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EXTENDING CELLULAR COHOMOLOGY TO C*-ALGEBRAS 

RUY EXEL AND TERRY A. LORING 

ABSTRACT. A filtration on the K-theory of C*-algebras is introduced. The 
relative quotients define groups Hn(A) , n ~ 0, for any C*-algebra A, which 
we call the spherical homology of A. This extends cellular cohomology in the 
sense that 

Hn(C(X)) ® Q ~ W(X; Q) 
for X a finite CW-complex. While no extension of cellular cohomology which 
is derived from a filtration on K-theory can be additive, Morita-invariant, and 
continuous, Hn is shown to be infinitely additive, Morita invariant for unital 
C* -algebras, and continuous in limited cases. 

1. INTRODUCTION 

When we say that a contravariant functor F from algebraic topology has 
been extended to C* -algebras, we mean that a covariant functor G has been 
found which is defined for C*-algebras and that there is a natural isomorphism 

G(C(X)) ~ F(X) 

for any compact space X for which F is defined. Here C(X) denotes the 
C*-algebra of complex-valued, continuous functions on X. The classical ex-
ample of this is the extension of K -theory K* to C* -algebras. In this case, the 
extended functor K* is almost as well behaved as the original. In [6), the sec-
ond author has shown that it is impossible to extend the standard cohomology 
H* to C* -algebras if one insists that the extension behave too much like the 
original. Therefore, we will consider extensions of cohomology to C* -algebras 
which are not so well behaved. 

For a compact space X, there is a grading induced on K*(X) C8I Q by the 
Chern character isomorphism 

ch: Kn(x) C8I Q ---> E9 Hn+2k(x; Q), 
k~O 

n = 0, 1. 

One way to extend H* (-; Q) to C* -algebras would be to extend the grading of 
K* (-) C8I Q to a grading of K* (-) C8I Q. Unfortunately, no nontrivial gradings 
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142 RUY EXEL AND T. A. LORING 

of K.(-) ® Q exist [6, Proposition 5.1]. We must turn instead to filtrations of 
K-theory. 

We would like to define decreasing filtrations 

such that, for any n, 

FoKo = Ko 2 F2KO 2 F4KO 2 . .. , 
FIKI = KI 2 F3K I 2 F5 K I 2 ... , 

(1.1) F.K.( C(X» "Q ~ ch -1 C~.~2' "N' (X; Q») , 
Suppose we are given such a filtration. If b denotes the Bott element in 
Kn(C(sn», then (1.1) implies that some multiple of b is in FnKn(C(sn»; 
we may as well assume b E FnKn(C(sn». For A a unital C·-algebra, we 
identify K.(Mk ® A) with K.(A) in the usual way. If 

¢: c(sn) ---+ Mk ® A 

is a unital ·-homomorphism, then it is natural to require ¢.(b) E FnKn(A). In 
fact, the subset of Kn(A) consisting of such push-forwards of the Bott element 
is a subgroup, so we take this as the definition of the spherical filtration in the 
unital case. 

The spherical homology groups are defined as the relative quotients 

Hn(A) = FnKn(A)/Fn+2Kn(A). 

Theorem 4.1 shows that (1.1) holds for X a finite CW-complex. Therefore 

(1.2) 

Unfortunately (1.2) does not hold with integer coefficients. Nevertheless, we 
will often call Hn(A) the homology of A, even though this is misleading and 
the term spherical homology is preferred. 

If F.K. is any filtration for which (1.1) holds, then by [6, Proposition 5.3] 
the relative quotients cannot be simultaneously additive, Morita-invariant, and 
continuous. In light of this fact, the spherical filtration does as well as can 
be expected; it is infinitely-additive, Morita-invariant in the unital case, and 
continuous in the commutative case. It is not, in general, continuous. 

Our calculation of Hn(C(X» depends heavily on Rosenberg's work in [10] 
which, in turn, is based on Segal's work in [12]. If A is a C·-algebra, define 
kn(A) as 

kn(A) = lim [Co(Rn+k), CO(Rk) ® % ® A]o. 
~ 

k 

(See below for an explanation of notation.) Rosenberg shows that kn is an 
extension of reduced connective K-theory. Cuntz has proposed defining a ho-
mology for C·-algebras as 

hn(A; Q) = (knA)/P(kn+2(A») ®Q, 

where p: kn+2 ---+ kn is a "Bott periodicity map." 
Because the spherical filtration is defined via K -theory rather than homotopy 

theory, it should be easier to compute than kn and hn • For example, consider 
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the UHF algebra M 2°o • It is easy to show (see Lemma 2.3) that H2(M2°O) = o. 
Calculating h2(M2°O; Q) seems to involve difficult homotopy questions, such 
as whether [C(S2) , M2oo] is trivial. Work in progress with George Elliott has 
shown that 

F2KO«M2°O ® %)~) = 0, 

and we suspect that calculating [C(S2) , (M2OO ® %)~] is beyond our reach. 
(Curiously, F2KO«M2°O ®%)) ~ Z. See §6.4.) 

§§2-4 are aimed at defining Hn and showing this to be an extension of cellular 
homology. In particular, §3 includes a summary of those parts of [10] that we 
shall need. 

The last three sections are concerned with the behavior of Hn in the noncom-
mutative case. General properties of Hn are in §5; for example, the behavior 
of Hn on short exact sequences and free products is discussed. §6 computes 
examples. The final section describes a conjecture regarding generalized de-
terminants which, if true, would provide a good tool for calculating F3K1 in 
several examples. 

The appendix describes some AF embeddings related to those that Pimsner 
constructs in [8]. We prove that these embeddings are homotopically trivial. 
This is used in §6 where it is shown that H2 can fail to be middle-exact in cases 
where the surjection in a short exact sequence is not a cofibration. 

We now introduce some conventions. Let A be a C*-algebra. The set of 
selfadjoint elements of A will b~ denoted Asa. The suspension and unitization 
of A will be denoted SA and A respectively. (Definitions may be found in [2, 
§§3.2 and 8.2].) The k by k matrices over A will be denoted by either Mk ®A 
or Mk(A). We shall use % to denote the algebra of compact operators on an 
infinite-dimensional, separable Hilbert space. 

If B is a second C* -algebra and f: A -+ B is a homomorphism (by which 
we mean star-homomorphism) then Sf and J will denote the induced star-
homomorphisms 

Sf:SA-+SB, J: A -+ B. 

We will not make a blanket assumption of a unit except in §7. If A and 
B are unital, then Hom(A, B) (respectively [A, BD will denote the collection 
of unital homomorphisms (respectively homotopy classes of unital homomor-
phisms) from A to B. In the not necessarily unital case, we will use the 
notation Hom(A, B)o and [A, B]o. 

By the word trace we shall mean a bounded trace, i.e., a continuous linear 
map T: A -+ C such that T(ab) = T(ba) and T(a*) = T(a) for a, b EA. We 
do not assume positivity. Given a trace T: A -+ C, we also use T to denote the 
trace T: Mk ® A -+ C defined by T« aij)) = L T( aii) . 

Assuming A is unital, the group of unitary elements in MdA) will be de-
noted by Uk(A) , or just Uk if A = C. By the infinite unitary group of A we 
mean 

Uoo(A) = lim UdA). 
---+ 

The connected component of the identity in these groups will be denoted Uk (A)o 
and Uoo(A)o. 
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2. THE SPHERICAL FILTRATION 

In this section we define a filtration on K -theory which we call the spherical 
filtration. As is done when defining K-theory, we first give a definition for 
the unital case, then show that adding a new unit to a unital algebra has the 
predicted effect, and finally define the filtration for a nonunital C·-algebra A 
in terms of the filtration of K.(A). 

Let bn , or simply b, denote the element of Kn(C(sn)) , n ~ 1, which 
has Chern character equal to the fundamental class. We call b, somewhat 
inaccurately, the Bott element. Another way to describe b is as a generator of 
K, (c(sn)) ~ Z if n is odd, and if n is even, as a generator of Ko( Co (Rn)) 
regarded as a subgroup of Ko(c(sn)). For example, b2 = [e] - [1], where 

(2.1 ) e = ! ( 1 + ~ y + iZ) 
2 y - lZ 1 - x 

and x, y, Z E C(S2) denote the coordinate functions of R3 restricted to 

S2 = {v E R31 IIvil = I}. 
A formula for a representative of b3 is given in §7. 

The nth level of the spherical filtration will consist of push-forwards of b 
by homomorphisms from c(sn) to the matrices over a given C·-algebra. In 
the usual way, we identify K.(Mk ® A) with K.(A). We also identify Kn+2 
with Kn via Bott periodicity. Thus, we will write either F4KO(A) or F4K4(A) , 
whichever is more convenient. 
Definition 2.1. Let A be a unital C·-algebra. The spherical filtration F.K.(A) 
of K.(A) is defined as follows: 

FoKo(A) = Ko(A) , F,K, (A) = K, (A), 
FnKn(A) = {¢>.(b)l¢> E Hom(C(Sn) , Mk ®A)}, n ~ 2. 

We could also have defined F,K, (A) as push-forwards of b, . This is because, 
for every u E Uk(A) , sending e27r.ix to u defines a unital homomorphism of 
C(S') to Mk ® A . 

Notice also that, even if ¢>: c(sn) -+ Mk ®A is not unital, ¢>.(b) E FnKn(A). 
To see this, let Xo E sn be the north pole, and define "': C(sn) -+ Mk ® A by 

",(f) = ¢>(f) + f(xo)(l - ¢>(1)). 
Then '" is unital, and ¢>. (b) = ",. (b) . 
Proposition 2.2. The sequence of subsets FnKn (A) is a natural filtration of K. (A) 
by subgroups. 
Proof. It is obvious that FnKn(A) is a subgroup. It is natural because, if y E 
Homo (A , B) , then 

y.(¢>.(b)) = ((1 ® y) 0 ¢».(b) 
and so 

y.(FnKn(A)) ~ FnKn(B). 
One may easily see that b3 can be represented by a unitary tI E C(S3, M2) 

which evaluates to the identity at the north pole. The induced map 
Co(R') -+ M2 ® Co(R3), 
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can be suspended, and unitized, to produce homomorphisms 

c(sn) ---+ M2 I8i c(sn+2) 

which send bn to bn+2 • This implies immediately that 

Fn+2Kn(A) ~ FnKn(A). 0 

Lemma 2.3. For a unital C·-algebra A, 

F2KO(A) ~ nker('l".: Ko(A) ---+ R), 

where the intersection is taken over all traces on A. 

Lemma 2.4. Let A and B denote unital C· -algebras. Then 
(1) FnKn(A EB B) ~ FnKn(A) EB FnKn(B). 
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(2) The inclusion A ---+ A induces an isomorphism FnKn(A) ~ FnKn(A) for 
n 2: l. 

These two lemmas are easy to prove. The second justifies making the follow-
ing definition. 

Definition 2.5. Let A be a nonunital C· -algebra. The spherical filtration 
F.K.(A) of K.(A) is defined as follows: 

FoKo(A) = Ko(A) , 

Recall that, by definition, Kn(A) ~ Kn(A). One may easily check that 
FnKn(A) ~ Kn(A). It is also easy to see that Proposition 2.2 and Lemmas 
2.3 and 2.4 hold for nonunital C·-algebras. 

There is a more subtle point regarding nonunital C· -algebras, namely the 
use of Co(Rn) in place of c(sn) in the definition of F.K.(A). This is really 
a homotopy question, so we will discuss it in the next section. 

3. MATRICIALLY STABLE HOMOTOPY 

Many results on the spherical filtration of a C· -algebra A can be deduced 
from the study of [C(sn), Mk I8i A]. We collect in this section the homotopy 
results that we shall need later. Matricially stable homotopy is an interesting 
subject in its own right. We refer the reader to [10] for a fuller account of 
the subject. Some results from [10] have been restated here in a form that is 
convenient for our purposes. 

For a compact space X with base point Xo and A a unital C· -algebra, we 
specify a base point cPo E Hom( C(X), A) by cPo(f) = f(xo) lA . Taking a direct 
sum with cPo specifies a sequence of mappings 

••• ---+ [C(X), Mk I8i A] ---+ [C(X), Mk+1 I8i A] ---+ ••• 

whose limit we denote by [[C(X), A]], the matricially stable homotopy set 
of homomorphisms from C(X) to A. Two unital homomorphisms 'IIi E 
Hom(C(X), Mki I8iA), i = 1, 2, are called stably homotopic if 'III EBcPoEB" 'EBcPo 
is homotopic to '112 EB cPo EB ... EB cPo for some numbers of copies of cPo. 
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In general, [[C(X) , AJ] is an abelian semigroup with unit. The sum of 
¢: C(X) -+ Mk QS) A and 1fI: C(X) -+ M, QS) A is the map 

(~ ~): C(X) -+ Mk+l QS) A 

which we will denote by ¢ EB IfI . 
Of course, [[C(X) , -J] is a covariant functor. 

Proposition 3.1. Let A be a unital C*-algebra, and let n ~ I be an integer. 
Then 

(1) [[c(sn) , AJ] is a group, 
(2) the map ¢ 1-+ ¢*(b) defines a natural transformation [[C(sn) , -J] -+ Kn 

whose image is FnKn. 
Proof. Part (2) is clear, while part (1) is perhaps already well known. We include 
a proof of (1) for completeness. 

Regarding sn as a subset of Rn+1 , we define T: sn -+ sn by 

T(XI' ... , Xn , xn+d = T(Xl' ... , Xn , -xn+d. 
Let r: c(sn) -+ C(sn) be the corresponding homomorphism. To prove the 
existence of inverses, it suffices to prove that the homomorphism r: c(sn) -+ 

M2 QS) C (sn) , defined by r(f) = (f f 0 T) , is homotopic to ¢o EB ¢o . 
Conjugating r(f) by a rotation matrix on just the lower hemisphere provides 

a homotopy of r with the map 

f 1-+ (f(XI' ... , Xn-l , Ixnl) ) . 
f(Xl, ... , Xn-l, -Ixnl) 

The latter homomorphism is clearly homotopic to ¢o EB ¢o. 0 

There are other compact spaces X for which [[C(X) , AJ] is a group. For 
example, if ¢: C (T2) -+ Mk QS) A is specified by a pair U, V of commuting 
unitaries, then a triple application of the Whitehead lemma [2, Proposition 
3.4.1] shows that the commuting unitary pair 

defines the inverse to ¢ in [[C(T2), AJ]. Can the compact spaces for which 
[[C(X) , AJ] is a group be classified? 

For Y a compact space, [[c(sn) , C(Y)]] is essentially known since Rosen-
berg [10] has shown it to be isomorphic to bun(y) , the reduced, connective 
K-theory of Y. (This is not exactly how the result is stated in [10]. To obtain 
this isomorphism from [10, Corollary 4.10], one must "de-loop" to eliminate 
the infinite suspensions.) Since most operator algebraists are not familiar with 
connective K-theory, we shall derive the two results we need from [10, Theorem 
4.9] without mention of connective K-theory. The curious reader is referred to 
[1, p. 105; 12]. 

We need a little more notation. Suppose X and Yare spaces with base· 
points. We let [X, Y]+ denote the base point preserving continuous functions 
modulo base point preserving homotopies. For the base point free counterpart 
we use the notation [X, Y]. Finally, OX shall denote the base point fixed 
loop space of X. 
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Lemma 3.2. Let n ::; m be positive integers. Then 

( 1) [[ C (sn) , C (sm)]] = {Z i( m - n ~s even, 
o ifm-nlsodd, 

(2) ¢, If!: c(sn) -- Mk i8) C(sm) are stably homotopic if and only if 
K.(¢) = K.(If!). 
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Proof. [10, Theorem 4.9] states that nn-1 lim Hom(C(Sn), Mk ) is homotopy 
--+k 

equivalent to the infinite unitary group Uoo • It will follow from Lemma 3.5 
that 

so we have 

[c(sn) , c(sm) i8) Mk] = [Co(Rn), Co(Rm) i8) Mk]O 
= [sm, Hom(C(Sn), Mk)]+, 

[[C(sn) , c(sm)]] = lim[Sm, Hom(C(Sn), M k )]+ 
--+ 

k 

~ [sm, ~Hom(C(S·l, Mkl 
~ [sm-.+!, n·-!~HOm(C(s·l, MklL 

{ Z if m - n is even, 
= [sm-n+1 , Uoo ] = 0 

ifm-nisodd. 
The last equality is Bott periodicity. 

Part (2) follows easily from (1). 0 

Lemma 3.3. If Y is a finite CW-complex, then [[C(sn) , C(Y)]] = 0 for n > 
dimY. 
Proof. [10, Theorem 4.9] also states that lim Hom(C(Sn), M k ) is (n - 1)-

--+ k 
connected. Since 

[C(sn) , C(Y) i8) M k ] = [Y, Hom(C(Sn), M k )], 

we have [[C(sn) , C(Y)]] = 0 whenever dim Y ::; n - 1. 0 

We finish this section with a proposition which, while being technical in 
nature, is useful when working with nonunital C*-algebras. From now on, we 
shall regard b = bn as either an element of Kn(Co(Rn» or an element of 
Kn(c(sn)) , whichever is more convenient. 

Proposition 3.4. For any C·-algebra A, 

FnKn(A) = {x E Kn(A)lx = ¢.(b) for some 1>: Co(Rn) -- Mk i8) A} 

for all n ~ 1. 
Proof. This is trivial for n = 1. For n ~ 2, this follows from the next 
lemma. 0 

Gi~en a C* -algebra A , let e denote the surjection in the split exact sequence 
for A, 

- e O--A--A--C--O. 
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We also denote by e the amplifications of e to Mk 181 A --+ M k . Since 
(Mk 181 A)~ is naturally contained in Mk 181 A, we may regard the unitization ¢ 
of a homomorphism cP: Co(Rn) --+ Mk 181 A as a mapping ¢: C(sn) --+ Mk 181 1'. 

For k = 1 , and perhaps all k, the following is well known. However, the 
reader is cautioned that it can happen that [A, B]o ~ [A, B] for C*-algebras 
A and B. The simplest example is A = C and B = 0 . 

Lemma 3.5. The unitization of homomorphisms induces a bijection 

[Co(Rn) , Mk 181 A]o ~ [c(sn) , Mk 181 A] 
for any C* -algebra A and n ;::: 2 . 
Proof. _To prove injectivity, it suffices to show that, given a path If/t: c(sn) --+ 

Mk 181 A such that 
e 0 If/o = e 0 If/I = CPo ffi ... ffi CPo , 

this path can be deformed, without changing endpoints, so that 

e 0 If/t = CPo ffi ... ffi CPo , tE[O,I]. 

We leave it to the reader to show that the points in sn corresponding to the 
one-dimensional subrepresentations of eo If/t may be assumed to vary smoothly. 
(One way to show this is to apply the following argument to short subpaths.) 
A smooth path in sn, n ;::: 2, must miss an open disk U, so we have Co( U) 
contained in the kernel of e 0 If/t for all t. 

Let 17t: sn --+ sn be a homotopy from idsn to a map 171 which sends the 
complement of U to the north pole. Let 17t also denote the induced map on 
C(sn). The concatenation of the paths 

t f--+ If/o 0 17t , t f--+ If/I 0 171 , t f--+ If/o 0 171-t , 

is the desired deformation of If/I' 
The proof of surjectivity is similar, and easier, so we omit it. 0 

4. THE SKELETAL FILTRATION 

Let X be a finite CW-complex, and let xn denote the n-skeleton of X. 
The K -theory elements which vanish on xn form a subgroup, and the sequence 
of these subgroups forms a filtration of K* (X) ~ K* (C(X)). This section is 
devoted to proving that this filtration, known as the skeletal filtration, coincides 
with the spherical filtration. 

The proof we give is decidedly "low-tech." An algebraic topologist could 
derive this result quickly and directly from Rosenberg's work, using spectral 
sequences for example. We take the longer route because it is the one that we, 
and the average functional analyst, can follow. Also, our proof depends only 
on Lemmas 3.2(2) and 3.3, results we feel are easy to believe, if hard to prove 
directly. 

Theorem 4.1. Let X be a finite CW-complex and Pn: C(X) --+ C(xn) the 
restriction to the n-skeleton xn of X. For n ;::: 1 , 
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i.e., the skeletal and spherical filtrations are identical. Moreover, there is a natural 
isomorphism 

Hn(C(X)) 0 Q ~ Hn(x; Q). 
Proof. Unless stated otherwise, Pn-I* will denote the map 

Pn-h: Kn(eeX)) -+ Kn(C(xn-I)) , 

i.e., Kn(Pn-d. 
Since we know by Lemma 3.3 that FnKn vanishes above the dimension of a 

CW-complex, we have 

Pn-h(FnKn(C(X))) ~ FnKn(C(xn-l)) = 0 

and thus, for all n, 
FnKn(C(X)) ~ ker(Pn-h). 

The real work to be done is proving the reverse inclusion for 2 ::; n ::; dim X , 
this being trivial for other values of n. We show this first for n = dim X, and 
then prove it in general by induction on the number of cells. 

If X is n-dimensional, there is an exact sequence 

0-+ EB Co(Rn) ~ eeX) ~ c(xn-I) -+ 0, 

where there is one copy of Co(Rn) for each top-dimensional cell. The middle-
exactness of K* and Proposition 3.4 imply that 

ker(Pn-h) = Im(i.) ~ FnKn(C(X)). 

We now assume that 2::; n < d = dim X and that the theorem is true for all 
spaces with fewer cells, of dimension greater than one, than X. Let l: denote 
X minus the interior of one top-dimensional cell, so that 

X = l:UfBd , 

where f: 8 Bd -+ l: is the attaching map for the cell Bd . For each k there is 
a pull-back diagram: 

C(X) 0Mk 
i l i2 
./ "-

eel:) 0Mk C(Bd) 0Mk 

"- ./ 
11 12 

C(Sd-l) 0Mk 

Suppose e E Kn(eeX)) and Pn-h(e) = O. The (n - I)-skeletons of X and 
l: coincide, so the induction hypothesis implies that there exists </J: eeSn) -+ 
eel:) 0 Mk with </J.(b) = ih(e). Since e vanishes on xn-I , it vanishes on a 
point and also on Bd, i.e., i2.(e) = O. Therefore, 

(h 0 </J)*(b) = h.i2.(e) = O. 

Lemma 3.2 implies that, by increasing k, we may assume that h 0 </J is 
homotopic to point evaluation. The map 

Sd-I -+ Hom(C(Sn) , Mk) 
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corresponding to h 0 cjJ is null-homotopic, and so extends to a map 

Bd -+ Hom(C(Sn) , Mk)' 

This, in turn, corresponds to a homomorphism y: c(sn) -+ C(Bd)®Mk which 
is a lift, by h, of h 0 cjJ. By the pull-back property, the pair (cjJ, y) determines 
a map "': c(sn) -+ C(X) ® Mk such that il 0 '" = cjJ. 

Let f = ",*(b). If d - n is odd, then il* is injective. By construction, 
ih(e) = il*(f) , so e = f E FnKn(C(X)) and we are done. If d - n is even, 
then notice that e and f agree on Xd-I C ~. We have already shown that 

ker(Pd_I*) = FdKd(C(X)) , 

so 
f - e E FdKd(C(X)) ~ FnKn(C(X)) 

which implies that e E FnKn(C(X)). 
The last sentence of the theorem now follows easily from the fact that the 

Chern character is rationally an isomorphism. 0 

5. SOME PROPERTIES OF THE FILTRATION 

In this section we explore a few properties that hold for the spherical filtration 
in the noncommutative situation. We begin with a proposition which shows 
where this filtration stands with respect to the three axioms that [6, Proposition 
5.3] shows cannot all be satisfied, namely additivity, continuity, and matricial 
stability. 

Proposition 5.1. The spherical filtration F*K* satisfies the following properties: 
(1) Matricial Stability: FnKn(A) ~ FnKn(Mk ® A) for any C*-algebra A, 

k > o. 
(2) Infinite-Additivity: FnKn(EBr' Ak ) = EBr' FnKn(Ak) for C*-algebras 

Ak · 
(3) Commutative Continuity: FnKn(1im Ad ~ lim FnKn(A) for any in-

---+ ---+ 
ductive system (Ak)k of commutative C*-algebras. 

Proof. The first property was built into the definition of the spherical filtration 
and the second has an obvious proof. 

It suffices to verify the third property in the unital case, so let X = lim Xk 
<--

for compact spaces Xk. Theorem 1.3.2 in [7] states that 

[lim X k , Z] = lim [Xk , Z] 
<-- ---+ 

whenever Z is an absolute neighborhood retract. Since Hom(C(Sn), M j ) is a 
finite CW -complex, and so an ANR, 

[c(sn) , C(X) ® M j ] = [X, Hom(C(Sn) , M j )] 

= lim[Xk' Hom(C(Sn) , M j )] 
---+ 

k 

= lim[C(Sn), C(Xk ) ® M j ]. 
---+ 

k 

The third property now follows. 0 
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Corollary 5.2. Let X be a compact Hausdorff space, and let Hn(x; Q) denote 
the tech cohomology of X. Then, for n 2= 0, 

Hn(C(X)) ® Q ~ Hn(x; Q). 

Improving slightly on Proposition 5.1(1), we can handle (strong) Morita 
equivalence between unital C* -algebras. 

Lemma 5.3. If pAp is a full corner of a unital C* -algebra A, with '1/: pAp -+ A 
the inclusion, there is an embedding ¢: A -+ MkCPAp) , for some k, of A as a 
full corner, such that 

¢*: Kn(A) -+ Kn(pAp) , '1/*: Kn(pAp) -+ Kn(A) 
are inverse to each other. 
Proof. This follows easily from the proof of [9, Proposition 2.4]. 0 

Theorem 5.4. If X is an equivalence bimodule inducing a Morita equivalence 
between unital C*-algebras A and B, then the induced isomorphisms 

<l>x:Kn(A)-+Kn(B), n=O,l, 
preserve the spherical filtration, i.e., 

n 2= O. 
Proof. By definition, <l>x = ¢;I 00*, where 0: A -+ Land ¢: B -+ L are 
embeddings as full corners into the linking algebra. By the last lemma, there 
exists a homomorphism '1/: L -+ Mk ® B such that '1/* = ¢;I. Therefore, 
<l>x = ('1/ 0 0)* must respect the filtration. By symmetry, so does <l>XI. 0 

Theorem 5.5. Suppose A, B, and Care C* -algebras and C is a common 
subalgebra of A and B with inclusion maps jl: C -+ A and h: C -+ B. 
Suppose also that there are retracts '1/1: A -+ C and '1/2: B -+ C, i.e., assume 
'1/1 0 h = '1/2 0 h = id. Then there is a natural isomorphism, for n 2= 0 , 

FnKn(A *c B) ~ FnKn(D) , 

where D = {(a, b) E A EB B 1'1/1 (a) = '1/2 (b)} . 
Proof. In [3], Cuntz shows that there is a homomorphism k: A *c B -+ D such 
that the induced map k* is an isomorphism on K-theory. The inverse to k* is 

U* - '1/*): K*(D) -+ K*(A *c D), 
where j: D -+ M2(A *c B) and '1/: D -+ A *c B are certain homomorphisms. 
Therefore, k* and (k*)-I both respect the spherical filtration. 0 

Theorem 5.6. Suppose 0 -+ I -+ A ~ B -+ 0 is exact and 7r is a cofibra-
tion. Then the K-theory boundary 8: Kn(B) -+ Kn+1 (I) respects the spherical 
filtration in the sense that, for n 2= 0 , 

8(FnKn(B)) ~ Fn+IKn+I(I). 
Proof. This is trivial for n = 0, so suppose n 2= 1. Let Bn+1 denote the closed 
(n + I )-ball. By choosing the correct orientation for the inclusion Rn+1 -+ Bn+1 , 
we obtain an exact sequence 

0-+ Co (Rn+I ) -+ C(Bn+l) ~ C(sn) -+ 0 

such that 8(bn) = bn+1 . 
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It suffices to consider the case where A, B , and 11: are unital. Assume that 
x = cP.(b) E FnKn(B) , where cP: c(sn) -t Mk ® B is unital. The composition 
cP 0 p is homotopic to cPo EB ••. EB cPo simply because C(Bn+1) is contractible. 
Since 

lifts to 
cPo EB··· EB cPo: C(Bn+1) -t Mk ® A, 

and since 1 ® 11: is a cofibration whenever 11: is [11, Proposition 1.11], po cP 
lifts to some ,..,: C(Bn+1) -t Mk ® A. Let IfI denote the restriction of ,.., to 
CO(Rn+1) . 

The naturality of {) , applied to the diagram 
o ----+ I ® Mk ----+ A ® Mk ----+ B ® Mk ----+ 0 

o ----+ Co(Rn+!) ----+ C(Bn+!) ----+ C(sn) ----+ 0 

implies that 

{)x = {)cP.(bn) = 1fI.{)(bn) = 1fI.(bn+d E Fn+1Kn+1(1). 0 

It is unknown to us to what extent the sequence 

... -t FnKn(l) -t FnKn(A) -t FnKn(B) ~ Fn+1Kn+1 (/) -t ... 

is exact when 11:: A -t B is a cofibration. As examples will demonstrate, FnKn 
need not be middle-exact and {) need not respect the filtration when 11: is not 
a cofibration. 

6. EXAMPLES 

6.1. Continuous trace C·-algebras. If A is a unital, continuous-trace C·-
algebra with trivial Dixmier-Douady invariant 6(A) E H3(A, Z), then A is 
Morita equivalent to C(A) and 

Hn(A) ® Q ~ Hn(A; Q). 

If, in addition, A has the homotopy-type of a finite CW-complex, then F.K.(A) 
is isomorphic to K·(A) with the skeletal filtration. In particular, let Ao denote 
the rotation algebra for 0 ::; () < 1 . If () is rational, then 

{ 
Z for n = 0, 

_ Z EB Z for n = 1 , 
Hn(Ao) - Z &" 2 lor n = , 

o for n 2: 3. 
If () is irrational, the unique normalized trace T: Ao -t C is faithful on Ko, 

so Lemma 2.3 implies that F2KO(Ao) = 0 and 

{ Z EB Z for n = 0 , 
Hn(Ao) = o for n > 0 even. 

We cannot calculate F3K1 (Ao) for () irrational, but conjecture that it is zero. 
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6.2. Infinite homotopy groups. We define the infinite even sphere S200 to be 
lim C(S2n) ® M2n . The connecting maps are P2n ® 1 ,where P2n is as defined ----. 
in the proof of Proposition 2.2. Clearly 

Kn S200) = {ZtfjZ for n = 0, 
( 0 for n = 1. 

There is a trace r on S200 defined by the traces 
c(s2n) ® M2n ) C. 

2-n.poI8iTr 

Using this trace, one easily shows that 

Hn(S200) = {Z for n = 0, 
o for n > O. 

One may define, in a similar fashion, an infinite odd sphere and conclude the 
same result on homology. 

This example illustrates the need to define infinite even and infinite odd ho-
mology groups. For any C* -algebra A, we define 

H200(A) = n F2n KO(A) , H200+1 (A) = n F2n+l K l (A). 
n~O n~O 

For example, we have 
H200(S200) = H200+1 (S200+1) = Z. 

6.3. A poorly behaved boundary map. Consider the exact sequence 

0-+ .%(JP") -+ 9J(JP") -+ t2'(JP") -+ O. 

The surjection here is not a co fibration, and we will show that {) does not 
respect the spherical filtration. 

A consequence of the spectral theorem for compact operators is that 

{ Z for n = 0, 
FnKn(.%) = 0 l: 0 lor n > , 

and the universal coefficient theorem can be used to show that 
Afi'(JP" _ {O for n even, 

FnKn(roz » - Z for n odd. 

The K -theory boundary is an isomorphism in this case, so for n ~ 1 , 

{)(F2n- 1K 1(t2'(JP"») ct. F2n KO(.%). 
6.4. AF algebras. The next sequence of examples will show that F2KO is not, in 
general, middle-exact or continuous. In [6], a certain embedding If!: C(T2) -+ 
A is proven to be injective on Ko, where A is the unital AF algebra with 
Ko(A) = Z[1/2] tfj Z, with the lexicographic order and order unit (1,0). An 
immediate consequence of this result is that F2KO(A) =I- O. (In fact, F2KO(A) = 
o tfj Z.) Therefore, F2KO is not continuous because F2KO is zero on any finite-
dimensional C* -algebra. 

There is an exact sequence 

o -+ .% -+ A .!!... M 2°o -+ 0, 
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where M200 denotes the type 200 UHF algebra. We saw above that F2KO(%) = 
0, and Lemma 2.3 implies that F2KO(M2°O) = O. Therefore, 

F2KO(%) ---+ F2KO(A) ---+ F2Ko(M2oo) 

is not exact. 
Fortunately, the surjection p is not a cofibration. It is still conceivable that 

there is a long exact sequence in F*K* arising from a short exact sequence con-
taining a cofibration. The fact that p is not a cofibration follows from a result 
in the appendix concerning Pimsner's AF embedding construction. This will 
show that po'll is homotopic to po <Po = <Po, while K-theory is an obstruction 
by 'II and <Po being homotopic. 

Other embeddings of C(T2) , and hence C(S2) , into AF algebras can be 
constructed that are injective on Ko. Work in progress by the second author 
and Elliott shows that, for many AF algebras, one may find embeddings of 
C(T2) which induce all possible maps on Ko. In particular, it can be shown 
that 

F2KO(A 0 M2°O) = n ker( T*: Ko(A 0 M2°O) ---+ R) 

for any unital AF algebra A. The intersection is over all traces on A 0 M200 . 
We have, as yet, little knowledge about F4KO of AF algebras, and no knowl-

edge about H2 . We do know that F4KO(A) can be nonzero for some AF alge-
bras, specifically A 0 B , where A and Bare AF algebras with F2KO nonzero. 

7. DETERMINANTS AND THE THREE-SPHERE 

An important tool for calculating F2KO(A) is Lemma 2.3 which relates 
Hom(C(S2, A)) to traces on A. When calculating F3K I(A) , one would like 
a similar result relating Hom(C(S3, A)) to determinants. This section will 
review the subject of generalized determinants for C*-algebras, state some con-
jectures, and show how F3KI (A) can be calculated in examples if one assumes 
these conjectures. 

N.B. In this section, we will assume that all C*-algebras, and homomor-
phisms, are unital. Also, we will continue to use topological KI . 

We will need to select a representative / E U2(C(S3)) of the Bott element 
b E KI(C(S3)). Considering S3 as the unit sphere in C2, let m, n E C(S3) 
denote the two coordinate functions. We let 

/ = (m -n*). 
n m* 

This is easily seen to be a generator of K 1 ( C (S3)) , and so [tf] = ±b. If we are 
off by a minus sign, we replace m by m* and so assume [/] = b . 

We will be interested in the set 

{<p(/)I<p E Hom( C(S3) , An, 
where A is an arbitrary C* -algebra. This is equal to the set 

{ ( M -N* ) 1M, N E A are commuting normals} 
N M* such that MM* + NN* = I . 

It would appear that these unitaries should have determinant one. While this is 
true for trivial reasons when A is commutative, it is unknown in general. 



EXTENDING CELLULAR COHOMOLOGY TO C' -ALGEBRAS '55 

A determinant on a C* -algebra is only defined after one has specified a trace 
r on A. In [5], de la Harpe and Skandalis define a homomorphism 

~T: Uoo(A)o ~ Rjr*(Ko(A)). 

This is called the determinant associated to r because 

(Throughout this section q: R ~ Rjr*(Ko(A)) will denote the canonical quo-
tient map.) 

In [4], the first author has shown how to extend this determinant to all of 
Uoo(A) , but only when r*(Ko(A)) = Z. It is easy to remove this restriction. 
The following basic results on determinants are proven by straightforward mod-
ifications of the proofs in [4]. 

Definition 7.1. We say that a group homomorphism 

det: Uoo(A) ~ Rjr*(Ko(A)) 

is a determinant function associated to the trace r on the C* -algebra A if 

det(e21lih ) = q(r(h)), 

We will tighten this phrase to say det is a determinant associated to (A, r) . 
A determinant associated to a trace is not unique, but any two are related in a 
simple way. 

Theorem 7.2. Let r be a trace on a C* -algebra A. Then A admits a determi-
nant associated to r, and given a determinant deto, all others are given by 

det(u) = deto(u) + 17([U]) , u E Uoo(A) , 

where 17: K,(A) ~ Rjr*(Ko(A)) is a group homomorphism. 

Lemma 7.3. If det is a determinant associated to (A, r), then 
(1) If u E Uoo(A) is in the connected component of the identity, then 

det(u) = q (2~i l' r(x;Xt-')dt) , 

where Xt is any smooth path in GLoo(A) with Xo = 1 and x, = u. 
(2) If y is any smooth path in GLoo(A) , with unitary endpoints, then 

det(y(l)) -det(y(O)) = q (2~i i r(yly-')) . 

One may consider determinants defined on GLoo(A) with values in 
Cjr*(Ko(A)). For our purposes, however, this offers no advantage. 

Now we tum to the commutative case, A = C(X). Here we have the usual 
A-valued determinant and trace on Mn(A) = C(X, Mn). We denote these by 
Detn and Tn. Of course, these can be computed pointwise. 
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Theorem 7.4. Suppose X is a compact space and det is a determinant associated 
to (C(X) , r). If ¢>: C(S3) --+ Mk (9 C(X) is a homomorphism, then det(¢>(,1')) 
depends only on ¢>*' the induced map on K1. 
Proof. If det is one determinant associated to (C(X) , r), then 

u 1--+ det(Detn(u)) , u E Un(C(X)) , 

defines another. By Theorem 7.2, there is a homomorphism 

such that 
det(u) = ,,([u]) + det(Detn(u)) 

for u E Un(C(X)). Recall that when A, B, C, D are in Mdc) and AB = 
BA, we have the block-determinant rule 

det (~ ~) = det(DA - CB). 

Applied pointwise, this rule shows that Det2k(¢>(,1')) = 1 , and so 

det(¢>(,1')) = ,,([¢>(,1')]) + det(1) = ,,(¢>*(b)). 0 

Returning to the noncom mutative situation, we state two versions of our 
conjecture. 

Conjecture 7.5. Suppose det is a determinant associated to (A, r). If ¢>: C(S3) 
--+ A is a homomorphism, then det(¢>(,1')) depends only on ¢>*(,1'). In partic-
ular, if ¢>*(b) = 0, then det(¢>(,1')) = O. 

Conjecture 7.6. Suppose det is a determinant associated to (A, r). If ¢>o, ¢>I : 
C(S3) --+ A are homotopic, then det( ¢>o(,1')) = det( ¢>I (,1')) . 

Suppose ¢>t: C(S3) --+ A is a path such that Mt = ¢>t(m) and Nt = ¢>t(n) 
happen to be smooth. Then 

( A. (,1')'A. (,1')-1) = (MIMt + NtNt MINt - Nt'Mt ) 
r 'PI '/'t r N'M* _ M*' N N' N* + M*' M tt tt tt t t 

= r((MtMt + NtNtn = r((1)') = O. 
Therefore, the conjecture is true in this special case. One consequence of this 
is that det(¢>(,1')) = 0 if ¢>: C(S3) --+ A is not injective. 

The most obvious application of this conjecture would be to suspensions. Let 
A be a C*-algebra. Recall that there is an isomorphism a: K1(SA) --+ Ko(A) 
which sends [e 2n:itp ] to [P] for any projection p E Mk (9 A. 

Lemma 7.7. Suppose det is a determinant associated to (A, r) and that 
r*(Ko(A)) is countable. If u = (Ut) is an element of Un((SA)~) and det(ut) = 0 
for all t E [0,1], then r* oa([u]) = O. 
Proof. If t 1--+ Ut is piecewise smooth, then the result is trivial because we have 
the formula 

(see [2, p. 76]). 

r* 0 a([u]) = 21 . (I r(u;u;) dt 
7rllo 
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Suppose t 1-+ Ut is simply continuous. Choose points to = 0 < tl < ... < 
tn = 1 such that, for any k, 

Ilux - uyll <! for tk ::; x, y ::; tk+1 . 

Fix k. Applying a branch of log, we find a continuous, selfadjoint path h(s) 
such that h(tk) = 0 and 

u-Iu = e2nih(x) for t < s < t . tk S k - - k+1 
It follows from our hypothesis that ,(h(s» E ,.(Ko(A». Since ,(h(tk» = 0 
and ,(h(s» varies continously in a countable subset of R, we have ,(h(tk+d) = 
o as well. Let hk = h(tk+d. Let v denote the path 

v = u e2nishk t tk ' 
where t E [tk, tk+d, t = tk + S(tk+1 - tk). Therefore, 

,.0 a([u]) = ,.0 a([v]) = 0 

because t 1-+ Vt is piecewise smooth and det(vt) = det(uo) = O. 0 

Consider the UHF algebra M200 . The trace on M 2°o induces a faithful map 
on Ko(M2°O). If Conjecture 7.6 were true for Mk 0 M2°o , k ;::: 1, then Lemma 
7.7 would imply that F3K I (S M2°O) = 0 . 

The introduction of generalized rotation numbers is necessary for our other 
applications. We will simply state the definition of a rotation number map, 
referring the reader to [4] for details. 

Suppose a is an automorphism of a C· -algebra A and , is a trace on A. 
Let KI (A)<> denote the a-invariant subgroup of KI (A). The rotation number 
map is the homomorphism 

p~: KI (A)<> ~ R/,.(Ko(A» 

defined by p~([u]) = det(a(u·)u), where u is a unitary representing some 
element of KI (A)<> and det is any determinant associated to ,. 

Proposition 7.S. If Conjecture 7.6 is true, then 

F3KI(Ao) = F3K I(C;(F2» = 0, 
where Ao denotes any irrational rotation algebra and C; (F2) denotes the re-
duced C· -algebra of the free group on two generators. 
Proof. Let A denote either Ao or C;(F2) , with , the canonical trace and 
u, v the canonical unitary generators. Choose r, s E R so that {I, (), r, s} 
are linearly independent over Q, and consider the action a on A defined by 

a(u)=e2niru, a(v)=e2niSv. 

There is a homotopy of a to the identity, so KI (A)<> = KI (A). Clearly 
p~([u]) = r and p~([v]) = s, and since [u] and [v] generate KI (A), the 
rotation number map is injective. 

Suppose we are given ¢: C(S3) ~ Mk0A. Then ¢ and ao¢ are homotopic, 
so by the conjecture, 

p~([¢(J")]) = -det(a 0 ¢(J"» + det(¢(J"» = 0, 
hence [¢(J")] = O. 0 



158 RUY EXEL AND T. A. WRING 

It is perhaps reasonable to expect that F3KI(C;(F2)) = 0 because, in the 
unreduced case, we have, by Theorems 4.1 and 5.5, 

F3KI(C*(F2)) ~ F3K I(C(SI) *c C(SI)) ~ F3KI(C(X)) = 0, 

where X is the figure-eight. 

ApPENDIX: HOMOTOPY PROPERTIES OF CERTAIN AF EMBEDDINGS 

Pimsner [8] describes a method for embedding certain crossed products 
C(X) )<3 Z into AF algebras. When the action of Z on X is trivial, one certainly 
does not need Pimsner's construction to find such an embedding. Nevertheless, 
Pimsner's construction, applied in this trivial case, produces a very interesting 
embedding [6]. 

This appendix is devoted to proving that certain AF embeddings, which are 
closely related to Pimsner's embeddings, are homotopically trivial. This ties up 
a loose end left in §6.4. 

Suppose that T denotes the trivial automorphism of a compact, metriz-
able space X. Adopting all of Pimsner's notation from [8], we suppose that 
(r,;)n, (mn)n ,and (Fn)n are choices of open covers, multiplicities, and decom-
position maps for which the embedding p: C(X) )<3 Z --+ A of [8, Theorem 7] 
can be constructed. Recall that A is the limit of the system 

... --+ An ~ An+ I --+ . .. , 

where An = Ei1wEn Mw and ¢>n = Ei1wEnn+l ¢>w, The covariant form (1t, U) of 
p is given by 1t = lim 1tn and U = lim Un , where 

1tn = E9 1tw: C(X) --+ An· 
WEnn 

There is an easily identified quotient of A corresponding to the set of trivial 
pseudo-orbits. By a trivial pseudo-orbit we mean a pseudo-orbit w with prin-
cipal period pew) = 1. The triviality of T implies that r,;(mn ) = r,; , so n 
consists of periodic r,; pseudo-orbits of Tmn = T. Let 

Lln = {w E nnlp(w) = 1}, 

A trivial pseudo-orbit can only be decomposed into trivial pseudo-orbits. By 
the definition of the ¢>w, we have ¢>n(Bn) ~ Bn+l . We obtain an AF algebra 
B , and a quotient map p: A --+ B , by taking the limit of the diagram: 

--+ An <Pn A 
~ n+1 --+ .•. 

! ! 
--+ Bn <PnlBn B 

----+ n+1 --+ •.• 

Theorem A.t. Suppose X is a compact, connected, metrizable absolute neighbor-
hood retract and Z acts trivially on X. Let p: C(X) )<3 Z --+ A denote Pimsner's 
AF embedding corresponding to (r,;)n, (mn)n , and (Fn)n. If p: A --+ B denotes 
the surjection corresponding to the collection of all trivial pseudo-orbits, then the 
composition pop: C(X) )<3 Z --+ B is homotopic to point-evaluation ¢>o. 
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Proof. If i E In , let (Ii denote the trivial pseudo-orbit ... , i, i, i, .... Recall 
that there are functions In: In+1 ---> In such that ~+1 ~fn ~. If (Ii E An+1 , 
then (Ii must decompose as mn+J/mn copies of (Ifn(il E An. The Bratteli 
diagram for B has one vertex Vi for each (Ii E An+1 and Vi is connected to 
vfn(il with multiplicity mn+J/mn . Comparison of Bratteli diagrams shows that 
B ~ C(A) 18) Mmoo , where A is the inverse limit of ... +- An +- An+1 +- ... , 
(I fn(il H (Ii, and Mmoo is the UHF algebra corresponding to the generalized 
integer 

00 

moo = II mn+J/mn . 
n=! 

Let (lto, Vo) be the covariant form of pop. If (I is a trivial pseudo-orbit, 
ltu maps C(X) into the scalars of Mu. Therefore, 

lto(C(X)) ~ C(A) 18) 1. 

The assumption that X is a connected ANR implies that 

[A, X] = lim [An, X] = *, 
---+ 

so there is a homotopy ltt from lto to CPo with ltt(C(X)) ~ C(A) 18) 1. The 
unitary group of an AF algebra is connected; let Vt be any path of unitaries 
from Vo to 1. Since C(A) 18) 1 is in the center of C(A) 18) M200 , it follows that 
(ltt, Vt) is a path of covariant homomorphisms from (lto, Vo) to (CPo, 1). 0 
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