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ON THE INTEGRALS OF A SINGULAR 
REAL ANALYTIC DIFFERENTIAL FORM IN R n 

A. MEZIANI 

ABSTRACT. In this paper, we study the constancy on the fibers for the continuous 
integrals of a complex-valued real analytic differential form in Rn. Then we 
prove an isomorphism result between the space of smooth integrals and a space 
built from spaces of Whitney functions. 

O. INTRODUCTION 

In [1] and [2], M. S. Baouendi and F. Treves have introduced hypoanalytic 
structures and studied the functions annihilated by systems of vector fields. 
Among their results is the constancy on the fibers. More precisely, in codimen-
sion 1, let Z(x) be the germ at 0 E Rn of a complex-valued Ck -function such 
that dZ(O) # O. Then every continuous solution f of Lf = 0, where L is 
any vector field orthogonal to dZ , satisfies the following: 

f(Z-!(Z(x))) = f(x). 
Here, we consider a germ at 0 E R n of a singular, complex-valued, real 

analytic differential form wand seek an analogous property for its integrals. 
For this purpose, we start in § 1 by recalling some definitions and some results 
in the holomorphic category. Then we introduce a fundamental integral Z of 
w (an analogue of Z such that dZ(O) # 0 in the hypoanalytic theory), define 
the fiber Fx of w above the point x as the preimage via Z of Z(x), and 
write a neighborhood V of 0 as 

k 

V = UVj UFo' 
j=! 

where V/s are the connected components of V - Fo' Note that real-valued 
singular differential forms have been the focus of numerous authors (for more 
details, see Moussu [6]). 

§2 is devoted to the constancy on the fibers of the continuous integrals of w. 
Theorem 2.11 says that if f is a continuous integral of w in V, then f is 
constant on the fibers in each Vj separately. As a consequence of this result, 
we obtain the constancy on the fibers in V (Theorem 2.12) if the codimension 
of Fo is 2: 2. 
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584 A. MEZIANI 

Finally, §3 deals with the smooth integrals of a differential from dZ whose 
singular locus has codimension ~ 2. We first recall the Whitney extension 
theorem for functions defined on compact subsets of en. Then we give a 
"Taylor expansion" of the COO -integrals, and prove an isomorphism theorem 
between the space ..Y;( U) of COO -integrals of dZ in U and !Tzoo( U), a space 
built from subspaces g;;(Z(U» (j = 1, ... ,k) of the Whitney functions of 
class COO on the compact subsets Z (U j) of e. We conclude by showing how 
the pushforward of a Ck -integral of a real analytic hypoanalytic structure can 
be extended as a smooth function about Z (0) E e. 
Acknowledgment. The author wishes to express his deepest gratitude to his 
teacher, Professor Fran<;:ois Treves. He also thanks the referee for suggesting 
some changes to the first version of this paper. 

1. DEFINITIONS. 

1.1. Singular differential forms. In this section, we recall some properties of 
a singular real analytic differential form near 0 E R n and some results in the 
hoi om orphic category. Let 

n 
w(x) = L aj(x) dxj , 

j=! 

be a real analytic differential form in a neighborhood U of 0 E Rn , formally 
integrable, i.e., 
(1.11) dwl\w=O. 

The singular locus of w in U is the real analytic variety 
Su(w) = {x E U; a!(x) = a2 (x) = ... = an(x) = O}. 

If a = gcd(a! ' .,. ,an) (the greatest common divisor of a!, ... , an)' then 
w = aw' ,where w' is a real analytic differential form whose singular locus has 
codimension ~ 2. Since we are interested here by the integrals of w, then we 
can assume that the codimension of Su(w) is ~ 2. In this case, it is proved 
in [7] that if 1'/ is a COO -differenital form such that 1'/ 1\ w = 0, then 
( 1.12) 1'/ = gw, 

for some COO -function g near 0 E Rn . 

Denote by iiJ the complexified form of w, i.e., 
n 

iiJ(x) =L aj(x) dxj , 
j=! 

The differential form iiJ generates a foliation ~ outside its singular locus: 
The leaves of ~ are the integral manifolds of iiJ. 

A germ at 0 E en of a holomorphic function h is said to be an integral of 
iiJ if iiJ 1\ d h = 0, that is, the leaves of ~ are the irreducible components of 
the level sets of h . 
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In [5], Mattei and R. Moussu show that w has a holomorphic integral if 
and only if the closures, in a neighborhood of 0 E Cn , of the leaves of ~ are 
analytic varieties and only a finite number of then adhere to O. They also prove 
a factorization result for the integrals: If hand f are integrals of wand h 
is not a power of a holomorphic function, then there is a germ of holomorphic 
function I at h(O) E C such that, f = 10 h . 

Also, Malgrange [4] gives sufficient conditions for the existences of strong 
integrals. More precisely, there are germs at 0 E Cn of holomorphic functions 
g and h with g(O) i- 0 such that 

(1.13) w=gdh, 

whenever one of the following conditions holds: (i) the codimension of S(w) 
is ~ 3 or (ii) there are formal power series g and h, with g unit, that satisfy 
equation (1.13). 

1.2. Integrals and fibers of a real analytic differential form. This section is de-
voted to the introduction of integrals and fibers above a point for a real analytic 
differential form. A special stratification that will be assumed throughout this 
paper is given at the end of this section. Denote by Ck (U) the space of func-
tions of class Ck in U, where k is either a nonnegative integer, or k = 00, 

or k = OJ for real analytic functions, and denote by C(U, CTU) the space of 
smooth sections of the tangent bundle CT U . Let 

L = {L E C( U, CTU); (L, OJ) = O}. 

Then it follows from equation (1.11) that L is a Lie algebra, i.e., [L, L'] E L 
for all L, L' E L. A function f E C k (U) is said to be an integral of OJ if 

(1.21 ) Lf = 0 for all L E L. 

Note that when k ~ 1 , equation (1.21) is equivalent to df A OJ = O. 
From now on, we will assume that OJ has a real analytic integral (w has a 

holomorphic integral) and we will refer to an integral Z that is not a power 
of a real analytic function as a fundamental integral of OJ. As for the fibers 
of hypoanalytic structures, we define the fiber Fp of OJ above the point p as 
Fp = Z-I(Z(p)). We deduce the following proposition: 

Proposition 1.21. Let Z be a fundamental integral of the germ at 0 E Rn of 
a real analytic differential form OJ. Then there is a neighborhood U of 0 on 
which 

Su(OJ) c Su(dZ) c Fo' 
Proof. Since dZ A OJ = 0 and codim Su (OJ) ~ 2 , then it follows from equation 
(1.12) that dZ = gOJ for some real analytic function g. Thus, Su(OJ) c 
Su(dZ). Since the germ at 0 of Su(dZ) is a subset of Fo' the proposition 
follows. 
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From now on, U will be as in Proposition 1.21 and will be written as 
k 

U= UUjUFO' 
j=! 

where U/s are the connected components of U - Fo . 

2. CONSTANCY ON THE FIBERS 

2.1. Statement and consequences of the main result. The main result of this 
section is 

Theorem 2.11. There is a neighborhood U of 0 E Rn such that if f is a con-
tinuous integral of w in U, then f is constant on the fibers in the U/s. More 
precisely, 

f(Fx n U) = f(x) for all x E Uj . 

The proof of this theorem is the focus of §2.2. We give here some conse-
quences of this result. 

Theorem 2.12. Assume that the codimension of Fo ~ 2. Then there is a neigh-
borhood U of 0 E Rn such that if f is a continuous integral of w, f is constant 
on the fibers in U, i.e., 

f(Fx) = f(x) for all x E u. 
Proof. The codimension of Fo being ~ 2, then U - Fo is connected and 
Theorem 2.11 gives the result. 

Corollary 2.11. Let f be a continuous integral of w in U. Then there are con-
tinuous functions 1;, ... ,lk defined respectively on Z (U ! ), ... , Z (U k) such 
that 
(2.11 ) 

and 

lj(Z(O)) = ./;(Z(O)) for all i, j = 1, ... , k 

(2.12) f(x) = lj 0 Z(x) for all x E Uj . 
Proof. Let ~ be the equivalence relation "being the same fiber in Uj ," that is, 

I I I -
X ~ x iff x E Fx and x ,x E U j . 

The quotient space U j / ~ is then homeomorphic to Z (U j) . Since a continuous 
integral f is constant on the fibers in Uj (Theorem 2.11), there is lj as in 
(2.12). Also, since f is continuous, (2.11) holds. 

Corollary 2.12. Under the assumptions of Theorem 2.12, there is a continuous 
function j on Z(U) such that f = j 0 Z in U. 

Remark 2.11. Polynomial approximation. It follows from Corollary 2.11 that 
there are k sequences of polynomials (P~)II' ... ,(P:)II such that 

f = lim pj 0 Z in UJ .• II II 
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Moreover, under the hypothesis of Theorem 2.12, there is a sequence of poly-
nomials (PJv such that 

f = lim P 0 Z in U . v v 

As for hypocomplex structures (see Treves [9]), we deduce 

Corollary 2.13. Assume that Z(U) is a neighborhood of Z(O) E C. Then every 
continuous integral of w is real analytic. 
Proof. From the fact that Z(U) is a neighborhood of Z(O) E C, it follows 
that the codimension of {x E U; dZ(x) /\ dZ(x) = O} is ~ 1 and that 
the codimension of Fo is ~ 2. Now, if f is a continuous integral of w, 
then f = J 0 Z for some continuous function J on Z(U) (Corollary 2.12). 
Moreover, J is holomorphic in Z(U - {x; dZ(x) /\ dZ(x) = O}) (Z is a 
complex structure there). Therefore, J is holomorphic in a neighborhood of 
Z (0) and so f is real analytic. 

Examples. 
1. The continuous integrals of x dx + iy dy , or equivalently the continuous 

solutions of 

(-iY :x + x :y) f(x, y) = 0, 

satisfy f(xo' Yo) = f( -xo' Yo) = f( -xo' -Yo) = f(xo' -Yo) for (xo' Yo) E 
R2. That is, we have constancy on the fibers because the codimension of 
F(O,O) = {(O, O)} is 2. 

2. A fundamental integral of w = (2x2 + ii) dx + ixy dy in R2 is Z = 
X4 + ix2i. The stratification here is {x > O} u {x < O} u {x = O}. The integrals 
are constant on the fibers in {x > O} and in {x < O} separately, as for the 
following COO -integral: 

{ 
exp -1 if x ~ 0, 

X4 + ix2y2 
f(x, y) = 

o if x ::; O. 

3. All the integrals of w = x 2 dx+ii dy are real analytic. Indeed, w admits 
Z = x 3 + iy3 as a fundamental integral, and the image via Z of neighborhood 
of 0 E R2 is a neighborhood of 0 E C . 

2.2. Proof of Theorem 2.11. We distinguish two cases: 

Case 1. dZ /\ dZ == O. We can assume in this case that w is real-valued. 
Indeed, we have d Z /\ w = 0, that is, Z is an integral of wand so are the 
real-valued functions Z + Z and i(Z - Z). The proof of this case is contained 
in [6]. 

Case 2. dZ /\ dZ =/; O. Let 

l:={XEU; dZ(x)/\dZ(x)=O}. 
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The germ at 0 E Rn of l: is an analytic variety of dimension ::; n - 1 . For j 
fixed in {1, ... , k} , let l:j = l: n Uj • Since the structure generated by Z is 
hypoanalytic in Uj (i.e., dZ "I- 0 in Uj ), we distinguish two kinds of points 
on l:j: the points p where Z is hypocomplex (the image via Z of an open 
neighborhood of p is an open neighborhood of Z (p) in C), and the others. 
Let us writel:j = Hj n Nj , where Hj is the set of points of l:j where Z is 
hypocomplex and N j = l:j - H j • We write 

k 
J I 

Uj -Nj = UUj , 

1=1 

where the uj's are the connected components of Uj - Nj • 

Lemma 2.21. There is a neighborhood U of 0 on which Fx n uj is connected 
for every x E uj, I::; k j and j ::; k . 
Proof. We first prove the lemma for n = 2. We write 

" uj - H j = U uj' m , 
m=1 

where uj' m,s are the connected components of uj - H j • It is enough to prove 
that one can find U such that Fx n uj'm is connected and that Z ( uj , m) n 
Z(uj,m') = 0 if m"l- m'. 

Since Z is a complex structure in uj' m , there is e > 0 such that 

Z: uj'm nD(O, e) 1-+ Z(uj,m nD(O, e)) c C, 
where D(O, e) denotes the disk with radius e centered at 0, is a diffeomorphism 
(otherwise, there would be analytic curves C1 ' C2 in uj' m and passing through 
o such that Z (C1) = Z (C2 ) and then dZ /\ d-z would vanish along a third curve 
between C1 and C2 ). We take uj'm nD(O, e) as the new uj,m. 

Next, by contradiction, assume that there are distinct m and m' such that 
the germ at Z(O) of Z(uj'm)nZ(uj'm') is not empty. Then, we could choose 

1 . Cm d Cm' . 1 . Ul m d Ul m' d . ana ytlc curves an , respectIve y, m j' an j' an passmg 
through 0 such that 

(2.21 ) Z(Cm ) = Z(Cm'). 

For e > 0, consider the analytic set Ae E uj that is bounded by C m , C m', 
and the circle with radius e centered at O. Then it would follow from (2.21) 
that the boundary of the subanalytic set Z(Ae) would not be Z(8Ae) , that is, 
Z would not be hypocomplex in Ae c uj. We have a contradiction, and the 
lemma is proved in this case. 

For n > 2, we consider a real analytic embedding ¢: (R2 , 0) 1-+ (R2 , Z(O)) 
such that the image via ¢ of a small neighborhood V of 0 E R2 is generically 
transveral to the fibers of Z (i.e., d(Z 0 ¢) is not identically 0). The open set 



INTEGRALS OF A SINGULAR REAL ANALYTIC FORM 589 

UxE4>(V)CX ' where V is the open neighborhood of 0 E R2 constructed above 
for the function Z 0 ¢ and where Cx is the connected component through x 
of Fx ' satisfies the lemma. 

To continue the proof of the theorem, consider Xo E Vj and let 

Fxo n Vj = ~I U ... u r; , 
/ / where r J denotes the connected component of Fxo in Vf. Let us show that 

if J is a continuous integral of OJ, then J(~I) = ... = J(r';). For this, we 
distinguish two cases: 

Case a. vjl and Vj2 are adjacent. Let Cj be the common part of their bound-
ary and let )II be a simple curve in vjl that joins a point in ~I with a 
point a E Cj ' and such that Z ()I I) is a simple curve in Z (vjl ). Let )12 

be the reflection of )II in Vj2 that starts from a (by.reflection, we mean that 
Z()lI) = Z()l2)). Since the structure defined by Z is hypoanalytic in Vj ' for 
every a E )I I there is an open neighborhood 0a of a and a continuous function 
ha defined on the closure of Z (Oa) and holomorphic in its interior such that 
J = haoZ in 0a (see [2]). By analytic continuation, we deduce the existence of 
an opeJ? neighborhood 01 of )I I such that Z ( °1) is simply connected and of a 
continuous function G I defined on the closure of Z ( °1) , holomorphic in the 
interior of Z(OI) such that J = GI 0 Z in °1 • We repeat the argument with 
)12 to find 02 and G2 ,suchthat J=G2oZ in 02. Now, T=Z(0In02nC) 
is a real analytic curve and GI = G2 on T. Then, by analytic continuation we 
obtain GI = G2 on the closure of Z(OI) n Z(02). The theorem is proved in 
this situation. 

Case b. vjl and Vj2 are not adjacent. We can choose a sequence Vjl, Vf', 
... , V?, Vj2 such that the couples (vjl , Vf'), ... , (Vr Vfi+') , ... , (V? ' Vj2) 
are adjacent. Denote by C I the common boundary of (vjl , Vf'), by Ci the 
common boundary of (V?-I, Vfi) , and by C2 that of (V? ' Vj2). Let )II be 
a simple curve in vjl that joins a point in ~I to a point a l E CI such that 
Z ()II) is simple. Let )II be the reflection in Vf' of 

)I I n Z - \ Z ()II)) n Z -I (Z ( VJI )) 
that starts from a l E C I and arrives to a point a l E C I . We define by induction 
)li+1 as the reflection in V?+I of 

)II n Z-I (Z(YI )) n Z-I (Z(V?+I)) 
that starts from a i E C i and arrives to a i+1 E d+ l • At the end, we reach 
a point in rj c Vj2 by a curve )12. We repeat the argument of Case a for 
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each couple (yi, yi+l) to find that f(r}) = f(rn. The theorem is therefore 
proved. 

3. SMOOTH INTEGRALS AS WHITNEY FUNCTIONS 

3.1. Whitney functions. We recall in this section the notion of Whitney func-
tions and the extension theorem. Let K be a compact subset of en and f (K) 
be the space of jets of order r of continuous functions on K, that is, 

f(K) = {F = (F(a'P))lal+IPI-:;r; a, pENn and F(a,p) E CO(K, Cn. 
The operators 

and 
d k , /): f (K) ~ f-(lkl+111) (K) , 

(k,l) «(a,P)+(k,I)) 
F ~ D F = F lal+IPI-:;r-(lkl-llll ' 

where k, 'E Nn and Ikl + 1'1 ~ r, satisfy 
alkl+111 

D(k, I) 0 f = f-(lkl+lll) 0 • 

azkaz' 
If P E K and f E f (K), then the rth "Taylor polynomial" of F at p is 
defined as 

and the "remaining" as 
R~F = F - f(T;F). 

Definition 3.11 [8]. A jet F E f (K) is called a Whitney function of class C r 

on K if 
(R~F)(a,P)(p) = o(lp _ ql'-(lal+IP1 )), 

for all a, pENn and p, q E K . 
Denote by g'r (K) the space of Whitney functions of class Cr on K and 

consider the map 
r+1 r 

ilr,r+l: J (K) ~ J (K), 

(F(o., P)) (F(a, P)) 
lal+lpl-:;r+1 ~ lal+lpl-:;r' 

Then clearly we have ilr,r+I(g'r+I(K)) c g'r(K). The projective limit g'oo(K) 
of iffr (K) (resp. Joo (K) of f (K) ) is called the space of Whitney functions 
COO (resp. the space of jets of infinite order) on K. Recall the Whitney exten-
sion theorem: 
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Theorem (Whitney [10]). For every r (r:::; 00) there is a linear map W: g>'(K) 
f---+ C' ( en) such that for every F E g>' (K) and for every p E K the following 
holds: 

alal+IPI 
------,,-p (W F)(p) = F(a,p)(p) if lal + IPI :::; r. 
azaa'Z 

Moreover, the restriction of W F to en - K is a COO function. 

The proof of this theorem can also be found in Tougeron [8]. 

3.2. A Taylor expansion of COO -integrals. Let U be an open neighborhood of 
o E RN and Z be a complex-valued real analytic function in U such that the 
co dimension of Su(dZ) is ~ 2. Consider the spaces 

~(U) = {f E Coo(U); df 1\ dZ = O} 

(the space of COO -integrals of dZ in U) and 5z(U) = 5z(u) n Coo(U). It 
follows from (1.12) that if f E 5z(U) , then thereis g(f) E Coo(U) such that 

(3.21) df = g(f) dZ . 

Lemma 3.21. g(f) E 5z(U). 
Proof. The structure generated by dZ is hypoanalytic in U - Su(dZ). Thus, 
it follows from the general theory of hypoanalytic structures (see Treves [9]) 
that g(f) is an integral there. Since U - Su(dZ) is dense in U and g(f) 
is COO , the conclusion follows. 

The operator g: 5z(U) f---+ 5z(U) is "the derivative with respect to Z" and 
if dZ 1= 0, then g is the vector field M introduced in [9]. Let 

gn =go ... og, n-times, 

and define the rth "Taylor polynomial" of f at p as 
r 1 . . 

T;f(x) = L ~gl f(p)(Z(x) - Z(p))l . 
j=1 J. 

Denote by l(Z(x),Z(P)) a curve in Z(U) that joins Z(x) with Z(p) and by 
l(l(Z(X),Z(P))) is length. Then 

Proposition 3.21. If f E 5z ( U), then 

f(x) - T;f(x) = o(l(l(Z(X),Z(P)))'}' 
Proof. It follows from equation (3.21) that 

(3.22) f(x) - T;f(x) = r g f(YI) dZ(y l ), 
ly(x,p) 

where. y(x, p) is any rectifiable curve in U that joins x to p. Since g f E 
5z(U), then we can apply equation (3.22) to it and obtain 

(3.23) Df(YI) = 1 g2(Y2)dZ(y2)+gf(p). 
Y(Y, ,p) 
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Combine equations (3.22) and (3.23) to get 

f(x)-T;f(x)= 1 1 g2f (Y2)dZ(Y2)/\dZ(YI)' 
Y(X'YI) Y(YI'P) 

We continue this process r times to find 

f(x) - T;f(x) = 1 ···1 g,+1 f(Y,+I) dZ(Y,+I) /\ ... /\ dZ(y l )· 
Y(X'YI) Y(Y"p)) 

Let c = max{g,+1 f(y); Y E U}. Then 

If(x) - T;f(x) I :s cl(r(Z(X),Z(p)/+1 

and the proposition is proved. 

3.3. An isomorphism. We prove in this section that the space of COO -integrals 
.Yz(U) is isomorphic to a space :Tzoo(U) , built from subspaces W;;(Z(U)) 
of the spaces of Whitney functions Woo(Z(U)) , where U = U~=I Uj UFo is 
the stratification of § 1.2. For this purpose, we consider the following spaces: 

J~(K) = {F E f(K); F(a,p) = 0 if P:I a}, 

L~(U) = {(FI ' ... , Fk) E J~(Z(UI)) x ... X J~(Z(Uk)); FI (0) = ... = Fk(O)} , 
W~(K) = W' (K) n J~(K) , 

and 
sr;(u) = W~(Z(UI)) x··· X W~(Z(Uk)) nL~(U). 

We denote by :Tzoo (U) (resp. L'; (U) ) the projective limit of !Tl (U) (resp. 
L~(U)). We have the following theorem: 

Theorem 3.31. .Yz (U) is isomorphic to :Tzoo (U) . 
Proof· Let fB,: .Yz (U) 1-+ L~ (U) be defined by 

fB,U) = (glf) I , ... , (glfk)/~" 

where hj denotes the pushforward of the integral h of dZ in Uj (see Corollary 
2.11). And let 

fB = limfB,: .Yz (U) 1-+ L'; (U) . 
Note that since n" ,+1 0 fB'+1 = fB" fB is well defined. In order to continue, 
we need a lemma whose proof is given in the next section. 

Lemma 3.31. fB(.Yz(U)) c :Tzoo(U). 

Now, define the operator g: :Tzoo (U) 1-+ ..Yz (U) by 

g(FI' ... ,Fk)(x) = (WF) 0 Z(x) if x E Uj ' 

where W is the Whitney extension operator. It follows from the fact FI (0) = 
... = Fk(O) that g(F) is COO and from the fact (818Z)(WF)(Z(x)) = 0 
that 

dg(F) /\ dZ = O. 
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That is, .9 is well defined. Also 
I 

gl(.9(F))(x) = ~(WF)(Z(X)) if x E Uj . 
az 

Therefore .9-1 = $ and the theorem is proved. 

ProoJ oj lemma. By letting r go to 00, it is enough to show $,1 E fJf{ (U) for 
every J E 5z (U) , i.e., we have to prove 

(3.31) (R:($,J)i(b)=o(lb-al'-I), j=I, ... ,k, 

where $,1(($,1)1' ... , ($,J)k) and a, b are arbitrary points in Z(U). 
For this purpose, we use the following property of subanalytic sets to relate the 
geodesic distance to the Euclidian distance (see Hardt [3]) 

( * ) If JtI is a connected compact subanalytic set in em , then there 
is a rational number (J (0 < (J ~ 1) and a positive constant c 
so that any two points a, b E JtI can be joined by a simple arc 
of length ~ cia - blCT . 

Let (Jj' cj be the constants of property (*) for the subanalytic set Z(U) 
and let (J = min {(Jj ; j = 1, ... , k}. Choose n E N such that n(J ~ r + 1 . 
Then it follows from property (*) and Proposition 3.21 that 

J(x) - T;J(x) = t -.!,ga J(p)(Z(x) - Z(p)t + o(IZ(x) - Z(p)(CT). 
D!. a=r+1 

So, with the choice of n, we have 

J rJ r+1 (x) - Tp (x) = o(IZ(x) - Z(p)1 ). 

Finally, let ajEZ-1(a)nUj and bEZ-1(U),then 

(R:($,J)i(b) = (gl(f~:jJ))j(b) 

= gl (f - T;jJ)(b) 

= o(lb - al'-I). 

Equation (3.31) is proved and so is the lemma. 

As a consequence of this result and Theorem 3.22, we have 

Theorem 3.32. Assume that the codimension oj Fo is ~ 2. Then 5z (U) is 
isomorphic to ?;; (Z ( U)) . 

3.4. The real analytic hypoanalytic case. In this final section, we go back to 
the starting point of this work: the hypoanalytic structures. We consider a real 
analytic hypoanalytic structure generated by a function Z(x) (with dZ(O) t-
0) and prove an extension theorem for the pushforward of its integrals (or 
solutions) . 
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Let Z(x) be the germ at 0 E Rn ofa real analytic function such that dZ(O) ::j:. 
o and let U be a neighborhood of 0 on which all the continuous integrals of 
dZ are constant on the fibers. The subset Z (U) of C being subanalytic, there 
are constants c and (J with 0 < (J ~ 1 such that any two points a, b E Z (U) 
can be joined by a simple rectifiable are in Z(U) whose length is ~ cia - biD' . 

We will denote by Sk (U) the space of C k -integrals of dZ in U and by 
M the "derivation" with respect to Z, i.e., if f E Sk(U), then df(x) = 
(Mf)(x)dZ(x) where Mf E Sk-l(U) (see Treves [9]). As in the previous 
section, we define 

k - k-
~k: S (U) f-4 JH(Z(U)) , 

f f-4 (f, M F , ... , M k- 1 f) . 

The notation [r] will be used for the greatest integer less than or equal to r. 
Then the proof of Theorem 3.31 can be carried out to show the following: 

[k/D']+l - k-Theorem 3.41. ~k(S (U)) c WH(Z(U)). That is, the pushforward of a 
clk/u]+l-integral can be extended as a Ck-function in a neighborhood of Z(O) E 
C. 
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