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COUPLED POINTS IN THE CALCULUS OF VARIATIONS

AND APPLICATIONS TO PERIODIC PROBLEMS

VERA ZEIDAN AND PIERLUIGI ZEZZA

Abstract. The aim of this paper is to introduce the definition of coupled points

for the problems of the calculus of variations with general boundary conditions,

and to develop second order necessary conditions for optimality. When one of

the end points is fixed, our necessary conditions reduce to the known ones

involving conjugate points. We also apply our results to the periodic problems

of the calculus of variations.

1.   Introduction and preliminary results

In this paper we will consider the following boundary value problem in the

calculus of variations, denoted by (BVP):

Minimize

rb

(1.1) J(x):=y(x(a),x(b)) +      L(s ,x(s),x(s))ds
Ja

over all absolutely continuous functions x(-), subject to the boundary condition

(1.2) o(x(a),x(b)) = 0,

where y: R"xR" - R, Ô: R"xR" -* Rk , (k < 2«), and L: [a, ¿>] x R" x R" -

R.

The fact that the boundary condition (1.2) is expressed by a function of both

x(a) and x(b) gives the problem a general aspect. It encompasses the case

where x(a) and x(b) are restricted to belong to two manifolds, as well as the

case where the boundary conditions are periodic.

This problem has been a subject of study since its formulation in the 17th

century. One can find an extensive literature on this question concerning second

order necessary conditions. In this context, for the special case of fixed end-

points, the theory of conjugate points was developed and analyzed in depth, see,
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e.g., [3], where it is given in terms of envelopes as well as in terms of properties

of the solutions of a second order selfadjoint differential equation.

Several attempts were made to extend this theory to more general boundary

conditions. For instance, in 1898, Kneser studied this question for the case of

one variable endpoint and in 1903, Bliss developed a theory for two-variable

endpoints in R based on the special properties of the plane so that it does

not extend to a higher dimension; in this context, conjugate points carried the

name of focal points. Both contributions were originally expressed in terms

of envelopes of extremals. These results, together with the contributions of a

very active group of mathematicians who worked at the University of Chicago

around 1930, are presented in [2], where an analytical definition of a conjugate

point and a focal point (with one variable end point) is provided. A modern

presentation of these results can be found in [8].

Since the development of the optimal control theory, the interest in studying

general boundary conditions, and in particular the periodic ones, has increased

(see, e.g., [9]). But, as it is apparent, the Jacobi theory for this general type

of conditions needs more study even in the simpler case of the calculus of

variations.

The main purpose of this paper is to complete the study of second order

necessary conditions for the problem of the calculus of variations (BVP). We

focus our attention on establishing necessary conditions for the nonnegativity

of the second variation. Thus our approach is analytical and does not require

the construction of a field of extremals.

In §2 we introduce the definition of coupled points and the notion of regu-

larity. In the classical setting these concepts reduce to the known definition of

conjugate points. We show that both regularity and the nonexistence of cou-

pled points to b in (a, b) are necessary conditions for optimality in (BVP) and

thus we generalize the known necessary conditions involving either conjugate

or focal points.

In §3 we apply these results to obtain necessary conditions for the periodic

problems of the calculus of variations.

Given a c'-function Jc(-): [a,b] —> R" , an e-tube around x(-) and x(-) is

T(x,e) = {(u,v) GRnxR": ||w-jc(f) || < e, \\v-x(t)\\ < e for some te\a,b\}.

A Lipschitz function x: \a,b\ ->R" that satisfies (1.2) is a weak local minimum

for (BVP) if J(x) > J(x) for all admissible x(-) in a weak neighbourhood of

Jc(-), that is, a neighbourhood in 77 '°° .

The following regularity assumptions on the data, which we adopt, are usu-

ally made while studying the classical Jacobi necessary condition in the basic

problem of the calculus of variations.

The problem (BVP) has a weak local minimum at x e C ([a,b],Rn) ; the

function L is C on [a,b] x T(x,e), where T(x,e) is an e-tube around x(-)

and x(-), and the functions y,ô are C2 in a neighbourhood of (x(a),x(b)).
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Moreover, we assume that the differential of S(-) at (x(a),x(b)) is surjective

and the strengthened Legendre condition holds along the optimal trajectory:

Lvv(t,x(t),x(t))>0   Vte[a,b].

Under these assumptions the minimizer x(-)  satisfies the Euler-Lagrange

equation

dt

ollowing tram

such that

£-Lv(t) = Lx(t),       te[a,b]..

k
and the following transversality conditions (see, e.g., [3]): there exists p e R ,

¿» = Vx(Z(a),*(b)) + ôTx(x(a),x(b))p,

¿» - -yy(x(a),x(b)) - ôTy(x(a) ,x(b))p,

where " ~ " denotes the evaluation along the optimal arc x(-).

Under these assumptions, consider the accessory boundary value problem

(BVP) * associated with ( 1.1 )-( 1.2):

Minimize

+ 2 I  {nT(s)Lxx(s)n(s) + 2nT(s)Lvx(s)n(s) + z)7'(s)Lvv(s)ñ(s)} ds

over all absolutely continuous rj(-), subject to the boundary conditions

where

D:=VS(x(a),x(b)),

k

T := V2y(x(a),x(b)) + ^pyôi(x(a),x(b)),
i=i

and p is the same vector as in the transversality conditions.   In [5] the fol-

lowing second order necessary condition is proven: the problem (BVP) * has a

minimum at //(•) = 0. That is, for all n e AC satisfying (1.4), the following

holds: J2(n)>0.

In order to simplify the notations we set P(-) = Lxx(-) = Lvx(-),  R(-) =

Lvv(-). The Euler-Lagrange equation associated with the accessory problem is

(1.5) ^t[R(t)h(t) + Q(t)r1(t)] = QT(t)r](t) + P(t)n(t)   a.e.te[a,b].

By a solution of this equation we understand a function n(-) e AC such that,

for some £(•) e AC, we have

C(t) = R(t)r,(t) + Q(t)ri(t),

Í(t) = QT(t)rl(t) + P(t)n(t)   a.e. t e [a, b].
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Whenever R(-) is invertible on [a,b], the above system becomes

ri(t) = -R~\t)Q(t)ri(t) + R-x(t)Ç(t),

m = QT(t)[-R-X(t)Q(t)rKt) + R-Xm(t)] + P(t)n(t),

or equivalently,

(1.7) m = A(t)n(t) + B(t)m,    Í(t) = C(t)n(t) - AT(t)Ç(t),

where

A(-):=-R~x(-)Q(-),    B(.):=R~X(.),    C(-) := P(-) - QT(-)R~X(-)Q(-).

Equations (1.7) are called the Jacobi system of problem (BVP).

2. Main results: Statements and proofs

In this section, we develop second order necessary conditions for weak local

optimality of x(-) in (BVP). This goal is accomplished by providing conditions

necessary for the nonnegativity of the objective functional J2(n) of (BVP) *.

We now introduce the definition of coupled points.

Definition 2.1. A point c e [a, b) is said to be coupled with b if there exists a

nonzero (n (•),£,(•)), solution of the Jacobi system (1.7) such that

n(-)in(c)    on[a,c],    D (jff^ = 0,

for some X e R  .

Remark 2.1. When the endpoints are fixed, that is, when D = I2nx2n , the last

condition in Definition 2.1 can be dropped since D is onto and n(c) = n(b) = 0

(from the second condition). Moreover, n(-) ^ n(c) = 0 on [a,c] could be

eliminated, since otherwise (n(-) ,£(•)) = (0,0) on [a,b]. Thus, the definition

of a coupled point reduces to that of a conjugate point.

By symmetry it is straightforward to define a point c coupled with a .

Definition 2.2. A point c e[a,b) is said to be coupled with a if there exists a

nonzero solution (t] (•),£(•)) of the Jacobi system (1.7) such that

z,(.)=Éz/(c)   on[c,b],       d(^{^=0,

(^\)=r(^\)+DTx+(fbp(l M\-Ç(c)J        \ri(c)J \lc P(s)dsn(c)

and

and

for some X e R

The next results generalize to (BVP) the necessary condition of Jacobi that

was derived for the fixed endpoint case.
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Theorem 2.1. If x(-) is a weak local minimum for (BVP) then there are no points

c e(a,b) coupled with b.

Theorem 2.2. If x(-) isa weak local minimum for (BVP) then there are no points

c e(a,b) coupled with a.

We apply Theorems 2.1 and 2.2 to a variational problem involving a param-

eter. These two theorems yield the same conclusion concerning this parameter.

Example 1. Let us consider the following family of problems:

Minimize

J(x ; 0) = ^x2(0) + ±J {x2(s) - x2(s)}ds

over all absolutely continuous functions x(-), that satisfy the boundary condi-

tions:

x(0) = 0,        (the final point x(0) is free).

We first note that the particular form of the lagrangian implies that the

domain of the functional is indeed 77 ' ' . We will restrict 0 to the inter-

val [0,n] because it is known [3] that for 0 > n the functional J(x;0)

has no lower bound. The Jacobi system for the above problem is the har-

monic oscillator f)(t) = Ç(t), £(t) = -n(t), whose solutions are of the form

n(t) = A cos t + B sin t, £(/) = -A sin t + B cos t. Since x(0) is fixed, the point

c e (0,0) is coupled with 0 if

(n(c) = 0, ( Acose + Bsine = 0(2.1)        I   ,w o I
\Ç{0) = -ri(O)       \  -AsinO + BcosO + AcosO + BsinO = 0.

Since sine ^ 0 for c e (0,0), we obtain

B = -,4 cote,

A(sin(0 -c) + cos(0 -c)) = 0.

We have  A =£ 0  since otherwise the first relation of (2.1) implies that also

h

(2.2) |

;e

B = 0. The second equation in (2.2) thus yields 0-c = \n . Since 0 < c < 0,

there are points c coupled with 0 if and only if 0 > \n .

Let us now apply Theorem 2.2.  Given that the harmonic oscillator has no

nonzero constant solutions, a point ce (0,0) is coupled with 0 if

1/(0) = 0 [ A = 0

B[cos c - (0 - c - 1 ) sin c] = 0 ;

Í ?(0) - 0 r

\ Z(c) = ri(c)(0 - 1 - c) **\

and then B ^ 0. Let us study the function

f(c) = cose - (0 - c - 1 ) sin c,       O<c<0

We have f(0) = 1 > 0 and f(0) = cosö + sino, which is nonpositive for

0 > \%. Thus, by the intermediate value theorem, there is a point coupled to

0 for 0 > \n . Therefore Theorems 2.1 and 2.2 provide the same information,

namely, that there exists no weak minimum for 0 > \n .
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Let us prove now that the functional is indeed nonnegative for 0 e [0, \n]

and achieves, therefore, its minimum at x(-) = 0.

Assume 0 < \n . Let w(t) = tan(t - 0 + ±7r) on [0,0] ; w(-) is continuous

on this interval and, for an admissible x(-), we have

J(x ; 0) = J(x ; 0) + X-¡  -^ jtan (s - 0 + ^n\ x2(s) \ ds - \x2(0)

= x/   lx(s) + tan(s-0 + -nj x(s) \   ds>0.

For 0 = | n, the term we added contains an improper integral. Assume, for

the moment, that x(-) e C , and use x(0) = 0 to obtain

^/o4^{tan(s"Hx2(5)}^

=V (H - ä tan (s - H *2(5)=¥ {ln) ■
Hence the improper integral is finite and inequality (2.3) holds even when 0 =

^n, x(-) e C . But C is known to be dense in H ' and thus the result

follows.

It could happen that, subject to (1.4), J2(n) is indefinite but there are no

coupled points with b in (a,b). This phenomenon mainly occurs because

there could be nonzero constant functions admissible for the accessory problem.

In order to study the behaviour of the functional (1.3) along such functions we

will use the following notion, similar to the one in [10].

Definition 2.3. The problem (BVP) is said to be regular if

(aT,aT)r(°\+aT Í  P(s)dsa > 0   VaGR":o[^]=0.

The second order necessary condition mentioned before in terms of (1.3)-

(1.4) yields the next result.

Theorem 2.3. If x(-) is a weak local minimum for (1.1) and (1.2), then the

problem (BVP) is regular.

Although the result given by Theorem 2.3 is trivial, it plays a significant role,

which is to complete the set of second order necessary conditions for weak local

minimum. This is illustrated by Example 2 presented in the next section.

In order to prove Theorems 2.1 and 2.2 we introduce the following augmented

problem, which is denoted by (ABVP) * :

Minimize

(2.4)

J2(c, f,) := \(nT(c), nT(b))T ( jjjj ) + l-nT(c) £ P(s) dsn(c)

+ \j {nT(s)P(s)n(s) + 2z)7"(5)ô(s)>7(s) + f,T(s)R(s)r,(s)} ds,
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over all absolutely continuous n(-), which satisfy the boundary condition

Since J2(a ; n) = J2(n) the problem (ABVP) * can be seen as restriction

to the subinterval [c, b] of (BVP) *. Furthermore, (ABVP) * preserves the

nonnegativity of the functional as shown by the following

Lemma 1. If J2(n) > 0 for all n(-) e AC satisfying (1.4) then Ve e [a,b],

J2(c\ri)>0 for all n(-) e AC satisfying (2.5).

Proof. Let c e [a, b), and let n(-) e AC satisfy (2.5). If c = a, the result is

trivial. Take c e(a,b) and define

w) = {m on[c,b]'
{ n(c)   on [a,c).

Since 7)(^!) = 0, the function rj(-) is admissible for J2(-), and hence J2(tj) >

0. That is,

J2(Jf> = j(nT(c), r,T(b))V ( ^ ) + X-r¡T(c) ^ P(s) dsn(c)

+ \l {r1T(s)P(s)n(s) + 2r1T(s)Q(s)fl(s) + f,T(s)R(s)f,(s)}ds>0,
L Jc

which shows that J2(c;n) > 0.

For c = b, the required result becomes

J2 (b;n)= X-(nT(b), nT(b))T ( j|*j ) + X-nT(b) £ P(s) dsn(b) > 0,

for all n(b) e Rn that satisfy 7>(^|) = 0. The latter is the regularity condition

which is satisfied due to Theorem 2.3.   D

The next results say that if the (ABVP) * has a minimum, then the optimal

arcs are completely characterized by the first order necessary conditions.

Lemma 2. Let J2(c ; n) > 0 for some c e [a, b] and for all n(-) e AC satisfying

(2.5). Then J2(c;n) = 0 if and only if

(i) there exist <!;(•) e AC such that (*](■),£(■)) satisfies the Jacobi system

(1.7) on [c,b],

(ii)

' P(s)sdn(c)

0
"(S3)-- (^,)-r(;SH-(£

for some X e Rk .

Proof. Necessity. If n(-) e AC satisfying (2.5) is such that J2(c ; r¡(-)) = 0 then,

since the problem is quadratic and the strengthened Legendre condition holds,
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n(-) satisfies the Euler-Lagrange equation and the corresponding transversality

conditions [3, p. 45, Example 2] which are exactly (i) and (ii).

Sufficiency. Let (n(-),Ç(-)) be a solution on [c,b] of (1.7) satisfying (ii). Then

it can be easily verified that

J2(c ; n) = \(nT{c), iT(b))r ( ¡^ )+\[ ¿(i7'(*)*(*)) ds

+ \r,T(c) f P(s)dsn(c) = 0.   o

Remark 2.2. In the previous lemma, condition (ii) easily implies

(iii)

*($)-•■

(^),[(^)+r(A)+(ínrw)]--
On the other hand, from the above proof, conditions (i) and (iii) yield that

^2(c'?/) = 0- Hence, by the first-order necessary conditions, there exists £

such that (//■,!) satisfy (1.7) on [c,b] and condition (ii) of Lemma 2. Since

B(-) is invertible it follows that £ = Ç. Thus, under the conditions of Lemma

2, conditions (ii) and (iii) are equivalent.

By Lemma 2, whenever J2(c ; n) attains its mimimum at n(-), we can extend

this function to [a,b] by extending the corresponding solution (*](•),£(•)) of

system (1.7). The result below states that this extension to [a,b] has to be

constant on [a, c]. In the classical case, that is, when we have fixed endpoints,

n(c) is then zero and therefore, (»/(•).£;(•)) is identically zero on [a,c] and

satisfies trivially (1.7).

Lemma 3. Assume that J2(c;n) > 0 for all c e [a,b] and for all n(-) e AC

satisfying (2.5). Suppose that, for some c e(a,b), J2(c; •) has a nonzero min-

imizer n(-). Then its extension satisfies

n(-) = n(c)   on[a,c].

Proof. Let (»/(■)»£;(•)) denote the extension to [a,b] of the solution of system

(1.7) corresponding to n(-). Since

the function

-(S3)--
-/.x      Í iW    on [<•,£•],

n(c)   on[a,c),

is admissible for (BVP) * and J2(ff(-)) = J2(c;n(-)) = 0. Thus rj(-) is optimal

for (BVP) * and, therefore, there exist !,?(•), such that (rj(-),Ç(-)) satisfies the
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Jacobi system (1.7) and the corresponding transversality conditions. Since x(-)

is C1, the coefficients of the system (1.7), and hence Tj(-), are continuous. But

lim j¡(t) = 0
t-yc-

and then also

limjj(t) = 0 = j](c).

From (1.6) we obtain ¿f(c) = Ç(c). By the uniqueness theorem for ordinary

differential equations we have

(,,(•),£(•)) = (//(.), ?(•))   on[a,b]

and hence rj(-) = n(c) on [a,c].   a

Proof of Theorem 2.1. If x(-) is a weak local minimum for (BVP) then J2(n) >

0 for all n(-) satisfying (1.4). Suppose there exists c0 e (a,b) coupled with

b with corresponding (nQ(-),Ç0(-)) and a0 . By Lemma 1, J2(c;n)>0 for all

n(-) such that D^n,]) = 0, hence from Lemma 2 and the boundary conditions

we get J2(c0;n0) = 0. Finally, using Lemma 3, we obtain n0(-) = n(c) on

[a, c], which contradicts Definition 2.1.   D

The proof of Theorem 2.2 is analogous.

Remark 2.3. It is clear that, if we replace in Definition 2.1 the boundary con-

ditions by condition (iii) of Remark 2.2, we obtain a more general concept of

a coupled point. But, from the same remark, it follows that Theorem 2.1 is

equivalent to the result that could be obtained using this new concept.

3. Applications to periodic problems

In this section we apply the previous results to the study of a periodic problem

in the calculus of variations, namely:

Minimize

(3.1) J(x):=y(x(T))+ f   L(x(s),x(s))ds,
Jo

over all absolutely continuous x(-), subject to the periodic boundary condition:

(3.2) x(0)=x(T).

We will impose the same assumptions about the lagrangian as in the previous

sections. If the lagrangian is time dependent one needs to suppose that it is

T-periodic, that is, L(0,-,•) = L(T, •, •).

Assume, moreover, that x(-) is a weak local minimum that satisfies the Euler-

Lagrange equation and the corresponding transversality conditions, i.e.,

(3-3) ^Lv(t) = Lx(t)
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and

(3-4) Lv(0) = Lv(T) + Vy(x(T)).

Remark 3.1. Note that a minimizer may not satisfy the Euler-Lagrange equa-

tion, as some examples in [1] and [4] show. This does not happen if the mini-

mizer is Lipschitz continuous (see Theorem 2.6 in [3, p. 58]).

In the previous part of the paper we have assumed the optimal solution

of (BVP) to be C . Here, we recall a result by L. Tonelli which provides

assumptions on the data that insure the smoothness of the optimal solution:

Theorem 3.1 (L. Tonelli; see e.g. [3]). Let L(x,v) be Cx on QxR", where Q

is a closed subset of Rn . Suppose that x(t) e Q for all t e [0, T] and

(i)       Vte[0,T], Lv(x(t),u)¿Lv(x(t),v)   forallu,veR" , u±v.

If x(-) is a solution of (3.3) that satisfies (3.4), then it is Cx.

From now on we will assume that the conditions of the preceding theorem

are satisfied and hence x(-) is C1 .

Remark 3.2. Note that, in general, it is not possible to extend x(-) to R while

preserving smoothness. However, if y(-) = 0, x(-) satisfies (3.3) and (3.4), and

relation (i) of Theorem 3.1 holds, then (3.4), that is,

Lv(x(0),x(0)) = Lv(x(T),x(T)),

and the periodicity boundary conditions on x(-) imply x(0) = x(T), and thus

x(-) can be extended as a C    T-periodic function to R.

Taking into account the special form of the boundary conditions, the acces-

sory problem (BVP) * becomes:

Minimize

J2(ri) := \nT(T)Yr,(T)

+ X-j {r,T(s)Lxx(s)n(s) + 2r)T(s)Lvx(s)n(s) + t)T(s)Lvv(s)t)(s)}ds

over all absolutely continuous n(-), subject to the boundary conditions: ?7(0) =

n(T), where r := V2y(x(a) ,x(b)).

Remark 3.3. Under the assumptions of the preceding remark, it follows that

the coefficients of the accessory problem are r-periodic.

Using the same notations as in §2, an extremal for the accessory problem will

be a pair (»/(•)>£(•)) of absolutely continuous functions that satisfies the Jacobi

system (1.7) and the boundary conditions

n(0) = n(T),    É(0)=É(r) + IW).

Once again, since the coefficients of the Jacobi system are continuous, the func-

tions ?/(•),£;(•) are C1 and, as in Remark 3.2, they can be extended smoothly

to R if y(-) = 0.
The next result is a direct application to the problem (3.1 )-(3.2) of the results

obtained in the previous sections.
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Corollary 3.1. Suppose that x(-) is a weak local minimum for (3.1)—(3.2). Then

the following conditions are satisfied:

(i) for all a e R"

aT  T+ [   P(s)ds   a>0,
Jo

that is, the problem is regular, and

(ii) there exists no nonzero (n(-) ,£(•)) solution of the Jacobi system (1.7)

such that for some c e (0, T), the following coupling conditions are satisfied:

n(-)^n(c)   on[a,c],    n(c) = n(T),

and

£(c) = i(T) + Tr,(T) + f P(s) dsn(T).
Ja

That is, there is no point c e (0, T) coupled with T. A similar statement holds

true for points coupled with zero.

We end this section by analyzing the functional studied in Example 1, but

with periodic boundary conditions. This functional has been often used to test

the necessary conditions. The two examples presented here complete a survey

of possible boundary conditions. The case of fixed endpoints is analyzed e.g. in

[3], and that of free endpoints is studied in [10].

Example 2. Minimize

(3.5) J(x;T) = ^x2(T) + jj {x2(s) - x2(s)}ds

over all absolutely continuous x(-), subject to the periodic boundary conditions

x(0) = x(r).
Let us first check the regularity condition. For x(-) = k ,

J(k;T) = \k2(l-T)>0

for 0 < T < 1 .

Once again the Jacobi system of (3.5) is the harmonic oscillator, whose so-

lutions are of the form n(t) = A cos t + B sin t, ¿;(Z) = —A sin t + B cos /. The

point c e (0, T) is coupled with 0 if

z/(0) = n(c),    i(0) = i(c) + if(0) + /   P(s) dsn(0)
J c

that is,

Acose + B sine = A,    B cose - Asinc = B - A(l + c - T).

Let us find the solutions of the above system. Solve the first with respect to

sin c and substitute in the second, to obtain

sinc = —.-T-p+c-r],

(3.6) A2 + B21
AR

cosc= l-—2--[\+c-T\.
A2 + B2
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Since we can easily verify that A ^ 0, we can set ß := % and use the relation

cos c + sin c = 1 to deduce from the above system:

[l+c-T][l+c-T-2ß] = 0.

Since T < 1 and c> 0, it follows that 1+c-T > 0, and hence, c = 2ß+T-1 .

By substituting this value in the first equation of (3.6), we obtain

F(ß) := sin(2y5 + T - I) - -^ = 0.
l+ß2

Let us study this function for c e [0, T], that is, for 0 < T - 1 + 2ß < T or

equivalent^ 0 < k0 := (1 - T)/2 <ß<\. Compute

F({) = sin T - § > 0 for T > T,     where T = sin    -

and

Hence, if T > T, there is a point c e (0, T) coupled with zero.

Let us show now that J2(x ; T) > 0 for all Te[0,T]. In fact, J2(x ; T) > 0

for Te(0,T) and J2(x;T)>0 for T = 0 or T = T. Let w(t) = tan(í-f)

for r G [0, T]. tt)(.) is continuous and

/2(jc ; T) = X-x2(T) +l-j {x2(s) - x2(s)} ds

+ è /^ Ä{tan G - t)
Itan(|)x2(r) + Itan(-f)x2(0)

x\T)+X-j   [x(s) + tan(s-'Ç\\   ds

2

1 T
1 - 2 tan —

Since one can show that tan f < j for T < T the conclusion follows,   o

Concluding remarks. The development of sufficient conditions in terms of cou-

pled points is the subject of further research in order to render this theory

complete.

A different approach to this problem was initiated in the 30's by Morse (for

detailed exposition and references see [6]). Also, sufficient conditions in terms

of Riccati equations are provided by Reid in [7]. The relation between these

types of results and the ones given here need to be investigated.
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