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FUNCTIONS WITH BOUNDED SPECTRUM

HA HUY BANG

ABSTRACT. Let 0 < p < o0, f(x) € Lp(R"), and supp Ff be bounded, where
F is the Fourier transform. We will prove in this paper that the sequence

||Def] II;/ lel "% > 0, has the same behavior as the sequence  sup |¢2|V/lal |
{€suppFf

a > 0. In other words, if we know all “far points” of supp Ff , we can wholly

describe this behavior without any concrete calculation of ||[D*fl|,, a>0. A

Paley-Wiener-Schwartz theorem for a nonconvex case, which is a consequence

of the result, is given.

1. INTRODUCTION

The following result showing a relation between behavior of the sequence of
norms of derivatives of a function and the support of its Fourier transform [2]
has been proved: Let 1 < p <co and D™f(x) € L,(R'), m=0,1,... . Then
there always exists the limit

dy = lim |ID"f1l;"™

and moreover
dy = sup{[¢| : £ € suppf},

where f(£) = Ff(£) is the Fourier transform of the function f(x).

This result is of value in the theory of Sobolev spaces of infinite order, in
particular, in studying imbedding theorems for Sobolev spaces of infinite order
[3-5].

The question arises as to what happens for the n-dimensional case? In this
paper we give a complete answer to this question. It should be noted that here
we do not assume any restriction on geometrical properties of supp f (which
is called the spectrum of f).

We will use the following standard notation: a = (a;, ..., a,) € Z%; D =

(Di,...,Dp); Dj= g%, j=1,....,n; D* =Dy ---D*; sp(f) = supp f.
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1068 H. H. BANG

And we presuppose that 00 = g = 1,%— = oo for 4 > 0, f(x) € %, and
f(x)#0.
2. RESULTS
We will show the following

Theorem 1. Let 0 < p < o0, f(x) € L,(R") and sp(f) be bounded. Then
(1) lim (|[D*f|l,/ sup &))"/ = 1.
la|—o0 sp(/)

To prove Theorem 1 we need the following results: Let 0 < p < ¢ < oc and
K C R" be compact. Denote by Mk, the class of all functions in %’ N L,(R")
such that sp (f) C K. The following Nikolsky inequality is well known the ([9],
[10, p. 125]): There exists a constant C(p, g, K) such that

Iflg < Cp, q, KISl

forall f e Mg,.
It follows from the Nikolsky inequality that Mg, C Mk ,0<p < o00.
Further, let G be a domain in R” and m € Z, . Denote by W, ,(G) the
classical Sobolev space, i.e., the completion C™(G) with respect to the norm

1/2
fllm,2 = (Z HDaf”iz(G)) :

la|<m

And W,S,Z(G) is the subspace of all functions f(x) € W,, 2(G) such that the
zero extension of f(x) outside G belongs to W, »(R"). For s € R, we put

172
Hy) = {fe & Wil = ([ (a+ REPIFFORAE) < oc}

Then
Hyy = W, »(R") (topological imbedding)

if k € Z, (see, for example, [1, p. 45; 6, p. 53; 7, 7.9.1]).

Proof of Theorem 1. We divide the proof into three cases.
Case 1 (1 < p < o0). We first establish the following inequality

(2) Lm (IID*f1l,/1¢D"1*! > 1

o] o0
for any point £ € sp(f).

Actually, let &% € sp(f), &9 #0, j=1,..., n. (It is easy to show later that
there exist such points because of p < co.) For the sake of convenience, we
assume that é? >0,j=1,...,n. We fix anumber 0 < € < %]rgigé}) and

<jsn

choose a domain G with a smooth boundary such that ¢ € G and G C {&:
&9-€<¢<&+e€,j=1,...,n}. Further we fix a function 7(¢) € C°(G)
such that &° € supp(4f). Then

(3) (0(8) /&), w(E) = (f(x), ¢(x)),
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FUNCTIONS WITH BOUNDED SPECTRUM 1069

where w(¢) € C§°(G) is an arbitrary function, ¢(x) = v * 'l\l/J(x) , and &(x) =
u(—x). The distribution 9(£)f(£) has a compact support; therefore, it can be
represented in the form

(&) =Y Dha(E),
lal<m

where m is a nonnegative integer and A,(¢) are ordinary functions in G.
Without loss of generality we may assume that m > 2n.
It is well known that the Dirichlet problem for the elliptic differential equa-

tion .
Lam2(&) = > (-1)FID*(D*2(&)) = 9(£) F(&)

la|<m
has a (unique) solution 2(¢) € W2 .2(G) (see, for example, [6, p. 82]). Since
(3), we obtain
4) (2(8), Lamw(8)) = {f(x), 0(x))
for all w(£) € C§°(G). The left side of (4) admits a closure up to an arbitrary
function w(&) € Wom, 2(G). Hence, replacing (&) by & (€), we get
(5) (2(8), Lam(&*W(E))) = (-D)UD*f(x), p(x))
for all w(¢) € W ,(G). L

Now let Wo(§) € W) ,(G) be the solution of the equation L;n,wo(&) = 2(¢).
Since 0 ¢ G, we get ’

Lom(&*Wa(&)) = [] (&0 - 26)92(8),
Jj=1
where W,(¢) = ]'[;;l(é?—-Ze)“Jé“’wo(é) and o > 0. Therefore, it follows from
(5) that
(6) H(é, 2e)4(2(&), 2(8)) < ID*flIpllvlli ][ wally

where 1/p + l/q =1.
On the other hand, there exists a constant C > 0 such that

(7 wihllwellg <C,  a=0.
Indeed, let || < 2n. Using
*ug(x) = (=) H 26 [ DA ) e,

the Leibniz formula, and the deﬁmtlon of G, we get

0 o
S:P|Xﬂwa(x)|.<_C1H(ééo ) z< )Hak (ke + 7= 1),

<8
where

C, = max { /G £ DB G(E)dE 17 < B, 1] < 2n}.
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1070 H. H. BANG

On the other hand, since

ag - (ax + 7= 1) < (laf +2m)*"

=

1

x~
]

(because of |y| < |B]

I/\

)9

-2

<8

and

n Q;
lim +2n)?" =0,
(e 11 ( & —e¢ )

Jj=1
we obtain

sup |xPw,(x)| < G
XER”?

for all || <2n and o > 0. Therefore, there is an absolute constant C3 such
that

sup(l +x7) - (1 + x7)|wa(x)| < C3, a>0.

Rll

So we have proved (7) with C = C3n"||v||; . Combining (6) and (7) we obtain

1/]al

n

1< Lim | [ID°A1, [[€0~2e)™ ] .
la|—o0 j=1

Therefore, since € > 0 is arbitrarily chosen and

a7 Vel
(82" g
<
1~z <RI

J

we obtain (2) (with & = &9) by letting € — 0.

Now we prove (2) for “zero points™ Let &% € sp(f), £%# 0, and &9---£0 =
0. For the sake of convenience, we assume that é? >0,j=1,...,k, and
‘fk+1 =..-=¢=0 (1 <k <n). Then it is enough to show (2) only for
indices o such that a;,., = --- = a, = 0. Then the proof is analogous to the
above one after the following modification of choosing €: We fix a number
0<e€ < minf.

1<j<k

Second we prove that

/el
(8) lim (IID"fllp/suplé°|) > 1
sp(f)

laj—oc

Assume the contrary, that there exists a subsequence /; such that

1/le|
9 (I;) lim (||D"f||p/ sup |5a|) <1,
lal—oo sp(f)
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FUNCTIONS WITH BOUNDED SPECTRUM 1071

where the symbol (/;) in (9) means that we take the limit only for a € 1.

Then there exist a subsequence I; C I; andnumbers 0< 8;<1,j=1,...,n
such that [f| =1 and
(10) (L) lim L=g, j=1,...,n

laj—oo |

Now we prove
(11) lim sup|¢7| = sup 14

1=£ sp(f) sp(f)
if yeR? and y— 8.

Indeed, given & > 1, there exists € > 0 such that Ay > g for y € R? and
|y — B| < €. Further, let || < M for all £ € sp(f). Then for & € sp(f) and
y € R%, |y — B] < € we obtain

(7| = |&7=BIR||ER R < MI=BIM sup 28|11,
sp(f)
Therefore

hm sup |€7] < MIBIO=1/R) gup |£8|1/k,
B sp(f) sp(Sf)

Letting 7 — 1, we get L
lim sup |¢7] < sup |¢7].
=B sp(f) sp(f)

To prove (11) it remains to show that

(12) lim sup |€7| > sup |¢7).
y— B8 sp(f) sp(f)

Let &* € sp(f) such that |¢*#| = sup|£f|. Then it follows from p < oo that the

sp(f)

distribution f" (¢) cannot concentrate on the hyperplanes &; =0, j=1,...,n
(this fact will be shown later). Therefore, |¢*#| > 0. Furthermore, let 1 be
an arbitrary point of sp(f). Then we will show later that the restriction of
the distribution f(£) on any neiborhood of # also does not concentrate on
the hyperplanes ; = 0, j = 1,..., n. Therefore, there exists a sequence
mé € sp(f), m > 1, such that ,,¢; #0,j=1,...,n, forany m > 1 and
méE— &, m— oco. Then
sup [€7] > |m&”|
sp(f)
for any m > 1. Hence,
lim sup |¢7| > llmlméyl = |m&?.
y—Bsp(f)
Letting m — oo, we obtain (12) and then (11).
Further, given A > 1, there is a number k > 1 such that A ¢8| > |E*5].
Therefore, it follows from (10)-(11) and (2) that
() Lim (ID°fllp/ sup =)' = (1) lim 1D £l 1€+#|

|et|—o0 |a|—o00

1 a
2 (1) 7 lim 015" /12|

a—*oo

= (1) 3 tim [ID° fllp/eg?] ¥l > 1.

a—'oo

>

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1072 H. H. BANG

This contradicts (9) by letting 4 — 1. Thus we have proved (8).
Finally, we will show

(13) im (||D°f]],/ sup [E])"/1el < 1.
lal—o0 sp(f)

We fix a domain G D sp(f) and a function y € C§°(G) such that (&)
equals 1 in some neighborhood of sp(f). Further, let 0 < ¢ < 1. We put
ho (&) = w(&)E*, o > 0. Then it follows from Holder’s inequality that for any
s>n(l/qg—-1/2)

IE~1hy)jd = / (ha(@)P)92 de

< ( [iha@Pa +ery d6>q/2 x ( Ja+ lélz)“"/”“”dé)

1-g/2

Therefore,
(14) |F~ hollg < C'llhallis) »

where C’' = C’(s, q) is independent of 4, .
Combining (14), the topological equality Hy) = W »(R"), and

D fllp = IIF~ (w(&)&%) * fllp < WWF~ (w (&) lp

we get

(15) 1D fllp < Cllw ()E%llk, 2l fNlp,  «20,

where C is independent of f and o and k =[5]+1.
Given the Leibniz formula we get a constant C; = C;(y, k) such that

(16) W (&)&lk,2 < Cilal® sup{Slép €771y < a, || <k}, a>0.
On the other hand, by an argument analogous to the previous one, we get

(17) |l|im (sup{sup [£*77|: y < a, |y| < k})V/1el/ sup go| /1ol = 1.

Actually, assume the contrary, that there exist a subsequence I; and a number
d > 1 such that

(18) sup{sup [£*77|'/l*l 1y < o, |y| < k} > S sup|ée|/lel, ac€l.
G G
Therefore, there are a subsequence I C I;, numbers 0 < 8, < 1, =
1,...,n,and an index y°, |y°| < k, such that |f| =1 and
0
. aj—7; .

L) lim —2L =8, =1,...,n,

( 2)|a]l—400 Ial B] .]
and

sup {sup ge=r| el sy <@, 7] < k} = sup |[ga=7"|Vlel
G G

for all a € I,. Therefore, by an argument analogous to that used for the proof
of (11), we get

(I) Lim sup|E*~""|Vlel = (1) lim sup|£®|'/l®! = sup |£| > 0,
lal—oc G laj—o0 G G

which contradicts (18). Thus we have proved (17).
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FUNCTIONS WITH BOUNDED SPECTRUM 1073
Combining (15)-(17) we obtain
(19) Lim |[D° 11,/ sup ||/ < 1.
la| o0 G

Now we assume the contrary that (13) does not hold. Then there exist a
subsequence J and numbers A > 1,0 < B; <1, =1,...,n, such that
[B]=1 and

(4) Jim 1D £}/ sup |ge|1et = 2.,
|aj—o0 sp(/f)’

o
J) lim 2 =8, i=1,...,n.
D) Jim Ti=F
Therefore, given the validity of (11) when sp(f) is replaced by G (which can
be proved analogously because G is open) and (19) we get

sup |€2|/ sup |E4] > A
G sp(f)

for any domain G D sp(f), which is impossible because of sup|¢#| > 0. The
sp(f)
proof of Case 1 is complete.
Case 2 (p = oo0). This is the most complicated case. It should be noted
that many facts used in the proof of Case 1 are false in this case (for example,
equality (11)). We first prove that if sup|¢®| = 0, then D*f(x) = 0 (for the

sp(Sf)
same o). Indeed, without loss of generality we may assume that a; # 0, j=
1,...,k,and a4, =--- =a,=0 (1 <k <n). Then the distribution f(&)

concentrates on the hyperplanes &; =0, je {1,...,k} =1I.
For each j € I we put
Gi={{eR":&#0,ieI\{j}}.
Then G; is open. And let fi(&) be the restriction of f(¢) on jLEJIGj. Then
using a partition of unity (see, for example, [7, Theorem 1.4.5]), we get

k
[©&) =3 0,0)f©),
Jj=1
where ¢;(¢) € C5°(G)), j €.
The distribution ¢;(&)f(£) concentrates on the hyperplanes ¢; = 0. There-
fore, taking account of a remark on Theorem 2.3.5 mentioned in Example 5.1.2

in [7], we get

N
20)  F7 Yo N)(xX) = &(X1, . Xjmts Xjr1s on» Xn)-(=ix))E

=0
where N is the order of the distribution f (&) (N < oo because supp f is com-
pact), & (S1,...,¢-1,¢j41,---,¢%n), £ =0,1,..., N- distributions with

compact support.
On the other hand, we have

IE= @i Nl = 1F ™95 % flloo < IF 7 91111 Moo < 0.
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1074 H. H. BANG

Therefm:e, (20) 1s possible only if ¢ = 0. Consequently, the function
~Hg;f)(x) is independent of x;. Hence, since o; # 0, we get
D F\(p;f)x)=0, jel,
and then D%f(x) = 0. Therefore, to prove D®f(x) =0, it is enough to show
that D*(f — fi)(x) =
Further, let £ € R"\|JG;. Then there exist at least two indices i, j €
JE€I
such that & = ¢; = 0. Therefore, the distribution f(&) - f;(¢) will concentrate
on the hyperplanes & =¢;=0,i,j€l,i#].
Let i,jel,i#j. Weput
Gij={eR": & #0, L €I\{i, j}}.

Then G;; is open. And let f>(&) be the restriction of f(£)— f(¢) on the union
of the sets G;j, i, j €I, i # j. Then using the partition of umty, we get

A& = Y 04~ @),
i,j€l,i#j
where (p,’j(é) € C0°°(G,'j) . }
The distribution ¢;;(&)(f(&) — f1(£)) concentrates on the hyperplane &; =
& = 0. Therefore, D°F~'[p;;i(f — fi)l(x) = O because, as shown above,
~Yg;i(f = fi))(x) is independent of variables x;,x;. Consequently,
Def(x) = 0. Therefore, to prove D°f(x) = 0, it is enough to show that

D(f - fi- fi)x
Now let £ € R” \U{G, j:i,j€l,i#j}. Thenthere are at least three indices

i1, iz, i3 € I such that & =¢;, =¢&;, = 0. Therefore, the distribution f &) -
fi(&) — f2(&) concentrates on the hyperplanes &;, =&, =&, =0,4,12,13 €
I,iy#i#13.
Again for iy, iy, i3 €1, i} # i # I3, we put
Giiiy ={E€R": & #0, j € I\{i1, i2, i3}}

and call f3(&) the restriction of f(£) — fi(£) — f2(¢) on the union of the sets
Gi.izi3 , I1,I2,1i3€1,1y # iy #i3. Then we have agz}in D°f3(x) -E~0. SOjt is
enough to prove D*(f — fi — f— f3)(x) = 0, where f(&) - f1(&) - f2(&) - f3(8)
concentrates on the hyperplanes &, =&, =&, =&, =0,1,,i2,13,is€ 1,1} #
I # i3 # ls. Repeatmg the above arguments, we obtain the distribution f &) -

A &—---— ﬁc 1(&) which concentrates on the hyperlane & =--- =¢&, =0 and
Def(x)=0 if D"(f—fl — o~ fr—1)(x) = 0. The last fact is clear because, as
shown above, (f—f;—---— fr—1)(x) does not depend on variables x;, ..., X; .

Thus we have proved D*f(x) =0

By the result just obtained, it is enough to show (1) only for multi-indices
a > 0 such that sup|f®| > 0 and denote by P the set of all such as multi-

sp(Sf)

indices. ,

Second we notice that inequalities (2) and (19) have been proved for 1 <
p<oo.

Next we prove that
(21) (P )Illlm (I1D* flloo/ Sup 1getiet > 1.

a|— o0
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FUNCTIONS WITH BOUNDED SPECTRUM 1075

Assume to the contrary, that there exist a subsequence I C P, anumber A< 1,
and a vector >0, |B| =1 such that

(22) (I) lim (IID"fHoo/ sup [¢2|)/lel < 2,
sp(Sf)
23 I —
(23) (D lim == 8.
Note that

(24) (I) lim sup |go|'/ldl > 0.

|a] =00 sp(f)
Indeed, assume to the contrary, that there exists a subsequence J C I such that
(25) (J) lim sup |&e|Ylel = 0.

|a|—o0 sp(f)

Forany 1<k<n and i;,...,i €{l,...,n} weput

Tiln-ik = {aZO:ail 790, e Oy #0 and (23] =0 if ] ¢ {i], ey ik}}.

Then there exist 1 <k <n and i;,..., i €{1l,..., n} such that J;_; =
J N T is unbounded. Therefore, clearly, we get

(Jiy.. zk) hm sup [£2|'/lel > (J;,_4,) llm 7>/l > 0,
|a]— o0 sp(/) al|—o0

where 7 is any point of sp(f) such that n;, #0, ..., n;, # 0. This contradicts
(25). So we have proved (24).

Further, let ,¢ € sp(f) : |«&%] = sup|é®|. Then &, #0,...,,¢&, # 0 for

sp(f)

any a € J;,_;

. and, by taking a subsequence, without loss of generality we may
assume that for some &* € sp(f)

(26) (i) lim o&=¢".

Now we consider two cases of &*:
If é;‘j #0,j=1,..., k, then, obviously,

(Jiri) lim [&o|tlel = (&8 = (g ;) Lim |&gre|Vlel
|a|—o0 lal—o0

which together with &* € sp(f), (2), and (22) implies

< i) lim (IID"fIIeo/lé""l)‘/"’I
= (iid) hm 1 (1D flleo/ sup geptet <a <1,

which is impossible.

Otherwise, without loss of generality we may assume that &= =¢ =0
and é;“w #0,...,8 #0 forsome 1<m<k.

Since (24) and (26), it follows that &* # 0, Therefore, m < k. Further,

by virtue of (23)-(24), (26), the definition of ,¢,and {; =--- =& =0 we
obtain B;, =---=B; =0. Since, clearly,
. Q; a, a ‘B:,,H, ﬂl
(Jil...ik) ahinoo Iaéim’::l . - ll/l l= |§1,,,+| b lk kl

= (J;,.. 1,() llm |EF Pim+1 ”.éa‘kllllal,

Im+1
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1076 H. H. BANG

there exist v € J;,_; and N > 0 such that
(27) il <ATWE],  L=m+1,... Kk,

forall [a|>N,a€J;
On the other hand, it follows from ,¢;, #0,...,,&, #0 and

(i) im o0& =¢7 =0, Jj=1,....m,
Jaj—o0 4
that there exists M > 0 such that
|aéi,-|$|u§ij|, j’—'l,...,m,
forall |a| > M, a € J;,_; . This together with (27) implies
|a€i11$l_lll/¢ij|, j=l,...,k,
for all |a| > max{M, N}, a € J;, ;. Therefore,
sup [éall/lal - |a¢a|1/|a| < A—l]yéa[l/(al
sp(f)

which together with (2) and (22) implies
1< (Ji,...ik)llli_m_ (1D flloo /&) /1!

Qa|— 00

< (Jiyiy) A71 lim (||D° flloo/ sup |E2]) V1o < 1.
lal=oo sp(/)

We thus arrive at a contradiction. So we have proved (21).
Finally, to complete the proof it remains to show that

(28) (P) Tim (||D° flloo/ sup [&2))"/12! < 1.
laj—o0 sp(f)

Assume to the contrary, that there exist a subsequence I/ C P, anumber /2 > 1,
and a vector 8 >0, |f| =1 such that

(29) (I) lim (||D®f||oo/ sup |E%)"/1* > h,
la—o0 sp(/)
. 07
(30) (1) lc}ll_rpoo o] = B.

Notation being as above, we have 1 < k <n and §;,...,i €{1l,..., n}
such that I;, ;, =INT; is unbounded.
We put

Q={neR":3{nl} Csp(f),m¢; #0,
Jelin, oo, i}, m21, im & =n},
Os={x+y:xe€Q,lyl<d}, >0,
and H =R"\Q. Then Q isclose, H and Qs are open.
Therefore, since sp(f) C Qs U H(= R"), we obtain
F&) =051 (&) + w(&) (), 9s € C5°(Qs), ¥ € C3°(H).

By an argument analogous to the previous one, we can prove that D*F~!(y H(x)
=0 forall a €1, _; . Hence, it follows from (29) that

(31) (Fiv.a) im (1D°F (g3 e/ sup &%)/ >
a|—00 sp

1ol

forany 6 >0.
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FUNCTIONS WITH BOUNDED SPECTRUM 1077

On the other hand, by an argument used in the proof of equality (11), we get
(32) (I;...;,) lim sup|&*|/lel = sup|EA|.
lal—oo g; 0s

Further, let 0 € Qi/m : |m6#| = sup|é#|, m > 1. Then there exist a subse-
1/m

quence {m,;} (for simplicity of notation we assume that m; = k, k > 1) and

a point 6* € Q such that ,,6 — 6*, m — co. Then

0 < sup|éf| < lim |,60%| = 6|
Q m—oo

Arguing as in the proof of (12) and taking account of 6* € Q and (30) we
obtain

(33) 10*#] < (L;,..;,) lim sup|ée|'/lel,

laj—o0 @
Further, because inequality (19) was proved for 1 < p < oo, we have
By (i) Jim (ID*F = (@1/m oo/ sup &)1 < 1
a|— 00 \m

forany m > 1.
Now we fix a number m > 1 such that |,0#| < h|6*#|. Then combining
(31)=(34), we obtain

L2 (i) Tm (ID*F ! (91/m)lloo/ sup £2])!/1

Ql/m

= (i) im |ID°F =" (91/m NIIL /1m0

2 (Ty..s,) Tim k=M ID°F = (pym)lIcL /16|

2 (Fiip) Jim h=H(ID*F (g1 lloo/ sup |1

= (i) m B (ID*F~ oy lloo/ sup 2PVl > 1,

which is impossible.

The proof of Case 2 is complete.

Let us now return to prove the fact mentioned in the proof of Case 1 that the
distribution f(£) does not concentrate on the hyperplanes £; =0, j=1,...,n
if 1 <p < oo. Actually, assume to the contrary, that f concentrates on the
hyperplanes £; =0, j =1, ..., n. Then, notation being as above, we have

A& =Y 0,7, 0 €CEG),
j=1

~ ~ n
where f; is the restriction of f on | Gj.

Jj=1
On the other hand, it follows from the Nikolsky inequality that f(x) € Lo .
Therefore, as shown above, F~!(¢;f)(x) is independent of x;, which is pos-
sible only if F~!(¢;f)(x) =0 because of

WF= (@i Nl < IF " oIh11Alp < o0
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and p < oc. Therefore, f must concentrate on the hyperplanes & = ¢; =

0,i,je{l,...,n},i # J . Repeating the above arguments, taking account of
p < oo, we obtain suppf C {0}, which is impossible because of p < oc and
f(x)#0.

Further, let # be an arbitrary point of sp(f). Then analogously we can prove
that the restriction of f(£) on any neighborhood of # also cannot concentrate
on the hyperplanes £; =0, j =1,

Case 3 (0 < p < 1). The inequality

lim (||D* 1],/ sup jgani/iel > 1

|aj—o0
follows from the Nikolsky inequality and Case 1. The inverse inequality
im (||D*f1],/ sup |&°])!/1! < 1
la|—oo sp(/f)
can be proved in the same way as shown above with the following modification
of (15):
(35) 1D fllp < Cllw ()% lk 2l f1lp,  a20,
where k = [n(5 - 3)]+ 1.
Let us now prove (35). Given (14), we get
(36) 1F ™ allp < C'llhally, 20,
where C’ is independent of f and o and notation is as above.
On the other hand, given
supp F(F~'ha(.)f(x —.)) C supp A, + supp F(f(x - .))
= supph —suppF f C G -sp(f) ,

the Nikolsky inequality, and (36), we get F~'h, € Lo, F~'ho()f(x —.) € L,
forany x €e R", a >0, and

)4
(F haFf)(x)P < ( [1F a1 —y)|dy)

<t [IF hPIi =P dy |
where C; =C,(p, G - sp(f)). Therefore, given (36) we obtain
D fllp = IF =" haF fllp < CUUIF ™ hallolIflo

< Gollhalluollf1lp < Clihalli, 211 f1lp

for all a > 0. So we have proved (35).
The proof of Theorem 1 is complete.

Remark 1. By an easier way we can prove Theorem 1 for functions defined on
torus T”.

Remark 2. Theorem 1 still holds for the case of fractional derivatives. And it
can be extended to the cases of other derivatives as Riesz’ or Bessel’s ones (see

(8-

Remark 3. Equality (1) is not true if sp(f) is unbounded. However, we have

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Theorem 2. Let 0 < p < o0, f(x) € L,(R"), and sp(f) with respect to ¢y, ...,
& (1 < k < n) be bounded. Then DY f(x) € Ly(R") forall v = (v, ..., v,
0,...,0)€2} and

lim (||D f]l,/ sup |&)"/M = 1.
[v]—oo sp(/)

3. AN APPLICATION

Now let us apply Theorem 1 to obtain a nonconvex case of the Paley-Wiener—
Schwartz theorem. For this purpose we have to introduce a notion on a set
generated by a number sequence: Let 0 < 4, < 00, @ > 0. Denote by G{4,}
the set of all points ¢ € R” such that |¢¢] < A, for all & > 0. Then it is
easy to see that G{4,} is compact and G{h!*lA,} = hG{A.}, h > 0. Note that
G{A.} can be nonconvex. Actually, let n =2, 4; j =2/l i, jeZ,. Then
G{Au,j} ={(x,y) e R?:|xy| <1, |x| £ 2, |y| < 2}—the parabola cross.

If there exist m > 1 and B > 0 such that lZ’ < Amp, then G{A,} does
not change when we replace 4,5 by XZ‘ . So, to define G{4,} we can always

assume that the sequence {4,} is right, i.e. 4, > A,l,{;" for all « > 0 and
m > 1. Using Theorem 1, we can prove the following '

Theorem 3. Let 0 < p < o0, f(x) € L,(R") and {A,} be right. Then sp(f) C
G{A.} if and only if

(37) Ill—ia (I1D* f1lp/Aa) 1™ < 1.
Proof. Let sp(f) C G{Ay}. Then
sup [€%| < 4, @ 20.
sp(f)

Therefore, since Theorem 1, we get (37).
Conversely, if (37) holds, then given Theorem 1 we have

Hm (sup |£%]/42)"/1! < 1.
sp(f)

|aj—o0
Therefore, for any € > 0 there exists a number N < oc such that
sup €| < (1+€)h,,  Jo| > N.
sp(f)
On the other hand, the sequence {4,} is right; therefore,
sup [€%] < (1 +¢€)ll4,
sp(f)
for all a > 0. Hence,
sp(f) C (1 + €)G{A,}.
Letting € — 0, we get sp(f) C G{4,} . The proof is complete.

REFERENCES

1. R. A. Adams, Sobolev spaces, Academic Press, New York, San Francisco, and London,
1975.

2. H. H. Bang, A4 property of infinitely differentiable functions, Proc. Amer. Math. Soc. 108
(1990), 73-76.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1080 H. H. BANG

, Some imbedding theorems for the spaces of infinite order of periodic functions, Math.
Notes 43 (1988), 509-517.

, On imbedding theorems for Sobolev spaces of infinite order, Mat. Sb. 136 (1988),
115-127.

5. —, Imbedding theorems for Sobolev spaces of infinite order, Acta Math. Vietnam 14
(1989), 17-29.

6. Ju. B. Egorov, Lectures on partial differential equations, Moscow State Univ. Press., Moscow,
1975.

7. L. Hoérmander, The analysis of linear partial differential operators 1, Grundlehren Math.
Wiss., 256, Springer, Berlin, Heidelberg, New York, and Tokyo, 1983.

8. P. 1. Lizorkin, Estimates for trigonometric integrations and the Bernstein inequality for
fractional derivatives, 1zv. Akad. Nauk SSSR Ser. Mat. 29 (1965), 109-126.

9. R. J. Nessel and G. Wilmes, Nikolskii-type inequalities for trigonometric polynomials and
entire functions of exponential type, J. Austral. Math. Soc. 25 (1978), 7-18.

10. S. M. Nikolsky, Approximation of functions of several variables and imbedding theorems,
”Nauka”, Moscow, 1977.

INSTITUTE OF MATHEMATICS, P.O. Box 631, Bo Ho, HAaNOI, VIETNAM

Current address: Steklov Institute of Mathematics, MIAN, ul. Vavilova 42, Moskva, GSP-1,
117966 (from November 1, 1994 to April 30, 1995)

E-mail address: hhbang@Qthevinh.ac.vn

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



