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EXISTENCE OF EXTREMAL METRICS
ON COMPACT ALMOST HOMOGENEOUS KAHLER MANIFOLDS

WITH TWO ENDS

DANIEL (ZHUANG-DAN) GUAN

Abstract. In this note we prove the existence and the uniqueness of extremal

metrics in every Kahler class of any compact almost homogeneous Kahler man-

ifold with two ends by considering the scalar curvature equations, those man-

ifolds might not be projective. We also prove that there are extremal metrics

in some Kahler classes of a completion of the multicanonical line bundle of a

Kähler-Einstein manifold of positive Ricci curvature.

1. Introduction

It is well known that every Kahler class of a compact Kahler homogeneous

space admits a Kahler metric with constant scalar curvature. We may ask the

following question:

Can we find any special metric on a compact (not necessarily projective)

almost homogeneous space with two ends, in particular, on a completion of a

line bundle over a rational homogeneous space?

In [Cll, 2] Calabi first started the study of extremal Kahler metrics as a
generalization of Kähler-Einstein metrics. He proved that for certain compact

complex manifolds there exist extremal metrics, and conjectured that there al-

ways exists an extremal metric in a Kahler class. The conjecture would imply

that there is a Kähler-Einstein metric on a Fano manifold if and only if the

Futaki invariant is zero. Although it was shown in [Lv] and [Bu] that there is

no extremal metric on certain compact complex manifolds, those examples are

not Fano.
In [Sk] and [KS1, 2] Koiso and Sakane found a method for constructing

certain Fano manifolds and proved that there exist Kähler-Einstein metrics on

those Fano manifolds if and only if the Futaki invariants are zero. Recently by

the same argument Andy Hwang [Hw] proved that there always exist extremal

metrics on those Fano manifolds (although we finished our main theorem a

little earlier, we expected that he would finish the Fano case at that time). So

the existence of Kähler-Einstein metrics follows from Calabi's result. They all
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considered the symmetric Ricci curvature equation, which is not able to solve

the general case.
The Fano case is very restricted. For example, in the dimension 2 case, there

are only 3 of them, i.e., CP2, CPX x CPX, and Fx , the blowing up the CP2 at
one point; they do not include Calabi's examples. But the general case includes

all the Hirzebruch surface F„. In this paper, by considering the symmetric

scalar curvature equation, a method similar to that of [KS] and [Hw] is employed

to simplify the proof of [KS1] and [Hw]. The existence of extremal metrics in

a more general case is proved, and the results in [KS1] and [Hw] are obtained

as corollaries. In particular, it is proved that every Kahler class of any almost

homogeneous compact (not necessarily projective) complex manifold with two
ends admits a unique extremal metric up to automorphisms and that every Kahler

class of a completion of any multicanonical C* bundle over any compact Kähler-

Einstein manifold with positive first Chern class admits an extremal metric. For

example, the examples in [Cll] are of this type; hence the question raised there

by Calabi is solved. The main difference between our method and that of others

is that we consider the symmetric scalar curvature equation here instead of the

symmetric Ricci curvature equation (see also [Gul]), which enables us to solve

the general case. The calculation of the scalar curvature in Lemma 2 and the

observation in Lemma 3, as well as the proof of Lemma 7, are essential for our

proof.

The same consideration has led to many new results in this direction; similar

results for quasi-Einstein metrics have been discussed in [Gul, 2]. We are

examining a scalar curvature flow which is related to the quasi-Einstein metrics;

it converges to our quasi-Einstein metrics in many cases [Gu3].
This work was finished in the spring of 1992. Here I express my thanks

to the Department of Mathematics of the University of California at Berkeley

and Professor S. Kobayashi for support, and to Dr. Andy Hwang for discussing

[Hw].

I also thank Professor J. Q. Zhong for leading me into this topic when I was

in China. And I thank Professor D'Atri for support, as well as Professor Sakane,

for sending me [Sa] and [KS2] when I was at Rutgers.

2. Preliminaries

We call a metric g an extremal metric if it is a critical point of the functional

g —» / R2co" , where R and co are the scalar curvature and the Kahler form of

g-
The results in this paper can be regarded as a continuation of the papers we

mentioned above, and several lemmas from those papers will be stated without

proof.
Let p : L —> M be a holomorphic line bundle over a compact Kahler man-

ifold M and h an Hermitian metric of L. Denote by LP the open sub-

set L\{0-section} of L and let 5 £ C00^0)* be defined by s(l) = \og\l\h

(I £ L°), where | |/, is the norm defined by h. Now consider a function

t = t(s) £ C°°(L0)r which depends only on 5 and is monotone increasing with

respect to s and such that min t < 0 < max /.

Given a 1-parameter family of Riemannian metrics gt on M, consider a

Riemannian metric on L° of the form

(1) g = dt2 + (dtoJ)2 + g,
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where g(l, m) = p*gt(S(i))(m), m e M. A function u depending only on t is

defined on L° by u(t)2 = g(H, H), where H is the real vector field on L°

corresponding to the R* action on L° .Let U = /„' u(t) dt.

Lemma 1 (cf. [KSI]), g is a Kahler if and only if g0 is Kahler and gt =
go - UB, where B is the curvature of L with respect to h .

Throughout this paper, we assume that

( 1 ) L is a compactification of L° and g is the restriction of a Kahler metric

of L to L°, and
(2) the eigenvalues of B and r with respect to gt are constant on M for

each t, where r is the Ricci curvature of go •

The main theorem of this paper is

Theorem 1. On L there is an extremal metric in the Kahler class of g if r is

nonnegative.

The case in which r has negative eigenvalues may be discussed in a later

paper.
Let (z1, ... , z") be a system of holomorphic local coordinates on M,

n = dime M. Using a trivialization of L°, a system of holomorphic local

coordinates (z°, ... , z") on L° is taken so that d/dz° = H - \[^\JH. Let

dj ,t% (0 < i < n) be the partial differentiations d/dz', d/d'z' on L° , and let

di,dj  (1 < i < n) be the partial differentiations d/dz1, d/d'z1 on M.

Lemma 2 (cf. [KSI]).  We have

goô = 2"2>        ¿07 = 2ut%t,        g0 = g0 + 2dit.djt,

where \ < i, j < n. At the point P £ L° considered, we can choose a local

coordinate system around m = p(P) £ M such that d/dz't = 0 at m, so

djt = djt = 0 at P. If f is a function on L° depending only on t, then

d_( d£
dt\udtj'       ".r*     "'doc\f=u^(»ik)>       dit\f = Q,

(u^-t\og(u2Q)^ ,        ro7 = 0,

The Ricci curvature at this point is

f- = -u—
00 dt

,1    d 2
^ = ^o,7+2M^log("ß)-ß'7'

where Q = det(g0_1 • g,) and rQ = (rotj) is the Ricci curvature of g0 ■ In partic-

ular, the scalar curvature is

~     A       \    d   I d   _   \

R=Q-2Qdü{dÜQ<P)>

where cp = u2 as a function of U and A(U) = QYlijrong't(u) •  ^e ^ave a^so

<p'(mm U) = 2, <p'(max U) = -2.
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Proof. Here a proof for the last statement is given. By reducing to the case

in which M is a point and L is CPX, the statement can be proved by direct

calculation.   Q.E.D.

Lemma 3 (cf. [FMS], [Mb]). U can be regarded as a moment map corresponding

to (g, JH), and gt the symplectic reduction of g at U(t). Then g is extremal

if and only ifR — all + b for some a, b £ R.

Let M0 = [/"'(min U) and M^ = U~x(max ¡j) ; they are complex subman-

ifolds, since they are components of the fixed point set of H - yf^lJH which

is semisimple.

Lemma 4. Suppose that there is another Kahler metric gv on L in the same

Kahler class which is of form (I) on L°. Let

g\t\U\Q\A\<p\Uv

be the corresponding metric and the corresponding functions of s. Then there is a
unique corresponding iv such that g$ = go . In this case, min Uv = min U (or

max C/v — max U) and Qy = Q, Av = A hold. So we may write D = max U

and -d = min U. Moreover, let Z)_¿ (or Do) be the codimension of Mo (or

Moo), if D_d > 1 (or DD > 1). Then

Q(U) = (1 + U/df-«-xQ_d       (or = (1 - U/D)D°-XQD),

where Q_d (or QD) is a polynomial such that Q-d(-d) ^ 0 (or Qd(D) ^ 0)
and

A(U) = D^(D-d-l)-3U + -j) Q-d    mod

(or = DD(DD - 1)1 (l - ^jDD 2 QD  Í mod (l - jQ

Proof. Let g = gv = dd<f> ; then

~v     x    ,  1 ..d<i> d    _/„ \       (ri     1 ..d<¡>^-^+2MW^ = «7-VC/-2MWJ^

for 1 < /, j < n, so at min U (or max U) gn = gY, ; therefore there is a

in such that g^(to) = go- By choosing tv such that /v(/o) = 0> one sees that

min Uy = min U, max Uv = max U, as desired.

The last statement follows from the fact that the scalar curvature R is finite

on both Mq and M«,.   Q.E.D.

3. The proof of the results

From Lemma 3, it can be seen that if g is an extremal metric, then R =

all + b for some a, b £ R, so by Lemma 2 we have

hé Hu d \
A(x) dx + -jv-ÁQcp) )=2aU + 2b,

QdU \     J-d dU
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from which we obtain

d fu fu
-fjj(Q.<P) - - /   (cx + m)Q(x)dx-e + 2       A(x)dx,

where c = 2a, m = 2b . Then

Qcp = - /    ( i  [(cx + m)Q(x)-2A(x)]dx + e\ dy.

Denoting the left side by <I>( U), we have the equations

2Q(-d) = -e,

... -2Q(D) = - [  [(ex + m)Q(x) - 2A(x)]dx-e,
(2) J-d

0= [   (F [(ex + m)Q(x) - 2A(jt)]dx + e\dy.

Lemma 5. There is a unique solution c, m, e for (2).

Proof. From the first equation in (2), e can be found. Exchanging the order

of the integrals gives

/    ( f  [(cx + m)Q(x)-2A(x)]dx) dy
J-d \J-d )

fU
= /   [(cx + m)Q(x)-2A(x)](U-x)dx.

J-d

The third equation in (2) becomes

/D
(ex + m)xQ(x)dx

-d

= [  (2yA(y) + D[(cy + m)Q(y)-2A(y)] + e)dy.
J-d

From the second equation in (2), the second term of the right side is independent

of c or m ; i.e., the right side is independent of c or m . So the equations (2)

become

ßc + am = f,        yc + ßm - g

where a = J^dQ(x)dx, ß = J^dxQ(x)dx, y = j^dx2Q(x)dx, and / and
g are constants. So there is a unique solution for c, m .   Q.E.D.

Lemma 6 (cf. [KSI]). There is an extremal metric in the Kahler class of g if

<? = <t>/Q is positive on (-d, D).

Lemma 7.  <P above is always positive on (-d, D) if r is nonnegative.

Proof. First, the derivative of Qcp is 2Q(-d) (or -2Q(D)) at -d (or D),
which is positive (or negative) in the case D_¿ =1  (or Do = 1). If D_d > 1

(or DD > 1), then the derivation is positive (or negative) near -d (or D) by

the last statement in Lemma 4.

Second, we have

2 (Qcp) = 2A(U)-(cU + m)Q(U).
dU2
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Diagonalizing B , we see that Q is a product of polynomials of degree 1. Let

—a\x <••• < -a~x < of1 < • • • < b~x denote the distinct roots of Q for which

some corresponding Ricci curvature r^ is nonzero, where a¡, b¡ are positive.

Let

S(U) = uf[{l+aiU)f[{l-bjU),        P(U) = UQ(U)/S(U),
1=1 ^=1

and

xV(U)=(J^(Qcp)(U)^/P(U).

Then *P is a polynomial of degree q + s+l and *P(a) = -kaS'(a) for a a root

of S(U)/U, where ka £ R+ since r is nonnegative. We can see that S'(a) ^ 0

and > 0 (or < 0) if and only if S' < 0 (or > 0) for the root before a and

after a (if they exist). And S'(0) > 0, so S'(-a~l) < 0, S'(b;x) < 0; that is,

*¥(-a-x) > 0, ^(èf1) > 0. Now there are q - 1 (or s - 1) zero points of ¥

in (-tff ', -ciqX) (or in (èj-1, b~x)) if q, s are not zero (one may also check

the case of s — 0 or q — 0). If cp has nonpositive points in (-d, D), then

in (-d, D) Qcp has at least two maximal points and one minimal point, since

cp(-d) = cp(D) = 0, <p(-d + e) > 0, <p(D - e) > 0 for e small enough. So we

get that there are at least 4 zero points of f in (-a¿"',¿¡"'). *P has at least

(q - 1) + (s - l) + 4 = q + s + 2 zero points, i.e., ¥((7) = 0, Qcp is linear, so

Qcp = 0, a contradiction.   Q.E.D.

By the same method as in [KS1], the theorem is proved.

Corollary 1. On L there exists a Kahler metric with constant scalar curvature in

the given class of g if and only if the Futaki invariant is zero.

Theorem 2. For every Kahler class of a compact almost homogeneous manifold

with two ends, there exists a unique extremal metric up to automorphisms.

Proof. Since every compact Kahler almost homogeneous space with two ends

is a completion of a C* bundle over a product of a torus A and a C-space N

with two homogeneous Kahler spaces as two ends [HS, Theorem 3.2], a maximal

compact subgroup of the identity component of the automorphism group of this

manifold is G = A x S x Sx , where A is also the Albanese torus and S is a

maximal compact subgroup of the identity component of the automorphism

group of N. For any Kahler metric g, go — Jh€Gh*gdm is a Kahler metric

of the form (1), where m is the Haar measure on G; it is invariant under G.

And also the Ricci curvature of A x N is nonnegative, so the condition in our

assumption follows from the well-known property of the invariant cohomology

(1,1) classes for these manifolds (see [DG, p. 326, proof of the proposition],

for example).
A result of Calabi [C12] says that we may assume that the extremal metric

is invariant under G; that is, every extremal metric has the form (1). So the
uniqueness follows from Lemma 5.   Q.E.D.

Theorem 3. The completion of any multicanonical C*  bundle over a Kähler-

Einstein manifold of positive Ricci curvature admits an extremal metric.

Proof. By the main theorem and the argument in the proof of Theorem 5.4 in

[KS1, p. 177].
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Remark 1 (cf. [Mb]). In the above case we have

ru fv
s = s(U)=       K(U)dU,        t = t(U)=       Kx/2(U)dU,

Jo Jo

where k(U) = Q(U)/®(U) ; so U = s~x(s).

Remark 2. In the general case we have

F(H) = 2[-DQ(D) + dQ(-d) - <5, + [Q(D) + Q(-d) + S]ß/a],

where F(H) is the Futaki invariant, 5 = ¡DdA(U)dU, Si = J°d UA(U)dU.
And in the case that go is Fano A = nQ - UQ', so ô = (n + l)a - DQ(D) -

dQ(-d) ,ôx=(n + 2)ß - D2Q(D) + d2Q(-d).

Remark 3. In [Ki] N. Koiso also considered the extremal metrics in the Fano

case, but he miscalculated the Laplacian. Here we want to say that a quasi-

Einstein metric is extremal if and only if it is Kähler-Einstein. First, a quasi-

Einstein metric must be in the first Chern class up to a constant, since every

one-parameter group fixes all Z cohomology classes. In the quasi-Einstein case

Koiso's solution shows that Qcp is a polynomial of degree deg Q + 2, but for

the extremal metrics Qcp has degree degQ + 3 except a = 0, i.e., the scalar

curvature is constant, which must be Einstein in the Fano case. A generalization

of Koiso's quasi-Einstein metric has been considered in [Gul, 2].
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