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ADMISSIBLE BOUNDARY VALUES OF BOUNDED
HOLOMORPHIC FUNCTIONS IN WEDGES

FRANC FORSTNERIC

Abstract, li M C Cn is a generic Cauchy-Riemann manifold and W C CN

is a wedge domain with edge M, then every bounded holomorphic function

on W has an admissible limit at almost every point of M. Moreover, if a

holomorphic function / on W has a distribution boundary value (bv f) on

M that is a bounded measurable function, then / is bounded on every finer

wedge near M , and its admissible limit equals (bv f)(p) at almost every point

p £ M.

1. Introduction

In this article we prove the existence of pointwise boundary values of bounded

holomorphic functions in wedge domains with generic edges (Theorem 1). We

also prove a more technical result concerning the boundary values of nonholo-

morphic functions in a standard wedge with edge I^xt'cl^x C' (Theorem

4). Our work is motivated by a result of Rosay [9] concerning the regularity

at the edge of a holomorphic function in a wedge whose distribution boundary

value is a continuous function on the edge. Another specific reason for this

article is that we want to apply the main result, Theorem 1, in a forthcoming

paper "Mappings of strongly pseudoconvex Cauchy-Riemann manifolds," and

there does not seem to exist a precise reference, in spite of the fact that the

question of boundary values of holomorphic functions has been one of the cen-

tral subjects of complex analysis for some time. Most of the existing results

concern the boundary behaviour of holomorphic functions on domains with

smooth boundaries (see [5, 8, 12] and the references therein). Another type of

domains on which this question has been investigated to some extend are the
wedges W = E' + iY c C' with the linear totally real edge I'cC', where

T c E' is an open cone with vertex at the origin. See Vladimirov [14], Rudin

[10], Koranyi [6, 7], and Carmichael and Mitrovic [3]. We wish to point out

that our methods are very similar to those used by Rosay in [9].

Let « , / G Z+ . In the space C" x C' we denote the coordinates by (z, w),

where z e C" , w = s + it e Cl, and t = (tx, ... , t¡). Let Me Cn+l be a

smooth real manifold, defined in a neighborhood of the origin by

(1.1) w =i + itp(z, z, s),
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584 BOUNDED HOLOMORPHIC FUNCTIONS IN WEDGES

where <p is a smooth mapping with values in R1, <p(0) = 0, d<p(0) — 0. Then

Af is a generic Cauchy-Riemann (CR) manifold of CR dimension « and of

real codimension /.

If T c R1 is an open, connected, convex cone with vertex 0 G E', we define
the corresponding wedge W = W(Y) c Cn+l with edge M by

W(Y) = {(z,w)eCn+l: Im w - <p(z, l,Rew)eY}

= {(z,s + i<p(z,z, s) + it): z eC,s eR',teY}.

Throughout this paper we shall understand Af and W as germs of sets at the
origin in Cn+I.

Fix a point p = (px, p2) e M, px e C, p2 e Cl. A p-curve in W is
a continuous curve A(t) e W (0 < t < 1) with lim,^- A(t) = p. Denote

by X(t) the projection of A(r) onto the plane LPl = {z = px) x Cl in the

direction of TfM, i.e., A(t) - X(t) is parallel to T^M for all 0 < t < 1.

Here, T^Af = T^Af n iTpM is the maximal complex tangent space of Af at

p , of complex dimension « .

Let Wp¡ = LPinW ; this is a wedge in LPl with the totally real generic edge

Af n LPi.

Definition. A p-curve A(r) in W is called admissible if there is a to < 1 such

that
(a) X(t) eWp¡ (to < t < I), and X(t) is nontangential in WPx in the sense

that

\X(t) -p\<A- dist(X(t) ,dWPl)       (t0<t<l)

for some A < oo, and

(b) lim |A(0 - X(t)\2l dist(X(t), dWp¡) = 0.

A continuous function / on W is said to have the admissible limit B at

p G M if

(1.3) \im f(A(t)) = B

for every admissible p-curve A(/) in W .

Theorem 1. Let M c C"+/ be a Cauchy-Riemann manifold (1.1) of class fê2,

and let W be a wedge (1.2) with edge M. Then every bounded holomorphic

function f on W has an admissible limit f*(p) at almost every point p e M

with respect to the surface measure on M.

Of course, the function f* e L°°(M) is also the distribution boundary value

of / on Af in this case (see definition below).

Remark 1. This theorem is well known in the case / = 1 when Af is a hyper-

surface in C"+1 (see [8 or 12]). Our terminology differs somewhat from the

standard one in this case. Our notion of an admissible limit coincides with

Rudin's restricted K-limit (K for Koranyi), see [12, p. 170]. On the other

hand, Koranyi [7] used the term admissible limit for what is now usually called

a K-limit (see [12, p. 76]). In this case one requires (1.3) along every p-curve

A(i) in W satisfying the weaker condition

|A(0-p|<a.dist(A(/),oar)       (0</<l)
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for some a < oc . We do not know whether our Theorem 1 holds with admis-

sible limits replaced by A-limits.

Remark 2. One can obtain better results concerning the convergence of / in

directions parallel to T^Af if one imposes suitable conditions on the geometry

of Af. As we shall see in the proof, the crucial property is the existence of

sufficiently large complex discs in W in directions parallel to TpM on which

one can apply the Lindelöf-Chirka principle.

Remark 3. Although Fatou-type theorems are most interesting in the case of
holomorphic functions, they can often be proved also for nonholomorphic func-

tions whose d -derivative does not grow too fast near the boundary. In the situ-

ation of Theorem 1 we suppose that Af is of class cê'k+2 for some k > 0, and

/ G fêx(W) is a bounded function satisfying the estimates

\df(z, w)\ = cf(dist((z, w), M)'1'2),

\df(z,w)\=cf(dist((z,w),M)-k-x).

Then the conclusion of Theorem 1 holds for /. Here, as usual,

^ dzj       J    ¿^ dwj        '

We indicate the proof of Theorem 1 under these weaker hypotheses at the end

of §2 below.
For each p e M and a > 1 we define a nontangential approach region

2« c 2T by

3« = {(z,w) e W: \(z,w) -p\ < a • dist((z, w), dW)}.

Of course 3Sp may be empty if a is too small, depending on the size of the

cone r determining W. However, as a —► oo, the regions 31 ¡f increase to the

entire wedge W. A continuous function fonW has the nontangential limit

B at p e M if
lim      f(z,w) = B

for all (sufficiently large) a.
A simple calculation shows that we can choose a sufficiently small neighbor-

hood U — U(p, a) of p in C"+/ such that every p-curve A(t) in 3p n U is

admissible. Thus we have

Corollary 2. Under the hypotheses of Theorem I, f admits a nontangential limit

f*(p) at almost every point p e M.

Theorem 1 still holds if we only assume that the holomorphic function f on

W is bounded on every finer wedge W < W in a neighborhood of M. (Recall

that a cone Y' c Rl is 7z«<?r than Y if Y' n S is a relatively compact subset of

YDS, where S is the unit sphere in E'. Similarly, a wedge W = W(Y') of
the form (1.2) is finer than W = W(Y) if F is finer than Y. We shall denote
this by W <W.) Our proof will show that the last condition is satisfied if

/ admits a distribution boundary value (bv f) that is a bounded function on

Af.
Denote by d = d(z, w) the distance from a point (z ,w) eW to the edge

Af. (Clearly d is proportional to | Im w - y>(z, z, Re w)\.) Suppose that Af
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is of class Wk+2 for some K e Z+ . If / is a holomorphic function on W

satisfying the growth condition

(1.5) \f(z,w)\=cf(d(z,w)~k),

then / admits a distribution boundary value (bv /) on Af (Straube [13] and

Rosay [9]), in the sense that for each test function x £ %k+l(Cn+l) supported

in a small neighborhood of 0 we have

(1.6) (bvf,x)=   lim    /       x • f(z, s + itp(z, z,s) + it)dv(z,s),
r'3i-»oyc„xR;

where dv(z, s) is the Lebesgue measure on C" x E' and Y' is any cone finer

than T. The same holds if we replace t eY', t —> 0 by a sequence of mappings

tj(z, s) e Y' that tend to zero in the Wk+2 sense when j: —> oo .

Proposition 3. Suppose that f e cf(W) satisfies the growth condition (1.5). If

(bv f) is (the integration against) a bounded measurable function on M, then

f is bounded on every finer wedge W < W near M, and it has the admissible

limit (bv f)(p) at almost every point p e M.

Remark. Another sufficient condition for a holomorphic function / e cf(W)

to be bounded near the edge was found by Zav'yalov and Drozhzhinov [15],

Khurumov [16], and Pinchuk and Hasanov [17]: If f is bounded on a manifold

Af c W of class ^2 with boundary Af (so dim Af = dim Af + 1), then / is
bounded on every wedge W < W near Af.

When the function / is bounded (k = 0), it follows immediately from the

Banach-Alaoglu's theorem that bv f is a bounded measurable function on Af.

Namely, given any sequence tj eY', t¡; —> 0, the family of functions

(z, s) -> f(z, s + itp(z,z~, s) + itj)

is bounded in L°° = (Lx)*, so there is a subsequence converging to /* G L°° in

the weak-* topology. Hence (1.6) holds for this sequence, with bv / replaced

by /*. This proves that bv / = / * g L°° as distributions on Af.

A natural question is whether Theorem 1 holds in the case when (bv /)

exists and is an integrable function on M, i.e., (bv /) g Lx (M). It seems that

a positive answer is known only for the case when Af is hypersurface [8].

In this context we recall a result of Rosay [9]: If (bv f) is (the integration

against) a continuous function on Af, then f extends continuously from every

finer wedge W <W to Af, assuming the values (bv f) on M. See also the

papers by Baouendi and Trêves [1, 2].

To prove the announced results we use a standard method: we straighten the

edge Af along the totally real submanifolds Mz = {z = const} n Af and study

the boundary behavior of nonholomorphic functions whose d w -derivatives sat-

isfy good growth estimates near the linear edge C" x E'. This will be explained

in the following sections.

It is my pleasure to thank the Max-Planck-Institut für Mathematik in Bonn

for its hospitality and support.

Remark added to the proof. Recently J. P. Rosay studied the boundary values of

holomorphic functions in wedges in the article On the radial maximal function

and the Hardy-Littlewood maximal function in wedges.
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2. Boundary values of functions with bounded d

We use the same notation as Rosay in [9]. Let A, / G Z+. In the space

E^ x C' we denote the coordinates by (x, w), w — s + it. Let To be the cone

Y0 = {t = (tx,...,ti)eRl: \tj\ <tx,2<j<l),

and let Wo be the corresponding wedge

Wo = RN x (Rl + iY0) = {(x, s + it) : x e RN, s e Rl, t e Y0).

The results announced in § 1 will follow from

Theorem 4. Let g(x, w) be a continuously dijferentiable function on Wo satis-

fying

(2.1) \g\=cf(t-k),    \dg/dWj\=cf(tl-x+£),     1 <j<l,

for some k e Z+ and e > 0. If the distribution boundary value (bv g) on

RN x Rl (that exists according to Rosay [9]) is a bounded measurable function,

then g is bounded on W0 near l^xl', and there is a set F c RN x Rl of full

measure so that at each point (x, s) e F, the restriction g(x, •) to the wedge

{x} x (R1 + /To) has the nontangential limit (bv g)(x, s).

Remark. Contrary to the first appearance this result is completely local since

the growth condition on dwg is preserved if we multiply g by a smooth cut-

off function y/ e W0°°(RN x <Cl) whose derivatives dy//dWj vanish to infinite

order on RN xRl  (1 <;'</).

If g is bounded on W)• the boundary value (bv g) exists and is in

L°°(RN x R1). (See the remark following Proposition 3 above.) Thus we have

Corollary 5. If g is a bounded Wx function in Wo satisfying (2.1), then at

almost every point (x, s) e l*xl', g(x, •) has a nontangential limit at

(x, s) within the wedge {x} x (Rl + /To).

In these results the variable x is merely a parameter, as we have no assump-
tions and conclusions on the nontangential behavior of g in the a:-direction.

Remark. Our condition (2.1 ) concerning the growth of dwg near the edge is not

the best one possible, but it is easy to verify and convenient to use. For functions

of one complex variable there is a sharper result, due to Nagel and Rudin [ 12,

p. 235]: If g is a bounded 8" function in a rectangle Q = (a, b) x (0, c) c

E2 = C such that dg/dw e L"(Q) for some p > 1, then limy^og(x + iy)
exists for almost all x e (a, b).

However, in most applications the condition (2.1) is sufficient. In the proof

of Theorem 1 we shall only need that dwg is bounded. In the proof of the

result by Nagel, Rudin, and Wainger [12, p. 238] on nontangential boundary

values of a function / e Hco(3) along a Wx curve in the boundary of 3

that is everywhere transverse to the complex tangent space Tpd3 one obtains

a function g on Q as above such that \dg/dw\ - ¿f ((Im w)~x¡2).

We will first show how the results of § 1 follow from Theorem 4. The proof

of Theorem 4 will be given in §3 below.
Let A = 2«, E2" = C" . Suppose that the manifold Af (1.1) is of class

g>fc+2    ^-y-e extend the mapping y> to a Wk+1 map in a neighborhood of the
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origin in C" x C' so that dwq> and its derivatives of order < k + 1 vanish on

C'xR'. The extended map

3>(z, w) = (z, w + i<p(z, w)) = (z, Ç(z, w))

is a local Wk+2 diffeomorphism near the origin that maps C" x Rl onto M.

Let / be a holomorhic function on W satisfying the hypothesis of Proposi-

tion 3. We must show that the restriction of / to any finer wedge W' < W is

bounded near Af and has the admissible limit (bv f)(p) at almost every point

p e M.
Choose a wedge W" satisfying W' < W" < W. The inverse images

<b~x(W) c <S>~X(W") c <t>~x(W) are wedge-like domains near the origin, with

the edge C xR1. We can find a finite number of cones Yx ,Y2, ... ,YU cRl

isomorphic to the cone To so that the corresponding wedges W¡ = C"x(E/+/T7)

satisfy the following inclusions in a sufficiently small neighborhood of the origin:

V

<S>~x(W')c \JWjC<i>-x(W").

;=i

Let g = /o<D g ffk+2(<I>-x(W)). Then \g\ = cf(d-k) on each wedge W¡,

where d denotes the distance from the wedge. The chain rule gives

Since \f\=cf(d~k) on W, the Cauchy estimates imply \df/d£s\ = cf(d-k~x)

on W" for 1 < 5 < /. We also have \d(s/dWj\ = (f(dk+x) by the construction

of O, so it follows that dg/dWj is bounded on Ws for 1 < j < I. Since
the distribution boundary value (bv g) (that exists by [9]) is the pull-back of

(bv /) by O, we conclude that (bv g) e L°°(C x R1). Theorem 4 now implies

that g is bounded on each Ws near C" x Rl, so / is bounded on W near

M.
The second part of Theorem 4 implies that for almost every point po

= (zo, So) e C" x Rl, the restriction g(zo, •) has the nontangential limit

(bv g)(zo, So) within the wedge {zo} x (E' + iYs) at (zo, so). Going back

to /, this says that f(zo, •) has the nontangential limit (bv/)(zo, Co) at

(zo, Co) = ^(^o, So) within the wedge {z = zo} n W'. This holds for every

W' < W, so the same is true for W .

It remains to show that / has the same admissible limit within the entire

wedge W at po = (zo, Co)» This follows by applying the Lindelöf-Chirka
principle [12, p. 168]. We shall explain briefly the idea.

Let A(r) e W be an admissible po-curve, and let X(t) be its projection onto

{z = z0} x C' so that A(/) - X(t) is parallel to T^M. Denote by R(t) the

radius of the largest disc in C that is mapped into W by the mapping

(2.2) C B C - ( 1 - 0 • A(0 + C • A(r) G C"+/.

Since A is admissible, a simple calculation shows that R(t) —> oo as t —> J..

The function g(Q = f((l- QX(t) + ÇA(t)) is bounded holomorphic on
Id < R(t), with ||g||oo < ll/lloo • The Schwarz lemma implies

|/(A(0) - f(W))\ = k(i) - £(0)| < 2||/|U/Ä(0 .
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When t —> 1, f(X(t)) —► (bv f)(po) since the curve X(t) approaches po non-

tangentially within the wedge {z = z0} n W. Since the right-hand side goes to

zero, we have /(A(r)) -> (bv f)(po) as well. Thus Theorem 1 and Proposition

3 are proved, provided that Theorem 4 holds.

We shall now indicate the proof of Theorem 1 under the weaker assumptions

(1.4) on /. Let g — fo «3> be as above. By the chain rule,

/ /

dg/dwj = Y,df/dCs ■ dÇs/dwj + £Ô//ÔC, • dCs/dWj
s=l s=\

= (f(d-k-x)-cf(dk+x)+cf(d-xl2)-cf(l) = cf(d-xl2),

so g still satisfies Theorem 4. The only other place where we used the fact

that / was bounded holomorphic was in the Lindelöf-Chirka principle. In the

nonholomorphic case we shall require the following lemma.

Lemma 6. Denote by A = {|C| < 1} the unit disc in C. For each compact subset

K c A and for each a G (0, 1) there is a constant C — C(K, a) such that every

function f e WX(A) satisfies the estimate

(2.3)    |/(z1)-/(z2)|<C(||/||00 + ||9//öz||00).|z. ~z2\a,        zx,z2eK.

Here, ||/|U = sup{|/(z)|): z €Ä}.

Proof. By the Cauchy formula we have

JK '     2m flil=x C - z 2niJJmx      Ç-z

= <t>(f)(z) + T(df/dO(z),        zeA.

The operator T maps L°°(A) boundedly into the Holder space Wa(A) [18,

p. 34], so T(df/dQ satisfies the estimate (2.3) with a constant Cx < oo de-
pending only on a. Also, since <!>(/) is holomorphic, H^/lHco < ||/]|oo , and

the Cauchy estimates imply

mf)(zx) - <D(/)(z2)| < C2 • H/IU • \zx - z2\,

where C2 depends on K ce A. Combining the two estimates we obtain (2.3).

Lemma 6 is proved.

Consider now the complex line Lt c C"+/ given by (2.2). Fix a t < 1 and let

e be the distance of X(t) to Af. Within Lt there is a disc A, c W, centered

at X(t), of radius comparable to el¡2 , so that dist(p, Af) > c-s for some c > 0

and for all p e At. By our assumption on / we have |9/| < e~xl2 on A,. If

we rescale A, to the unit disc A = {?/gC:|í/|<1} so that y(t) corresponds

to n = 0 and denote by h,(n) the restriction of / to A, in the «-coordinate,

then lid«-!!»-, < C < oo, where C is independent of t. Also, ||«<||oo < ll/lloo ■

The condition that the curve A(t) is admissible implies that the point n(t) e A

corresponding to A(t) G A( tends to zero as t —> 1, so Lemma 6 implies

\f(A(t))-f(X(t))\ = \hi(n(t))-hl(0)\^0
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as t —► 1. This completes the proof of Theorem 1, provided that Theorem 4

holds.

3. Proof of Theorem 4

Multiplying g by a suitable cut-off function x sucn that dwx is flat on
E^ x Rl we may assume that the support of g is contained in Wo n {|x|2 + |u>|2

< 1} . Let (bv g) e L°°(RN x Rl) be the distribution boundary value of g.
We treat first the one-variable situation. Let IL = {iD = iTííeC:í>0},

and let « G WX(H+) have support contained in {\w\ < 1}. The formula of

Stokes gives the following Cauchy's formula with weight:

hW = U~ 7T$Tdx-U   ah¡dl.T±—-dlNdt.
n J_00 xl + 1 n Jn+ Cz + 1

Replacing «(C) by h(s + tQ for a fixed pair s e E, t > 0, s2 + t2 < 1, we
obtain

(3.1)    h(s + it) = ± H'h{St"]dX -*- Í   dh/dUs + tOy^-jdÇAdÇ.
n J_00     x¿+l n Jn+ Cz + 1

Suppose now that « isa fêx function in n+ with bounded support, but it is not

f ' up to the boundary dU+ = E. If we assume that |<9«/dC| = ^((Im C)"1+£)
for some e > 0 and that h has a distribution boundary value (bv «) g L°°(E),

then the formula (3.1) still holds, provided that we replace « by (bv «) in

the first integral. This can be seen by applying our formula to the translates

«,(0 = h(C + in) for n > 0 and letting n —> 0. The first integral converges

by definition since 1/(t2 +1) is a test function (recall that « has bounded

support!). In the second integral we have

\(dhjdO(s + tO\ <C(tIm Q-x+e,

and we integrate over the set

{CGn+:|5 + ?CI<l}c{CGn+:|C|<2//}.

Thus the second term in (3.1) is bounded up to a constant factor by

f ' I ^~'+£|T-2 i 11***^.        C = x + iy,
J \r\<2/t It   + l\

y>0

that can be estimated from above by

i£(log(2//) +cf(l)) = f log l/t + cf(t£).

The dominated convergence theorem applies, and we have (3.1).

As T \ 0, the above estimate shows that the second integral converges to

zero, uniformly for s e R. Thus « is bounded on n+ and has a nontangential

limit at 5 G E precisely when the first integral in (3.1) has these properties.

Replacing s + tx by x we get the integral

1   f°° t
h{S + Ít) = ñLh{T\x-s)2 + t2'dT-

This is just the Poisson integral P[h] of « in n+. From the classical theory

[5] we know that for all h e Loo(E), P[h] is bounded and has nontangential
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limit h(s) at almost every 5 G E; certainly this is true at every Lebesgue point

of « . This proves Theorem 4 in the case A = 0, 1=1.

Recall that a point Xo G Em is a Lebesgue point of a locally integrable func-
tion ft G Lx0C(Rm) if

r\OU(B(X0,r))     JB(x0,r)

where v is the Lebesgue measure on Em and B(xo, r) = {\x - xo\ < r}.

The classical Lebesgue's differentiation theorem asserts that the set of Lebesgue

points of every ft G L^JE"1) has full measure [4, p. 93].

We now proceed to the proof of Theorem 4 in the general situation. For each

vector t e T0 \ {0} and for each point (x, s) e RN x Rl we have the complex

half-plane

n+(x, s) = {(x,s + tQ el^xC1: Im C > 0} c W0

with boundary lt(x ,s)cRNxRl.

A priori we do not know that the restriction of g to n+(x, s) has the

distribution boundary value on l,(x, s) equal to (bv g), restricted to lt(x, s).

To avoid this difficulty we use regularization as in [11]. Choose a function

X e ^°{RN xR'), * > 0, with Jxdxds = I, and let xs = X('/à)/ôN+l for
ô > 0. Let gs = g * Xs be the convolution of g with xs m the variables
(x,s):

gs(x, s + it)= / g(x', s' + it)xs(x - x', s - s') dx' ds'.

Clearly gs satisfies the same growth conditions as g, uniformly with respect

to ô. Also, gs is continuous up to the edge RN x Rl and equals (bv g) * Xs

there. As ô goes to 0, (bv g) * Xs(x, s) converges boundedly to (bv g)(x, s)

at every Lebesgue point (x, s) of (bv g).

Let E c RN x Rl denote the set of Lebesgue points of (bv g). Fubini's

theorem implies that for each t e Yo\ {0} there is a set Et c E of full

Lebesgue measure such that for every (x, s) e Et * the intersection E n lt(x, s)
is a set of full one-dimensional Lebesgue measure in l,(x, s). For any such

point (x, s) e Et we apply the formula (3.1) to the function g¿ , restricted to

U+(x,s):

■^     1   f°° gs(x,s + tx)    ,
ft(s,J+,o = -y    1t2+1 }-dx

Now let ô \ 0. By the dominated convergence the second integral converges

to the same expression with g¿ replace by g . In the first integral, gs —» bv g

boundedly almost everywhere on the line lt(x, s) (i.e., at each Lebesgue point

of bv g), so the dominated convergence applies again. Thus

g{x
1   f°° 1

s + tt) = -        (bv g)(x,s + tx)-r—dx
n J_oc xl + 1
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Since |r7| < tx on Y0, we can estimate the second integral by C • t\ • (log l/tx +

cf(l)) as in the one-variable case (C only depends on g). Since bv g e L°° ,

this formula shows that g is bounded on YI+(x, s) and the bound is indepen-

dent of (t, x, s), provided that lt(x, s)C\E has full measure in lt(x, s). The

union of the corresponding half-planes Ilf(x, s) is everywhere dense in Wo,

so g is bounded on Wo . This proves the first assertion of Theorem 4.

To prove the second assertion concerning the nontangential boundary values

we choose a countable dense set of vectors {tj}JLx in T)\{0} and let Etj =E¡

be the corresponding sets of full measure in E. For each j we let Fj be the

set of all points (x, s) e E¡ with the property that (x, s) is a Lebesgue point

of the restriction of (bv g) to ltj(x, s). This also is a set of full measure in

RÄxl'. Finally let F = fÇÎ, Fj » Theorem 4 follows from

Lemma 7. At each point (x, s) e F, the function g(x, •) has the nontangential

limit (bv g)(x, s) within the wedge {x} x (E' + /To) C {x} x C'.

Proof. Fix (x, s) e F . By the construction of F and the corresponding one-

variable result we know that

(3.2) limg(x, s + ietj) = (bv g)(x, s)
e\0

for all 7 G Z+. Our goal is to show that for every conical approach region

Ac(R' + /To) with vertex at (x, s) we have

lim  g(x, w) = (bv g)(x, s).
ABw—>s

Without loss of generality we may take (x, s) to be the origin in RN x C1 and

(bv g)(0, 0) = 0. For every sequence e, > 0, e; \ 0, we consider the family

of functions h¡(Q = g(0, e,C), C £ A. The sequence is uniformly bounded

on A. Moreover, the growth condition \dwg\ = (f (ff1+£) shows that on every
compact subset K c A we have

dhj/dCk(Q = ejdg/dwk(0, sjQ = SjCf((ejIm C)~x+£)

= <f(Ee)—>0    as j ->oo.

Lemma 6 implies that {hj} is uniformly Holder continuous on every K cc

A, so there is a subsequence converging to a continuous function ft G 'S'(A).

The above estimate of \dhj\ implies dh = 0 (this is verified immediately in

the sense of distributions), so the limit function ft is holomorphic in A.

Now (3.2) shows that ft equals (bv g)(0, 0) = 0 on each ray {/'Af,: X > 0}.
Since the union of these rays is dense in the cone /To , it follows by continuity

that ft = 0 on the totally real submanifold /T0 n A of A c C' of maximal
dimension /. Since ft is holomorphic, we conclude that ft = 0 in A. This

holds for every sequence {e7} converging to zero, so the usual argument by

contradiction concludes the proof of Lemma 7.
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