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CHAOTIC MAPS WITH RATIONAL ZETA FUNCTION

H. E. NUSSE

ABSTRACT. Fix a nontrivial interval X C R and let / e C1(X,X) be a

chaotic mapping. We denote by Aoo (/) the set of points whose orbits do not

converge to a (one-sided) asymptotically stable periodic orbit of / or to a

subset of the absorbing boundary of X for /.

A. We assume that / satisfies the following conditions: (1) the set of asymp-

totically stable periodic points for / is compact (an empty set is allowed), and

(2) AoAf) is compact, / is expanding on Aoc(f). Then we can associate a

matrix Aj with entries either zero or one to the mapping / such that the num-

ber of periodic points for / with period n is equal to the trace of the matrix

[Ay]"; furthermore the zeta function of / is rational having the eigenvalues of

Af as poles.

B. We assume that / 6 C3(X, X) such that: (1) the Schwarzian derivative

of / is negative, and (2) the closure of Aoo(/) is compact and f'(x) ^ 0 for all

x in the closure of Acx)(/). Then we obtain the same result as in A.

1. Introduction and statement of the results. This paper deals with an

analysis of the periodic points for a continuous mapping from a nontrivial interval

into itself. We refer the reader to §2 for the definitions.

The question "Given that a continuous mapping / from the real line into itself

has a periodic orbit with period n, for some fixed positive integer n, which other

positive integers must occur as periods of the periodic orbits of /?" has been

discussed and has been answered by Li and Yorke [7], Sharkovsky [14], Stefan [17],

Straffin [18], and Block [3].

The main result is due to Sharkovsky (see Stefan [17]). Let the positive integers

be lexicographically ordered in the following way: 3 H 5 H 7 H • • • H 2.3 H 2.5 H
2.7 H ••• H 22.3 H 22.5 H 22.7 H ■ • • H 23 H 22 H 2 7 1. Sharkovsky's theorem

says the following. Let / be a continuous mapping from R into itself, which has

a periodic orbit of periodic n. Then / has a period orbit of period m for every

m G N for which n-\ m holds.

One may ask the following question: "Given any continuous mapping / from a

nontrivial interval into itself. Fix any positive integer n. How many periodic points

with period n does / have?" Smale and Williams [16] have answered this question

for the mapping /: [0,1] -> [0,1] defined by f(x) = 3.83x(l - x).
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Assume that the periodic points for a continuous mapping / are isolated. Then

following Artin and Mazur [2], the zeta function Ç/ of / is defined by

cf(z) =exp^
JV(Per(/;n))_w

n=l

with z a complex variable and JV(Per(/;n)) the number of periodic points for /

with period n. The following question arises: "What kind of function is Ç/?"

Our first result is the following theorem.

THEOREM A. Let f be a chaotic C1 -mapping from a nontrivial intervalX into

itself. Assume that f satisfies the following conditions:

(1) the set of asymptotically stable periodic points for f is compact (an empty

set is allowed);

(2) the set of points, whose orbits do not converge to an asymptotically sta-

ble periodic orbit of f, or to a subset of the absorbing boundary of X for f, is a

(nonempty) compact set, and f is expanding on this set.

Then, for some well-defined square matrix Aj with entries either one or zero,

we have:

(i) the number of periodic points for f with period n is equal to the trace of the

matrix [Af]n for each positive integer n;

(ii) the zeta function Çf of f is a rational function with the property that c/ has

a pole in z = A-1 of order the multiplicity of X, where X is an eigenvalue of the

matrix A¡.

Singer [15] introduced the Schwarzian derivative for real valued mappings (see

also Allwright [1]. For any mapping / of class C3, the Schwarzian derivative of / at

a point x with f'(x) ¿ 0, denoted by Sf(x), is defined by Sf(x) = f'"(x)/f'(x) -

3/2 -[f"(x)/f'(x)Y.
Singer's main result can be formulated as follows (see also Misiurewicz [9], Collet

and Eckmann [5], and Preston [13]): Let / be any mapping of class C3 from the

unit interval [0,1] into itself for which the following conditions hold: (1) / has

finitely many critical points, i.e. points at which the derivative of / vanishes, and

(2) / has a negative Schwarzian derivative. Assume that / has an asymptotically

stable periodic point p such that the direct domain of attraction of p does not

contain a boundary point of the unit interval. Then there is a critical point c of /

such that the orbit of c converges to the orbit of p.

Consequently, for the well-studied one-parameter family of maps {fa) with fa

defined by fa(x) = ax(l — x) on the unit interval and parameter a in the interval

[1,4], the conditions (1) "/a has a (one-sided) asymptotically stable periodic orbit"

and (2) "the orbit of the critical point of fa converges to a (one-sided) asymptoti-

cally stable periodic orbit of /a" are equivalent.

Now we will state our second result.

THEOREM B. Let f be a chaotic C3 -mapping from a nontrivial interval into

itself. Assume that f satisfies the following conditions:

(1) / has a negative Schwarzian derivative;

(2) the set of points whose orbits do not converge to an asymptotically stable

periodic orbit of f, or to a one-sided asymptotically stable periodic orbit of f or to
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a subset of the absorbing boundary of the interval, is contained in some compact

subset of the interval, and this compact set does not contain critical points of f.

Then for some well-defined square matrix A¡, with entries either zero or one,

we have that the conclusions (i) and (ii) in Theorem A hold.

COROLLARY B.l. Let f be a chaotic C3-mapping from a nontrivial compact

interval into itself with finitely many critical points. Assume that f satisfies the

conditions:

(1) / has a negative Schwarzian derivative;

(2) the orbit of each critical point of f converges to an asymptotically stable

periodic orbit of f, or to a one-sided asymptotically stable periodic oribit of f.

Then we have: Cf is a rational function.

COROLLARY B.2. Let f be a chaotic polynomial mapping from a nontrivial

compact interval into itself for which each critical point is real.

If the orbit of each critical point of f converges to an asymptotically stable peri-

odic orbit of f, or to a one-sided asymptotically stable periodic orbit of f, then we

have: Çf is a rational function.

REMARKS. (1) If a continuous mapping from a nontrivial interval into itself

has finitely many periodic points, then it is easy to show that the zeta function

is rational. Furthermore, by Sharkovsky's theorem, there exists N e N such that

each periodic point has period 2N.

(2) Let / be a chaotic C1-mapping from a compact interval X into itself. Assume

that / satisfies the conditions (1) the set of asymptotically stable periodic points

for / is compact, and (2) the set of points whose orbits do not converge to an

asymptotically stable periodic orbit or to a one-sided asymptotically stable periodic

orbit is a compact set.

Then cy is not necessarily a rational function (cf. Theorem A). However, if

|/'|_1//2 is a strictly convex function on intervals on which /' has no zeros, and

if the orbit of each critical point of / converges to an asymptotically stable periodic

orbit of / or to a one-sided asymptotically stable periodic orbit of /, then we have

that Çf is a rational function. (If / is a C3-function then the conditions |/'|-1^2

is strictly convex and / has a negative Schwarzian derivative are equivalent (see

Allwright [1] and also Preston [13]). Hence the assertion follows from Corollary

B.l.)

(3) The unpublished paper by Milnor and Thurston [8] gave algebraic procedures

for counting the number of "monotone equivalence classes" of periodic orbits for

continuous maps with finitely many turning points (see also Collet and Eckmann

[5], Nitecki [11], and Preston [13]). Hence the results in this paper for maps with

finitely many critical points and e.g. with negative Schwarzian derivative would

follow from the paper by Milnor and Thurston cited. But even in this case the

proofs given in this paper are different and more direct.

(4) In this paper the results are obtained for differentiable mappings, but they

also hold for continuous maps with property R. For maps with property R the

reader is referred to Allwright [1] (see also Preston [13]).

The organization of the paper is as follows. In §2 we present all the preliminary

definitions and notations. §3 deals with a semigroup of continuous mappings; to

each mapping we associate a matrix with nonnegative integers as entries. We give
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the main lemmas for the proof of Theorem A in §4; some lemmas for the proof of

Theorem B are presented in §5. Finally in §6 we prove the results.
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revised in Groningen is based on a part of the author's thesis [12] at the University

of Utrecht, supervised by Hans Duistermaat. I would like to thank him for the

stimulating and critical remarks. It is pleasure to thank Larry Castro and Wilma

van Nieuwamerongen for the typing of the manuscripts. The referee's comments
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2. Preliminary definitions and notations. Throughout the paper X C R

will be nontrivial interval. Let E and F be nonempty subsets of X such that E C F.

We write C1(F) for the closure of F, Bd(L) for the boundary of F, and Int(F) for

the interior of F. We denote the complement of E in F by F \ E.

Let /: X —► X be a continuous mapping. For any n G N, the nth iterate of

/, denoted by /", is inductively defined by fn = f o /n_1 with f° the identity

mapping. The image of E under /", denoted by fn(E), is the set {fn(x); x G E};

the pre-image of E under /", denoted by f~n(E) or by (fn)~1{E), is the set

{x G X;fn(x) G E). The set E is called positively f-invariant if f(E) C E, E

is called negatively /-invariant if f~l(E) C E, and E is called (completely) f-

invariant if f(E) C E and f~l{E) C E. The set E is called a component of F if it

is a maximally connected subset of F; a component is called trivial if it consists of

one point.

For any point x G X the orbit of x under / is the set {fn(x);n G N U {0}}.

A point x G X is called a periodic point for / with period », for some p G N, if

fp(x) = x (i.e. if x is a fixed point of the mapping fp); the period is called primitive

if it is the smallest one.

A point x G X is called a nonwandering point for / if for every open neighborhood

U of x there exists n G N such that fn(U) nU ¿0.

A fixed point x of / is called asymptotically stable if there exists an open neigh-

borhood U(x) of x in such that lim„_>00 fn{y) = x for all y G U(x). A point x €. X

is called an asymptotically stable periodic point for / with period p if x is an asymp-

totically stable fixed point of fp. The orbit of an asymptotically stable periodic

point for / is called an asymptotically stable periodic orbit of /. A periodic point x

for / is called unstable if it is not asymptotically stable.

A periodic point x for / with period p in the interior of X is called one-

sided asymptotically stable if there exists a positive real number e such that ei-

ther limn_oc, fnp(y) = x for all y G [x,x + s[ and \fp{y) — x\ > \y — x\ for all

y e]x- e, x[, or lim^oo fnp{y) = x for all y e]x-e,x] and \fp(y) - x\ > \y - x\

for all y G }x,x + e[.
A point x G R U {+00} U {—00}, x £ X, is called an absorbing boundary point

of X for / with period p (in fact p — 1 or p = 2) if there exists an open set

U C X such that fpk(y) —► x when /c —» 00 for all y G U. Note that an absorbing

boundary point cannot be a periodic point for /. For clarity we will give an example.

Consider the well-studied one-parameter family of maps fa : R —» R defined by

fa(x) = az(l - x), with a > 0. The fixed point x = 0 is asymptotically stable if

and only if 0 < a < 1, the fixed point x = 0 is one-sided asymptotically stable if

and only if a = 1, and the point -00 is an absorbing boundary point for / if and

only if a > 1.
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Assume that q G X is an asymptotically stable fixed point of /. The domain of

attraction of q is the set of points whose orbits converge to q; this set is open in X.

The direct domain of attraction of q is the component of the domain of attraction

of q containing q.

Assume that q is an absorbing boundary point of X for / with primitive period

p. The set {y G X; fpk(y) —► q when k —» 00} is called the domain of attraction of

q; the component of this set containing q as a boundary point is called the direct

domain of attraction of q.

A point lëXis called an asymptotically periodic point for / if lim„_oo fnm(x)

exists for some m G N. A point x G X is called aperiodic if the following two

conditions are satisfied: (1) x is not an asymptotically periodic point and (2) the

orbit of x is bounded. The mapping / is called chaotic if there exists a least one

aperiodic point for /.

From now on we assume that / G C1(X,X). A point x G X is called a critical

point for / if f'(x) = 0. Let Y C X be a closed positively /-invariant set. The

mapping / is called expanding on Y if we can find a constant c > 0 and a constant

K > 1 such that |(/n)'(z)| >c-Kn for all x G Y and for each n G N.

If / is of class C3, then the Schwarzian derivative of /, denoted by Sf, is defined

by Sf(x) = f'"(x)/f'(x) - 3/2 x [f"{x)/f'{x)}2 for all x G X with /'(x) ^ 0.
We write

Per(/) : the set of periodic points for /,

Per(/; n) :     the set of periodic points for / with period n,

Yl(f) : the set of nonwandering points for /,

Crit(/) :        the set of critical points for /.

We write the symbol U for disjoint union, and we use the symbol D to indicate

the end of a proof.

Finally,

2-1. Let Do be the union of the direct domains of attraction of all (one-sided)

asymptotically stable periodic points for / and the absorbing boundary points of X

for /. We write A0 for X and we write Ax for the complement of D0 in X. We define

by induction Ak+i = {x G Ak;fk(x) G A\) for each positive integer k. For each

k G N we define Dk = {x G Ak; fk(x) G D0}. Further we set A»(/) = C\T=o A*-

2-2.   LEMMA.   A0 = Ak+xu\Jk=0Dj for eachk£NU{0}.

PROOF. Fix any nonnegative integer k. Then Ak+i = {x G Ak; fk(x) G Ai} =

{x G A0; fJ(x) G Ai for all j, 0 < j < k}, i.e. Ak+X is the set of points which will

not be mapped into Do under the map fk, Dk = {x G Ak;fk(x) G Do} = {x G

^0; f3(x) G Ai for all j, 0 < j < k — 1, fk(x) G Do}, i.e. Dk is the set of points in

Ak that will be mapped into D0 under the map fk. Obviously, the intersection of

Ak+X with (Jj=QDj is empty. Splitting the set Aq in the following way,

A0 = {x G A0; fk(x) GAx}u{xe A0; fk(x) G D0},

we get

k

¿o = ^fc+iUD0U [J{xeA0;r(x)GAx, 0<i<j-l, P(x)&D0}.

j=i
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We conclude A0 = Ak+X U Uj=o ®i-    D

REMARK. We assume from now on that / is a chaotic mapping.

3. Semigroup of maps. Let C denote an open set in X consisting of finitely

many, say N(C), disjoint components. Accordingly, we write C = U¿=i C<- We

denote by 21(C) the class of continuous functions g : X —► X for which the following

conditions hold:

3-1. (i) C is a negatively ^-invariant set;

(ii) the restriction of g to <7_1(C) is locally a homeomorphism;

(iii) the set g~x(C) has finitely many components.

3-2.   LEMMA.   Ifg,h&f&(C),thengoheVli(C).

PROOF. We assume that g, h G 21(C). Then we have

(i) (goh)-\c) = h-Hg-HC)) C h-\C) C C;
(ii) the restriction of g o h to (g o h)-1 (C) is locally a homeomorphism, since

(ff ° h)\fgoh)-iic) = 0llm(fc|(,.«-i(e)) ° h\(9°h)-HC)\

(iii) for every component D of g~l(C), the number of components of the set

h_1(D) is not larger than the number of components of the set h~x(C). Hence the

set (g o h)~l(C) has finitely many components.    D

3-3.   COROLLARY.   If g G 21(C), then gn G 21(C) for each n G N.

PROOF. By induction.    G

For g G 21(C) we introduce a matrix Ac-g with the entry Ac-,g(i,j) equal to the

number of components of the set g~1(Cl) n C3, 1 < i,j < N(C). Such a matrix

will be called a matrix associated to the pair (C; g).

3-4.   LEMMA.   Ifg,heVL(C),thenAc;goh=Ac;g-AC;h-

PROOF. Assume that g,h € 21(C). Choose integers i, k; 1 < i, k < N(C).

For a component D of the set h~l(g~x(Ci)) n Ck we have g o h(D) = C¿. From

this it follows that h(D) is a component of the set g~1(Cl); consequently h(D) is a

component of the set g~l(d) fl C} for some integer j, 1 < j < N(C).

For a connected set E C Cj we have, by the assumption h~l(C) C C and the

assumption that the restriction of h to h~l(C) is locally a homeomorphism, the

property:

Card{F; F a component of the set h~1(E) !~l Ck)

= Card{F; F a component of the set h~1(CJ) n Ck) = Ac-,h{j, *)■

In other words, the number of the components of the set h~x (E) C\Ck is equal to the

number of components of the set h~l (Cj) n Ck, this number is the entry Ac-,h(j, k)

of the matrix Ac-,h-
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Computation of the entry Ac;goh(i,k) gives

Ac-,goh(i, k) = Card{D; D a component of h_1 (u_1C¿)) (~l Ck)

N(C)

=   ^2 Card{D;D a component of h~1(g~1(Ci))nCk,

i=i

h(D) a component of g_1(C¿) n Cj)

N{C)

=   y^ Card^; E a component of r/_1 (C¿) n Cj}

• Card{F; F a component of h~1(E) n Cfc,

£ a component of g~l(Ci) C\ Cj}

N(C)

—   ^2 Card{£; E a component of o-1 (C¿) D C0}

j=i

■ Card{F; F a component of h~l (Cj) n Ck}

N(C)

=    5Z  ^C;9(LÍ)-^C;/i(y,fc).
í=l

We conclude: Ac-goh = AC-g ■ Ac-h-     O

3-5.   COROLLARY.   If g e 21(C), then Ac-gn = [j4c;g]n /or each n G N.

PROOF. By induction.     G

REMARK. 21(C) is a semigroup. Let m denote the semigroup consisting of

square matrices of size N(C), with nonnegative integers as entries. The mapping

<j>: 21(C) —» m defined by (¡>(g) = Ac-,g is a homomorphism.

3-6. LEMMA. Assume that g G 21(C). Let U C C be an open set with the

properties: (1) g~x(U) C U, and (2) each component of U is a component of

g~l(C).  Then we have:

(i)oGil(f/);

(ii) the entries of the matrix Au;g are either zero or one.

PROOF. We assume that g G 21(C). Let U C C be an open set as in the lemma.

(i) Since o_1(f/) C U C g~l(C), we have that the restriction of g to g-1((7)

is locally a homeomorphism. Further we know that the set o_1(f7) has at most

J2k=i   J2i=i   Ac-,g2(h k) components. We conclude that g G 2t(f/).

(ii) For each component D of U we have that g\o'- D —» g(D) is a homeomor-

phism.    G

3-7. COROLLARY. For g G 21(C) we have g G 2l(g_1(C)) and the matrix

Ag-i(c);g îS an N(g_1(C)) x N(g~1(C)) matrix with entries either zero or one.

In some sense inspired by Bowen's work [4], we give the following definition.

3-8.   DEFINITION A continuous mapping g: X —» X has a Markov partition if

there exist at most finitely many nontrivial closed intervals, say {Uj\ 1 < j < K}
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and {Vk; 1 < k < L} for some positive integer K and L, such that:

(i) fî(fl) C [Uj=i Int((7j) U Ufc=i Int(Vjfc)], in other words, the nonwandering set

of p is contained in the union of the interiors of the intervals.

(ii) Ui nUj=0 for all i ¿j, 1 < i,j < K, and Int(í/,-) n Int(Vfc) = 0 for every
1 < i< K, l<k<L.

(ui) fflUjLi Uj] D (jf=i Vit g[(jk=i Vk] c Uti Vk.

3-9. LEMMA. Fix any g G 21(C). Assume that g has no one-sided asymp-

totically stable periodic points. If the complement of the union of the domains of

attraction A00(f) is in C and if the intersection of the set of asymptotically stable

periodic points with the closure of C is empty, then g has a Markov partition.

PROOF. Fix any mapping o G 21(C) such that Aoo(g) C C and the set of asymp-

totically stable periodic points is contained in the interior of X \ C. Choose the

union of the closure of the components of the set p_1(C). If the set of asymptot-

ically stable periodic points for g is not empty, choose the components of the set

X\C which contain an asymptotically stable periodic point for g. The chosen sets

of components satisfy the conditions of Definition 3-8. We conclude that p has a

Markov partition.    G

We fix a mapping g G 21(C) which has a Markov partition, say ¿3. We set

U = B n g~l(B). It is obvious that U is also a Markov partition for g. We assume

that U has N(U) disjoint components. Accordingly, we write Ü — Ufc=i Ik, where

Ik is a component of ii, 1 < k < N(U).

In a similar manner as before, we can associate a matrix Au;g to the pair (li;g).

From the definition of the Markov partition U and Corollary 3-7 it follows that the

matrix Au-g is defined by

,„inl ,     ,.   •>      /I    ifp-1(Int(L))nInt(/,)/0,      t....mm
(3-10)        AU;g(i,j)=\ . l<z,J<N(U).

( 0   otherwise,

4. Key lemmas for Theorem A. In this section we will assume that / G

C1(X, X) satisfies the following conditions:

4-1. (i) the set of asymptotically stable periodic points for / is finite (an empty

set is allowed, but then there exists at least one absorbing boundary point).

(ii) / is expanding on the complement of the union of the domains of attraction

Aoo(/).

(iii) C/ßdix) is an open neighborhood of the boundary of X which consists of two

components of the union of the domains of attraction of the asymptotically stable

periodic points for / and the absorbing boundary points of X for /.

4-2. LEMMA. There exist positive integers N and M such that \(fN)'(x)\ > 1

for all x G Am ■

PROOF. Let constants c > 0 and K > 1 be selected such that |(/")'(i)| >c-Kn

for all x G Aoo(f), for each n G N. Let N be a positive integer satisfying c-KN > 1;

assume that N is minimal. We write Un for an open neighborhood of J400(/) such

that \(fN)'(x)\ > 1 for all x G Un. Choose the positive integer M minimally such

that Am C Un, which exists because the Ak form, from a certain nonnegative

integer, a decreasing sequence of compact sets.    G



CHAOTIC MAPS WITH RATIONAL ZETA FUNCTION 713

4-3. LEMMA. For any nonnegative integer n there exist positive integers

N(Dn) and N(An), and there exists a nonnegative integer T(An) such that the

set Dn consists of N(Dn) components and the set An consists of the union of

N(An) nontrivial components andT(An) trivial components (points).

PROOF. By applying 4-2 fix positive integers N and M such that \(fN)'(x)\ > 1

for all x G Am- We write U — {D;D a component of Ui=r A, D contains at

least one critical point of /}. The set U consists of finitely many components of

the set U¿=o ^«> since Grit(/) nX\ f/ßd(X) is a compact and nonempty set. Let

N(U) denote the number of elements of U.

Given any nonnegative integer n, we denote by N(Dr¡) the number of components

of the set Do. Recall that Do has finitely many components and that / is a

monotone mapping on the components of X \ U. From f(Dn+x) C f(X) and

Dn+1 = {xe An+i;fn+1(x) G D0} ={i£ An; f(x) G An, fn(f(x)) G D0} we get

f(Dn+i) = D„ n f(x). Using this result one obtains that (N(U) + l)n ■ N(D0) is

an upper bound for the number of components of the set Dn. Consequently, the

set An has finitely many components.     G

4-4. LEMMA. The number m, m = min{n G N U {0}; fn(Crit(f)) C D0}, is

well defined.

PROOF. Apply 4-l(iii), 4-2, and 2-2.    G

Now we will construct an open set C such that / G 21(C), with 21(C) the class

of maps considered in §3. Let integer m be as in 4-4. Let Dq be a closed set in X,

which is contained in the union of the direct domains of attraction Do, with the

following properties:

4-5. (i) each component of Do contains exactly one component of Dq, conse-

quently the number of components of the set Dq is equal to the number of compo-

nents of the set Do.

(ii) /(Dq) C Int(Do), i.e. Dq will be mapped into its interior under the map /.

(iii) If the set of asymptotically stable periodic points of / is not empty, then it

is contained in the interior of Dq .

(iv) /m(Crit(/)) C Int(Do"), i.e. the map fm maps the set of critical points of /

into the interior of Dq .

(v) If there is an absorbing boundary point q then one of the components of Dq

is a neighborhood of q.

We define B = {x G \J?=oDi\fm{x) € D¿}, and further we define C = X\B.

The set C is open in X, since B is closed in X. We write Dq = {x G D; D a

component of DJ, D contains an asymptotically stable periodic point for /}. Note

that the set Dq is empty in the case that / has no asymptotically stable periodically

points.

4-6.   LEMMA.   / G 21(C), with 21(C) the class of mappings introduced in §3.

PROOF,   (i) From the definition of B, we have f(B) C Int(S); consequently

f-Htycc.
(ii) From /(Crit(/)) C Int(S) it follows that Crit(/) n /_1(C) = 0. Hence, the

restriction of / to the set /_1(C) is locally a diffeomorphism.
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(iii) From 4-5, 2-1, and the definition of C we obtain: Card{Y~;y a component

of /-1(C)} = Card{T"; Y a component of Am+2}. By 4-3 we know that Am+2 has

finitely many components.    G

4-7.   LEMMA.   Card{x G C;fn(x) - x} - Tr(Ac-j») for each n G N.

PROOF. We write C = Ui=i Q- Let a positive integer n be fixed. Choose an

integer », 1 < i < N(C).

Let D denote a component of /-n(C,-) 0 Ct. From the fact that the mapping

/" is continuous, and fn(D) = C¿, we have by applying the intermediate value

theorem: the function /" has at least one fixed point in D. By the assumption

that / is expanding on A00(f) we obtain that the function /" has precisely one

fixed point in D. Since the integer i and the component D are chosen arbitrarily,

we get the result that the number of fixed points of the mapping /" in C is equal

to the trace of the matrix Ac-j* -   G

4-8.   LEMMA.   / has a Markov partition.

PROOF. The union of the components of the set Dq U C1(C) is a Markov parti-

tion.    G

We write (L>5 U C1(C)) n /_1(D5 U C1(C)) = |j£Li h for some positive integer

TV. We define the matrix Af by

(4-9) A (ij) = (1    if/"1(Int(/t

\ 0    otherwise,

))nlnt(/J)^0,
1 <i,j < N.

We denote by N(Per(f; n)) the number of periodic points for / with period n, i.e.

7V(Per(/; n)) = Card{z G X; fn(x) = x}, for every n G N. We set {Afe; 1 < k < H)

for the set of different eigenvalues of A¡ for some positive integer H with H < N.

Let mk denote the multiplicity of Xk, 1 < k < H.

-//
4-10.   LEMMA.   iV(Per(/;n)) = J2k=i mkXk for each n e N.

PROOF. Apply 4-1, 4-7, and (4-9).    G

4-11.   LEMMA.   Çf{z) = ft"=x{l-\kz)-m*.

PROOF. By applying 4-10 and the definition of Af we obtain

iV(Per(/;n))  „"■
exp E

n=l

y^ (\kz)n

Z-*      n
.n=l

= n
H

= II[exp(-log(l-Afc*))]'
fc=i

H

= n
fc=i

1 - Xk ■ z

mk

5. Key lemmas for Theorem B. In this section we will assume that the

chaotic map / G C1(X, X) satisfies the following conditions:

5-1. (i) / G C3(X, X) and / has a negative Schwarzian derivative, i.e. Sf(x) < 0

for all x with f'(x) / 0.
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(ii) The complement of the union of the domains of attraction Aooif) is compact

and it is contained in the interior of X.

(iii) Crit(/) C UfcLo-^fc' i-e- tne set °f critical points of / are contained in the

union of the domains of attraction.

(iv) / has no one-sided asymptotically stable periodic points.

5-2. LEMMA. The set consisting of the union of the asymptotically stable

periodic points for f and the absorbing boundary points is finite.

PROOF. We write s = min{a, G X;x G Aoo(f)} and t = max{x G X;x G

■^oo (/)} • The union of the components of Ufclo ^k is an open cover of the nonempty

compact set Crit(/) fl [s,i\. There are, say n, components from this cover covering

Crit(/)n [«,«].
By a slight generalization of Singer's theorem [15] we know that the restriction

of / to [s, t] has at most n asymptotically stable periodic orbits (see [12]).

We conclude that the set of asymptotically stable periodic points for / and

aborbing boundary points is finite.

5-3. LEMMA. There exists a nonnegative integer P such that for each k G N

we have: Ak+p is compact and Crit(/fc) n Ak+p = 0.

PROOF. Let s and t be as in the proof of the preceding lemma. By the

assumption Aoo(f) C Int(X) we have that X \ [s,t] is contained in (J^qD/c.

Since Crit(/) fl [s, t] is compact we can find a nonnegative integer P such that

Crit(/) U X \ \s,t] is contained in (Jk=0Dk. Assume that P is minimal. Then

Ai+p is compact and Crit(/) n j4i+p = 0. By definition we have for each k G N

the set Ak+p is compact. By induction we obtain Crit(/fc) fl Ak+p = 0 for each

fcG N.    G
The following lemma is due to Misiurewicz [10].

5-4. LEMMA. Let I be a closed interval. Denote by U and V two open subsets

of I, consisting of a finite number of intervals each, for which U contains the

endpoints of I and UUV = I. Let g G C3(V, I) be given. Assume that g satisfies the

following conditions: (i) g'(x) ^ 0 for all x G V, (ii) Sg(x) < 0 for all x G V, and

(iii) g has neither asymptotically stable periodic points nor one-sided asymptotically

stable periodic points.

Then we have: there exists a positive integer m such that, if g3 (x) ^ U for all

j, 0<j<m-l, then\(gm)'{x)\>l.

PROOF. See the proof of Theorem 1.3 in Misiurewicz's paper [10].     G

5-5. LEMMA. There exists a positive integer N such that \(fN)'{x)\ > 1 for

all x G An+p, with P as in Lemma 5-3.

PROOF. Let J c X be a compact interval such that A^if) c Int(7). Let integer

P be as in 5-3. We define U = U/t=o Dk GI- Let V an open neighborhood of A\+p
such that Crit(/)iW = 0 and V does not contain (one-sided) asymptotically stable

periodic points for /. By applying Lemma 5-4 we have that there exists a positive

integer N such that, if f3(x) $ U for 0 < j < N - 1, then \{fN)'(x)\ > 1 for x G V.

Consequently \(fN)'(x)\ > 1 for all x G AN+p-    G
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5-6.   LEMMA.   / is expanding on Aoo(f).

PROOF. Assume that \(fN)'(x)\ > 1 for ail x G AN+p, with P as in 5-3, and

N as in 5-5. We write c = min{|/'(a.)|;:r G An+p}, and K = mm{\(fN)'(x)\;x G

An+p}- Note that c > 0 and K > 1. If c > 1 it is obvious that g is an expanding

map on Aoo(f). So from now on we assume c < 1.

Let a positive integer n be given. We write n = sN + t for some nonnegative

integers s,t with 0 < t < N - 1. Recalling that A0O(f) is a positively /-invariant

set, we have for each x G Aoo(f):

\(fn)'(x)\ > Ksé > [K^N}sN ■ cN > [K1/N}n ■ [c/K}n.

We conclude: / is an expanding map on Aoo(f).    G

6. Proofs of the results.
PROOF OF THEOREM A. We assume that X C R is a nontrivial interval. Let

/ G C1(X, X) be a chaotic mapping, and assume that / satisfies conditions (1) and

(2) of the theorem.
For each n G N we have that Ao0(f) c An. We write s = min{x G X;x G

Aoo(f)}, t — max{x G X; x G A<x,(/)}. Since / is a chaotic mapping, we have that

s < t and Crit(/)n[s,i] + 0-
The set consisting of asymptotically stable periodic points and absorbing bound-

ary points is finite, since there are at most two absorbing boundary points and, if

the set of asymptotically stable periodic points for / is not empty then this set is

finite because it is discrete and it is assumed to be compact.

We consider the following cases:

(a)Bd(X)nAoo(f) = 0;
(b)Bd(X) G A0o(f) = {a};
(c)Bd(X)nAoc(f) = {t};
(d)Bd(X-)n Aooif) = {s,t}-
Case (a). Assume that Bd(X) n Ax(f) = 0. Then we have A^if) c Int(X).

Applying 4-1, 4-8, (4-9), and 4-10 we obtain result (i); result (ii) follows from 4-11.

Case (b). Assume that Bd(X) D Aoo(f) = {s}. We define «i = min{x G

[s,t];x G Crit(/)}, u2 = min{/(a,);iíi < x < t}, and, if there exist asymptotically

stable periodic points for /, we define W3 = min{a; G [s,t];x is an asymptotically

stable periodic point for /; further we write um = min{t¿i,U2,"3}. Note that

um > s and that f(um) > um. The set Y, defined by Y — {x G X;x > um} is

a positively /-invariant set. Furthermore, we have that the set Aoc(f) n F is a

subset of Int(y). Applying case (a) we obtain a matrix A¡\y for / restricted to

Y. Since the restriction of / to X\Y is a homeomorphism without asymptotically

stable periodic points, it follows that X\Y contains at most one fixed point of /.

Obviously, one obtains Af by extending the matrix Af\y in an appropriate manner.

Case (c). Assume that Bd(X) n Aoc(f) = {t}. We define v\ = max{x G

[s,í];a; G Crit(/)}, v2 = max{/(x);s < x < Vi}, and if the set of asymptotically

stable periodic points for / is not empty, we define ^3 = max{a; G [s,t];x is an

asymptotically stable periodic point for /}; further we write vm = max{ui, V2,«3}-

Note that vm < t and that /(vjw) < vm- The set Y, defined by Y = {x G X;x <

fAi}, is a positively /-invariant set. Similar to case (b) we obtain the desired results.

Case (d). Assume that Bd(X) n A^if) = {s,t}. We define um as in case (b),

and we define % as in case (c). We write Y = [t¿m,UAí]- The set Y is a positively
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/-invariant set and Aoo(f) C\ Y is contained in the interior of Y. By applying case

(a) we obtain a matrix Af\y that can be associated to the restriction of / to Y.

Since X \ Y does not contain asymptotically stable periodic points for /, and since

the restriction of / to X\ Y is a homeomorphism, it follows that X\Y contains at

most either two unstable fixed points of / or one unstable periodic orbit of period

two. The matrix Af is obtained by extending the matrix Af\Y in an appropiate

manner.    G

PROOF OF THEOREM B. We assume that X C R is a nontrivial interval. Let

/ G C3(X, X) be a chaotic mapping and assume that / satisfies conditions (1) and

(2) of the theorem. We write s = min{:r G X;x G Aoo(f)}, t = max{x G X;x G

Aooif)}-
We consider the cases:

(a)Bd(X)nAoo(f) = 0;

(b)Bd(X)nA00(f) = {s};

(c)Bd(X)r\A00(f) = {t};

(d) Bd(X)n Aooif) = {«,*}•
First, we assume that / has no one-sided asymptotically stable periodic points.

Case (a). Assume that A»(/) H Bd(AT) = 0; then we have Aœ(/) C Int(X).

Hence, there exist n G N such that An C Int(AT). Applying 5-1, 5-2, and 5-6 we

obtain that / satisfies conditions (1) and (2) of Theorem A, and we are done.

Cases (b), (c), and (d) are similar to the cases of Theorem A.

Now we assume that / has L periodic orbits consisting of one-sided asymptoti-

cally stable points for some positive integer L. We denote by p the smallest common

multiple of the periods of the one-sided asymptotically stable periodic points for /.

Let g : I x X —► X be a one-parameter family of C3-maps with negative Schwarz-

ian derivative such that the following conditions hold: There is a parameter value

A* with the properties g(\*, ■) = /, either

dap d2ap d2ap dap
-±-(X*,a)<0<1¿L(X*,q)   or    ^(A*,,) < 0 < %(X*,q)

for every one-sided asymptotically stable periodic point q for /.

We need the following lemma. Let G: I x X —> X be & one-parameter fam-

ily of C2-maps. Assume that there is a point x*, a parameter value A* and a

positive integer n such that (1) Gn(A*,z*) = x*, (2) (dGn/dx)(X*,x*) = 1, (3)

either (dGn/dX)(X*,x*) < 0 < {d2Gn/dx2)(X* ,x*) or (d2Gn/dx2)(X*,x") < 0 <

(dGn/dX)(X*,x*). Then there exist positive numbers 61,62, and e such that the

following properties hold:

(i) if A G ]A* - ¿i, A*[ then Gn(A, •) has no fixed points in \x* — e,x* + e[;

(ii) if A G ]A*,A + é2[ then Gn has two fixed points in ]x* — e,x* + e[, one is

asymptotically stable and one is unstable. (For a proof see Guckenheimer [6]; see

also Whitley [19].)

Assume that the positive numbers 6 and e have been chosen such that for each A

in ]A*, A*+(5[ the map gp(X, ■) has two fixed points in }q-e,q+s[ for every one-sided

asymptotically stable periodic point q for /. Fix some A with A* < A < A* +6; and

we write g for g(X, ■). Obviously, for any positive integer n, the number of periodic

points for g with period n is equal to the number of periodic points for / with

period n plus the number of one-sided asymptotically stable periodic points for /
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with a divisor of n as smallest period. Now it is easy to see that cj is a rational

function, but let us formulate it more precisely.

Denote the periodic orbits consisting of one-sided asymptotically stable periodic

points for / with Pi, 1 < i < L; for each q G Pi we write pt for the smallest period,

1 < i < L. From
L

N{Y>er(g; n)) = N(Per(f; n)) + £ Pl

P,\n
i=l

it follows that

çf{z) = exp

= exp

E
|_n = l

oo

Y.
,n=l

L

N(Per(f;n))

JV(Per(g;n))_n
/exp

co    .      L

¿—' n *—'
n=l      Pi\n

i=l

= cg(z)-l[(l-zp').
¿77=1

Recalling that cff is rational we conclude C/ is rational.

The matrix A¡ will be obtained by deleting the rows and columns of the ma-

trix Ag which are associated with the asymptotically stable periodic points of g

bifurcating from the one-sided asymptotically stable periodic points for /.    G

PROOF OF COROLLARY B2. Let X c R be a nontrivial compact interval. Fix

any polynomial mapping / : X —» X of degree N+1 for some AfeN such that each

critical point of / is real. Assume that the orbit of every critical point converges

to an asymptotically stable periodic orbit of /. Then f'(x) — fYlk=i(x ~ ck),

with -y a nonzero real number and all the numbers ck, 1 < k < N, real. For

x e. X\ {ck; 1 < k < N} we have (see also Collet and Eckmann [5]):

f"'(x)

f'(x)

f"(x)

fix)

N

^   (x-ck)(x-C])      2¿-
k,j=l
k<j

k=l
X-Ck

<0.

We conclude that / satisfies the conditions of Theorem B.    G
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