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GENERALIZED GROUP PRESENTATION AND
FORMAL DEFORMATIONS OF CW COMPLEXES

RICHARD A. BROWN

Abstract. A Peiffer-Whitehead word system W , or generalized group presen-

tation, consists of generators, relators (words of order 2), and words of higher

order n that represent elements of a free crossed module (n = 3) or a free

module (n > 3). The /«-equivalence relation on word systems generalizes the

extended Nielsen equivalence relation on ordinary group presentations. Word

systems, called homotopy readings, can be associated with any connected CW

complex K by removing a maximal tree and selecting one generator or word

per cell, via relative homotopy. Given homotopy readings Wx and W2 of finite

CW complexes Kx and K2 respectively, we show that Wx is /«-equivalent to

W2 if and only if Kx formally (n + 1 )-deforms to K2. This extends results

of P. Wright (1975) and W. Metzler (1982) for the case n = 2 . For n > 3 , it

follows that Wx is Pn -equivalent to "W2 if and only if Kx and K2 have the

same simple homotopy type.

1

1.1 Introduction. The purpose of this paper is to reintroduce J. H. C. White-
head's homotopy systems from the viewpoint of R. Peiffer. In [8], extended

group presentations ("X-systems") are considered that have three fields, namely

generators, relators and identities among relators ("relation identities"). At the

same time, Whitehead [14] introduced the homotopy system of a CW complex

K, consisting of the fundamental group px = nx(Kx) and the relative homo-
topy groups pn = n„(K", K"~x) (n > 1) with the standard boundary maps

àn'- Pn ^ Pn-i ■ We generalize Peiffer's approach using homotopy systems as a

guide, by defining generalized group presentations, or word systems, with an ar-

bitrary number of component fields. Each entry or word in such a field gives rise

to an element in the free module pn , much as a relator represents an element

of a free group in an ordinary group presentation.
After setting up some machinery, we prove the following generalization of

P. Wright's Theorem [15].
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Theorem (1.1.1). (See (6.1.1).)   Two CW complexes K,  L of dimension at

most n formally (n + l)-deform to each other, Kf\L, iff any corresponding

word systems W(K) and W(L) are Pn-equivalent, as defined in Subsection 2.3.

Here, K /\ L means that there is a sequence of elementary expansions and

collapses of dimension at most n + 1 that transforms K to L, and in-
equivalence is a generalization of the equivalence relation introduced in [1].

The proof of this theorem in the more difficult case ( /\ =>• P„) ultimately rests

on an analysis of the structure of words in a word system. In fact, if e is an

«-cell in an intermediate complex K' that is collapsed during the deformation

K' f\ L, then the "spelling" of the word corresponding to e in W(K') may be

used as a prescription for converting the collapse of e into a P„ -equivalence of

word systems. See Theorem (4.1.2).

In view of [12], we may conclude that simple homotopy equivalence of CW

complexes of dimension n > 3 is characterized by P„ -equivalence of corre-

sponding word systems. For n = 2, this statement would be equivalent to the

Andrews-Curtis conjecture [1]. It is possible that an analysis of /^-equivalence

of word systems of order 2 would shed some light on that conjecture.

Word systems offer a flexible means to express geometric deformations in

an algebraic manner. For example, in order to manage the effect of geometric

3-deformations on corresponding group presentations, Wright transformed a

given 3-deformation of 2-complexes into a transient deformation in which at

most one 3-cell is present at any time. In contrast, the proof of Theorem (1.1.1)

permits an accumulation of (n + l)-cells in an (n + l)-deformation: the words

in a word system express the information needed to carry out the proof.

Theorem (1.1.1) can be used to show that Wright's transiency property holds

in higher dimensions. See Proposition (7.1.2).

This work requires a technical result that may be of interest, concerning 3-

dimensional cells in a CW complex. If e2, ... , e2 are free faces of a 3-cell

e3, then there exists a characteristic map 4> of e3 that "realizes the freeness"

of all of those faces simultaneously, i.e., 4> restricts to a characteristic map for

each 2-cell ef (see Proposition (3.1.2)). This fills an apparent gap in S. Young's

proof of Wright's Theorem for the CW category [16]. Our proof requires a
theorem of Dyer and Hamstrom [6].

This paper is organized as follows. The remainder of § 1 reviews preliminary

material. We define the notion of a word system or generalized group presen-

tation in §2. The correspondence between CW complexes and word systems is

discussed. Various equivalence relations patterned after EN- and Q-moves (see
Subsection 1.3) are proposed for word systems. In §3, several technical results

are established. In §§4 and 5, certain of the equivalence relations defined in §2

are shown to have identical equivalence classes, which proves most of Theo-

rem (1.1.1). The proof of that theorem is completed in §6. Section 7 contains

applications.

I am indebted to Professor Craggs, who directed this disserta-

tion and suggested the problem of proving Wright's Theorem

using Z-systems. I am grateful to the referee for his comments,

which were helpful, and for suggesting the transiency problem

addressed by Proposition (7.1.2).
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1.2 Notation and conventions. For elements a and b in a topological space

A, a path p: a ~» b from a to b is a continuous function p : I -» A that
satisfies p(0) = a , p(l) = ô.

We are interested in finite, connected CW complexes K. The m-skeleton

Km of K is the subcomplex consisting of all cells in K of dimension at most

m . Let Bm denote a closed topological m-ball, and suppose that p is the index

of an m-cell in K. Unless other indicated, em will always be understood to be

an m-cell in a CW complex, <pm : Bm -» K will be a characteristic map for em =

<t)m(intB), and fm will be the attaching map fm = dcpm: hdyBm -» Km~x.

The same relationships will hold for decorated symbols, e.g., e~p",<f>™,Jf.

Proposition (1.2.1). Suppose that <f>, \p: Bm -> Km are two characteristic maps

for the same m-cell em £ K of a CW complex K that agree on the basepoint *

of Bm , </>(*) = y/(*) = *K .

Then the relative homotopy classes [<f>] and [y/] in nm(Km, Km~x, *K) agree

up to orientation reversal and the action of nx (Km~x, *K), that is,

[<t>] = a • [y/f   for some a £ nx(Km~x, *K), e = ±l.

Proof. This is easily proved using [13, V(1.4)] and the Relative Hurewicz The-

orem.   D

Given two maps f0, fx : (A, A, *x) -» (Y, B, B) and a path p: f0(*x) ~*
fx(*x) in B , we say that fo is freely homotopic to fx via the path p, fo-pfi,
if there is a homotopy H: X x / —► Y satisfying H\X x 0 = fo, H\X x 1 = fx,
H\A x I c B, and H\*x XI — P■ The symbol ~ denotes based homotopy, i.e.,
free homotopy via the constant path. The notation [/] will generally be used

to denote the (absolute or relative) based homotopy class of a map.

A topological ball tuple (Bm, ß["_1, ... , Bq~x) is a closed m-ball together

with Q disjoint closed (m - l)-balls 2?¡"-1, ... , Bq~x that are contained in

hdy(Bm). Suppose that em , e™~x, ... , e£~x are cells in a CW complex K .

We say that a characteristic map 4>m: Bm —> K is a multiple collapse map for
(em, ef~x, ... , e™~x) if there is a ball tuple structure (Bm, B™'1,..., B™~x)

on Bm such that

a. (f)m\B™~x is a characteristic map for the (m- l)-cell e™~x , and

b. 4>m\(Bm - B™~x) does not meet ef~x .

In the case Q = 1, we call <pm a (single) collapse map.

Let K and L he CW complexes satisfying L = K U em~x U em , and sup-

pose that a collapse map cpm exists for (em , em~x). The move [K, L] is an

elementary m-expansion, written K / L. The move [L, K] is an elemen-
e ,m

tary m-collapse, L  \  K.   An elementary m-deformation is an elementary
e ,m

w-expansion or m-collapse. An elementary m-deformation is said to have di-

mension m.

A formal m-deformation, K/\L, is a finite sequence of complexes K =

Kq, K\, ... , Kq = L such that each move [Kq, Kq+X] is an elementary defor-

mation of dimension at most m . That formal m-deformation is transient if K

and L are (m - l)-complexes and every m-cell is collapsed immediately after

it is expanded. When no deformation [Kq, Kq+ x ] has dimension less than n ,
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we write K/\L. If all those moves are elementary expansions or collapses, we
n

m m

write K / L or K \ L.

Definition (1.2.2). A move [K, L] is an elementary homotopy m-move, K -»
e ,m

L, if there are cells em £ K and e~m e L such that

(a) K = K'liem and L = K'oë~m for some common subcomplex K', and

(b) those cells have attaching maps fm and fm that are freely homotopic

in K'.

Such a homotopy move is said to have dimension m. If the image of the

homotopy in condition (b) is contained in a subcomplex An C K', we say that

the homotopy move takes place within Ko. By the Cellular Approximation

Theorem, we may adjust any homotopy satisfying condition (b) to insure that

the homotopy move takes place within the complex (A0)m .

A sequence  K = Ki, K2, ... , Kq = L  is a homotopy m-deformation,
m

K r\ L, if each move [Kq, Kq+X] is an elementary expansion, collapse or

homotopy move, of dimension at most m .

Suppose that K —► L = K u em - em is an elementary homotopy m-move
e ,m

that takes place within Km - em . Then one may attach an (m + l)-cell em+x

to Km U em via the attaching map

fm+x = h U (<T x 0) U (f>m x 1): bdy(Im+1) -> Km l)em

where h: bdy(F") x I —> Km - em is the given free homotopy between the

attaching maps. The ( m + 1)-expansion K   /   K Uëm l> em+x is called the
e ,m+l

expansion associated with the homotopy move [K, L]. Likewise, K U ëm u
em+\   \^   (K-em)l)e~m is called the collapse associated with [K, L]. We also

e ,m+l

refer to that homotopy move as sliding the m-cell em across the (m + l)-cell

em+\ or sliding fhe attaching map fm across the homotopy h .

Lemma (1.2.3). Let K and L be CW n-complexes. If a homotopy n-deforma-

tion K r\ L exists, then there is a transient formal (n+l)-deformation K f\L.

Proof. Replace each homotopy m-move KQ —> Kq+X in the given homotopy
e ,m

«-deformation by the associated expansion and collapse

Kq   /   Köemöem+X    \   (K-em)l)ëm.   D
e,m+l e,m+l

1.3 Extended Nielson transformations and Wright's Theorem. We now briefly

review group presentations and 2-dimensional complexes in order to motivate

higher-dimensional definitions and relate our results to the literature.

A finite group presentation ¿P = (yx, ... ,yj \ Ri, ... , RK) consists of
generators yi, ... ,yj, which are distinct symbols, and relators Rx, ... , Rk ,
which are words in the symbols y¡ and their inverses. The group presented by

3° is

G(&) = F(yx,..., yj)l n.cl.({Rx,..., RK}).

Two words are equivalent, wx ~ W2 , if they represent the same element (wx) =

(W2) £ G(¿P).  Two words are congruent, wx = i/^, if they are identical as
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sequences of symbols. The presentations & = (yx, ... , yj \ Rx, ... , R&) and

¿?" = (y[,'..., y'M | R\, ... , R'N) are congruent if they have the same cardi-

nalities J = M, K = N and if each relator R'k arises from the corresponding

relator Rk by substitution, R'k = Rk(y[, ... , y'f . Words or presentations are

considered to be the same only if they are congruent.

There are two common approaches to defining extended Nielsen transforma-

tions on group presentations. The moves for each approach are listed below.

EN-moves [8, 15]. Let ¿P = (yx, ... ,yM\Ri, ■■■ , Rn) be a group presenta-
tion.

EN1. Change of representing word. For some n, replace Rn by a word Rn

that represents the same element in the free group F(yx, ... , yiu) •

EN2. Inversion of a relator. For some n, replace Rn by the inverted word

EN3. Product of relators. For some n and j  (n ^ ;'), replace R„ by RnR¡ ■

EN4. Interchange of relators. For some n and j (n f=- j), replace Rn by Rj

and Rj by Rn ■

EN5. Conjugation of relators. For some m and n, replace R„ by ymi?„y-'.

EN6. Expansion. Append a new generator y¡a+i and a new relator Rn+i =

yM+iR for some word R = R(yx, ... ,y\i) in the other generators.

EN7. Collapse. Remove y m and Rn ■ This move is permitted only if Rn =

yMR for a word R = R(yx, ... , yM-i) in the other generators, and if

y m does not occur in Rx, ... , Rn-i ■

Q-moves [9, 7]. Let & = (yx, ... , y m \ Rx, ... , Rn) be a group presentation.

Q1=EN1, Q2 = EN2, Q3 = EN3, Q4 = EN5 .
Q5. Automorphism of underlying free group. For an automorphism o of the

free group F(yx, ... , yiu), replace the word Rn(yx, ... , ynf) by the

word Rn(oy\, ■■■ , cryni) for all n .

Q6. Stabilization. Append a new generator yM+i and a new relator Rn+i =

Vm+1 •

Q7. Destabilization. Remove y m and Rn . This move is permitted only if

RN = y m and y m does not occur in Rx, ... , Rn-\ ■

Two group presentations are said to be EN-equivalent if one can be obtained

from the other by a sequence of moves of the types EN1, ... , EN7 . Two

group presentations are Q-equivalent if they are related by a sequence of moves

of types Ql, ... , Q4 ; they are Q*-equivalent if they are related by a sequence

of Ql, ... , Q5 moves; and they are Q**-equivalent if they are related by a

sequence of Ql, ... , Q7 moves.

Proposition (1.3.1) (see [4, Appendix and 7]). Two group presentations are EN-

equivalent if and only if they are Q**-equivalent.   □

Suppose that A is a CW complex of dimension two. A group presentation

is a cellular presentation for nx(K) if its generators correspond to a basis of

the free group iti(Kx, *k) and its relators are words representing the elements

induced by attaching maps of the 2-cells in K. More precisely, each gener-

ator ym is associated with the homotopy class [Xm] £ nx(Kx, *K) of a loop

Xm: (I, bdy(I)) -» (A1, *K). Each relator Rn = Rn(yi, ■■■ , )>m) represents

a homotopy class [¿;,,#/„2#£,,] e nx(Kx, *K), where f2: bdy(I2) -> A1  is an
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attaching map for the 2-cell e2, £„ : *k ~* /„2(0) is a connecting path to the

basepoint of e2, # denotes path multiplication and ¿¡n  denotes the inverse

path £(0={„(l-i)   (0</<l).
The Seifert-Van Kampen Theorem implies that a cellular presentation for K

does in fact present the group nx(K, *%). By a standard construction, every

group presentation is a cellular presentation for some 2-complex K(¿P).

Proposition (1.3.2). Suppose that 9° = (yx, ... ,yM \ Ri, ■■■ , Rn) and £P' =
(y'i ' • • • ' y m I -R'i > ■ • • » R'n) are cellulw presentations for the same 2-complex

K.
Then 3° and ¿P' are Q* -equivalent.

Proof. Straightforward.   D

The following is a consequence of our Theorem (6.1.1).

Theorem (1.3.3) (Wright's Theorem). Suppose that K and K' are finite, con-

nected CW 2-complexes. Let ¿P be a cellular presentation of K and 9°' a

cellular presentation of K'.
3

Then K formally 3-deforms to K', K/\K' if and only if 9° is EN-equivalent
to 9s'.

Wright proved the result in the polyhedral category. Metzler and his students

have established the CW case (unpublished; see [7, p. 293, Note (2)]). Both
Wright and Metzler used transient deformation in their proofs of sufficiency,

i.e., a given formal deformation must be modified so that every 3-cell is collapsed

immediately after it is introduced.

2. Generalized group presentations

2.1 Word systems. Let G be a group. A G-crossed module is a group A

together with an action • of G on A and a homomorphism d : A —> G such

that
(a) XxX2XZl = d(Xx) • X2 for X, £ A, and
(b) d(g-X) = gd(X)g-x for g£G, X£A.

Crossed modules were invented by J. H. C. Whitehead [14] to express the struc-

ture of second relative homotopy groups of complexes. See [10] for a general

exposition of the properties of crossed modules. We observe that an .R-module

M is always an .R-crossed module with trivial homomorphism d. However,

the groups G and A for a crossed module need not be abelian.

Maps f = (f\, /g) : (A, G, -, d) —> (A', G', •', d') between crossed mod-
ules are defined in the obvious way. A free crossed module is a free object in the

category of crossed modules. Whitehead [14] gave the following construction of

a free crossed module. Let F(A) denote the free group on the set A. Choose

elements ga (a £ S) of G, and consider the subgroup P of F(C7 x J")

defined by

P = n.cl.{(g, a)(h, ß)(g, a)-x(ggag-xh, ß)~x \ g, h £ G; a, ß £jf} .

Then the quotient A(J7) = F(C7 x Jr)/P, together with the G-action induced

by g • (g', a) = (gg', a) and the homomorphism d: A(J^) —> G induced

by (g, a) —> ggag~x , forms a free G-crossed module. We call Ap2") the

standard free G-crossed module with basis {(1, a) \ a £ J7} and boundaries ga
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(a £ J*"). Elements of the subgroup P are called Peiffer identities. Elements
(w) £ A(J^) are cosets of words of the form

(2.1.1) w = (gx,axr>(g2,a2y>---(gn, anf-

where e, = ± 1.

Let ZG be the integral group ring of G. Suppose M(J^) is a free G-module

with basis {mQ | a £ J7'} , and let (g, a) denote the element g • ma £ M(^f).

Then we may represent the elements (w) £ M(JF) by words of the form

(2.1.2) w = ex(gx,ax) + e2(g2, a2) + • ■ ■ + em(gm, am)

where e¡ = ± 1, g¡ £ G, a,e/.

A syllable is an element (gx, ax)e' or e¡(g¡, a¡) appearing in words of the

form (2.1.1) or (2.1.2). For convenience, we sometimes use the additive form

(2.1.2) rather than the multiplicative form (2.1.1) for words that represent ele-

ments of a crossed module, even though crossed modules are not commutative
in general.

For an m-cell em in a pointed CW complex pair (A, A, *), let </>m be a

characteristic map for em and let t¡m he a path from * to the basepoint of

em. Theorems (2.1.3) and (2.1.4) below relate free crossed modules and free

modules to relative homotopy groups.

Theorem (2.1.3). (See [14, §16] and [2].) Suppose that X is obtained from a
connected topological space A by adjoining 2-cells e2, ... , ej .

Then the relative homotopy group ^(A, A) is a free nx(A)-crossed module,

and there is an isomorphism of free nx(A)-crossed modules

o2:n2(X,A) = A({l,...,J})

defined by o2([C2#<p2Hj]) = (( 1, ;)) ■   □

Theorem (2.1.4). (See [14, §16] and [13, V.l].) Suppose that X is obtained from
a connected topological space A by adjoining m-cells ef, ... , ef for some
dimension m > 3.

Then the relative homotopy group nm(X, A) is a free Znx(A)-module, and

there is an isomorphism of free Znx(A)-modules

om:nm(X,A)=iM({l,...,J})

defined by om(RjP] • [<p™]) = (( 1, j)).   a

The isomorphisms of these theorems will be called Whitehead isomorphisms.

We wish to generalize the notion of a finite group presentation by permit-

ting more than two fields. The entries in the new fields will be words w%

(s > 2) representing elements in a free module or free crossed module. Such

words may correspond to boundaries of higher dimensional cells esa of a CW

complex, much as relators correspond to the boundaries of 2-cells in a cellular

presentation.

Definition (2.1.5). A Peiffer-Whitehead word system or extended group presen-

tation W consists of a finite list of finite sets (W^\W^\ ■ ■ ■ \W^) together
with boundary homomorphisms d-$, ... ,dn, described as follows.

3F(1) =J\ isa set of indices, called 1-indices.
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WW = {wl | ß £ J%} is a set of words representing elements of the

free group F = F(J^).
W"W = {Wy | y £ J3} is a set of words representing elements of the

standard free F-crossed module A = A(Jf) with boundaries

{Cß = (w2)\ß£^2}.

<^-{m) _ j^m j ^ e jrj (4 < /n < «) is a set of words representing

elements of the standard free ZG-module Mm = Mm(*fm-i),

where G = F ¡ n.cl.({(w2p) | ß £ J^}) is the group presented by

(3F(1> |3T(2)).
¿3: A(^) -+ F is a group homomorphism determined by 67*3((1, /?)) =

K>.
¿4: Af4(J3) —> A is a homomorphism determined by ú?4((1, y)) =

(wy), as described below.

dm: Mm(^fm-i) —► Afm_i   (4 < m < «) is a module homomorphism

determined by dm((l, X)) = (wf~x).

We require that all words have trivial boundaries

dm(w™) = identity (p£Jrm,3<m<n).

If W is such a word system, the set W(m) is called the m-field of W,

and its elements w™ are called m-words or words of order m . The boundary

homomorphisms dm (m > 4) are well-defined ZG-maps because Mm is free.

The map d-¡ coincides with the group homomorphism in the definition of a

crossed module. The function d4: M4(J^) —> A(J^) is a homomorphism of

the underlying groups i/4: |A/4| —* |A| that satisfies

¿»(s • y) = * • ¿4OO

where y e Af4 , g £ G, and x £ F is any coset representative for g £ G. Such

a function d4 is clearly well-defined. When we describe d4 by the equation

d4((l, y)) = (wj) in Definition (2.1.5), we mean d4((g, 7)) = x • (wj) where

x £ F represents the coset g £ G.

We often write W = (W^ \ W^\ ■ ■ ■ \W™) in discussions that do not refer
to the boundary homomorphisms directly. Such a word system W is said to

have order n. We sometimes write Mm(W) to refer to the module Mm(J^,_i)

(m > 3) or A(J^)   (m = 3) associated with a word system.

Two word systems

^ = (K}^|-|WW,)   and   W = ({wl}.eJFi\---\{wi}-eyJ

have corresponding index sets if there are bijections J7m <-> JF m of the index

sets for each order 1 < m < n . Such word systems are congruent, W = W, if

they have corresponding index sets and each word w~j in W arises from the

corresponding word w™ of W by substituting according to those bijections.

We also say that W is obtained from W by reindexing. Congruent word

systems are considered to be identical.

2.2 Homotopy reading. The following procedure shows how to associate a

word system W with the structure of any finite connected CW complex K of

dimension n.  Such a word system W is called a homotopy reading of K.
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When n = 2, a homotopy reading is a cellular presentation. We also say that

A is a geometric realization of W .

1. Identify a maximal tree in Kx to a point.

2. Select basepoints *"¡ £ bdy(e™) for each cell e™  (p £ J?m ,2<m<n).

3. Choose connecting paths ¿;™: e° ~» *m in Km~x.

4. Choose a characteristic map <f>™: Bm —> cl(e^) for each cell. These deter-

mine orientations on the cells.

We may now define Whitehead isomorphisms o¡ as follows:

Oi : n(Kx) = F(^fx), ox([(f)xa]) = (a), an isomorphism of free groups,

(72: n2(K2, A1) =i A(JS),o2([i2ß] • [<%]) = {{l,ß)), so that (ox, of) is an

isomorphism of free crossed modules, and

om : nm(Km , Km~x) £ Mm+X(^m), om([Ç?] • [4%]) = ((I, p)), an isomor-

phism of free modules (3 < m < n).

5. Let w™ be any word representing the element

(2.2.1)

(u,«v = { °Ml#d<t>lH2]) e F(JV (p£S2,m = 2),
"'     \om-M™]-[d<t>ra])£Mm(Im_x)orA(J?2)       (p£Jrm,3<m<n).

6. Finally, define boundary maps dm+x: Mm+X(^m) —> Mm(<fm-X) by

dm+x((l, p)) = (w™), where My and M2 are understood to mean A and F ,

respectively.

The following relations are easily checked (dm is the usual boundary operator

in relative homotopy).

(2.2.2)
d3 o <t2 = ox o d2: n2(K2 ,KX)^ F(SX),

d4oo3 = o2od3: n3(K3, K2) - A(J$),

dm+i o am = om-X o dm: nm(Km , Km~x) -♦ Mm(Sm.x)       (4 < m < n - 1).

Thus

dm«) = ¿m ¿m+,<7m([<^] • [0»]) = am_2Öm_,am([^] • [0*]) = 0 € Mm-X .

This verifies that W = (({wxf\ \ {wj}\ ■ ■ ■ \{w¡}}), {dm}) is a word system.

The correspondence between a homotopy reading and a geometric realiza-

tion is completely determined by the choices 1 to 5 above. We refer to these

selections as homotopy reading choices. If a word w and an attaching map

f = dtp are related according to (2.2.1) above, we say that w is associated with

f, w~ f.
As was noted in Subsection 1.3, every group presentation P is a cellular

presentation of some 2-complex K(9°). Thus, every word system W = (W{X) \

3F(2)) of order 2 has a geometric realization. However, Whitehead's study

of homotopy systems shows that higher-order words systems may fail to have

geometric realizations.

Example (2.2.3) [14, §15]. The word system

W = (x I w\, w\ I w] I w\ I w]),

w2 = xx,    w¡ = l,    w? = ((x), a)(l, a)~x,

w$ = (x,c) + (l,c),    w* = (x, d) -•(!, d)
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has no geometric realization, where x is the element in G = F/R represented

by (x)£F.
Such "phantom complexes" arise when a boundary condition d„((w")) = 0

corresponds to a triviality in relative homotopy that is not a triviality in absolute
homotopy (cf. (2.2.2) and Proposition (3.2.3)). Whitehead's work implies the

following results about geometric realization.

Proposition (2.2.4) [14, Theorem 2, p. 465]. Every word system of order n < 4

has a geometric realization.   D

Proposition (2.2.5) [14, Theorem 3, p. 466]. // W is a word system for which

the group G(W) presented by (Ww \ W^) is trivial, then W has a geometric

realization.   □

2.3 Equivalence relations. Let W and W be word systems. Denote the

words, index sets and boundary maps of W by w™ , J^,, and dm , and denote

those constituents of W by w™ , J^ , and dm .

In Definition (2.3.5), we introduce three equivalence relations on word sys-

tems in the spirit of the EN-equivalence relation on presentations. Some com-

plications arise because moves such as product equivalence of low-order words

may lead to spelling changes in higher-order words. N.B. For convenience, we

use the additive notation (2.1.2) here even in the case m = 3 .

Definition (2.3.1). The move [W, W] is an elementary l-product equivalence

if the following conditions hold for some 1-indices a, x £ J^ and o. £^x.

(1) ~JX = J"x U {07} - {o}_, and ~J„\ = Sm  (m>2).

(2) Each 2-word w2ß £ W is obtained from the corresponding 2-word wl £

W by replacing each occurrence of a by or-1.
(3) For each m-word w™ = ex(gx, Xx) + ■ ■ ■ + eQ(gQ, XQ) £ W   (m > 3),

the corresponding word W™ e W has the form w™ = ex(gx, Xx)-\-h

£q(ÏÏq > ̂ q) ' where a representing word for the element ~gq arises from

a representing word for the element gq by replacing each occurrence of

a by o.x~x .

Definition (2.3.2). For m > 1, the move [W, W] is an elementary m-product

equivalence if the following conditions hold for m-indices p, x £ J^, and
p£jrm.

(1) ~Jm =J^U{p} -{p}, and ~Jj=Jj   (j±m).
(2) w% = w™ + w!?.

(3) Each (m + l)-word wf+x £W   (f £ Sm+l) arises from w™+x £ W

by replacing every //-syllable eq(gq, p) by eq(gq , p) - eq(gq, x).
(4) wpa = wpa for all p, o £ J"p except for the cases above.

Definition (2.3.3). Suppose m > 1 . The move [W, W] is an elementary m-

expansion, W / W , if there are an m-index p £ J?m and an (m - l)-index
e ,m

X £ J'm-i such that
( 1 ) X occurs exactly once in w™ , and

(2) W is congruent to W - {w™ , w™~1}.
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Pn2.

Pn3.

We also say that [W, W] is an elementary m-collapse, W \ W. The index
e ,m

X is called the expansion face index (or collapse face index).

Definition (2.3.4). The elementary P„-moves are:

P„ 1.  Word-representative equivalence. Replace one word w™   (m > 2) by a

word Ü7™ such that (w¡?) = (w™) £ Mm .

Conjugation. Let a£jr. If m = 2, replace wl by awla~x. If m >

2, replace one word w™ by (a) • w™ . Make appropriate adjustments

in higher order words.

Inversion. Replace one word w£  (m > 2) by the inverted word (w™)~x

(m = 2, 3) or -w™ (m > 3). Make appropriate adjustments in higher

order words.

P„4. Elementary m-expansion or m-collapse, where 2 < m < n (2.3.3).
P„5 . Elementary n-product equivalence (2.3.1) or (2.3.2).

Definition (2.3.5). Let W and W be two word systems.

(a) W and W are Pn-equivalent if there is a sequence of elementary P„-

moves that transforms W to W .

(b) W and W are fully P„-equivalent if W can be obtained from W

by a finite sequence of moves of types Pnl,... , PnA and elementary

m-product equivalences of any order 1 < m < n .

(c) W and W are D„-equivalent if W can be obtained from ffl by a

finite sequence of moves of types P„3 and P„4 only.

These equivalence relations are summarized in Table (2.3.6).

Table (2.3.6). Equivalence relations among word systems

Move

Orders m permitted for

full Pn D„

word-representative

conjugation

inversion

elementary expansion

elementary collapse

produce equivalence

2 < m < n 2 < m < n —

2 < m < n 2 < m < n —

2 < m < n 2 < m < n 2 < m < n

2 < m < n 2 < m < n 2 < m < n

2 < m < n 2 < m < n 2 < m < n

m = n 1 < m < n —

Note: Reindexing yields congruent word systems,

which are considered the same

A sequence of word systems Wx, W2, ... , Wk will be called a Pn-sequence

if each elementary move [Wk, Wk+X] isa P„-move. We define/»// Pn-sequence

and D„-sequence similarly. If every such move is an elementary expansion or

collapse, we write WXI\WK . In that case, the notations Wx / WK , W[\WK,

3&k/\ % , .etc., are used by analogy with formal deformations of CW com-

plexes. If Wx and Wk have order n , we say that a Dn+X -sequence Wx, ... , W&

is transient if every (n + l)-word is collapsed immediately after it is expanded.
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Lemma (2.3.7). Suppose that K is a CW complex. Let W be a homotopy

reading of K for which a maximal tree T c Kx is identified, and let T be
another maximal tree in Kx.

Then there is a homotopy reading W of K for which T is identified such that

W can be transformed into W by a finite sequence of l-product equivalences

and l-inversions.

Furthermore, each index a occurs the same number of times in each word

w £W as in the corresponding word w £W, unless a is a l-index represented

in one tree and not in the other.

Proof. Generalize [11, 4.6] to word systems.   G

Proposition (2.3.8). If W and W are two homotopy readings for the same com-

plex K, then W can be transformed to W using word-representative equiva-

lence, conjugation, inversion and elementary l-product equivalence.

Proof. By the lemma, we may assume the same choice of maximal tree for

both readings. We consider the remaining homotopy reading choices of Sub-

section 2.2. Changes of cell basepoints lead to conjugations. Changes of con-

necting paths also lead to conjugations. Proposition (1.2.1) implies that we

may assume the same characteristic maps after conjugations and inversions.

Word-representative equivalence allows us to choose the same words for both

homotopy readings. Thus, we can transform W to a word system W that is

a homotopy reading for K using all of the same choices as for W . It follows

that W = W.   D

3. Properties of homotopy reading

3.1 Multiple collapse maps and geometric words. If em is an m-cell that can

be collapsed in several different ways, we want to show there exists a word wm

associated with em that expresses all of the collapse conditions simultaneously.

Such a word w" is called a geometric word, and can be "read" from a multiple

collapse map. The existence of multiple collapse maps for 3-cells requires spe-

cial attention (Proposition (3.1.2)), and implies a claim made without proof in

[16, p. 24]. We give a decomposition space argument for that case.

We begin with a lemma.

Lemma (3.1.1). Let X and Y be topological spaces. Suppose that the function

p: X —> Y is either (a) a quotient map or (b) a characteristic map for a cell in

Y. Let h: X —► Z be a continuous function such that hop~l is single valued.

Then hop~l is continuous. Furthermore, if h is closed then hop~] is closed.

Proof. This is an application of transgression [5, Chapter VI, 3.2].   D

Proposition (3.1.2) (Existence of multiple collapse maps in dimension three). Let

e3 be a 3-cell and let e2 , e2, ... , ej be 2-cells in a CW complex K. Suppose

that collapse maps exist for each of the pairs (e3, e2), (e3, e2), ... , (e3, ej).

Then a multiple collapse map exists for (e3 ,e\, ... ,e2f).

Proof. Inductively assume that <f>j\ E3 —* cl(e3) is a multiple collapse map

for (e3,e\, ... , ej). We will argue that a multiple collapse map <pJ+x for

(e3, e\, ... , e2+x) can be obtained from cpj by modifying it near the preimage
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<f>jx(ej+x), then forming a decomposition space E3/G of E3. The nondegen-

erate elements of the decomposition G will be point-inverses 4>Jx(x) of certain

elements x £ ej+l.

Let S be the preimage S = (j)~x(ej+x) c E3. The following conditions clearly

hold.

Condition (3.1.3). For each point x £ ej+l the point-inverse <j)jl(x) is connected

and does not separate the boundary sphere bdy(£'3).

We now seek to modify the characteristic map <f>j near S in order to bypass

potential complications at the frontier fr(S).

Let O: D3 —► cl(e3) be a collapse map for (e3, ej+l) as guaranteed by the

hypothesis, defined on a 3-ball D3. By definition, the map <P restricts to a

characteristic map p: D2 -+ cl(ej+l). The 2-ball D2 c bdy(D3) may be

identified with the unit disk {(r, 6)\0 < r < 1} in R2. Extend the continuous

function X: D2 —► D2 defined by

\(2r,6)   ifr<±,
X(r,0) = { V        ; -]'

\(l,6)     if r > i,

to a continuous function A: D3 -» D3 that is a homeomorphism on int(D3)

such that A|(bdy(D3) - int(D2)) = identity. Then the composition f/ = $o

AoO-1: cl(e3) -> cl(e3) is a well-defined continuous map satisfying

H\(hdy(e3) - e2) = identity.

It follows that there is a well-defined continuous map </>; = H o fa■; E3 —> cl(e3).

Because of the nature of H, this map <$>¡ is seen to be a multiple collapse map

for (e3 , e\ , . . . , ej) .

Let G be the decomposition of R3 whose nondegenerate elements are the

point inverses ffl(x) for points x £ A2 , where A2 is the ball

A2 = p({(r,6)\r<x1})cej+X.

(Here we emphasize that f is the original attaching map cj)j\hdy(E3).) Let

q: E3 -> £3/G be the associated quotient map. Then G is an upper semicon-

tinuous decomposition of the separable metric space E3, so E3/G is a metric

space by a well-known theorem. Furthermore, E3¡G is a Hausdorff space, and

E3 is compact, so q is a closed map. Recalling Condition (3.1.3), we may

conclude that E3/G is a 3-ball by [6, Theorem 8]. Now define the function

4>j+i- E/G -* cl(e3) by (j)j+x(x) = (¡>j(x) where x is the decomposition el-

ement containing x. It is easy to show that 4>j+\ is weU defined. Lemma

(3.1.1) implies that the function tj>j+x = §¡ o q~x is continuous and closed. In

addition, (¡>j+x : E3/G -» cl(e3) is clearly a surjection, and <7)/+i|(int(.E3)/G) is

a homeomorphism int(£'3)/G « int(e3) because this restriction is a bijection.

Therefore <j>j+i restricts to characteristic maps for e\, ... , ej since the decom-

position G is trivial away from S. It suffices to show that <j>¡+\ restricts to a

characteristic map for ej+x.

The subspace b = ffx(A2)/G c E3/G is a closed 2-ball, since G consists

exactly of the nondegenerate point-inverses of the continuous closed surjection
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fil ff1 (A2): ffx(A2) —► A2 onto the 2-ball A2. Furthermore, the continuous

closed surjection fa+i is bijective on int(b) by construction, so fa+i\int(b)

is a homeomorphism int(è) « ej+l. Thus <t>¡+x\b is a characteristic map for

ej+l.   D

We next check that if w is an m-word representing a map in a CW m-

complex A, then w also represents the induced map after more m-cells are

added to A.

Proposition (3.1.4). Let m > 2 and suppose that K is an m-complex with m-

cells {e™ | p £ J*m}. Let sé and 38 be disjoint subsets of J'm satisfying

sé u 38 = *fm, and define subcomplexes X = Km~x u {e% \ a £ sé} and
Y = Km~x ö{e™\ß£38}.

Then nm(Km, Km~x) is the free product of nm(X, Km~x) and nm(Y, Km~x)

in the category of nx(Km~x)-crossed modules.

Proof. This follows from the generalized Seifert-Van Kampen Theorem of [3,

Theorem C].   D

Corollary (3.1.5). With the hypotheses of Proposition (3.1.4), suppose that w is

a word associated with a map f: Bm —► A via an isomorphism

om,x:itm(X,Km-x)^Mm+x(sé)

(as in Subsection 2.2). Suppose that the isomorphism om: nm(Km, Km~x) ->

Mm+i^m) satisfies omof = am<x, where /*: nm(X, Km~x) -» nm(Km , Km~x)

is induced by inclusion.

Then that same word w is also associated with the map inclo/: Bm —> K,

that is, om([inclof ]) = (w) e Mm+x(Jrm).   □

Proposition (3.1.6) (Geometric reading of multiple collapse maps). Let m > 3,
and let e™ be a cell in a CW complex K. Suppose that a multiple collapse map

faï:B^ d(*J») exists for (e™ , e™~x, ... , <?*-').
Then there is a word w ~ dfajf that mentions each (m - Ifindex aq exactly

once.

Proof. Define subcomplexes A = Am-2 U {e™'1 \a£sé} and Y = Am-2 u

{ef~x | ß £38}, where sé = {ax, ... , aQ} and 38 = J^m - sé .

Let (B,bi, ... , bçf) be a topological m-ball tuple for </>™ such that (f>™\bq

is a characteristic map for e™~x (1 < q < Q), as guaranteed in the definition

of a multiple collapse map. Connect the (m - l)-balls bq to the basepoint of

B by nonintersecting arcs aq: I —> (4>™)~x(Km~2). Fatten these arcs slightly

to form a closed neighborhood A about (jq{aq u bq} so that both A and

cl(B - N) are topological (m - l)-balls. We may modify the attaching map f™

by a homotopy fjf ~ fx (rel *b) so that the image fx(N -\Jqbq) is contained

in Km~2 . By Proposition (1.2.1), the map fx is homotopic to a map fi such

that all of the following conditions hold.

(a) For some interior ball b'q c int(bq), the restriction f2\b'q is a copy of

the characteristic map 4>2 , up to reversal.

(b) f2(N-(jq(b'q))cK'"-2.q

(c) f2\cl(È -N) = fx\ cl(ß - A), where B = bdy B .
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By the definition of the Whitehead isomorphism am-\ '■ nm-i(X, Km~2) -»

Mm(sé) of Theorem (2.1.3) or Theorem (2.1.4), the map f2\N: N -> A is
associated with a word wx = ex(gx, ax) -\-1- eq(gq , aq), i.e.,

(wx) = om-i,x([f2\N]) £ Mm(sé).

(When m = 3, wx = ((gx, ax)e< ■ ■ ■ (gq , aq)E".) Also, /2(cl(ß - A)) is con-

tained in the subcomplex Y and has an associated word w2 representing an

element in Mm(38). Such a word W2 cannot possibly mention any indices

ax, ... , aQ.

Applying Corollary (3.1.5) to the words wx and w2, we see that

,r,m,, /r,,,     / (wx) + (w2) = (wx+w2)   when m > 3,

ß ( (wx)(w2) = (wxw2) when m = 3.

Let w = wx +W2 if m > 3, or w = wxw2 if m = 3. Then w ~ dfafi = f™ ,
where w is a word that mentions each (m - l)-index ax, ... , aQ exactly

once.   D

Suppose that em is an m-cell (m > 2) in a CW complex K, and that

(em , e™~x),... , (em , e™~x) is a complete set of pairs for which collapse maps

exist. Let am-X be a Whitehead isomorphism as in Theorem (2.1.3) or Theorem

(2.1.4). A word wm is a geometric word for em if

(a) wm ~ fm ,

(b) wm mentions the (m - l)-indices ax, ... ,olq exactly once each, and

(c) all (m - l)-indices a mentioned in wm are indices of (m - l)-cells

e™~x contained in the carrier subcomplex for em (i.e., the smallest

subcomplex of K containing cl(em)).

N.B. When the dimension is m = 2, condition (b) applies only to 1-indices aq

for which el is not part of the maximal tree T c Kx chosen for the homotopy

reading, since 1-cells in T were not assigned indices in J7X .

Proposition (3.1.7) (Existence of geometric words). A geometric word wm exists
for every cell em of dimension m > 2 in a CW complex K.

Proof. The argument is straightforward when m = 2. For m > 3, let aq

be among the indices ax, ... , cxq referred to in the definition of a geometric

word. Proposition (3.1.6) shows that there is a word w™ ~ fm that mentions

the index aq exactly once. It follows that any freely reduced word wm ~ fm

mentions the index aq exactly once, for all q ( 1 < q < Q). We may assume

that wm satisfies the carrier condition (c) by Corollary (3.1.5), so wm is a

geometric word for em .

When the dimension is m = 3, freely reduced words are not available. The

proposition follows in this case by applying geometric reading (3.1.6) and Corol-

lary (3.1.5) to a multiple collapse map for em, which exists by Proposition

(3.1.2).   D

Corollary (3.1.8). Suppose that K / K where K and K are CW complexes,
e ,m

and that W is a homotopy reading for K consisting entirely of geometric words.

Then W / W, where W is a homotopy reading for K consisting entirely of
e, m

geometric words.   D
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3.2 Model cells and model complexes. Having found words that reflect the

collapse structure of cells, we now seek complexes that geometrically reflect the

word structure of a word system. Such specialized complexes will be used in

Proposition (3.3.5) to show that any two complexes sharing the same homotopy

reading must homotopy «-deform to each other.

Suppose that A is a CW complex with one 0-cell e° . A 2-cell e2 £ K is a

model cell' for w2 = a\l ■■■ üq  if there is a subdivision of Sx = bdy(£2) into

consecutive arcs Ax, ... , Aq such that 4>2\Aq is a copy of the characteristic

map (¡)xa   for exa , with orientation determined by eq .

We say that a path y: I —» A1 models an element x £ F(^\) if the condition

<t>\([7]) = x holds. We also say that 7: I -> A1 models an element g e G =

F(Ji)/R if y models a coset representative x of g .
An m-cell em £ K  (m > 3) with characteristic map fa"1: Em -» cl(e"1) is a

model cell for wm = £1 (xi, Ai) H-h figCxg, Xq) if there exist disjoint closed

(m - l)-balls Bi, ... , Bq in bdy(ism) such that the following conditions hold.

(1) <t>m(hdy(Em)-([\Bq))cKm-2.

(2) <f>m\Bq is a copy of the characteristic map faf~x for e™~x, with orien-

tation determined by eq.

(3) There are paths aq: (*£«) ~> (*bJ in bdy(.Em) such that
(a) the union of the images of the paths aq is a tree that meets each

ball Bq in a unique extreme point, and

(b) (¡>m o aq is a path product (¡>m o aq = 7q#£,f~x, where y?: / —►

A1  models jc?  and £j¡"-1   is a fixed choice of connecting path

{«-i ; (e°) -> (*^-!) for each cell <?f "'.

Figure (3.2.1). Diagram of a model cell for m = 3
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When the dimension is m = 3, we further require that the balls Bq he encoun-

tered in the natural order Bx,... , Bq as one traverses the tree system around

the basepoint of E3 (see Figure (3.2.1)).
The attaching map fm = <¡>m\hdy(Em) of such a cell is called a model map

for wm . It is clear that wm ~ fm .

A CW complex is a model complex K(W) for a word system W if K(W)

has one 0-cell and each cell ef e K(W) is a model cell for the corresponding

word w™ £ W . Trivially, a model complex K(W) is a geometric realization

of W.

Proposition (3.2.2). If f is a model map for a word wm then f is also a model

map for any cyclic permutation of wm .   □

Obviously, model maps exist for any 2-word.

Proposition (3.2.3) (Existence of model maps). Let W be a homotopy reading

of a CW complex K. Let w be a word, not necessarily in W, that represents

an element in Mm(W)  (m > 2). Let

f: (Im~x, hdy(Im-x),Im-2 x 0) -» (Km~x, Km~2, *)

be a map such that w ~ / and ß([f]) = 0,for the homotopy boundary homo-
morphism ß: nm-X(Km-x, Km~2) -» nm-2(Km-2).

Then f is homotopic rel basepoint in Km~x to a model map f* for w .

In particular, if f = fm is an attaching map for a cell, then a model map
exists for any word w ~ fm .

Remarks. (1) Observe that dm((w)) = 1 follows from the conditions on /.

(2) We may not assume a priori that a map such as / exists when m > 4, as

demonstrated by the word w% of Example (2.2.3) for which ß([f]) = 0 cannot

be satisfied.

Proof of Proposition (3.2.3). Write w in the form w = ex(gx, Xx) + ••• +
EQ(gQ,XQ). Let A be a subspace of the (m - l)-sphere Sm~x consisting

of (m - l)-balls Bx, ... , Bq and simple, nonintersecting arcs aq joining the

basepoint of Sm~x to the basepoint of Bq (1 < q < Q). Let N be a neigh-

borhood of A found by thickening fr(A), such that A and cl(Sm~x -N) are

(m - l)-balls.
Let F: X —* Km~x he a map such that F\Bq is a copy of the characteristic

map faf~x  for some path yq that models the element gq.   Extend F to a

map F: (A, bdy(A)) —> (Km~x, Km~2) by means of a retraction r, so that

F is associated with the element (w). This means that crm_i([F]) = (w) £

Mm(W), where om-X is a Whitehead isomorphism.

A computation using the hypothesis [/] = a~x((w)) = [F] and ß([f]) =

0 £ Tim-2(Km~2) shows that dF is nullhomotopic. Use this nullhomotopy to

extend F to a map F* : Sm~x ̂  Km~x. F* is clearly a model map for w , and

om-X([F*]) = (w) = om.x([f]) implies that [F*] = [f] £ %m„x(Km-x, Km~2).
D

3.3 Geometric dragging and substitution. Let A be an «-complex. Geometric

dragging is a technique by which an elementary homotopy m-deformation of the
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m-skeleton of A (m < «) is lifted to a homotopy «-deformation A f~\ L of

the entire complex A . Our terminology is motivated by the following example.

Example (3.3.1). Let D = e° U ex U e2 be a CW decomposition of a disk, and

consider the subcomplex A! = (e°Liex)x I of Dx I. Consider the elementary

homotopy 2-move

A = A, U (e2 x 0) -* Kx U (e2 x I) = L
e,2

and let e3 be the 3-cell of the associated 3-expansion.

Now suppose that A is a subcomplex of a CW complex A that does not

include e3, and let el be a 3-cell in A that has the 2-cell e2 x0 in its boundary.

The homotopy move K —> L above could be used to induce a modification of
f ,2

the attaching map of e^ , yielding a new 3-cell e3 that has the 2-cells e2 x 1

and ex x (0, 1) in its boundary. We describe this as "dragging" e^ to e\.

The effect of that homotopy move on a word w\ for e\ can be described

as substitution. For example, suppose that w3 = (1, puf)~x(l, p)(l, px) is a

geometric word for e3 in some homotopy reading of Xli(DxI), where p¡ £ J^

is the index for e2 x i (i = 0, 1) and p £ J^ is the index for ex x (0, 1).

Then under suitable conditions on e% , every occurrence of the syllable (I, po)

in Wq3 may be replaced by the word w = (1, p)(l, px) to yield a word w3 for

ef.   G

Proposition (3.3.2) (Internal collapse of a maximal tree). Let T c A1 tea
maximal tree in an n-complex K.

Then K r\K/T.

Proof. Yet F : K —► A/ F be the quotient map, and consider the mapping cylin-
ders M(m) = M(F\Km) (1 < m < « - 1) of restrictions of F to the skeletons

of A. There are expansions

A > A/(l) U (U^) U ([>?) U • ■ • U (Lk")

>A/(2)u(U^)u---u(U^)
4

/

>A/(«-i)u(Lk) = A,

where e^1 (m = 2, ...,«) are cells of A. Slide the attaching map of each

«-cell e" in Ai (v £ Jn) along the walls of the mapping cylinder M(n - 1)

in a level-preserving manner to obtain a homotopy «-deformation Ai A A2 =

Af(« - 1) U (UO , for ë" (v £ Sn) as in Definition (1.2.2). Observe that the
«-cells ë" £ A2 (v £ J?n) are precisely the «-cells in K/T. Finally, perform

cylindrical collapses

A2 = M(«-l)u(|J^)

\(A"-'/r)u(U^)=A/r.  d
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We now turn to the notion of substitution, as motivated by Example (3.3.1).

N.B. We use the additive notation (2.1.2) here even in the case m = 3, for

convenience.
Suppose that m > 3. The boundary equivalence relation = on words of

order m is defined by wx = w2 if and only if dm((wx)) = dm((w2)) . Suppose

that W = ({wxff\ ■ ■ ■ \{w"}) is a word system of order n , and let w he a new

m-word such that w = (1, An) for some An £ J^m-X where A0 is not mentioned

in w . We permit w to mention new (m- l)-indices r\j £ <fm-i (1 < j < J),

provided that boundaries dm(l, r\j) = (w™~x) are also supplied.

We say that W = ({wxa}\ ■■ ■ \{w"}) arises from W by substituting w for

Xo if W satisfies the following conditions.

(a) The index sets for W are Sm_x = J^_i - {An} U{r¡i, ... , rjj} and

Jj=Js   (s + m-l).
(b) wsa = wsa for s < m - I, s > m or (s = m - I and a ^ An).

(c) w™ (p £ Syf) is formed by replacing each syllable eq(gq, An) in w™

by the word eqgq-w .

Note that the (m - l)-word wf~x is omitted from W .

When m = 2, the definition of substitution is complicated by the fact

that changing the 1-field can affect the coefficients g in higher-order syllables

e(g,p)-
Suppose that W = ({w^}\ ■ ■ ■ \{w¡¡}) is a word system of order n , and let

w be a new 2-word which may mention new 1-indices n¡ £ J\~. Then we say

that W = ({wxa}\ ■ ■ ■ \{w"}) arises from W by substituting w for a0 if ^

satisfies the following conditions.

(a) The index sets for W are J\ = J^-{q0}U{i/i , ... , r\j} and J" s=Jrs

(s_>l).
(b) wxa = w^ for a/a0.

(c) w2ß (ß £ Jf) is found by replacing each occurrence of a0 in wj by

the word (w)e  (e = ±l).
(d) wsa (s > 3, a £ J*s) is found by replacing each syllable eq(gq, pq) in

w% by the syllable eq(gq, pq), where a representing word for gq is

obtained from a representing word for gq by replacing each occurrence

of a% by (wf  (e = ±l).

Observe that a substitution opportunity occurs whenever there is a word w! =

ei(gi, kx) + ■ ■ ■ + £Q(gQ, kq) in W with trivial boundary that mentions an

(/ - l)-index k exactly once.   (When 1 = 3, the word would have the form

w3 = (gx, ici)£' • ■ • (gQ, KQfQ . When 1 = 2, w2 = k\' ■■■ KQa .) To see this, let

-£qgfl • (*«+i(&+1 » Ki+i) + ■■■ + £g(gQ, Kq)

+ ex(gx, Ki) + ■ ■ ■ + eq-i(gq-i, Kq_x))    when/> 3,

gq1 • {{Sq+\ , ^+l)£,+l •••{gQ, KQ)eO(gx , KX)e>

■ ■ ■ (gq-x, /c9_i)e«-')"e«   when/= 3,

(^•••^'•••^-i')^ when/= 2.

Then it is clear that w1 = (1, Kq) if / > 3 and that w1 does not mention Kq ,

so substitution is possible. We say that we are substituting via wl. We also say

wl
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that wl arises from wl by solving for (1, Kq) (or for Kq , if / = 2).

Proposition (3.3.3) (Geometric dragging technique). Let m > 1. Suppose that

K is a geometric realization of a word system W of order « such that each

cell esa £ K of dimension s > m is a model cell for the corresponding word

wsa £W. Let Km -*  Km u ëj - e™ be an elementary homotopy m-move of

the m-skêleton of K with associated expansion cell e™+x.

Then K homotopy n-deforms to an n-complex K that satisfies the following

conditions.

(a) Km = Kmoe^-e¡¡'.

(b) A is a geometric realization of the word system W that arises from W

by substitution via w™+x, where w™+x isa word for ëf+x that mentions

the m-indices p_and p exactly once each.

(c) The cells ësa £ K (s > m) are model cells for the corresponding words

wsa£W.

Proof. First, observe that Proposition (3.1.7) guarantees that a geometric word

w™+x exists satisfying (b). Thus the word system W is well defined. Note that

a model map f™+x for the word w™+x exists, by Proposition (3.2.3).

Let im+1 denote bdy(Im xl). Adjust fjf+x : \m+x -» Km if necessary so that

(1) /ír+1|Im x 0 is a characteristic map for e™ , and

(2) f™+x\lm x 1 is a characteristic map for ëj .

The existence of such characteristic maps is guaranteed by the definition of a

model map. Without loss of generality, f™+x may be taken as the attaching

map for ê™+x.

We will proceed to slide the attaching maps of cells in A across the expansion
cell ê™+x , one dimension at a time, noting the effect on words as we go.

Define the complex
K(m) = K\J{ê$,ë?+l}.

Then the characteristic map cj)™+x : \m+x -> cl(e^,+1) c A(m) is the homotopy

<r^+1: 0J? — 4>j of the homotopy m-deformation of Km of the hypothesis.

We may define a map Fm : Km x I —> K(m) by

j x   forx£Km-e¡?,

Fm(x, i) = | ^«+i 0 A((0«)-i(x)> o)   for x £ e™

for a strong deformation retraction Dt from Im+1 to cl(im+1 - {Im x 0}). The

map Fm is continuous by Lemma (3.1.1). As t varies from 0 to 1, the effect

of Fm is to smoothly stretch the cell e™ across the expansion cell ê™+x to the

other side /;"+1(cl(im+1 - {Im x 0})), while holding the rest of Km (including

bdy(e^)) fixed.

Now, slide the attaching maps of (m+l)-cells eT+x € A across the homotopy

Fm to obtain a homotopy (m + l)-move

A(m)m+1 = A(m)m u [   (J   e™+x ) 5±i A(m)m u [    |J   ë™+x ) .

\{6^.+i / \ie^m+i /
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It is easy to check that the attaching maps ff for the new cells ë™+x are

model maps for the words w™+x, where w™+x arises from wT+x by substi-

tuting via w™+x.

Inductively, let q satisfy m + 2 < q < « . Suppose that a complex K(q - 2)

and a homotopy F9_2 : Kq~2 x I —> A(# - 2) have been defined such that there

is a homotopy (q - 1 )-deformation

A(,7-2r2u( u i'W^-rul [J ëtx

Let ël he the expansion cell for the elementary homotopy (q - l)-move from

eq~x to ë«_1   (a£jrq„x), and define

K(q-\) = K(q-2)ul   (J   {ëqa~x, êqa}

Let F9_i be the homotopy F?_i : Kq~x x I —> A(# - 1) defined by

Fq-i(x,t), ifx£K"-2,

3*((AM-i\-\(x)tt)t    ifx£e*a-x, a£Sq_x.
Fq-\(X, t)

r Fq-2(x

t km-
(Note that no deformation retraction is interposed.) Then we may slide the

attaching maps of <?-cells el across Fq-i to obtain a homotopy ^-deformation

K(q-iy = K(q-iy-x\j[ (J eU -^ K(q - l)q~x U ( |J f\ .

The attaching maps jß: \q —> A(<? - l)q~l of new g-cells ël are defined by

7^(y) = Fq_x(fq(y), 1) (y e F), and each fß is clearly a model map for wl,

the word that arises from wl by substituting via w™+x.

Define K(n) = K(n - l)""1 U ((j^^ë"), and let W arise from y by

substituting via w™+x . Then there is a homotopy «-deformation

m+2 m+3 «

A   /   K(m) / K(m+l) / ■■■ / K(n-l)-^K(n)

\K = (KmlAë™-e™)u\    (J   ^+1     U---U MJ?"

where A is a geometric realization of W .   D

We now present two applications of geometric dragging.

Proposition (3.3.4) (Existence of model complexes). If a geometric realization

K exists for a word system W of order n, then K homotopy n-deforms to a

model complex K(W) for W.

Proof. Internally collapse a maximal tree (3.3.2) to obtain a complex K with

only one vertex such that A /~\ K.   By Proposition (3.2.3) and geometric
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dragging (3.3.3) we may deform A to a complex K(n) whose «-cells are model

cells.   Inductively by the same reasoning, there is a homotopy deformation

A(m + 1) r~\ K(m)   (2 < m < « - 1) to a complex K(m) whose cells ësa

of dimension s > m are model cells. Therefore, A /~\ A(2), where A(2) is

clearly a model complex for W .   D

Proposition (3.3.5). If K and A are geometric realizations of the same word

system W of order n, then K r~\ K.

Proof. By Proposition (3.3.4), we may assume that A and A are model com-

plexes without loss of generality.
Perform an elementary 1-expansion A / Au {ë°, ëx} , where ëx is a 1 -cell

e,q

joining the unique 0-cells e° £ K and ë° £ K.  Slide the (trivial) attaching

maps of 1-cells exa £ K along ëx to obtain a homotopy 1-move

(A)1 U {ë°, ëx} -U (Ä)1 U {e°, êx}.

Then A U {ë°, êx} r\ L \ A(l) where L is obtained by geometric dragging
e,\

and K(l) = L-{e°, ëx} . Observe that A(l) is a model complex for W with
K(l)x = (K)x.

Continue this process in each higher dimension. Since the attaching maps

f™ for e™ £ A(l) and ff for ë™ £ A are associated with the same word

w™ £ W , we see fjf ~ ff . Thus, there is a homotopy m-deformation

Kim _ i)- JfL, K(m - l)m u \\}^\ - [|J< J ■

Then A(m-l) f~\ K(m) by geometric dragging (3.3.3), where K(m) satisfies
A(m)m = Km.

It follows by induction that A homotopy «-deforms to the complex A =

K(n).   a

4. Algebraic form of the main theorem

4.1    Algebraic Equivalence Theorem.  We will prove the following result, which

establishes most of Theorem (6.1.1).

Theorem (4.1.1) (Algebraic Equivalence Theorem). Let W and W be word

systems of order n. Then the following are equivalent:

(1) y is Pn-equivalent to W.
(2) W is fully Pn-equivalent to W.
(3) W is D„+x-equivalent to W.

In this section we will show the implication (3) =>• (1), which is the central

idea behind the result. The remainder of the proof involves technical arguments

that are summarized in the next section.
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Theorem (4.1.2). If W is Dn+x-equivalent to W' then W is Pn-equivalent to

W'.

Proof. Let W = Wo, Wx, ... , WR = W' be a £>„+, -sequence from ftof.

We will use the notation w™(Wr) when necessary to specify which word system

Wr contains a given word w™ .

Since Wo is a word system of order « , every (« + l)-word that occurs in a

word system W, (1 < r < R - 1) must arise from an (« + l)-expansion prior

to the move [Wr, Wr+X] in the Dn+X-sequence. Hence, that (« + l)-word must

have been introduced together with a new «-word for its expansion face. For

bookkeeping purposes, we will choose nonzero integers that satisfy the following

conditions to be the indices of «-words and (« + l)-words of Wr.

Indexing conditions on Wr. (a) Positive integer indices, indicating the order of

appearance in the Dn+X-sequence W = Wo,Wx, ... ,Wr, are assigned to any

(« -)- l)-words wf\x that are present in Wr, and the same indices are assigned

to the corresponding expansion face «-words w%¡ £ Wr. (b) Negative integer

indices are assigned to all «-words of Wr that are not included in case (a).

If Wr satisfies the indexing conditions, define the word system

%=w- ukp<'}.
+/>0

'Vr is the result of collapsing all (n + 1)-words wff1 £Wr in reverse order of

appearance through their expansion face «-words w", £ Wr. Choose negative

integer indices for all «-words in W = Wo .

Suppose that Wr satisfies the indexing conditions, and assume that a Pn-

sequence exists from % = #" to the subsystem %■ of Wr. We shall find in-

dexing on Wr+X satisfying the indexing conditions such that 2^ is Pn-equivalent

to ^+i. We consider each case of the D„+i-move [Wr, Wr+X].

Case 1. Inversion, (w™)~x. Choose the same indexing for Wr+X as for Wr

in order to preserve the indexing conditions. If m < n , then ü^+1 results from

% by the same inversion (w™)~x. If m = « + 1 then % = Tff+i.

Case 2. Elementary m-deformation, m < « . Select indexing for Wr+X that

is consistent with the indexing for Wr. In the case of an «-expansion, assign a

negative integer index to the expansion «-word. Then Wr+X is obtained from

%■ by the same elementary m-deformation [Wr, Wr+X].

Case 3. Elementary (n + l)-expansion. Assign the index +r to both new

words w1r and w^x. For other words, choose the same indexing for Wr+X as

for Wr. The indexing conditions are satisfied and we have C%Ç+X = %■.

Case 4. Elementary (n + l)-collapse, with wffx and wß removed. If the

collapse face «-index ß is positive, then we must have ß = +k. This is

because wn„+x is present in Wr, and thus wï cannot be a free face of wffx

unless ß = +k . Choose the same indexing in Wr+X as in Wr and observe that

^+i=^.
Suppose that the collapse face «-index ß is negative, ß = -j. Then the

collapse face index -j £ J^ differs from the expansion face index +k £J^„ for

w"~£x(Wr). Assign indices in Wr+X consistent with the indexing in Wr, except

reindex w"k(Wr) as w1j(Wr+x). Then w"_j(Wr+x) is the expansion face and

w"_j(Wr) is the collapse face for iu"£', and we seek a /"„-sequence from % to

Tr+X = Tru{w"_j(Wr+x)} - {WLj(Wr)}.
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Solve w"kx £ Wr for (1, +k) in the sense of Subsection 3.3 to obtain a

word w"^1 = (1, +k). Then w"kx mentions the index —j exactly once, and

any positive index +i occurring in w"p satisfies +i < +k by the indexing

criteria. Let -No be the highest such index +i. Then we may solve wffx

for (1, -No) to obtain wffx = (1, +i'o), where again the only positive integer

indices +h occurring in wf¡x satisfy +« < +/o • Now, substitute wffx for

(1, -No) in w^f1, yielding a word Wx = (1, +k) such that all positive integers

+a mentioned in Wx satisfy +a < -No. Furthermore, Wx still mentions -j

exactly once, since that index cannot be mentioned in wf¡x as w"_j is a free

face of w"kx.

Continue this process, defining («+ l)-words W2 = W3 = ■■■ with decreasing

highest positive integer «-index. The process must stop in a word W¡ that con-

tains no positive integer «-indices. We have W¡ = (I, +k), and W¡ mentions

the index - j associated with the word system Wr exactly once.

Now, write W¡ in the form

W¡ = £i(gi, -px) + --- + eq-x(gq-x, -pq-i) + eq(gq, -j)

+ £q+l(gq+\, -Pq+l) + ■ ■ ■ + CQ(gQ , ~Pq) ■

When « < 3, we write

'(g\,-P\)ei---(gq-\,  -Pq^yq-{(gq, ~j)eq(gq+l, -Pq+l)^'

W¡= I ■■■(gQ, -Pq)Cq   when « = 3,

b (-/>i)£' ■••(-P?-i)£'-1(-;T'(-A?+i)£'+1 ■■■(-PQy<   when « = 2.

Then we may use the form of W¡ as a guide to find a sequence of Pn -moves

from % to 'Vr+X, as follows.
1. Conjugate wn_j £ % by the group element gq , yielding gq • io^. (conju-

gation is omitted when « = 2).

2. Invert gq • iu"; if necessary to obtain £qgq • w^j (or gq • (w" -)e* when

« = 3, or (wfj)** when « = 2).

3. Conjugate and invert wfp +| to obtain eq+xgq+x • WLp    .

4. Perform an «-product equivalence yielding eqgq • wfj + eq+xgq+x • w"_p

(or an analogous form if « = 2 or 3).

5. Conjugate and invert eq+xgq+x • wlp     back to WLp    .

6. Conjugate and invert w1p +2 to obtain tq+2gq+2 • w-Pq+2 ■

7. Perform an «-product equivalence yielding

Hqgq • W-j + £q + \gq+\ ' ™"p9+l + ^+2^+2 ■ WLp^ .

8. Continue with similar conjugations, inversions and «-product equiva-
lences.

Then Tr is P„-equivalent to the word system Tr = %\A {wn} - {w"_j},

where the «-word wn has the form

w" = exgx-w\ +■■■ + eq-xgq-x ■ w"_Pq^ + eqgq ■ (wlj)

+ eq+xgq+x ■ wlPq+i +■■■ + eQgQ ■ wn_PQ

(or an analogous form if « = 2 or 3).   Clearly,  (wn) = d„+x((W¡)).   Since

W¡ = w^k and (w+k) = dn+x((l, +k)), we conclude that w" represents the



GENERALIZED GROUP PRESENTATIONS 543

same element in Mn(^„-X) as the word w^k(Wr) = w1j(Wr+x). Thus, a word-

representative equivalence transforms *Vr into 2^+i. Hence there exists a

P„-sequence from Tff to 7rr+x .

We conclude by induction that there is a Pn -sequence from % = W to

TR = W'.   G

5

5.1 Remainder of the proof of the Algebraic Equivalence Theorem. Since Pn-

equivalence implies full Pn -equivalence, Theorem (4.1.1) will follow if we can

show that fully P„-equivalent word systems are D„+x-equivalent. We will show

this using an algebraic counterpart of Proposition (3.3.3), called algebraic drag-
ging (5.1.2). The easiest way to establish algebraic dragging is by converting to a

geometric problem and applying (3.3.3). Unfortunately, this cannot be done in

general for higher-order word systems, as Example (2.2.3) shows. We will take

this geometric approach in low dimensions in order to avoid some unpleasant

noncommutative algebra.

Lemma (5.1.1). Let W  /  W' = W' U {wf~x, w™}  be an elementary m-
e ,m

expansion of word systems. If K = K(W) is a model complex for W, then

K / K' where K' = K(W') is a model complex for W'.
e,m

Proof. It suffices to show that model cells ef~x for wf~x and e™ for w™

exist. This is straightforward when m = 2.

Suppose m > 3 . Solve the word wp for ( 1, A) in the sense of Subsection

3.3, yielding w™ = (1,A). Construct spaces A c A c Sm~x and a map

F: N -* Km~x such that w™ is associated with F , w™ ~ F, as in the proof

of Proposition (3.2.3). The neighborhood A is a ball, so dF: (bdy(A), *) -►

(Am-2, *) represents an element [dF] £ nm-2(Km-2, Km~3). Trivially, wf-x

~ dF. In fact, dF actually represents an element in the absolute homotopy

group 7tw_2(Am-2), so by the long exact sequence in homotopy, ß([dF]) £

nm-s(Km~3) is the trivial element. Therefore, we may apply (3.2.3) to obtain

a homotopy H:dF~ ff'1 to a model map ff'1 for uij""1 . Let ef~x be a

new (m - l)-cell attached to Am"2 by ff~x.

Let faf~x  be the characteristic map for ef~x  with orientation reversed.

Then we may paste together the map F, the homotopy H and a copy of </>™_1

to obtain a model map Fx : Sm~x -> Km~x for the word wx = -(1, A) + w™

(making trivial choices of basepoint and connecting path for ef~x). Modify Fi

on a small neighborhood of the basepoint of Sm~x, yielding a map F2: Sm~x —»

Km~x that is a model map for the word iu2 = -(g, X) + g • wm , where g is

the coefficient of A in the expansion word wp £ W. Clearly, u;2 is a cyclic

permutation of either w™ or -w™ . Therefore, either F2 or F2 is a model

map fjf: Sm~x -> Km~x for the word w™, by Proposition (3.2.2). Attach a

new cell e™ to Km~x via f™ . Then we have constructed model cells ef~x

and e™ .   D
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Proposition (5.1.2) (Algebraic dragging technique). Let W be a word system of

order «, and let w™ £ W. Suppose that Wj and w™+x are words representing

elements in Mm(W) and Mm+x(W) such that

(a) Wj has a new m-index p <£ ̂ „(W) and satisfies d((w™)) = 1, and

(b) ù)J+1 has a new (m+ l)-index p £ J'm+^W), satisfies d(w?+x) = 1

and mentions the m-indices p and Ji exactly once each.

Let W arise from W by substituting via w?+x, solving for (1, p) (or solving

for p in the case « = 2).

Then W"/\W.
m+\

We first establish the following special case.

Lemma (5.1.3). Proposition (5.1.2) holds if W has a geometric realization. Fur-

thermore, in that case we may rearrange the D„+x-sequence so that all expansions
n+\ n+l _

occur first, i.e., the deformation has the form W / W' \ W.
m+l m+l

Proof of lemma. By Proposition (3.3.4) a model complex A = K(W) exists

for W. Let ëj and ê-"+x be model cells reflecting the expansion W    /
e ,m+\

W U {wj{, w)™+1} as in Lemma (5.1.1). Examining the proof, we see that

there is a homotopy m-move Km —> Km U ë% - e™ and that the elementary
e, m M h

(m + l)-expansion associated with this homotopy move involves the cells ëj

and e™+x.   Apply Proposition (3.3.3) to obtain a homotopy «-deformation

A /~\ K where A = K(W) is a model complex for W. Then there is an
m

associated formal (« + 1 )-deformation K /\ K.
m+\

That deformation may be rearranged so that all expansions come first

n+l n+l _

K / K' \ K
m+l        m+\

by a standard argument. An examination of the proof of Proposition (3.3.3)

shows that A' is a model complex for a word system W'. Now apply the idea
n+l n+l _

of Corollary (3.1.8) to obtain W / W' \ W .   D
m+l m+l

Proofof Proposition (5.1.2). Let wp denote a typical word in W. After rein-

dexing, W consists of:
wrp (r < m) ;

wf (C ¿ p) and vf? ; and

Wj (r > m), where Wj arises from wp by substituting for p via w™+x.

It is enough to define expansion words wrp+x   (p eJ^,m + l < r < n)

satisfying the conditions
(i) wrp+x mentions the indices p and p exactly once each, and

(ii) dr+x((wrp+x)) is trivial,
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for then we may deform W to W as in (5.1.4).

W SWu{w%,w'?,+x}u I   (J  {wf+x, wf+2} )
(5.1.4) \iesm+x J

u-u( ijo^'^r1}) \^-

We argue by induction on r. As the initial case we claim that expansion

words wrp+x exist for r = max(m+ 1,4). When m < 4, consider the 4-section

W4 = {w% £ W I p < 4}.   W4 has a geometric realization by Proposition

(2.2.4), so we may apply the lemma to obtain a 5-expansion W4   /  W',
m+l

where

W' = W4 U {w% , w^1} U I    |J   {w?+x, wf+2} J U • • • U (  \J {wj, w¡} ) .

An examination of the proof of Proposition (3.3.3) and the lemma shows

w¡ = (l,S)-(l,o)-w¡(3í).

Here we write wlx+x(^_x) to denote the result of replacing each (/ - l)-index

k in w[ by the /-index k . Then u)J satisfies condition (i), and the boundary

condition (ii) holds by the lemma.
When m > 4, we may write wpn+x in the form w^1 = e(g, p) + eg- Wp"+X

where w^1 arises from w^1 by solving for (1, p). If wf+x is any (m + 1)-

word, it can be written in the form w™+x = Ao+ex(gx, p)+Ax-\-l£Q(gQ, p) +

Aq . Define

wf+2 = (l,H)-(l,l)-eg-x.(zx(gx,p) + ... + eQ(gQ,p)).

This word satisfies (i), and (ii) follows by the same reasoning as in the inductive

step below.
Assume that words wrp+x   (p £j?r) have been defined, where

max(m + 1, 4) < r < n.

Then define the words (o £ J^+i)

wr+2 = (l,o)-(l,ö)-wra+2(3r)

representing an element in the module A/r+2(J^+i \JJrr+x UJ^). Using com-

mutativity and the definition of substitution, we see that dr+2((wra+2(Jr))) is

just the word needed to convert wra+x to wÇx in the commutative module

A/r+i^U^USr-i), so i/r+2((it)£+2)) is trivial. Thus wrf~2 satisfies (i) and

(ii). This completes the induction.   D

Remark (5.1.5). The D„+i-sequence W /\ W that results from algebraic drag-
m+l

ging (Proposition (5.1.2)) may be assumed transient.
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To see this, we examine the proof and note that (« + l)-words can arise in

the proof of Proposition (5.1.2) only in the following instances.

1. If W has a geometric realization, then (« + 1)-words arise in the proof

of Lemma (5.1.3). Those words correspond to expansion (« + 1)-cells asso-

ciated with a homotopy «-deformation A r~\ A of model complexes A,  A
m

of dimension « .  Lemma (1.2.3) implies that the associated formal (« + 1)-

deformation A/\A is transient, so a transient Dn+X -sequence exists in that

case.
2. In the proof of Proposition (5.1.2) for the general case, the deformation

(5.1.4) can clearly be rearranged into a transient deformation.   D

Proposition (5.1.6). Suppose that W = Wq, ... , Wq = W is a full P„-sequence

of word systems of order n. Then there is a Dn+x-sequence from W to W.

Proof. We argue by induction on q (0 < q < Q). Suppose that a Dn+X-

sequence exists from Wo to Wq . If the full P„-move [Wq, Wq+X] is an inver-

sion, elementary m-expansion or elementary m-collapse (m <n), then we can

immediately extend the Dn+X -sequence to Wq+X.

Now consider the other full Pn -moves. Suppose that w™ = a • wp is an m-

conjugation. Then Wq   /   Wq u {wm , w™+x} , where w™+x = (l,p)-(a,p)
e ,m+\

(or w3 = pap~xa~x when m = 2). Perform algebraic dragging (5.1.2) to obtain

a Z)„+i-sequence of word systems Wq\j{w™ , wpn+x}"f\Wq. It is clear that Wq

satisfies Wq = Wq+xö {w™ , w^1}, so we may collapse Wq \ Wq+X.
e ,m

A similar argument applies for the remaining full Pn -moves. If wp ~ Wj

is a word-representative equivalence, then choose wp+x = (1, p) - (1, p) (or

pp~x when m = 2). For m-product equivalence, p = px, use wp+x =

(1, p) - (1, t) - (1, p) (or w3 = px~xp~x when m = 2). Then we have ob-

tained a D„+x-sequence from Wq to Wq+X for every full P„-move [Wq, Wq+X].

D

Remark (5.1.7). Observe that the D„+i-sequence of Proposition (5.1.6) may be

assumed transient.
This holds because («+l)-words wn+x that occur in the proof of that propo-

sition satisfy one of the following conditions.

1. wn+x = wp+x where m = « . In this case, no algebraic dragging takes

place, and the sequence Wq   /   Wq U {wm , wf+x} \ Wq+X is tran-
e,m+\ e,m

sient.
2. wn+x   arises during algebraic dragging.    Remark (5.1.5) shows that

Wq/\Wq+x may be assumed transient.   D

Proof of Theorem (4.1.1). Theorem (4.1.2) establishes (D„+x-equivalence =^ P„-

equivalence), and the implication (P„-equivalence =$■ full Pn-equivalence) is

trivial. The implication (full P„-equivalence => D„+x -equivalence) follows from

Proposition (5.1.6).   D
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6. Main theorem

6.1 The Formal Equivalence Theorem. We are now ready to prove the follow-
ing.

Theorem (6.1.1) (Formal Equivalence Theorem). Suppose that A and K' are

CW n-complexes with homotopy readings W and W', respectively.

Then the following are equivalent :

(a) W and W' are Pn-equivalent.

(b) W and W' are fully P„-equivalent.
(c) W and W' are D„+x-equivalent.

(d) A formally (n + I)-deforms to K'.

Proof. Theorem (4.1.1) shows (a) •» (b) <=> (c). Furthermore, suppose that W

is Dn+X -equivalent to W'. Since A is a geometric realization of W, there

is a model complex K(W) such that A f\ K(W) by Proposition (3.3.4).

It follows that K f\K(W) by Lemma (1.2.3). Then we can emulate every

Z>„+i-move from W to W by a corresponding move between model com-

plexes, using Lemma (5.1.1) for expansions, the definition of a model com-

plex for collapses and orientation reversal of characteristic maps for inversion.

Then K(W)"Kk(W') where K(W') is a model complex for W'. Finally,

K(W') f\K' using Proposition (3.3.5), so there is a formal (« +1)-deformation

from A to A'. This shows (c) => (d).
It suffices to show (d) =>■ (b). Let K = Ko, Kx, ... , Kq = K' be a formal

deformation of «-complexes A and A', and suppose that W is a homotopy

reading of A. Then W is fully P„ -equivalent to a word system Wo that is a

homotopy reading of A consisting of geometric words, by Propositions (3.1.7)
and (2.3.8). We now show that Wq is fully P„-equivalent to a homotopy reading

Wq  of A' .
Let T c A be the maximal tree that was chosen for the homotopy reading

Wq . We may insist that T satisfy the following condition, for q = 0 :

Tq c Kq does not contain any 1-cells that will be removed as a

**'       collapse face for any 2-cell ej present in Kq .

(N.B. Some 1-cells in Tq may well be collapse faces for future 2-cells that arise

later in Kq /\ A'.) Note that this condition can be verified by a connectivity

argument involving the complex

(Kq)x u {e2 £Kq\e2 will be collapsed during Kq h- A'}.

Suppose that for some q > 0, we already have a homotopy reading Wq of

Kq with chosen maximal tree Tq c (Kq)x such that Wq consists of geometric

words and Tq satisfies (*). By Corollary (3.1.8) and the definition of geometric

words, it is clear that an elementary expansion Kq / A9+i or collapse Kq \
e,m e,m

Kq+X of complexes induces an elementary expansion Wq / Wq+X or collapse
e ,m

Wq  \  Wq+X  of word systems, where Wq+X  is a homotopy reading of Kq+X
e ,m

consisting of geometric words. Also, the tree Tq+X  chosen for the homotopy
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reading Wq+X must satisfy (*), except in one case. That case occurs if a 2-

expansion or 3-expansion introduces a new 2-cell e2 that has a collapse face ex
in Tq+X.

In that exceptional case, we apply the connectivity argument again to find a

maximal tree Tq+X that satisfies (*). Apply Lemma (2.3.7) to obtain a word

system Wq+X that is a homotopy reading of Kq+X using the maximal tree Tq+X,

such that Wq+X is Pi-equivalent to Wq+X. Lemma (2.3.7) (and free reduction

in the case of 2-words) further asserts that Wq+X consists of geometric words,

because Wq+X does. Thus, Wq is fully Pm-equivalent to Wq+i where Wq+X

and Tq+X satisfy the induction hypothesis.

We conclude that W is fully P„ -equivalent to a homotopy reading Wq of

A'. Since Wq and W' are two homotopy readings for the same complex, they

are fully P„-equivalent by Proposition (2.3.8). This establishes (d) => (b) and

completes the proof of the Formal Equivalence Theorem.   D

7. Applications

Our proof of Theorem (6.1.1) does not rely on transiency. By this, we mean

that an accumulation of top-dimensional words is permitted in the proof of

Theorem (4.1.2) (Dn+1 -equivalence => P„-equivalence). However, an analysis

of other parts of the argument establishes the following transiency properties

for all dimensions.

Proposition (7.1.1). Suppose that W and W are word systems of order n. If

there is a D„+ ■ -sequencefrom W to W then there is a transient D„+x-sequence

from WtoW.

Proof. There exists a Pn-sequence from W to W by Theorem (6.1.1). Propo-

sition (5.1.6) shows how to convert that /„-sequence to a D„+x-sequence, which

may be assumed transient by Remark (5.1.7).   D

Proposition (7.1.2). Suppose that K and K are CW n-complexes. If a formal

(n + Ifdeformation A/\A exists, then there is a transient formal (n + 1)-

deformation from K to K.

Proof. Let W and W be homotopy readings of A and A, respectively. By

Proposition (3.3.4), there exist homotopy «-deformations A /"K, K(W) and

K A K(W) to model complexes K(W) and K(W) of W and W. Thus,

there are transient formal (« + l)-deformations K f\ K(W) and K /\ K(W)

by Lemma (1.2.3).
Applying Theorem (6.1.1) and Proposition (7.1.1), we conclude that there is

a transient Dn+ x -sequence from W to W . We can perform the corresponding

sequence of expansions and collapses starting with KfW) to obtain a transient

formal (« + 1 )-deformation K(W) f\K', where A' is a model complex for

W.   Proposition (3.3.5) and Lemma (1.2.3) imply that there is a transient

formal (« 4- 1 )-deformation K' f\ K(W).  Thus, we have a transient formal
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(« + 1)-deformation

K%lK(W)%lK'%lK(W)n£lK.   D

We close with a comment on nonrealizable word systems, such as Example

(2.2.3).

Proposition (7.1.3). In a Pn-equivalence class of word systems, either all of the

word systems have geometric realizations or none of them do.

Proof. Suppose W is P„ -equivalent to W', and let A be a geometric real-
ization of W. Then there is a model complex K(W) for W, by Proposition

(3.3.4). Also, W is Dn+X-equivalent to W' by Theorem (4.1.1). Mimicking
these Dn+X-moves as in the proof of Theorem (6.1.1), we obtain a deformation

K(W)n/\K(W') to a model complex for W'.   D
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