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LINES ON THE FERMAT QUINTIC THREEFOLD AND THE 
INFINITESIMAL GENERALIZED HODGE CONJECTURE 

ALBERTO ALBANO AND SHELDON KATZ 

ABSTRACT. We study the deformation theory of lines on the Fermat quintic 
threefold. We formulate an infinitesimal version of the generalized Hodge con-
jecture, and use our analysis of lines to prove it in a special case. 

INTRODUCTION 

A central aspect of the theory of projective algebraic threefolds is the behav-
ior of the curves on them. Although the theory of the period mapping initiated 
by Griffiths has produced many results, we still lack a general theory. Many 
problems like the generalized Hodge conjecture are still open, while others have 
been settled negatively (e.g., the infinite generation of homological modulo alge-
braic equivalence by Clemens, or the recent counterexample of C. Voisin to the 
Noether-Lefschetz theorem). It thus seems worthwhile to continue to investigate 
special cases to gain an understanding of what to expect in general. 

In this paper, we consider some questions about rational curves on threefolds 
with trivial canonical bundle. (The importance of these is clear in the proofs 
of infinite generation of the Griffiths group of [Cll, Al], and they playa central 
role in Reid's program [Re] for the construction of a moduli space for threefolds 
with trivial canonical bundle). Such a curve C has normal bundle of degree 
- 2 , and so one expects that in the general case N c / x = & ( -1) EB & ( -1). This 
is in fact true for all C of degree ~ 7 on a general quintic threefold [Kl], but it 
is not known for other general threefolds with K == O. This is one of the main 
points in Reid's program. In this case C is isolated in X, and by Kodaira's 
theory [Kod] C deforms with X in all directions, i.e., C is what is called a 
stable submanifold. 

The first part of the paper is dedicated to understanding what happens, from 
the point of view of deformation theory, when X contains a family of rational 
curves. We study the case of lines contained in a family {Xt}tET of smooth 
quintic hypersurfaces in p4 that contains as special fiber the Fermat quintic 
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threefold, i.e., the quintic X given by the equation 

(cf. [K2] for the case when the special fibre is reducible). In § 1 we determine the 
family of lines on X, and in §2 we determine which lines deform in the family 
XI. While the proofs are computational, we are able to reinterpret our results 
in term of a geometric object, namely the codifferential ¢/ of the Abel-Jacobi 
mapping ¢: J(C) ---- J(X) , where C is the parameter space of the family of 
lines on X. We believe that this interpretation may hold in a more general 
situation (cf. Problem 2.5). 

The second part of the paper deals with the generalized Hodge conjecture. In 
§3, we first prove a simple algebraic criterion for an abelian sub-Hodge structure 
(see Definition 3.1) to deform to first order, and then we formulate an infinites-
imal version of the generalized Hodge conjecture. We will refer to this as IGHC 
(see Conjecture 3.3 for the precise statement). The idea is that, if an abelian 
sub-Hodge structure V of H 3(X) deforms to first order, and we know how to 
parametrize V with algebraic cycles on X, then these cycles should deform to 
first order with X to parametrize the deformation of V. 

We again study this question for X = Fermat quintic threefold. The gener-
alized Hodge conjecture is true for X (cf. [Ra, SI]), and we prove IGHC for 
the deformations of some natural sub-Hodge structures of H 3(X). It turns out 
that the algebraic conditions for V to deform, when properly formulated in the 
case at hand, are exactly the ones giving the deformation of the algebraic cycles 
parametrizing V, thus connecting this problem with the deformation theory of 
submanifolds, and giving evidence for IGHC in general. 

It is hoped that the study of IGHC will provide a useful tool for investigating 
the generalized Hodge conjecture for threefolds near a given one for which one 
knows that the generalized Hodge conjecture is true. As a trivial case, Griffiths' 
result that the generalized Hodge conjecture holds for a generic quintic threefold 
is obtainable by producing an example with no nontrivial abelian sub-Hodge 
structure and then deforming it. It would be nice to use this technique to find 
examples of families of threefolds for which the generalized Hodge conjecture 
is true, yet the general member of the family has a nontrivial abelian sub-Hodge 
structure. 

Unfortunately, our proofs rely on the explicit decomposition of H 3(X) into 
eigenspaces of the action of (part of) Aut(X) (given by Ogus in [0]), and so 
they do not suggest a general method of attack. Nevertheless, we think that it 
would be interesting to better understand the relationship between deformations 
of abelian sub-Hodge structures and deformations of algebraic cycles. 

Finally, we want to draw attention to the recent theory of deformations of 
submanifolds via g-modules, initiated by Clemens (cf. [C12]). Though we 
make no use of it, it should prove a useful tool in investigating more general 
situations than the one we treat here. 
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Convention. We work exclusively over the field C of complex numbers. 

1. LINES ON FERMAT THREEFOLDS 

Let X be the hypersurface in p4 given by the equation x~ + x~ + x; + x; + x: = O. We will call X a Fermat threefold. Let now , be a complex number 
such that ,n = 1. Then the hyperplanes Xi + ,r Xj = 0 intersect X in a cone 
of degree n, so that there are 10n cones on X . The purpose of this section is 
to show that if n ~ 4 , then the only lines on X are the ones that lie in one of 
the cones. We first prove an analogous property for the Fermat surfaces. 

Proposition 1.1. Let S be the surface in p3 given by the equation x~ + x~ + 
x; + x; = 0, n ~ 3. If I is a line contained in S, then I goes through a point 
(ao : a, : a 2 : ( 3) with 2 coordinates equal to O. 
Proof. Let a = (ao : a, : a 2 : ( 3 ), P = (Po: P, : P2 : P3) E S be two points 
on I. We can normalize the coordinates so that a = (0 : a, : a 2 : ( 3 ) and 
P = (Po: P, : P2 : 0). Let us assume that a, a2a3 f:. O. Then it is enough 
to show that POP'P2 = O. The parametric equation of I is: P = Aa + I-lP . 
Substituting in the equation of S and imposing that it be identically satisfied 
in A , I-l, we obtain the following system of equations: 

(1) { fr1P;-1 + fr 2P;-; ~ 0 

n-' n-' a, P, +a2 P2 = 0 

If P, = 0 or P2 = 0, we are done. If not, then a, = -a2(P2/ p,)n-' , and a~ = 
-a;(P2/ p, )n-2. Substituting and dividing by a;p;-2, we get (P2/ p,)n = -1 , 
and so P~ + P; = O. But PES, so this implies Po = O. Q.E.D. 

We consider now the three-fold case. 

Proposition 1.2. Let X be the hypersurface in p4 given by the equation x~ + 
x~ + x; + x; + x: = 0, n ~ 3. Let a = (ao : a, : 0 : 0 : 0) and let a E I eX. 
Then I belongs to one of the cones. 
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Proof. Let P = (Po: PI : P2 : P3 : P4 ) E I. As before, the parametric equation 
of I is: P = AO + IlP . Therefore we obtain the following system: 

{ 
aop~-l + QIP:-; = 0 

n-I n-I °0 Po + °1 PI = 0 

(2) 

Then, as before, we obtain that P; + p~ = 0, and since P EX, we have that 
P; + P; + P; = 0, i.e. In {xo = XI = o} is on a plane Fermat curve. Q.E.D. 

We are ready now to prove 

Proposition 1.3. Let X be the hypersurface in p4 given by the equation x; + 
x~ + x; + x; + x; = o. Assume n ~ 4. If I is a line contained in X, then I 
goes through a point (°0 : °1 : °2 : °3 : °4 ) with 3 coordinates equal to o. 
Proof· Let ° = (°0 : °1 : °2 : °3 : °4), P = (Po: PI : P2 : P3 : P4 ) E X be two 
points on I. We can normalize the coordinates so that 0= (0: °1 : °2 : °3 : °4 ) 

and P = (Po: PI : P2 : P3 : 0). If 04PO = 0, then we are done by Proposition 
1.1, so assume that 04PO ~ O. This time, the system that we have to solve is 

(3) 

n-I n-I n-I °1 PI +02 P2 +o3 P3 =0 
and we note that, since n ~ 4, the first three equations are distinct. 

Let us assume first that °1 = O. Then, if °2 = 0 we are done. If not, from 
the last equation we can write 

P2 = -P3 (:~r-I 
and substituting in the next to last, we obtain 

n-2p2 (°3 ) 2n-2 _ _ n-2p2 °2 3 - °3 3· °2 

If P3 = 0, then 02P2 = 0, so we are done. If °3 = 0, we are done. If not, we 
can divide by p;0;-2 and we obtain, as before 

n n 0 °2 + °3 = . 

Recalling that ° E X and that °0 = °1 = 0, this implies that °4 = 0, so we 
are done. 



LINES ON THE FERMAT QUINTIC THREEFOLD 357 

We can now assume that ala2a3PIP2P3 =J O. Then, solving the first three 
equations for ai' ai and ai respectively, we have the (obvious) relation: 

3 (2)2 W" h' l' . 1 alai = a l . ntmg t IS exp IClt y, we get 

4 (P2)2n-4 3P;-l p;-3 3 p;-3 p;-1 4 (P3)2n-4 
a 2 -P + a 2a 3 2n-4 + a 2a 3 2n-4 + a 3 -P I PI PI I 

_ 4 (P2)2n-4 2 2P;-2 p;-2 4 (P3)2n-4 
- a2 -P + 2a2a 3 2n-4 + a 3 -P 

I PI I 

Canceling and clearing denominators, we obtain 
2 2pn-2pn-2 3p n-1 n-3 3 pn-3 n-I 2a2a 3 2 3 = a 2a 3 2 P3 + a 2a 3 2 P3 . 

Finally, dividing by a 2a 3P;-3 pr3 gives 
2 2 2a2a 3P2P3 = (a3P2) + (a2P3) , 

i.e., [a 3P2 - a2P3] 2 = 0, so that 

a 3P2 = a 2P3' 
Similarly, we obtain that a 3PI = a 1P3 , and a 2PI = a 1P2 , and hence a i = 
APi' for i = 1,2, 3. But then we have, from any of the equations (3), that 
a7 + a~ + a; = 0, and since a E X and ao = 0, this implies a4 = 0, contrary 
to the assumption. So ala2a3PIP2P3 = 0, and we are done. Q.E.D. 

2. DEFORMATION THEORY OF THE LINES ON 
THE FERMAT QUINTIC THREEFOLD 

Let X be a quintic threefold, i.e., a hypersurface of degree 5 in p4 . It is well 
known [H] that the generic such X contains exactly 2875 distinct lines. On the 
other hand, we have seen that on the Fermat quintic there are 50 1-dimensional 
families of lines. If {Xl} lET is a family of quintics, with Xo = Fermat quintic, 
then we expect that only finitely many lines of Xo will move with Xl' So the 
problem we are interested in is the following: let p : 2" --+ T be a deformation 
of Xo = p-I(O) = Fermat quintic. Then for certain lines I c Xo there will 
exist a subvariety 2' c 2" such that pis!(O) = nl, n ~ 1 . We want to identify 
these lines. 

What we are studying is the problem of deformations of the pair (l, X) . 
There is a general theory for this, for first order deformations, i.e., deformations 
parametrized by ~ = Spec D, where D = C[e]/e2 is the ring of dual numbers 
(cfr. [Kod]), of which we give here only a brief account. Consider the complex 
of coherent sheaves on X 
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where 8 x is the tangent bundle of X, Nl / X is the normal bundle of I in 
X and we consider Nl/ X as a sheaf on X extending by zero. Then the first 
hypercohomology group ;r-I of the complex fits into the exact sequence 

° I I I H (Nl/ X ) --;r- -- H (8x ) -- H (Nl/ X ). 

The central fact is that ;r-I is the tangent space to the deformation space of the 
pair (l, X), while H\8x ) is the tangent space to the deformation space of X 
and so I moves (to first order) with X if and only if the (tangent) direction in 
which X moves is in the image of ;r-I . 

Let now X = {F = O} = {xg +x; +x~ +xi +x~ = O} be the Fermat quintic 
threefold. For p E H I (8x ) ' let Xp -- .1 be the corresponding first order 
deformation. By Griffiths' theory [Grl], HI(8x ) ~ HO(&p4(5))/(Fx ' ... , Fx ), 

o 4 

so that Xp = {F + tG = O} ,with G a polynomial of degree 5. 

Proposition 2.1. For generic p E HI(8x ), no line I moves in the direction of 
p, i.e., all pairs (l, X) are obstructed to first order. 
Proof. Up to the action of the automorphism group of X, we can write the 
parametric equations of I as I = (u : -u : av : bv : cv), where (u, v) are 
homogeneous coordinates on pi , and a, b, c E C are such that a5 + b5 + c5 = 
O. Hence a deformation It of I = 10 has parametric equations 

It = (u + tao: -u + tal: av + taz : bv + ta3 : cv + t(4) , 

where the ai's are linear forms in (u, v) , and tZ = O. 
Since the family Xp is given by Xt = {F + tG = O}, for It C Xt ' we must 

have (F + tG)II, == O. 
5 4 5 4 55 44 55 44 But Fjl, = u + 5u aot - U + 5u a l t + a v + Sa v azt + b v + 5b v a 3t + 

C5v 5 + 5c4v\l4t = t(u4a + v 4P), for some a, P linear forms in (u, v), and 
hence the coefficients of the monomials u3v 2 and u2v 3 in Gilo must be zero. 
These coefficients are homogeneous polynomials in (a, b, c) of degree 2 and 
3 respectively so, for generic G, these two equations have no common solution 
on the curve a5 + b5 + c5 = 0 and hence 10 does not deform in the direction 
of G. Q.E.D. 

Remark. Note that H \ Nl/ x) = HI (& ( 1) EEl & ( - 3)) is two-dimensional, so we 
expect two conditions for the pair to deform. 

We study now what happens when we allow deformations with monodromy, 
i.e., we consider deformations of the type Xp = {F + tnG = O}, with n ~ 2. 

Proposition 2.2. For generic p E HI (ex)' there are exactly 10 lines on each 
cone that deform (to second order) in the direction of p with monodromy Z2. 
Proof. The proof is similar to that of Proposition 2.1. We write the parametric 
equations of I as I = (u : - u : av : bv : cv) , where (u, v) are homogeneous 
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coordinates on pi , and a, b, c E C are such that a5 + b5 + c5 = O. A second 
order deformation It of I = 10 has parametric equations: 

I I 2/1 I 2/1 1 2/1 
t = (u + tao + t a o : -U + tal + t a l : av + ta2 + t a 2 : 

1 2 /I 1 2 /I bv + ta3 + t a 3 : CV + ta4 + t a4 ), 

where the a~ 's, a~' 's are linear forms in (u, v) and t3 = 0 . 
The family Xp is now given by X t = {F + t2G = O}, and for It to be 

contained in X t , we must have (F + t2G)l/t == o. 
Substituting, 

41 41 441 441 441 
Flit = 5t(u a o + u a l + a v a 2 + b v a 3 + c V a4 ) 

2 3 12 4 /I 3 12 4 /I 3 3 12 + 5t (2u a o + U a o - 2u a l + U a l + 2a v a 2 
4 4 /I 3 3 12 4 4 /I 3 3 12 4 4 /I + a v a 2 + 2b v a 3 + b v a 3 + 2c v a 4 + c v a 4 ) 

= 5t(u4A + v 4B) + 5t2(U 3C + v 3 D), 

and so we must have 
4 4 3 3 

U A + v B = 0, U C + v D = -Gl/o ' 

where A, B are linear and C, D are quadratic. We now can choose a~ = -a; , 
d 1 b4 .;: 4 1 4.;: 4 1 4 b4 r .;: 1· an a 2 = u + ell, a 3 = -a u + c e, a 4 = -a y - e , lor any u, y, e Inear 

forms. For later reference, we note that this gives a 6-dimensional vector space 
of solutions for the a~. With these choices, the first equation is satisfied and, 
substituting in the second one we find 

3 3 4/1 /I 44/1 4/1 411 
U C + v D = u (ao + a l ) + v (a a 2 + b a 3 + c a4 ) 

+ 2v 3(a 3 b3(a 5 + b5)c5 2 + a3 c3(a 5 + c5)/ + b3 c3 (b 5 + c5)e2 

+ 2a3 b3 c3(bcc5y - acc5e + abye)). 

So the coefficient of U3V 2 in Gl/o must be zero, but if abc =I- 0, then the 
coefficient of U2V 3 in v3 D is nonzero and we can then find y, c5 , e, a;' such 
that the second equation is satisfied. As we remarked before, the coefficient of 
U3V 2 is a quadratic polynomial Q(a, b, c), and so the conclusion is: given G, 
a line 1= (u : -u : av : bv : cv) moves in the direction of G with monodromy 
Z2 only if Q(a, b, c) = a5 + b5 + c5 = O. If, on the other hand, abc = 0, then 
for all choices of a;, a~' in the deformation of 10 we have that u3 C + v3 D 
does not contain the monomials u3v 2 and U2V 3 , so that the lines where a or 
b or c is 0 do not deform with monodromy Z2. Q.E.D. 

In exactly the same way, we can prove the following proposition. 
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Proposition 2.3. For generic p E HI(8x ), the lines that lie on more than one 
cone deform in the direction of p with monodromy Zs' 
Proof. Just as before, look at a fifth order deformation of 10 = (u : -u : av : bv : 
0) in the family Xt = {F + tSG = O}, with t6 = O. We write the deformation 
of 10 as 

I I 2 II 3 III 4 (iv) S (v) t = (u + tao + t 0.0 + t 0.0 + t 0.0 + t 0.0 : 

I 2 II 3 III 4 (iv) S (v). - u + tal + t 0. 1 + t 0. 1 + t 0. 1 + t 0. 1 • 
I 2 II 3 III 4 (iv) S (v) av + ta2 + t 0.2 + t 0.2 + t 0.2 + t 0.2 : 

b + t I + t2 II t3 III t4 (iv) + tS (v). V 0.3 0. 3 + 0.3 + 0.3 0.3 , 

t I t2 II 3 III t4 (iv) tS (V)) 
0.4 + 0.4 + t 0.4 + 0.4 + 0.4 • 

2 3 4 S r Then Flit = tAl + t A2 + t A3 + t A4 + t As and so we must have Ai = 0 lor 
. .. 4 . 

i = 1, ... ,4, and As = -G llo ' If we choose a~ = -a~, a~ = -(bja) a~, 
for j = 1, ... , 4, then a simple substitution shows that Ai = 0 for i ~ 4, 

d A 4( (v) (v)) 4( 4 (v) b4 (v)) IS S· I 1 an S = U 0.0 - 0. 1 + V a 0.2 + 0.3 + 0.4 , mce 0.4 = AU + J.lV , 
we see that the monomials U3V2 and U2V3 have coefficients lOA 3 J.l 2 , 10A2J.l3 
respectively in As' Hence, if the coefficients of these monomials in Gilo are 
both nonzero, which is true for G generic, we can solve for A, J.l, and then 
choose a6V), ... , a~V) appropriately, to satisfy the last condition. Hence 10 
deform in the direction of G with Zs monodromy. Q.E.D. 

Remarks. 1. Let {Xt}tET be a family of quintics, with Xo = Fermat quintic, 
and assume that on X t for t '" 0 there are only finitely many li.nes. Let 
.:? = {(l, t) E Gr(2, 5) x Til eXt} be the incidence correspondence. Then 
the projection n:.:? - T is a generically finite map of degree 2875, and is 
ramified at t = O. By Fulton's theory [F], there is a O-cycle of degree 2875 
on the distinguished components of Yo = .:? . n-I(O) well determined up to 
rational equivalence. Propositions 2.2 and 2.3 determine a cycle representing 
this class: it is given by the class of a canonical divisor on each of the 50 
curves parametrizing the lines on the cones, counted with multiplicity 2, and 
the 375 points corresponding to the lines that lie in two cones, each counted 
with multiplicity 5. We have: (50 x 10 x 2) + (375 x 5) = 2875. To see this, let 
Q be the universal quotient bundle on Gr(2, 5) , and apply [F, Corollary 11.1] 
to the diagram [F, p. 197] 

where r = Syms(Q), i: % - r is the embedding of the O-section and 
f: r - r is the embedding of the section of Sym\Q) given by an equation 
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for {Xt}tET (note the slight change in notation from [F]). Since ~ meets cp; 
properly for t ::j:. 0 by assumption, we can apply the paragraph after Corol-
lary 11.1 of [F] to conclude that our cycle coincides with Fulton's limit inter-
section cycle. 

2. Experience has shown that determining the multiplicities as in Propositions 
2.2, 2.3 is often the most difficult part of a deformation theory analysis. What 
is still needed is a direct method to a priori determine these multiplicities with 
less calculations. 

Proposition 2.4. For the generic deformation X t = F + tG + t2 H + ... = 0 of 
the Fermat quintic threefold, the lines described in Propositions 2.2 and 2.3 are 
precisely the limits of the 2875 lines on X t . 

Proof. We will only prove this for the lines of Proposition 2.2. The proof is 
similar in the other case. 

As in the proof of Proposition 2.2, we introduce Z2 monodromy, i.e. we 
rewrite the equation as F + t2G + t4H + ... = O. We write 

I ( '"' (n) n '"' (n) n '"' (n) n t = U + L... 0:0 t ,-u + L... 0: 1 t ,av + L... 0:2 t , 
n n n 

bv + 2: o:~n) tn, cv + 2: o:~n) tn) 
n n 

and inductively solve for the o:;n). We show that there is a four-dimensional 
family of solutions, reflecting the action of GL(2) on pI which gives a 4-
dimensional family of parameterizations for any line. We know that for the 10 
lines of Proposition 2.2, we can solve for the o:~, o:~' to begin the induction. 

The detailed computation being a little messy, we merely summarize how to 
carry out the induction. The interested reader can consult [K3, Lemma 2.7] to 
see more details in a similar computation. 

The main point is to refine the inductive hypothesis to say that for all n, 
one can solve for a family of solutions for o:~, ... , o:;n) in such a way that the 
following are true: 

1. (F + t2G + t4H + ... )1 1 = 0 modulo tn+l. 
t 

11. The o:~, ... ,0:;n-3) found in the preceding step are not altered. 
111. A nontrivial linear condition is imposed on the family of solutions for 

the 0:;n-2) , giving a 4-dimensional solution space. 
IV. A nontrivial linear condition is imposed on the family of solutions for 

the o:;n-I) , giving a 5-dimensional solution space. 
v. There is a 6-dimensional family of solutions for the o:;n). The linear 

form o:~n) + o:;n) is constant in this family. 
The proof proceeds by computing i. This expression has the following prop-

erties. 



362 ALBERTO ALBANO AND SHELDON KATZ 

a. The a;n) appear in the coefficient of tn as the expression 
u4(a6n) + ain)) + v4(a4a~n) + b4a~n) + c4a~n)) (see proof of Proposition 
2.2 for an example of this). 

b. The terms a;n-I) appear linearly in the coefficient of tn in such a way 
that the only occurrence of the a;n-I) in a multiple of u3tn is in the 
term u3 a~ (a6n- , ) + ain - , )) • 

c. Once n ~ 5 , the terms a;n-2) occur linearly. 
d. The higher derivatives H,... of the deformation do not affect the 

coefficients of the a;k) for k = n - 2, n - 1 , n . 

The cases n ~ 2 are done. n = 3, 4 can be done with minor modifications 
of the general case. (It is necessary to compute using the expressions y, 0 , e 
appearing in the proof of Proposition 2.2. The point is that these will occur in 
fairly simple symmetric form as in the proof of Proposition 2.2, so they will be 
easy to compute with). From now on, assume that n ~ 5, so that a-d hold. 
Assume inductively that we have found the first n - 1 derivatives. We must 
solve for the a;k) , k = n - 2, n - 1, n. 

The coefficient of u3v 2tn gives a linear condition on the a;k) , by a, b, and 
c. By a, the a;n) do not occur, and by b combined with v and the inductive 
hypothesis, changing the a;n-I) do not affect this expression. So this condition 
is imposed on the space of solutions for the a;n-2). It is easy to see that 
for general deformations, this linear condition is independent of the previous 
conditions, reducing the solution space from 5-dimensional to 4-dimensional. 
(In fact, by d this is actually true for general G which is consistent with the 
findings of Propostions 2.2 and 2.3). This proves iii. 

The coefficient of u2v 3tn now gives a linear condition on the a;k) by a, b, 
and c. We now need only be interested in k = n - 1, n. By a, the a;n) do not 
occur. Hence we get a linear condition on the a;n-I) which is easily seen to 
always be independent of the previous conditions. This reduces the dimension 
of the solution space for the a;n-l) from 6 to 5, proving iv. 

Finally, we look at the remaining terms in the coefficient of tn (the terms 
in the ideal (u4 , v 4 )). By a, the resulting system of equations on the a;n) 
is of the form u4A + v 4B = constant, where A, B are precisely as in the 
proof of Proposition 2.2, with the a~ replaced by a;n). This equation has a 
6-dimensional space of solutions (a translate of the vector space of solutions 
found in the earlier proof). Since A is a6n) + ain) , v is proved. 

The proof concludes by invoking Artin's approximation theorem [Ar], and 
noting that since we have already accounted for 2875 lines, there can be no 
others. Q.E.D. 

Going back to the proof of Proposition 2.2, we constructed a map IfI : 
Hl(X, ex) --> HO(c, Kc), where C is the plane quintic x; + xi + x; = 0 
in the plane Xo = Xl = 0, by associating to a polynomial G of degree 5 the 
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conic Q(X2 , X 3 ' x4 ) that is the coefficient of U3V 2 in the restriction of G to 
I. There is another natural map HI(X, 8 x ) ~ HO(C, Kc ), namely the co-
differential ¢/ of the Abel-Jacobi mapping ¢: J(C) ~ J(X) , where J(X) is 
the intermediate Jacobian of X. We want now to show that these maps are the 
same. For this purpose, we have to describe the Hodge structures of X and C . 

Let X be the Fermat quintic threefold, with equation F = xg + ... + x; = 0 . 
The following facts may be found in [0, SIl. 

Let G = z;/tJ. act on X by 

(ao'''' ,a4)' (xo'''' ,x4) = (,aOxo '''' "a4x4 ), 

where ,= e27ti/ 5 , and tJ. is the diagonal. The group of characters of G is 

G = {(ao' ... ,a4 ) E Z;I ~ ai == 0 (mod 5)} . 

The eigenspaces of the G-action on H 3(X, C) are one dimensional; the 
characters which occur are {(ao"" ,a4 ) E GI'v'i ai i= O}. The characters 
occurring in H 3- q , q are those for which Ei ai = 5(q + I) , thinking of the ai 

as integers between I and 4. In fact, these are eigenspaces for H 3(X, Q(')) , 
and the action of Gal(Q(')/Q) is given by 

(fa' (ao' ... , a4 ) = (aao' ... , aa4 ), 

where (fa(') = ,a. This allows us to analyze the Q structure on H 3(X, C). 
We will also fix the natural orthonormal basis va of eigenvectors for H 3(X). 

To see which characters occur in HI (8 x) , it is easiest to use the isomorphism 
HI (8 x) :::::: H 2 , I given by cup product with H 3 , 0 ; also observe that elements 
of HI (8 x) can be identified with quintics G modulo the Jacobian ideal J = 
(x~, ... ,x:) of X. The element of HI(8x ) corresponding to the first order 
deformation F +tG, where G = II X~i has character (ao' ... , a4 ) , unless G E 
J. The cup product mappings H I(8x )®HP,q ~ HP-I,Q+I are G-equivariant. 

Let Vmax C H 2 , I EB H I ,2 be the maximal sub-Hodge structure of H 3(X). 
Then dim (V) = 200, and V is spanned by all eigenspaces except {( i, i, i, 
i , i)}. V is the direct sum of 50 irreducible 4-dimensional Hodge structures. 
One such is the Hodge structure ~ spanned by 

{(I, I, 3, a, -a), (2, 2, I, 2a, -2a), 
(3,3,4, 3a, -3a), (4, 4, 2, 4a, -4a)} 

for any 1 ::; a ::; 4. The first two characters span V 2 , I ; the latter two span 
V I ,2 • Other Hodge structures may be obtained from this one by permuting the 
factors. Actually, we will be using a slightly different decomposition of Vmax 
later. 

Now we identify the image of the Abel-Jacobi mapping associated to the cones 
of lines (compare with [S2, §4]). Let C = Cijr be the cone of lines forming the 
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hyperplane section Xi + "Xj = o. C is a cone over the Fermat plane quintic 
curve xi + xi + x! = 0, where {i, j , k, I, m} = {O, . .. , 4}. The Hodge 
structure on HI (C) can also be described by Ogus' analysis; it corresponds to 
the characters 

{(l, 1,3), (2, 2,1), (3, 3, 4), (4,4,2) plus permutations} 

of the group Z;/ d. It is clear by looking at characters that, for C = COlr ' the 
image of HI(C) ~ H 3(X) is contained in the span of the eigenspaces 

{(a, -a, 1, 1,3), (2a, -2a, 2, 2,1), 
(3a, -3a, 3, 3, 4), (4a, -4a, 4, 4, 2) for all 1 ~ a ~ 4, 

plus permutations of the last three coordinates} 

A more careful analysis shows that the image is spanned by the vectors 

where (ao,ap a2)E{(I, 1,3),(2,2, 1), (3,3,4),(4,4,2) pluspermuta-
tions }. For future reference, we will denote this Hodge structure by J/(llr' 
This 12-dimensional Hodge structure is reducible, reflecting the reducibility 
of the Hodge structure on HI (C); in fact, one can find three different fixed 
point free Zs actions on C (so that the quotients have genus 2, by Riemann-
Hurwitz) which decompose the Hodge structure into irreducibles. These 4-
dimensional Hodge structures are the Abel-Jacobi images associated to the fam-
ily of reducible degree 5 curves made up of the 5 lines of the cone intersecting 
X3 = x4 = 0 in the orbits of the corresponding Zs action on C. 

From this description it is clear that ¢> '" = codifferential of the Abel-Jacobi 
map sends an eigenvector v(a a a a a) E H2, '(X) to the eigenvector 

0' l' 2' 3' 4 

On the other hand, if G = rtx~i E HI(8x ), then IfI(G) = Q(a, b, c) = 
aa2ba3ca4, if a2 + a3 + a4 = 2, and IfI(G) = 0 otherwise. Recalling the shift 
in degrees that we have passing from H2, '(X) to HI (8x ) , we conclude that 
1fI=¢>'". 

Remark. We have seen that the lines that deform (with monodromy) in the 
direction of G are singled out among all the lines in the family by the zeroes 
of 1fI( G). In the quintic Fermat case, the map IfI has a nice geometric inter-
pretation as the codifferential of the Abel-Jacobi mapping. One could hope for 
a general statement of this sort: 
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Problem 2.5. Let X be a threefold with trivial canonical bundle, and let 

~~X 

S 
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be a family of (rational) curves on X parametrized by a smooth S. There is 
an Abel-Jacobi mapping ¢: Alb(S) -+ J(X). Then, if p E H I (8x ) ' the curves 
that deform (with multiplicity) in the direction of p are precisely the curves ~ 
for which ¢*(p)(s) = O. 

A special case is when S is rational. In this case 2.5 says that the entire 
family deforms in all directions. Obvious examples are families of complete 
intersections on X. Another example is X = Weierstrass fibration over a 
rational surface S. In this case, identifying S with a section, we have Ns/x = 
Ks ' and hence H'(Ns/x ) = O. So by Kodaira's theorem [Kod], S deforms 
with X in all directions. 

3. DEFORMATION THEORY OF HODGE STRUCTURES 

Let X be a smooth threefold, with associated Hodge structure H3 = H3(X) 
= (f)HP,q . 

Definition 3.1. An abelian sub-Hodge structure of H3 is a sub-Hodge structure 
. d' H2 I HI2 contame m 'EB '. 

More explicitly, V is an abelian sub-Hodge structure if there is a rational 
vector space VQ with V = VQ ® C, such that if V p , q = V n H P , q , then 
V = V 2 , I EB Vi ,2. The terminology is chosen because V induces an abelian 
subvariety of the intermediate Jacobian J(X). 

Suppose that the Kuranishi space ..It of X is smooth, and isomorphic to a 
polydisc in HI(8x ), e.g. if H2(8x ) = 0 [KNS], or if Kx == 0 [T, Theorem 
1]. For p E..It , let Xp be the corresponding threefold. Then we can think of 
H3(Xp) as the fixed vector space H3 with a varying Hodge structure depending 
on p [Gr2]. If no Xp is specified, it is assumed that the Hodge structure 
considered is the Hodge structure associated to X. 

Let V as above be an abelian sub-Hodge structure of H3 . Let 

Zv = {p E..ItJV C H3(Xp) is an abelian sub-Hodge structure} 

Recall that there are natural cup product mappings 

H I(8x )®HP,q -+HP-I,q+l. 
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Proposition 3.2. The tangent space to Zv at X is the set ofal! p E HI(9x ) 
such that 

(i) p. V 2 , I C V, and 
(ii) p.H3 ,°J..V. 

Proof. Let p E T(Zv)' Condition (i) says that V remains a sub-Hodge struc-
ture to first order. To see this, let ~2, I = V n H2, I(Xp) , and similarly define 
~1,2. Then p E Zv if and only if V = ~2,IEB~I,2. Since ~1,2 is the complex 
conjugate of ~2, I, this happens if and only if dim ~2, I = ~dimV. In other 
words, ~2,1 E Grass(~dimV, V). Condition (i) follows from the well-known 
description of the tangent space to a Grassmannian. 

Condition (ii) says that V remains abelian to first order, since being abelian 
is equivalent to being orthogonal to H 3 , ° . 

It is easy to see that these necessary conditions are also sufficient. Q.E.D. 

Let X be a projective threefold with trivial canonical bundle. Then, as we 
remarked earlier, the Kuranishi space vi( for X is an open set in the vector 
space HI(9x ). Let V be an abelian sub-Hodge structure of H 3(X). 

Let D = C[e]/e2 be the ring of dual numbers, and for p E HI (9x ) , let 
Xp -+ Spec D be the corresponding first order deformation. 

We are now ready to state an infinitesimal version of the generalized Hodge 
conjecture (IGHC). 

Conjecture 3.3. (IGHC) Suppose p E HI (9x ) is a first order deformation for 
which V is contained in an abelian sub-Hodge structure to first order (that is, 
p E T(Z~) for some V' containing V). Then there exists a family of curves 
!?J -+ C on X whose Abel-Jacobi image is V, which deforms to first order. 
More precisely, there is a diagram 

!?J -X p p 

1 

over Spec D, with the special fiber of the family ~ -+ Cp a multiple of the 
family !?J -+ C . 
Remarks. 1. The reason for the need for the multiplicity will become apparent 
later in analyzing this question for the Fermat quintic threefold. 

2. Note that IGHC follows from Problem 2.5: from condition (ii) of Propo-
sition 3.2, one sees that ¢/(p) == 0 E HO(Kc )' 

We now specialize to the case of the Fermat quintic threefold. Recall the 
description of the abelian sub-Hodge structures given above. 
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Lemma 3.4. IGHC is true for Vrnax ' 

Lemma 3.5. IGHC is true for the Abel-Jacobi image of a single cone of lines. 

Proposition 3.6. If V is the sum of any number of the Hodge structures V;jr' 
then IGHC holds for V. 
Proof of 3.4. If P E T(Z~) for some Vi containing V, then p. H 3 ,o .1 
V max' Since H 3 , 0 consists of the single eigenspace (1, 1, 1, 1, 1), we see 
that p must be in the span of the eigenspaces with characters {( ao' . .. , a4 ) I 
(ao+1,oo. ,a4 +1) ~ V}. This forces p to have weight (1, 1, 1, 1, 1). This 
corresponds to the first order deformation F + tG = 0 ,where G = I1j Xj • 

The proof concludes by the criterion of §2. The coefficient of U3V 2 in G is 
identically 0 for any cone. Thus all cones deform to first order. Q.E.D. 

Remark. We have shown here that in the pencil F + t I1j Xj , all cones deform 
to first order. This should be compared to an interesting computation done 
recently by B. Van Geemen (private communication), who has shown that all 
the threefolds in this pencil have at least 5000 lines, and hence infinitely many. 
This raises the interesting question of describing the incidence correspondence 
of lines on the three folds in this pencil. In particular, do the cones of lines on 
the Fermat deform to all orders? I 

Proof of 3.5. By symmetry, we may as well assume that the cone in question 
is COlO' with corresponding Hodge structure VaIO' As in the proof of the 
previous Proposition, we consider first order deformations p for which p. 
H3,0 .1 VaIO' Writing the first order deformation as F + tG, and writing 
G = 2:", f",(xo ' x l )g",(X2 , x 3 ' x 4 ) with f", homogeneous and g", ranging over 
distinct monomials, then the condition is easily seen to be that for all a with 
degf", = 3, then f", is of the form cox~ + CIX~XI + C2XOX~ + C3X~ , with co -
cI + c2 - c3 = 0 (coming from the explicit description of VaIO). In other words, 
f", is divisible by Xo + XI . Since Xo + XI is identically 0 on the cone COlO' this 
shows the coefficient or" u3v 2 in the restriction of G to the cone is identically 
0, hence the cone deforms to first order. Q.E.D. 

Proof of 3. 6. If p.H3 ,o .1 V, then p.H3 ,0 .1 V;jr for all the involved V;jr' By 
the proof of the previous proposition, all of the lines in the cones Cjjr deform 
to first order. Q.E.D. 

To complete the discussion of IGHC for the Fermat quintic threefold, we 
remark that an easy computation shows that if V is one of the 4-dimensional 
Hodge structures described above, the cones of lines do not deform in all di-
rections in T(Zv)' This is consistent with our previous examples, since the 
Abel-Jacobi image of the entire cone is too big. However, this certainly does 

I Added in proof. The authors have described the incidence correspondence and answered this 
question affirmatively in a recent preprint. 
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not violate IGHC, and we feel that this would be a worthwhile investigation. 
While we cannot yet prove it, we expect that IGHC can be proven using the 
genus two family of reducible degree 5 curves above. 
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