so is M(-). Invoking Theorem 5 of Costé [6] we deduce that

(JAEsZK(A) = UAe^M(A) is convex. Next we will show that it is also w-compact.

Let x* G A* and let ß + , ß_ be a Hahn decomposition for the signed measure

A -» o(x*, M(A)). Then we have

afx*,    (J   M(A)\ =   sup o(x*,M(A))

=  sup o(x*,M(ü + nA)) = a(x*,M(ß + )).
4e2

But M(ß + ) G Pwkc(X), so we can find x g M(ß + ), depending on x*, s.t.

a(x*, M(ß + )) = (x*,x) => a(x*,U/4e2: A/(^4)) = (x*, x). Invoking James' theo-

rem we conclude that UAEz MiA) = U/fe2£( A) is w-compact in A.    Q.E.D.

Remark. It is clear from the above proof that the nonatomicity of ju(-) and the

R.N.P. on A were needed only for the convexity part of the conclusion (see

Theorem 5 of Costé [6]).

In fact, in the light of the previous remark, an interesting byproduct of the proof

of Theorem 3.2 is the following result which extends the well-known theorem of

Bartle-Dunford-Schwartz (see [9, p. 14]) to multimeasures.

Theorem 3.3. Assume that (ß, 2) is a measurable space and X a Banach space. If

M: 2 -» Pwk(X) is a weak multimeasure then UAe^M(A) is w-compact in X.

4. Weak compactness in the space of integrable multifunctions. In this section we

present some Dunford-Pettis type compactness theorems for Pwkc( A)-valued, inte-

grably bounded multifunctions.

If {A„,A}n>x ç 2X\ {0}, we say that the ^„'s converge weakly to A (denoted
w

by An -» A) if and only if for all x* g A*, a(x*, An) -> a(x*, A).
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Theorem 4.1. Assume that (ß, 2, p) is a positive, finite, complete measure space

and X a separable Banach space. If Fn: ß -» Pwkc(X), « > 1, are integrably bounded

and £„(«) c IF p-a.e., where W & Pwkc(X) then there exists F: ß -» Pwkc(X)

integrably bounded and a subsequence {£„ = Fk)k>x Q {£n}n>1 s.t. for all A G 2

wehave fAFk(u)dp(tc) -» fAF(u)dp(u).

Proof. For each /l g 2, let M„(v4) = /,, Fn(u)dp(u), n > 1. Using Theorem 2.2

of Hiai and Umegaki [18], for all x* G A* we have a(x*, M(An)) =

JAo(x*, Fn(u))dp(to). Fix x* g A*. Using the Dunford-Pettis compactness crite-

rion we know that there exists

{o{x*,Fnk(.)) = o(x*,Fk(.))}k>iQ{o(x*,Fn(-))n>x

and /.(-, x*) g Ll s.t. for all A g 2 we have

[ a{x*,Fk(o))dfL(a)-*  Í h(a, x*) dp(u) =* o(x*, Mk(A))
J A JA

-> cp(A,x*) =   I   h(w, x*) dp(u).
JA

From Nikodym's theorem we know that A —> y(A,x*) is a signed measure on £.

Also note that for all A g 2 we have

Mk(A)=   f £,(co)¿,t(co)c  f  Wdp(o) = p(A)W.
•>A J A

By considering, if necessary, conv[IFU (-VF)] which is still in Pwkc(X) (Krein-

Smulian theorem, see [9, p. 51]), we may assume that W is symmetric. Then

\o(x*,Mk(A))\ < p(A)a(x*,W) =>\<p(A,x*)\ < p.(A)oix*,W).

Since W G Pwkc(X), oi-,W) is continuous for the Mackey topology m(A*, A)

(see for example Theorem 6.3.9 of Laurent [26]). So from the last inequality we get

that x* -+ <piA,x*) is miX*, A)-continuous. Hence combining Theorem 11-16 of

Castaing and Valadier [3], with Theorem 6.3.9 of Laurent [26], we deduce that there

exists MiA) G PwkciX) s.t. y(A, x*) = o(x*, M(A)). Clearly then the map M:

2 -» Pwkc(X) is a weak multimeasure (in fact a multimeasure) and MiA) <z piA)W.

So we can apply Theorem 1 of Godet-Thobie [15] and get £: ß -» PwkciX)

integrably bounded s.t. for all A G 2 and all x* g A* we have a(x*, MiA)) =

fAo(x*, F(u))dp(a)).   Recalling   that   jAa(x*, Fk(t¿))dp(i¿) = a(x*, fAFk)   and
w

fAo(x*, £(co)) dp(u>) = o(x*, fAF), we conclude that fAFk -» fAF for all A g 2.

Q.E.D.
We can have an alternative version of the previous theorem.

Theorem 4.2. Assume that (ß, 2,/t) is a positive, finite, complete measure space

and X a separable Banach space with X* separable too. If Fn: ß -> Pwkc(X), n > 1,

are integrably bounded and

(1) [\Fn(-)\}n>1 is uniformly integrable andÜ-bounded,

(2) for all A g 2, K(A) =w-cl[U,lSîl fA Fn(u¡) dp(u>)] is w-compact in A,
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(3) every vector measure m: 2 -» A s.t. m(A) G convK(A) for allA^I, admits a

density in LX(X),

then there exists F: ß -> Pwkc(X) integrably bounded and a subsequence (£„ =

Fk}k>xç{Fn}n>xs.t.forallA^Z

f Fki<¿) dpiu) ^> f F(u)dp(u).
JA JA

Proof. Working as in the proof of Theorem 4.1 we produce <piA,x*) s.t.

<p(-,x*) is a signed measure. Also note that |tp(i4,x*)| < a(x*, £(^4)), where

K(A) = coitv~[£(,4) U (-K(A))] G Pwkc(X). Again x* -* a(x*, K(A)) is

m(X*, A)-continuous and hence so is x* -» <piA,x*). Thus we can find M(A) G

Pwkc(X) s.t. cp(A,x*) = o(x*, M(A)) => M(-) is a multimeasure. Note that M(-) is

of bounded variation and /¿-continuous. So Theorem 3 of Costé [5] tells us that there

exists £: ß -* Pwkc(X) integrably bounded s.t. for all A g 2 we have M(A) =

jA £(co) dp(oi) =* o(x*, M(A)) = a(x*, jA F). Therefore <r(x*, fA Fk) -»

a(x *,/,£)- ¡a Fk - ¡A F for all /lei    Q.E.D.

Remark. If A has the R.N.P., then hypothesis (3) is automatically satisfied.

When A is finite dimensional, then we can say more. Recall that by /z(-, •) we

denote the Hausdorff (generalized) metric on £>( A).

Theorem 4.3. Assume that (ß, 2, p) is a positive, finite, complete measure space

and X a finite dimensional Banach space. If £„: ß -» £/c(A), n > 1, are measurable

multifunctions s.t. {|£„(-)|}„>i is uniformly integrable, then there exists F: ß -»

PAX) integrably bounded and a subsequence {£„ = Fk}k>1 ç [Fn)n>x s.t. for all

A g 2

i Fk(u) dp(o>) -> f F(u)dpiu).
•>A J A

Proof. Because of the finite dimensionality of A, hypotheses (2) and (3) of

Theorem 4.2 are automatically satisfied. So applying that theorem we get

^£,(co)c7M(co)-^£(<o)^(co)^a|x*,^£,)-a(x*,^£J.

T

Using Corollary 2C of Salinetti and Wets [42] we get that a(-, ¡AFk) -» a(-, fAF)

which by Theorem 3.1 of Mosco [28] means that fAFk(u)dp(u) -» /A £(co) dp(u>)

in the Kuratowski sense (see [43]). Finally applying Corollary 3A of Salinetti and

Wets [43], we get that jA Fk(u)dp(u) ~* jA £(co) dp(w).    Q.E.D.

5. Pointwise weak compactness of a multifunction. In this section, starting from the

set of integrable selectors of a multifunction, we extract information about its

pointwise properties and the pointwise properties of its conditional expectation.

Such results are useful in mathematical economics, because, roughly speaking, what

they mean is that properties of the set of all feasible consumption allocations of the

totality of agents are transferred to the consumption correspondence of each

individual agent.
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Let A be a Banach space and let k > 0. Following Rosenthal [39] we say that a

bounded sequence [xn)n>1 ç A is ^-equivalent to the canonical basis of lx if for all

n > 1 and for all bx,..., bn g £ we have

\bj\ </c
j<n

I   bjXj
7<«

We say that [xn}n>1 is an /^sequence if there exists k > 0 s.t. [x„}„>x is

/c-equivalent to the /^basis. Note that if [xn)n>x is an /^-sequence, span{x„},(>1 is

isomorphic to ll and so ll «-» A.

From Rosenthal [39] we have the following remarkable theorem.

Theorem 5.1 [39]. Assume that X is a Banach space. From every bounded sequence

{xn)n>i m X we can extract a subsequence (xn = xk}k>1 which has one and only

one of the following two properties.

(1) {xk}k >j is an lx-sequence.

(2) {xk} k > x is weakly Cauchy.

We start with a lemma that we will need in the sequel.

Lemma I. Assume that (ß, 2, p) is a positive, finite measure space and X a weakly

sequentially complete Banach space. A subset K of Ll(X) is relatively w-compact if and

only if K is bounded and has no lx-sequence.

Proof. £ is bounded with no resequence. Let {f„}n>x Q K. From Theorem 5.1 we

know that there exists {/„ = fk}k>x Q {fn}n>i weakly Cauchy in £:(A). Further-

more from Talagrand [44] we know that since A is weakly sequentially complete, so
i w i

is £(A). Therefore /¿.-»/g £(A). Invoking the Eberlein-Smulian theorem (see

Dunford and Schwartz [12, p. 430]) we conclude that K is relatively w-compact.

K is a relatively w-compact subset of Ll(X). Clearly then £ is bounded. Also from

the Eberlein-Smulian theorem and Theorem 5.1 we conclude that £ has no

/^sequence.    Q.E.D.

This allows us to have the following theorem.

Theorem 5.2. Assume that (ß, 2,/x) is a positive, finite measure space and X a

weakly sequentially complete, separable Banach space. If K is a decomposable,

w-compact convex subset of Ll(X) then there exists F: ß —> Pwkc(X) integrably

bounded s.t. K = S p.

Proof. From Theorems 3.1 and 3.2 and Corollary 1.6 of Hiai and Umegaki [18]

we know that there exists £: ß -» Pfc( X) integrably bounded s.t. £ = SXF. Further-

more from Castaing's representation (see §2) we have £(co) = cl(/,(co)}n>1 g

£y£.(A) with fn G S?, n > 1. From Lemma I we know that SF has no /^sequence.

Hence from Klei [24], we know that {/„(w)}n>1 has no /^sequence for all

coGß\7V. p(N) = 0. So Theorem 5.1 tells us that {/„(co)}„-îl has a weakly

Cauchy subsequence for co g ß\A/, p(N) = 0. Then from the weak sequential

completeness of A and the Eberlein-Smulian theorem, we deduce that d{/„(co)}n>1

e Pwkc(X) => £(co) g Pwkc(X) for all co g ß\N, piN) = 0. By redefining £(•) on

TV, we get the conclusion of the theorem.    Q.E.D.
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An immediate, important consequence of the above theorem is the following

property of the multivalued conditional expectation.

Theorem 5.3. Assume that (ß, 2, p) is a positive, finite measure space, 20 is a

sub-o-field of 2, and X is a weakly sequentially complete separable Banach space. If

F: ß -* Pwkc(X) is integrably bounded then £s»£(co) g Pwkc(X) p-a.e.

Proof. From Theorem 4.2 of [31], we know that SXF is w-compact in Lx( A). From

the definition of the set valued conditional expectation (see §2) we have that

S¿20/r = EX°SF g Pwkc(X) (note that £2°: Lx(X) -* Lx( X, 20) is continuous, linear

and so is weakly continuous, hence maps w-compact sets into w-compact sets).

Finally, apply Theorem 5.2 to conclude that £2°£(co) G Pwkc(X) p-a.e.   Q.E.D.

We can have a converse of Theorem 5.2 that also complements Theorem 4.2 of

[31] (see also Proposition 3.1 of [32]).

Theorem 5.4. Assume that (ß, 2, p) is a positive, finite measure space and X is a

separable Banach space that contains no copy of lx. If F: ß -> £yt.(A) is integrably

bounded then SF is a w-compact, convex subset of Ll(X).

Proof. Convexity follows immediately from the convexity of the values of £( • ).

From Bourgain [1], we know that SF has no /^sequence and clearly is bounded. An

appeal to Lemma I tells us that SF is relatively w-compact. But SF is closed and

because of convexity is w-closed. So SF is w-compact in Lx( A).   Q.E.D.

We have a result analogous to Theorem 5.2 but with a different set of hypotheses.

Theorem 5.5. Assume that (ß, 2,ti) is a positive, finite, complete measure space

and X is separable Banach space with A* separable too. If K ç LX(X) is decomposa-

ble, w-compact, convex and all vector measures m: 2 -» A s.t. m(A) G K(A) =

(jAfiu)dpioi): / g £} for all A g 2 admit a Radon-Nikodym derivative in £L( A),

then there exists F: ß -» Pwkc(X) integrably bounded s.t. K = SF.

Proof. As before, from Hiai and Umegaki [18] we know that there exists £:

ß -» £/(.(A) integrably bounded s.t. £ = SF. Let M: 2 -> 2X\ {0} be the map

defined by MiA) = {//)/(co)c7ti(co): /g £ = SF}. Since K = SF is by hypothesis

w-compact in £L( A), for every A g 2 we have that MiA) G Pwkc(X). Furthermore

in previous proofs we have seen that M(-) is a multimeasure, which is clearly of

bounded variation and it-continuous. Applying Theorem 3 of Costé [5] we deduce

that there exists £: ß -> Pwke(X) integrably bounded s.t. for all A g 2

MiA) = j Fiu)dfi(u) => a(x*,M(A)) = oix*,j £J

=   f a(x*,£(co))i7ju(co).
JA

But we also have that  a(x*, M(A)) = fAa(x*, F(w))dp(u). Therefore for all

A G 2 we have

f a(x*,£(co))c7it(co)=   [ a(x*, £(co)) dp(u) => a(x*, £(co))
JA JA

= a(x*,£(co))    for all co G ß\TVv„, ti(TVv»,) = 0.
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Let [x*)n>x be dense in A*. Let TV, = U„>1TVX». Then p(Nx) = 0. Observing

that a(-,£(co)) and a(-,£(co)) are both strongly continuous for toGß\TV2,

p(N2) = 0 (since both multifunctions are integrably bounded), then through a

classical density argument we conclude that o(x*, £(co)) = a(x*, £(«)) for all

x* g A* and all to G Q\(NX U TV2), /¿(TVj U TV2) = 0. Hence F(u) = £(<o) ti-a.e.

By redefining £( • ) to be equal to £( • ) on the exceptional ti-null set TV, U TV, we get

the conclusion of the theorem.    Q.E.D.

Remark. Again if X has the R.N.P., then our hypothesis on the measure selectors

of £( ■ ) is automatically satisfied.

The above theorem also produces a corresponding result for the set valued

conditional expectation. The proof is the same as that of Theorem 5.3 (using this

time Theorem 5.5 instead of Theorem 5.2) and so is omitted.

Theorem 5.6. Assume that (ß, 2, p) is a positive, finite, complete measure space

with 20 a sub-o-field of 2 and X a separable Banach space with X* separable too. If

F: ß —» Pwkc(X) is integrably bounded and every vector measure m(-) for which we

have m(A) G fA £(co) dp(u>), A g 2, admits a Radon-Nikodym derivative in Ll(X),

then £2»£(to) G Pwki.(X) p-a.e.

We will close this section with a useful observation concerning the set valued

conditional expectation.

Theorem 5.7. Assume that (ß, 2,/t) is a positive, finite, complete measure space

with 20 a complete sub-a-field of 2 and X a separable Banach space with X*

separable too. If F: ß —> £y(A) is integrably bounded, then a(x*, £2<l£(co)) =

£2»a(x*, £(co)) for all x* G A* and co G ß \ TV, p(N) = 0.

Proof. From Theorem 5.4 of Hiai and Umegaki [18] we know that cl fAF =

cl fA £s,1£ for all A g 20. Then for every x* g A* and for every A g 20 we have

( a(x*.F(u))dp(u)=  [ a(x*,£2''£(co))c//i(co)
JA JA

=» f £2«a(x*,£(to))c/ju(<o)= j rj(x*,£2<>£(co))ci>(co).

Recall that (co, x*) —> a(x*, £(co)) is 2-measurable in co and continuous in x*,

and furthermore for every x* G X* is integrably bounded by ||x*|| |£(co)|. Hence

(co,x*) -> a(x*, £(co)) is a 2-quasi-integrable integrand in the sense of Thibault

[45] and so we can apply Proposition 7 of that paper and get £2°a(x*, £(co)) =

a(x*, £s»£(co)) for all x* g A* and all co G ß \ TV, ju(TV) = 0.    Q.E.D.

6. A representation theorem. In this section we prove a representation theorem for

additive set valued operators that appear often in problems of mathematical eco-

nomics. This result partially generalizes Theorem 3.1 of the author [31], which was

proved in the context of separable, reflexive Banach spaces. Also our theorem is a set

valued extension of the results of Drewnowski and Orlicz [10], Friedman and Katz

[13], and Hiai [17].
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Let (ß, 2, p) be a positive, finite measure space and A a Banach space. A map T:

Ll(X)^2x\{0) is said to be additive if T(f + g) = T(f) + Tig) for all /,

g g Lx(X) with (supp/ n suppg) = 0 (supp/ = support set of the function /) and

£(0) = (0}. We say that £(•) is weakly continuous if for every x* g A*, /-»

o(x*, £(/)) is continuous from Ll(X) into £. Note if £(•) has bounded values and

is continuous in the Hausdorff metric, then £(•) is weakly continuous (follows easily

from Theorem 11-18 of Castaing and Valadier [3]). Furthermore if A is reflexive and

£(•) has closed, convex values and is continuous in the Kuratowski-Mosco con-

vergence of sets, then £( • ) is weakly continuous (for details see Theorem 4.6 of [38]).

Theorem 6.1. Assume that (ß,2, it) is a positive, finite, complete measure space

and X a separable Banach space. If T: Lx( X) —> Pwkc(X) is additive, weakly

continuous and T(v) ç ||u||1G with G G Pwkc(X),  then there exists F:   ß X A -»

Pwkc(X)S.t.

(1) for every x G A, co -» £(co, x) is measurable,

(2) for every co G ß, x -> £(co,x) is continuous from X into Pwkc(X) with Haus-

dorff topology corresponding tow(X, A*),

(3)£(co,0)={0},

(4) T(v) = faF(u, o(a))dr(a) for all v g L\X).

Proof. Let x* g A* and consider the map m(x*): £J(A) -> £ defined by

u(x*)(f) = °(x*, £(/))• Clearly u(x*)(-) is additive and continuous. So Theorem

5.2 of Hiai [17] tells us that there exists <p(x*)(-,x) g Lx. We claim cp(x*)(-,x) g

£°°. Suppose not. Then for every n > 1 we can find An g 2 s.t. piAn) > 0 and

¡(¡p(x*)(to,x)| > n for every co g A„. Take /„ = \ax g Fx(X). Then we have

a(x*, £(/„)) = /,, <p(x*)(co, x)dp(ic) > np(An). On the other hand o(x*, £(/„)) <

\\fn\\xa(x*,G) < ii'(ß)||x||a(x*,G) < oo, a contradiction. So (j>(x*)(-,x) g £°°. Let

p(-) be a positive, linear lift on £°°. Such a lift exists by Ionescu-Tulcea [21]. Set

q>(x*)(-, x) = p(cp(x*)(-,x)). Then for all (co, x) g ß x A we have

q>(x* + x*)(to, x) < vp(xf)(co,x) + <p(x*)(co,x)

and <p(Àx*)(co, x) = Àcp(x*)(co, x) for all À > 0.

Thus we get that x* -* cp(x*)(co, x) is sublinear. Also note that |cp(x*)(co, x)| <

ju(ß)||x||a(x*, G) for all co G ß. Hence x* -* cp(x*)(co, x) is m(X*, A)-continuous.

Thus there exists £(co, x) g Pwkc(X) s.t. rp(x*)(co,x) = a(x*, £(co,x)). This to-

gether with Theorem 111-37 of Castaing and Valadier [3] implies that co -» £(co, x) is

measurable. Also for all A g 2, we have

( a(x*,£(co,x))<7jLi(co)< jLt(ß)||x||a(x*,G)
JA

=> a(x*,£(co,x)) </x(ß)||x||a(x*,G)    p-a.e.

Note that the above exceptional ii-null set is independent of x and x*, since both

functions involved in the inequality are strongly continuous in x and m(X*, X)-

continuous in x* and at the same time A is separable, while A* is w-separable (see

Castaing and Valadier [3, Lemma 111-37]). So finally we have £(co, x) ç ||x|| • G
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p-a.e. and invoking Corollary 11-22 of [3] we deduce that it is continuous from A

with the strong topology into Pwkc( X) with the Hausdorff uniformity corresponding

to w(A, A*). Also for all i;(-)g£1(A), a(x*,T(v)) = faa(x*, F(u,v(co))dp(co)

(see Hiai [17]). Note that (co, x) -* a(x*, £(to, x)) is measurable in co, continuous in

x, i.e. a Carathéodory function. So Lemma 111-14 of Castaing and Valadier [3] tells

us that (co, x) -* o(x*, £(co, x)) is jointly measurable, hence co -» a(x*, £(co, v(co))

is measurable. Therefore we can write that a(x*, T(v)) = a(x*, ¡aF(u, v(u))) and

from Proposition 3.1 of [32] we conclude that T(v) = /H£(to, v(u))dp(u). Since

cp(x*)(co,0) = 0 for all x* g A* (see Hiai [17]), we have that £(co,0)= {0}.

Q.E.D.
Remark. If A is finite dimensional, then x-> £(co, x) is continuous in the

Hausdorff metric and so £(•,•) is 2 X £( A)-measurable.

7. Transition multimeasures. In this section we conduct a detailed study of the

properties of transition multimeasures, analogous to the one for simple multimea-

sures that appeared in [33]. Such objects are useful in mathematical economics in

connection with infinite exchange economies with production (see Hildenbrand [19])

and in calculus of variations and relaxed control systems (see [47] and the references

therein).

We will start with a Radon-Nikodym theorem for transition multimeasures. Recall

that a measurable space (£, Z) is said to be separable if there exists Z0 ç Z at most

countable s.t. a(Z0) = Z (see Hoffmann-Jorgensen [20]).

Theorem 7.1. Assume that (ß, 2, p) is a positive, a-finite, complete measure space,

(£, Z, À) is a positive, finite, separable measure space, and X is a separable Banach

space. If L: fixZ^ Pkc(X) is a transition multimeasure s.t. for all co g ß and all

A g Z, £(co, A) ç |£(co)|(y4)G(co) p-a.e. where co -» |£(co)|(£) is integrable and G:

ß -* Pkc(X) is integrably bounded, then there exists F: SxT-» Pkc(X) jointly

measurable, integrably bounded on T and for all co G ß and all A G Z

L(u,A) =  [ F(u,t)d\(t).
JA

Proof. Let Â be the separable Banach space postulated by the Rädstrom

embedding theorem (see Theorem 3.6 of Hiai and Umegaki [18] and Klein and

Thompson [25, Theorem 17.2.1]).

Then let £: ß -> 2l}(X) be defined by

£(co)=|/G£1(Â): L{a,A)~ jf>x(/)(0 ¿MO, A G zj

where /'(•) is the isometric embedding of the metric space (Pkc(X), h) into LliX).

From Corollary 5.3 of Hiai [16], we know that for all co g ß, £(co) # 0. Note that

because Z is countably generated and A is separable, then £:(A) is separable. Let

{An}n>x Q Z be the countable family generating Z and let {x*}m5sl be dense in

A* for the m( A*, A)-topology. Then we have

î»l

*(")=   H lfeLl(X):o(x*,L{a,AK)) = o **,/   r\f)
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Since /(•) is an isometry on PkciX) with the Hausdorff metric, we see that for all

n,m > 1, <P„,„,(w,/) = o(x*,L(u,An))- o(x*„ }AJ~x(f)) is a Carathéodory func-

tion (i.e. measurable in co, continuous in /) and since as we saw above LX(X) is

separable, we deduce that <p(-, •) is jointly measurable (see for example Lemma

111-14 of Castaing and Valadier [3]). Therefore we have

Vn,m = {(«,/) e ß x L\X): <p,,m(co,/) = 0} g 2 X B{Lx(X))

^Gr£=   fl   F„,mG2x£(£1(Â)).
n»l
m>l

Apply Aumann's selection theorem (see Saint-Beuve [40, Theorem 3]) to find r:

ß -> LX(X) measurable s.t. r(co) g £(co) for all co g ß. From our hypotheses on

|£(-)|(£) and G(-), we deduce that co -> r(co) is ja-integrable. So we can apply

Lemma 16 of Dunford and Schwartz [12, p. 196] and get that there exists an

integrable function u: ß X T -> A s.t. r(u)(-) = w(co, •) p-a.e. Set £(co, t) =

rl(u(w, /)). Then for all co g ß and all A g 2 we have L(u>,A)= fAF(u,t)d\(t)

and £: ß X T -» Pkc( X) has the desired properties.    Q.E.D.

The next theorem establishes the existence of transition selectors for certain

transition multimeasures.

Let £ be a Polish space (i.e. a complete, separable metric space) and A a Banach

space. By Ch(T) we will denote the space of bounded continuous functions of £ and

by ChiT) ® A the space of bounded continuous functions on £ with values in a

finite-dimensional subspace of A.

Theorem 7.2. Assume that (ß, 2, p) is a positive, o-finite, complete measure space,

(£,£(£)) is a Polish space with its Borel a-field, and X is a reflexive, separable

Banach space. If L: SÍXZ-» Pwkc(X) is a transition multimeasure of bounded

variation and if v: ß -> A is a measurable map s.t. v(to) G £(co,C) for some

C g £(£) and all co g ß, then there exists a transition selector m(-, ■) s.t. m(tc,C)

= v(ic) for all co g ß.

Proof. Let Mh(T, A) be the space of vector measures, with bounded variation

defined on (£,£(£)). On this vector space consider the topology of simple con-

vergence on Ch(T) <8> A. Then consider the multifunction £: ß -» Mh(T, X) defined

by

£(co) = {m g MbiT, X): miA) g Liu,A), A g Z and m(T) = v(co)}.

From Theorem 2.3 of [16] we know that £(co) =£ 0 for all co g ß. Note that since

£ is a Polish space, £(£) is countably generated (i.e. separable) and so if {An)n>x

is the countable generating family and {x%}k>x is dense in A*, then £(co) = {m g

Mh(T,X): (x*k,m(An))^o(x*k,M(An)), n,k>\ and m(T) = o(io)}. Let <pnJc:

ß X Mh(T, X) -> £ and i|/: ß X Mh(T, X) -> A be defined by

%Au<m) = a(xk^(oi,An)) -(xt,m(An))

and

i//(co,m) = m(T) — v(u).



258 N. S. PAPAGEORGIOU

Then we have

Rite) =   D   {(co,w) G ß X Mfc(£, A): cp,, A(co,w) > O, ^(co,m) = 0}.
H»l
A»l

Since Xw (i.e. the Banach space A with the weak topology) is a Souslin space, it is

a Lindelof space (see Saint-Beuve [40, p. 113]). So we can apply Proposition 1.5 of

Nouguès-Saint-Beuve [29] and get that m -» m(A) is measurable from 2(A) n

Mh(T, X) into Xw, where 2( A) is the smallest a-field on the space M(T, X) = vector

measures on £ with values in A, which makes measurable the maps m -» (x*,w(^4))

for all x* g A* and all A g 2. Then it is easy to see from their definition that both

<p„ A(-, •) and \p(-, •) are 2 X [2(A) n Mft(£, A)]-measurable. Hence

Gr£ G 2 x[2(A) nMfc(£, A)].

But note that Mh'T, A) = Un>1Af„(£, A), where M„(T, A) = {w g Mft(£, A):

\m\ ^ 77} and for each n ^ 1 the topology of simple convergence on Ch(T) ® X

coincides with the topology of simple convergence of Ch(T, A). Hence for each

n > 1, M„(£, A) is Souslin ^U0lM„(7, A) = Mfc(£, A) is Souslin with the

topology of simple convergence on Ch(T) ® A. Also from Theorem III-60 of

Dellacherie and Meyer [8], we know that Mb(T) with the topology of narrow

convergence (" topologie étroite", see Definition 111-54 of [8]) is Polish. So we can

apply Proposition 2.4 of [29] and get that 2( A) n Mh(T, X) = B(Mh(T, A)) = Bord

a-field of the Souslin space Mh(T, A). Hence finally we have

Gr£ G 2 X B(Mh(T,X))

with Mh(T, X) being a Souslin space with the topology of simple convergence on

Ch(T) ® A. Apply Theorem 3 of Saint-Beuve [40] to get r: ß -> Mh(T, X) measura-

ble s.t. r(co) g £(to) for all co g ß. So for all co G ß and all A g £(£) we have

/■(<o)(/4)e £(co. A) and r(co)(£) = t>(co). Finally note that for all A g £(£),

co -» r(u)(A) is the composition of co -» /-(co) and r(u)(A). Then from the con-

struction of /•(•) and Proposition 1.5 of [29] we get that co -* r(u)(A) is measurable.

Therefore r( ■, • ) is the desired transition selector.    Q.E.D.

Remark. Since w -» £(co,C) is measurable by definition, the measurable function

;;(•) always exists.

Using this theorem we can have a set valued, infinite-dimensional generalization

of the results of McKinney.

Theorem 7.3. Assume that (ß, 2, jtt), (£, £(£)), and X are as in Theorem 7.2. If

L: ß X £(£) -» £)<( A) is a transition multimeasure s.t. £(co, A) ç p(A)G(co) for

all A g £(£) and all co G ß\TV, p(N) = 0 with G: ß -> Pwkc(X) integrably

bounded and if x G fQ £(co, C) dp(to), then there exists transition selector m(-, ■) s.t.

x = iam(">,C)dp(u).

Proof. Set N(D) = faL(u, D)dp(u), D g £(£). From the corollary of

Proposition 3.1 in [32] we know that N(D) g Pwkc(X). Also using Theorem 2.2 of

Hiai and Umegaki [18], for all x* G A* we have that o(x*, N(D)) =

JQo(x*,L(u,D))dp(iu). Theorem 4.2 of McKinney [27] tells us that for all x* g

A*. D -» o(x*, N(D)) is a measure. Hence TV(-) is a weak multimeasure and in fact

a multimeasure since it is Pwkc( A)-valued.
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From the the definition of the set valued integral we know that there exists

/(•) g SXL(.C) s.t. x = fafc(u)dp(w). Apply Theorem 7.2 to find m: ß X £(£) -»

A a transition selector of £(-, •) s.t. w(co,C) =/c(co) for all co g ß. Then x =

fQm(ct,C)dfL(a).   Q.E.D.
Remark. With minor technical modifications both Theorems 7.2 and 7.3 can be

proved with A being a separable, dual Banach space. The details are left to the

reader.

Next we show that the set valued integral of a transition multimeasure defines a

multimeasure on 2 X Z. This way we extend to a set valued setting a well-known

result from vector valued measures.

Theorem 7.4. Assume that (ß, 2, jtt) is a positive, finite, complete measure space,

(T, Z,\) is a positive, finite, separable measure space, and X is a separable Banach

space with the R.N.P. If L: ß X Z -» Pwkc(X) is a transition multimeasure which is

\-continuous and if we define N(K) = /ß£(co, K(u))dp(u) for K G 2 X Z, where

£(co) = {i G £: (co, /) G £}, then TV(-) is a multimeasure o« 2 X Z and

TV(£) = if 7n(co,£(co))c7/7t(co): m(-, •) G TSL\.

Proof. Fix x* g A*. Then (co, A) -» a(x*, £(co, /I)) is a transition measure.

From Proposition III-2-1 of Neveu [48] we know there exists a measure <p(x*)(-) on

2 X Z s.t. for all £ g 2 X Z we have

q>(x*){K)= fa fTXK(a)(th(x*,Liu,dt))dti(U)

=  f a(x*,£(co,£(co))W/i(co).

From Neveu [48] and Theorem 111-37 of Castaing and Valadier [3], we have that

co -» £(co, £(<o)) is measurable. So

j a(x*,£(co,£(co)))c7ju(co) = a  x*, J £(co,£(co))'

= a(x*,TV(£)) =* cp(x*)(£) = a(x*,TV(£)).

Thus TV(-) is a multimeasure. Then Theorem 1 of Godet-Thobie [14] tells us that

TV(£) = {«(£): n G SN). But clearly from the definition of TV, TV «; jtt X A and

since A has the R.N.P. we can find /(-,-) g £*(ß x T, X) s.t. for ail £ g 2 and all

A g Z we have n(£ X /l) = JB /,,{/( co, t) c7A(i) <7ju(co). Set m,(u, >4) =

¡A /(co, t)dX(t). Then for ail £ g 2, ^ G Z we have

«(£ X A) =  f mx(tc. A) dp(u>) G TV(£ X A) =  f Liu,A)dpiw)

=> w^co,^) G £(co,/l)    for ail co g iï\PA, piPA) = 0.

But recall that Z is countably generated. So let [An}n>x c Z be the generating

family. Set £ = U,,^^. Then ¿i(£) = 0 and mxiu, A) e £(co, A) for all co g

ß \ £ and all A G Z. As in the proof of Theorem 5 of Godet-Thobie [14] we can
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find u: ß -» M(T, X) measurable s.t. u(co) g SL,U ., for ail co g ß. Then set

imx(u,A)     for all co G ß\£,
w(co, A) = {    ,   w    v

'      \u(u)iA)     for all co g £.

Observe that m(-, ■) g TSl and n(B X A) = jBm(co, A)dp(cc) for all £ g 2,

A g Z. Since «(-, •) extends uniquely on 2 X Z, the theorem follows from Theorem

lof [14].    Q.E.D.

An immediate consequence of this theorem is the following description of the

vectors belonging in the range of TV( • ).

Corollary I. Assume that the hypotheses of Theorem 7.4 hold. If x g

fBL(ic, A)dp(to), with £ g 2 and A g Z, then there exists m(-, •) G TSL s.t.

x = jBm(u>, A)dp(ic).

Another consequence of Theorem 7.4 is the following Radon-Nikodym type

result.

Corollary II. Assume that (ß, 2, ju) is a positive, finite, complete measure space,

(T.Z.X) is a positive, finite, separable measure space, and X is a separable Banach

space with the R.N.P. and a separable dual A*. 7/£: fixZ-» Pwkc(X) is a

transition multimeasure and for all A G Z, L(ic,A) ç A(^4)G(co) p-a.e. where G:

-> Pwkc(X) is integrably bounded, then there exists F: ß X £ -> Pwkc(X) integrably

boundeds.t. N(K) = fKF(tc,t)d(p X A)(co,/) for all K g 2 X Z.

Proof. We have already seen in the proof of Theorem 7.4 that TV(-) is a

Pwkc(X)-valued multimeasure. Also note that |TV|(£) < X(K)fa |G(co)|c7jtt(co) =>

TV( • ) is of bounded variation and p X A-continuous. Apply Theorem 3 of Costé [5]

to get £: ß x £ ^ Pwkc(X) integrably bounded s.t. for all £ G 2 X Z we have

N(K)= fKF(tc,t)d(pX\)(to,t).    Q.E.D.

In the final result of this paper, we show that "integration" with respect to a

transition multimeasure generates a new transition multimeasure.

Theorem 7.5. Assume that (ß, 2, jti) is a positive, finite, complete measure space,

(£,£(£)) is a Polish space with its Borel o-field, and X is a reflexive, separable

Banach space. If L: ß X £(£) -» Pwkl.(X) is a transition multimeasure which is

X-continuous, is of bounded variation, and |£(<o)|(£) < ^(co) p-a.e. with \p(-) G £°°,

and if f: ß X £-> £+ is a jointly measurable function s.t. t -> f(o¡,t) is l.s.c,

a(co) < inf,er/(co,0 p-a.e. ai-) G L1 and /(co, •) g £°°(£) for all co G ß, then

there exists a transition multimeasure TV: ß X £(£) -» Pwkc(X) s.t. for all x* g A*,

all co G ß, and all A G £(£) we have a(x*, TV(co, A)) = fAf(u,t)a(x*,L(u,dt)).

Furthermore we can write that TV(co, A) = cl{ fA /(co, r)m(co, dt): m G TSL).

Proof. Let tp(o3,A,x*)= fAf(u,t)o(x*,L(ic,dt)). Clearly, for all co g ß and

all x* g A*, A -> cp(co, A,x*) is a signed measure. Also from Uryshon's metriza-

tion theorem (see Dugundji [11, p. 195]), we know that £, being a Polish space, is

homeomorphic to as Borel subset of the Hubert cube 77 = [0,1]^. Identifying £ with

its image we will assume that it is such a subset of 77. Then for all co g ß and all
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A g £(77) set ô(x*, £(co, A)) = a(x*, £(co, £ n ^)). Since £(£) = £(77) n £, we

see that ô(x*, £(-, ■)) is a transition measure on ß X £(77).

Let /„(-, •) be £+-valued Carathéodory integrands on ß X 77 s.t. for all (to, t) g

ß X £ we have /„(co, t)1 /(co, /) as n -» oo. Such a family of integrands exists by

Lemma 10 of Thibault [45]. Then consider the following

Pniu,A,x*)=  f  [/„(co,/)A«]â(x*,£(co,c70)
J A

= (/„(«,-) A n,ô(x*, £(«,-))>,

where ( • , •) denotes the duality brackets between C(77) and MhiH). But since

/„(-,•) is a Carathéodory function and 77 is compact, from Proposition 4.1 of [37]

we know that co -»/(to, •) A n is measurable from ß into C(H). Also from

Proposition 1.3 of Nougues and Saint-Beuve [29] we know that co -» ô(x*, £(to, •))

is measurable from ß into Mh(H) = Radon measures on 77. Hence co -»

p„(u, A,x*) is measurable. Furthermore from the monotone convergence theorem

we have

/7„(co, A, x*)t <p(w, A, x*)    as n -» oo

=> to-* (piu,A, x*)   is measurable.

Next we will show that for all co g ß and all A g £(£), x* -» <p(co, A, x*) is

sublinear. So let A > 0. We have

<piu,A,Xx*) =  f /(co,í)o-(Ax*,£(vO,íA)).
JA

But a(Ax*, £(co, A)) = Xa(x*, £(co, A)) => a(Xx*, £(co, dt)) = Xo(x*, £(to, dt)).

Hence cp(co, A, Ax*) = fA A/(co, 7)a(x*, £(co, dt)) = Acp(co, 4, x*) => x* -»

<p(co, A, x*) is positively homogeneous. Also let x*, x* g A*. For all /l g £(£) we

have

a(xx* + x*, L(u,A)) < a(x*,£(to,/4)) + a(xj, £(to, ^))

^> a(xf + x^,£(co, ■)) < a(x1*,£(co, •)) 4- a(xf,£(co, •))

=* [a(x* + x*,£(co,-))] + < [a(xf,£(co,-)) + a(x2*,£(co,-))] +

and [a(x1* 4- x|,£(co, •))]" > [tj(x1*,L(to, •)) + a(x*, £(co, •))]".

Using the above inequalities and the fact that /(-,-) is a positive integrand we

can easily see that <p(co, A,xf 4- x£) < (p(co, A, xf) 4- <p(tc, A,x*) =» cp(co, /4, ■) is

sublinear.

Next fix x* g A*, co G ß and let w(x*)(co, •) g L\T) be the Radon-Nikodym

derivative of o(x*, L(u, ■)) with respect to A. We then have

o(x*,L(u,A)) =  f u(x*)(u,t)dX(t).
JA
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Let x* -» x*. Since £(co, A) is bounded, x* -» a(x*. £(co, A)) is continuous. So

we have

<t(x*, £(co, A)) -» a(x*, £(to, A))    as n -> oo

=>  f u(x*)(u,t)dX(t)^  f uix*)(u,t)dXit)

=> i.(x*)(co, •) -» w(x*)(to, •)    weakly in £*(£) for all co g ß

=* [ f(a,t)u{x*)(a,t)d\(t)-+ f f(u,t)u(x*)(u,t)dX(t)
JA J A

=><p(w,A,x*) -* q>iw,A,x*)

=> <p ( co, A, • )    is strongly continuous.

So we have seen that x* -» <p(co,,4,x*) is sublinear and strongly continuous.

Because A is reflexive we can apply Theorem 11-16 of Castaing and Valadier [3] and

get TV: ß X £(£)- Pwkc(X) s.t. <p(to, A,x*) = o(x*, N(u, A)). Since qp(-, -,x*)

is a transition measure, using Theorem 111-37 of [3] and Proposition 3 of Godet-

Thobie [14] we conclude that TV(-, •) is a transition multimeasure.

Next let x* g A* and consider

L(x*)(u,A) = (z g£(w,^): (x*,z) = a(x*, £(co, A))}.

Note that L(x*)(u,A) g Pwkc(X), and for all x* g A* and all A g £(£) we

have Gr£(x*)(-, A) = {(co, z) g ß x A: (x*, z) - a(x*, Liu, A)) = 0} n

Gr£(-, A). Observe that to -» a(x*, Liu, A)) is measurable and so (to, z) -* (x*, z)

— a(x*, L(u, A)) is a Carathéodory function, hence jointly measurable. Also recall

that GrLi-, A) g 2 X B(X). So finally Gr£(x*)(-, A) g 2 X £(A) => co ->

£(x*)(co, ^4) is measurable for all x* g A* and all ^ g £(£). Furthermore from

Theorem 2.3 of Costé and Pallu de la Barrière [7] we know that A -* L(x*)(u, A) is

a multimeasure. Hence we conclude that £(x*)(-, •) is a transition multimeasure.

Using Theorem 5 of Godet-Thobie [14], we can find a transition selector m(x*)(-, ■)

s.t.

(1) f fiu,t)oix*,Liu,dt))=  f fiu,t){x*,mix*)iu,dt)).
JA JA

Also it is clear that

(2) if f(u,t)m(u,dt): m G TS,\ çNiu,A)

=> com if f(u,t)m(u,dt): m g TS,\ c Niu,A).

Since   w(x*)(-, ■) G TS,,   from   (1)   and   (2)   above   we   deduce   that

conv{ fAf(u,t)m(u,dt): m G TS¡) = N(u, A).

Now we claim that the map r(x*)(m) = (x*, JAf(u,t)m(u,dt)) is continuous

from 5/(ti).) with the topology of simple w-convergence into £. To see this, fix

co g ß and work as follows. Let s(-) be an £°°(£)-countably valued function. We
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have
00

f sit)miu,dt)=   £ qkmiu,A C\ Bk),
J* k = l

where qk g £+ and Bk g £(£), k > 1. So m -> (x*, //ji(i)w(co, dt)) is continu-

ous. Let {sn(-)}„>x C LX(T) s.t. s „it) -»/(to, r) uniformly A-a.e. (the existence of

such a sequence is guaranteed by Corollary 3 of Diestel and Uhl [9, p. 42]). Then

/  \fiu,t)-s„it)\\(x*,miu,dt))\^  f  \fiu,t)-s„it)\o(x*,Liu,dt)),
JA JA

where £(co, A) = conv[£(co, A) U (-£(co, A))] for all to G ß, A G £(£). Let

û(x*)(co, •) be the Radon-Nikodym derivative of a(x*, £(co, •)). Then

f  \fiu,t)-s„it)\\{x*,miu,dt))\
J A

< f \f(u,t) - s„(t)\\ü(x*)(u,t)\dX(t) ^ 0
■> A

as n -» oo and clearly the convergence is uniform in w(co, • ) G SL(..y Therefore

<p„(m(co, ■)) = f s„it)(x*,miu,dt))
J A

-*<p(m(u, ■)) =  f fiu,t)(x*,miu,dt))
JA

uniformly in w(co, •) g Sí(u.) =» <p(-) is continuous on SL<0,.) and so the claim

follows.

From Theorem 1 of Godet-Thobie [14] we know that Sl(B > is compact in the

topology of simple w-convergence. Combining this fact with the continuity of <p(-)

proved above, we deduce that { fA /(co, t)miu, dt): m(to, •) g SL,a  A g Pwkc(X).

Let £(co) = SL,u.y Then Proposition 1.5 of Nouguès-Saint-Beuve [29] tells us

that TSL = SR. Also

Gr£ = [m e MhiT,X): m(A) G Liu, A), A G £(£)}

= [m G Mh(T,X): (x*,m(A)) < a(x*, L(u, A)),x* G X*, A g £(£)}

=    D    {m^Mh(T,X):{x*k,m(A„))^o{x*k,L(u,A„))),
it.kTzl

where {xk*}k>x is dense A* and a({A„}n>1) = B(T). On Afft(£, A) consider the

topology of Ch(T) <8> A-simple convergence. Then since m -» (x*, w(y4„)) is con-

tinuous for the above topology for every n, k ^ 1, we get that Gr£ G 2 X

B(Mh(T, A)). Recall that Mh(T, X) with the above topology is a Souslin space (see

Saint-Beuve [41]). Thus we can apply Theorem 5.10 of Wagner [46] and find r„:

ß -> Mh'T, A), n > 1, measurable s.t.

£(co) = cl{r„(co)}n>1-»V(to,/t)

= clif fiu,t)miu,dt): m G TS,\.    Q.E.D.

We can relax the reflexivity hypothesis on A, at the expense of introducing a

stronger boundedness hypothesis on £(-, •).
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Theorem 7.6. Assume that (ß, 2, p) and (£, £(£)) are as in Theorem 7.5 and that

X is a separable Banach space. If L: ß X £(£) -» Pwkc(X) is a transition mult ¡mea-

sure of bounded variation, with L(u, A) <z X(A)G(u) p-a.e. for all A g £(£) and

for G: ß -» Pwkc(X) integrably bounded, and iff: ß X £ -» £+ « as in Theorem 7.5,

í/ze« í/iez-e exí-s/s a transition multimeasure TV: ß X £(£) -» Pwkc(X) s.t. for all

x* g A*, all u G ß, and all A G £(£) we/iaue

a(x*,7V(co,/l)) =  f fiu,t)a(x*,Liu,dt)).
JA

Proof. The proof is the same as in Theorem 7.5. Only now note that

<  f  \fiu,t)\o(x*,Giu))dXit),
JA

where G(co) = conv[G(co) U (-G(co))]. So x* -» <p(u, A,x*) is m(X*, A)-continu-

ous and this implies the existence of TV(co, A) G PwkciX) s.t. cp(u, A,x*) =

a(x*, N(u, A)). Finally recall that A* is m( A*, A)-separable (see Lemma 111-37 of

[3]).    Q.E.D.
Applications of the theory of multifunctions and multimeasures can be found in

[22, 23, 34, 35] (multifunctions) and [36] (multimeasures).
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