TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 348, Number 4, April 1996

A PERIODIC POINT FREE HOMEOMORPHISM
OF A TREE-LIKE CONTINUUM

PIOTR MINC

ABSTRACT. An example of a homeomorphism without periodic points is con-
structed on a tree-like continuum.

1. INTRODUCTION

By a continuum we understand a compact and connected metric space. A con-
tinuum is tree-like if it is the inverse limit of an inverse sequence of trees (simply
connected finite graphs). A continuum is cell-like, if it is the intersection of a nested
sequence of cells. Each one-dimensional cell-like continuum is tree-like.

Suppose X is a continuum and f is a map of X into itself. A point z € X is a
fixed point of f, if f(x) = z. If n is a positive integer, then by f™ we understand
the n-th iteration of f. A point € X is a periodic point of period n, if f™ (z) = x.

In 1935, K. Borsuk [3] constructed an example of a cell-like continuum in R?
admitting a fixed point free homeomorphism. R. H. Bing [2] gave a two-dimensional
version of Borsuk’s example and asked whether a tree-like continuum without the
fixed point property could be constructed. D. P. Bellamy [1] answered this question
affirmatively presenting in 1978 his spectacular example.

The Borsuk continuum admits a homeomorphism without periodic points. In
1972, T. Ingram [7, Problem 34] (see also [10, Problem 35] and [6, Problem 2]) asked
whether each map of a tree-like continuum into itself must have a periodic point.
The Bellamy map and other fixed-point free maps on tree-like continua constructed
subsequently (see [12], [13], [14] and [11]) have periodic points. In this paper we
construct a tree-like continuum X and a homeomorphism h of X onto itself without
periodic points.

Questions. The Borsuk map can be extended to a periodic point free homeomor-
phism of R? onto itself. Is there a periodic point free homeomorphism of R? with
an invariant tree-like continuum? The Borsuk map is homotopic to the identity. It
is not known whether each homotopic to the identity map of a tree-like continuum
must have a fixed point (see [10, Problem 27]). Recently, C. Hagopian [9] proved
that at least some levels of the homotopy have fixed points. Is it true that each
homotopic to the identity map of a tree-like continuum must have a periodic point?
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Outline of Construction. Before reading this outline, one should realize that
definitions included in it are not precise and should not taken literally. The precise
definition can be found elsewhere in the paper.

By a slight modification of the original Bellamy’s construction, the author [11]
obtained, for each positive integer j, a tree-like continuum and a map without
periodic points of periods smaller than or equal to j. Applying to those maps a
technique by J. B. Fugate and L. B. Mohler [8], we get a tree-like continuum B
and a homeomorphism fj of B onto itself such that fJ does not have periodic
points of periods smaller than or equal to j. Using B and f] as building blocks,
we construct a commutative diagram

Xl g1 X2 g2 X3 g3

b b

X, &1 X, &2 X, 3
where X1, X5, X3,... are tree-like continua, 71, &2, 3, ... are continuous maps and
hi,ho, hs, ... are homeomorphisms such that h; does not have periodic points of
periods smaller than or equal to j. The continuum X is the inverse limit of the
system {X}, 07} and h is the map induced by the sequence hq, hs, hs,.... We start

with X; = B1 and h; = f1 The map h; does not have fixed points. To get Xo,
we replace each periodic point of hy by a copy of B2 The bonding map &7 is the
projection mapping each copy of B, onto the point it replaces. The homeomorphism
ho maps the copy of Bg replacing a pomt x onto the copy of BQ replacing hq (x);
hs restricted to each such copy of Bg is equal to f2 . Since each periodic point
of ho belongs to a copy of Bg, ho has neither fixed points nor periodic points of
period 2. To get X3, we replace each periodic point of hs by a copy of Bg. The
homeomorphism hj restricted to each copy of Bg maps it onto the appropriate copy
of B3 and is equal to f3 We continue this procedure defining h; to be either fJ on
each added copy of B7, if j is odd, or fj , if j is even.

To have topology in X; reasonably well-defined, and to have a chance for conti-
nuity of h; we should replace much more than periodic points. The continuum Bj
looks almost like the product of the Cantor set by the interval I = [0,1] with 3;
denoting the projection onto I (see Prop0s1t10n 2.11 for a more precise statement).
When we replace a point = € B by a copy of B_]+17 we should do the same for each
point y € Bj such that 3; (y) = B; (x). Then, of course, we should replace all of
the images and preimages of such points. But even that is not enough.

To outline further elements of the construction, we need a simplified model. For
the sake of this discussion, let us pretend that Bj = I and that fj is equal to the
roof-top map (g2 in the next section). Even though 0 is a fixed point of g2, we do not
need not worry about it, because 0 does not correspond to a periodic point in ‘true’
B We must remove all other periodic points of go. To simplify our task further,
we start with X1 = I and attempt to construct X» by removing only the other
fixed point ¢ = 2. Let A, denote the arc {c} x I. Let @, : I\ {¢} — I be a map

such that R, = {(t,éc(t)) |O§t<c} and R = {(t,tfc(t)) le<t< 1} are

two rays approaching A, the same way as the sin 1/z-curve approaches its limiting
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interval. Let Xy = R, U A. U R”. To define hy, we have to overcome the following
two difficulties. Since gg(%) = %, we want to replace the point % by an arc. Then
we have to do the same for %, then for % and so on. The second difficulty is to
define hy on A, so that it is continuous in a neighborhood of A.. Suppose that
he (¢,x) = (h1(c), g2 (z)) for each x € I. Since go stretches I and then folds it
onto itself, each of the ‘basic’ arcs forming R, and R/ which is sufficiently close to
A, would have to be mapped onto two such arcs on the opposite sides of A.. This
would force points to be mapped closer to A. Since ¢ = % is a repelling fixed point
of hy = g2, we need the property ha (¢, g2 (z)) = (h1 (¢),x) for each € I. This
is not possible because go cannot be reversed. But, it will become possible in the
main construction, where we will have the homeomorphism fg instead gs.

In the simplified model still, let C (7) denote the set of points in X; which have
to be replaced by I to get X;41. If ¢ € C (i), then points in the replacing it
A, = {c} x I will be denoted here by (c,t), where t € I. If x € X;\C (i), then the
corresponding to it point of X, will be denoted by = too. For reasons outlined
above, C' (1) consists of those points ¢ € I which are mapped by some iteration of
g2 to a non-zero periodic point of gs. Suppose ¢ and ¢’ belong to C (1). Then (¢, )
belongs to C'(2). Since the ‘basic’ arcs forming R/, and R limit on A., each change
of A. should be followed by the corresponding changes of these arcs. Therefore,
if # € X; = I is such that ®,(z) = ¢, then = € C(2). The set C (3) has to
accommodate two levels of converging rays, C (4) three levels and so on. We have
to be careful in our construction of each set C (i) and each function ®, to guarantee
that X; is a one-dimensional compactum and that the function h, is continuous.
The remaining required properties will follow more or less automatically.

The continua Ej are defined in Section 2 of this paper. The set C (i) and the
function ®. are defined analytically in Section 4. The definition involving continued
fractions is prepared in Section 3. Finally, in Section 5, we define X; and h; and
conclude the proof of the example.

Notation. All spaces considered in this paper are metric. If points z and y belong
to a metric space, then by |z — y| we will denote the distance between z and y.
The set of real numbers and the unit interval [0,1] will be denoted by R and
I, respectively. The remaining part of the notation will be introduced as needed
throughout the rest of the paper. To make it more accessible, we indicate here
where the key symbols are defined.

~, 4.22 a(j,c), 4.2, 4.40 A 2.1

aj (c), 4.2 B;, 2.10 Bj, 2.8
C(n), 4.2 6n (c,x), 4.36 8 (¢, x), 4.31
bn (c,b), & (¢, b), 5.11 A(n), 5.8 D (i), 4.22
€(a), 3.15 €(c), 4.6, e(d), 4.22 n(a,€), 3.12
n(c), 4.6, n(d), 4.22 E, 3.13 fi, 2.8
v[...], 3.3 Ye, 4.9 In, 2.4

h, 5.16 R, 5.28 H,,5.3
I(c,t), 4.19 M(d,t), 4.44 N (d,t), 4.43
A, 4.38 L, 4.38, 4.40 len, 4.1, 4.40, 5.2
w, 3.13 M(c), 4.6, M (d), 422  w]...], 3.3
@, 4.16 @i, 2.14 P, D, 4.16
d,, 4.41 $,, 5.1 T, 5.21
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P,, 4.35 P,, 5.4 Q, 5.2

7y, 4.1, 5.2 On, 5.4 G,y 5.21

oy, 5.9 55, 4.1, 5.2 7,53

0 (c,k,t), 4.19 T, 4.1 Ue, 4.6, ug, 4.22
v, 2.2 w;, 3.2 &_(c), &4 (0), 4.16
X,, 5.21 X, (d), 5.23

2. BELLAMY’S CONTINUA

In this section we define the continuum Ej, which is used as a basic building
block of the construction.

2.1. Definition. Let A denote the set of those rational numbers which can be
represented as p/q, where p and ¢ are relatively prime positive integers and ¢ is not
a power of 2.

2.2. Definition. Let v : R — I be defined by:

) { t—2m, if mis an integer and 2m <t <2m 41,
v =

2m —t, if m is an integer and 2m — 1 <t < 2m.

2.3. Proposition. If x is not an integer, then exactly one of the numbers x — v (x)
and x + v (x) is an even integer.

2.4. Definition. For each positive integer n let g, : I — I be defined by g, (t) =
v (nt).

2.5. Proposition. Suppose x is a point of (0,1] and i is a positive integer such
that g2* (x) = x. Then x € A.

Proof. By [11, Proposition 2], g2! (z) = v (le) There is an integer m such that
either v (2’3:) = 2z — 2m or v (2%) =2m — 2'z. Ifv (2%) = 2z — 2m, then
x:2m/(2i—1) e A va(2ix) =2m — 2z, thenx:2m/(2i—|—1) e A

2.6. Definition. For each positive integer n, let S, be the inverse limit of the
inverse system of copies of I with every bonding map equal to g,. Let p¥ be the
projection of S, onto the k-th element of the inverse system. Let e, denote the
point (0,0, ...) and let d,, denote the point (17 1/n,1/n% 1/n3,. .. ) Let J,, denote
the arc in S,, between e,, and d,,. Let g denote the map from S,, onto itself induced
by g2, ie. g((zo,21,...)) = (92 (w0) , 92 (x1),...).

For each positive integer j, let n (j) =2 (4* —1) (42 — 1) ... (47 — 1). Note that
if k is a positive integer less than or equal to j, then e, ;) is the only fixed point of
gk Sn(j) = Sn(s) [11, Proposition 6].

2.7. Definition. By a slight variation of the original Bellamy’s construction [1], it
was proven in [11] that there is a tree-like continuum B, and there is a continuous
map f; : B; — B; without periodic points of periods less than or equal to j.
Roughly speaking, B; was obtained by replacing J,,(;) in Sy,(;) by a cone over some
zero-dimensional set Z;. More precisely, there is a continuous map ¢; (this map
was denoted by ¢ in [11]) of B; onto S,,(;) with the following properties:

(1) ¢;7' (2) is a one-point set for each @ € (S,,(j)\Jn()) U {dnij) }-

(2) The set Z; = q;~* (en(j)) is zero dimensional.
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(3) ¢; 71 (Jn(j)) is a cone over Z;. q; ! (Jn(j)) is nowhere dense in B;. If d denotes
the vertex of the cone and, for each z € Z;, A, denotes the arc between z
and d, then q; restricted to A, is a homeomorphism onto J;, ;).

(4) gjofj =goqg;

(5) fj (Z;) = Z; and f; does not have periodic points on Z;.

2.8. Definition. The map f; is not a homeomorphism. To replace it by one, we

will use the technique presented by J. B. Fugate and L. B. Mohler in [8]. Let Ej be
the inverse limit of the inverse system of copies of B; with the bonding maps equal

to f;. Let ﬁf be the projection of Ej onto the k-th element of the inverse system.
Let f; denote the right shift on B;, i.e. f; ((bo,b1,ba,...)) = (f; (bo),bo, b1, ba, . ..).

Since f; does not have periodic points of periods smaller than or equal to j, the
same is true for f;.

2.9. Proposition. fJ does not have periodic points of periods smaller than or equal
to j.

2.10. Definition. Let 3; : Ej — I be the map p?L(j) 0gj oﬁ?.

2.11. Proposition. The set 3;71((0,1)) is homeomorphic to the product of the
Cantor set with the interval (0,1). The map B; restricted to 3;7'((0,1)) is the
projection of the product onto (0,1).

Proof. Let K denote pg(j)fl (%) Observe that K is homeomorphic to the Can-

tor set. For each integer ¢ > 0, let I; denote the interval I without the points

0/2i 1 /2i o2 /2i. Let T, = pg(j)_l (I;). Let k1 and ko denote the projec-
tions of Iy x K onto Iy and K, respectively. There is a homeomorphism x map-
ping Ty onto Iy x K such that k1 o x = p?l(j) | To and k9 o  is the identity on
K. Let 0 : I; x K — Iy x K denote xy o go x~'. Note that k1 0o = ¢2 0 k1,
oM i x K) =Iijy x K, g1 (T;) = Ty and x (T;) = I; x K.

Let K = ¢;~' (K) and let T; = ¢; ' (T}). Observe that K is homeomorphic to
the Cantor set. Let &1 and Ry denote the projections of Iy X K onto Iy and IN(,
respectively. Let ¢ : Iy x K — Iy x K denote the map defined by § (t,c) = (t,q; (c)).
By (1), (2) and (3) of Definition 2.7 there is a homeomorphism y¥ mapping Ty onto
Iy x K such that & o X = pg(j) ogqj | To and Fp o X is the identity on K. Notice
that x oq; = gox. Let ¢ : I1 x K — Iy x K denote xo fiox ' It follows

from (4) of Definition 2.7, that &; oG = go 0 £1. Observe also that 5! (Ii X I?) =
L x K, £~ (T) = Tip1, X(T) = I; x K and fjox~' = v~ 06. It follows that
B; (Ip) = ﬁ?’l (TO) is homeomorphic to the inverse sequence Iy x I?, Iy x I?, e

with the restrictions of ¢ as the bonding maps. Since &1 05 = go 0 &1, 5; ' (Ip) is
homeomorphic to the Cartesian product of Iy and the Cantor set.

The next proposition follows readily from the definitions.
2.12. Proposition. j;o fj = g2 0 f3;.

The next proposition is a simple consequence of 2.5 and 2.12.
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2.13. Proposition. If x € §j and t 1s a positive integer such that sz (x) =z,
then f; (z) € A.

2.14. Definition. Let ¢; : [0,00) — S,(;) be the map defined by the formula
@; (t) = (to,t1,t2,...), where t; = v (t/(n (]))Z) Observe that ¢; (0) = e, ¥,
is a injection and g o ¢; (t) = ¢; (2t) for each t € [0, 00). Observe also that if ¢t > 1,
then ¢ (t) & Jy()-

Let 29, zj,... be a sequence of points of Z; such that f; (z;H) = 2} for each
i =0,1,... . Observe that, for each i = 0,1,..., there is exactly one map cpé :

[0,00) — B; such that ¢ (0) = z and g; o ¢} (t) = ¢@; (t27°) for each t € [0, 00).
Let @, : [0,00) — Bj be defined by @; (t) = (@7 (t), 5 (t),...). Observe that @;
is a well defined continuous map.

2.15. Proposition. ;o f;~' o p; (2t) = B 0 p; (t) for each t > 0 and

Jim {71035 (20) = 35 (1)] = 0.

Proof. Let i be a positive integer. Since ﬁ;osbj (t) = g0§ (t), q; 0;5; op; (t) = ¢; (t2*i).
Observe that p} o fitop;(2t) = g0§-+1 (2t). So

() gjop,ofi tog;(2t) =¢; (127") = qj0p; 0@, (t).

The first part of the proposition follows from (*) for ¢ = 0.

To prove the remaining part of the proposition it is enough to observe that for
each positive integer ¢, if ¢ is sufficiently large, then the projection p; agrees at the

points ;7' o @; (2t) and @ (t). If t > 27, then ¢, (t27%) & Jn(j) and it follows from
(*) and (1) of 2.7 that f o @; (t) = p o ;7 0 3 (2t).
2.16. Proposition. ;o fj 0@, (t) = ;0 @; (2t) for each t >0 and

Jim [F5 035 () = ¢ (20)| = 0.

Proof. Since §; 0 ¢; (2t) = Bj o fj o f; 7' 0 @, (2t), it follows from Proposition 2.12
that 804, (2t) = gaof;jo f;~to@; (2t). By Proposition 2.15, gao ;0 f; Lo, (2t) =
g2 0 3j 0 p; (t). Since, by Proposition 2.12, ga 0 30 ; (t) = ;0 fj 0 @; (t), we have
that 8, 0 @; (2t) = B; o fj o @; (t). The remaining part of the proposition follows
from Proposition 2.15.

3. CONTINUED FRACTIONS

3.1. Definition. If ny, no,...,ng,dy,ds,...,d; are real numbers, then the contin-
ued fraction
ny
n
dy + 2
do +
Nk—1
g
dp—1+ —
k—1 dr

is denoted by cf (n1,...,nk;d1, ..., d;). We will say that cf (ny,...,ng;dq, ..., dg)
is well defined if the denominators on all levels are not 0.
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3.2. Definition. Let Q2 be an infinite set of positive real numbers < 1 such that
P (wy,ws,...,wy) # 0 for any non-zero polynomial P (x1,xs,...,x,) with rational
coefficients and every set of different elements wy,wo, . ..,w, of Q. Let wqy,wq,...
be a non-repetitive sequence of elements of ).

3.3. Definition. For any two positive integers ¢ and j and any real numbers
Qs ..., a5, let wli, j;ai,...,a;5] denote cf (w;,...,wj;;a4,...,a;5). Note that in the
above definition ¢ may be equal to j or either of the integers may be greater than
the other. If ¢ < j, then by v[i,j;a;,...,a;] we will denote a; when i = j and

a; +wli,j—1;a,41,...,a;] when i < j. We will say that wli,j;a,...,a;] (or
v i, jsa4, ..., a;] ) is well defined if the continued fraction in its definition is well
defined.

The proof of the next three propositions follows readily from the definitions.

3.4. Proposition. Suppose thati, j and k are positive integers such thati < j < k.
Suppose a;, ..., a be real numbers such that v [i, k;a;, ..., ax] is well defined. Let
b; denote v [j,k;aj,...,ar]. Then v[i,k;a;,...,ax) =~ [i,j;ai, ..., a;-1,b;].

3.5. Proposition. Suppose thati and j are two different positive integers. Letl de-
note |i — j| — 1. Suppose that ay,...,a; are real numbers. Then wli,j;aq,...,a;,t]
is mot well defined for finitely many real numbers t. Moreover, there are num-
bers A, B, C and D such that w|i,j;a1,...,a;,t] = (At + B) /(Ct+ D) for each
t for which wli,j;a1,...,a;,t] is well defined. In particular, it follows that, if
wli,jia1,...,a;,t'] andwli, j;a1,...,a;,t"] are well defined and equal, then t' =t".

3.6. Proposition. Suppose that i and j are positive integers such that i < j. Let
a;, ..., a; be rational numbers such that w (i, j; a;, . . ., a;] is well defined. Then there
are two non-zero polynomials Py (x;q1,. .. ,xj) and P> (x4, ..., x;) with rational
coefficients such that

w[i,j;ai,...,aj] :wiPl (wi+1a-~-7wlj)/P2 (wi+1,...,wj).

3.7. Proposition. Let p and q be positive integers such that p < q. Suppose that
Cps - -+, Cq are rational numbers such that c¢q # 0. Then wp,q;cp, ..., cq] is well

defined.
We will prove Proposition 3.7 together with the following one.

3.8. Proposition. Let i, j, k and l be positive integers such that i < j and k <.
Suppose that a;,...,a;, by,...,b; are rational numbers such that if i < j, then
a; #0 and, if k <1, then by # 0. Suppose also that

() VI gy ais o a5] =y [k Lbg, - b

Then either i = j, k =1 and a; = ax ori =k, j =1 and a, = b, for each
n=1t...,7.

Proof of 3.7 and 3.8. Let m = max(j —¢,l—k,q—p). If m = 0, then both
propositions are obvious. Suppose that the propositions are true, if m is less than
some integer mg > 1. We will prove that they are true, if m = my.

Proposition 3.7 (for m < my ) implies that both numbers w [¢,j — 1; ai41, - - ., a;]
andw [k,l — 1;bg41, ..., a;] are well defined. Let Py (zit1,...,2;), P2 (®it1,...,2;),
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Q1 (241, ... x) and Q2 (Tgy1,...,x;) be polynomials with rational coefficients
such that
wli,j—Liaig, ..., 0] = wiPy (Wig1, ..., wj) /Py (Wig1,. .., w;)
and
wlk,l = Libgy, ..., ] = weQ1 (We41, - -, w) /Q2 (Wht1, - - wi) -

It follows from (*) that (a; — bg) P2Q2 + w; P1Q2 — wip Po@1 = 0. Since the poly-
nomial on the left side of the last equation must be trivial, we have that ¢ = k,
PiQ2 — P2Q1 =0 and a; = b;. The condition (*) implies that

w[i,j—l;aiﬂ,...,aj] :w[i,l_l;bi+17...7bl].
From the last equality we infer that
Y+ 1550, 0] =i+ 1,5 by, . bl

and Proposition 3.8 for m = my follows from the inductive assumption.

Observe that w [p, ¢;¢p, ..., ¢l =wp /Y[P+1,¢+ 1;¢p,. .., ¢q]. To complete the
proof, we have to establish that w [p,q;cp,. .., ¢4] is well defined. By the inductive
assumption, it will be enough to notice that v [p+1,q + 1;¢p,. .., ¢,4] is not equal
to 0. But, since 0 = «[1, 1;0], this is a particular case of already proven portion of
Proposition 3.8. So Propositions 3.7 and 3.8 follow by induction.

3.9. Proposition. Suppose that i and j are positive integers such that i < j.

Suppose that a;, aiy1,...,a;,a;41 are real numbers such that the continued fraction
b=7[i,j+1;ai,...,aj41] is well defined.
Then w[j,t; —aj, —a;j—1, ..., —ai+1,b — a;] is well defined and is equal to a;41.

Proof. We will prove the proposition by induction with respect to j—i. If j —¢ = 0,
then b = a; + w; /a;41 and w[i,4;b — a;] = a;41. Suppose that the proposition is
true if j — ¢ is less than some m. We will prove it for j —i = m.

Let ¥ =i+ 1,5+ 1;ai+1,...,a541). Since b = a; +w; /U, b is well defined,
b—a; # 0 and b = w; /(b—a;). By the inductive assumption, the continued

fraction w[j,i+1;—aj, —aj_1,..., —@i12,0' — a;41] is well defined and equals to
ajy1. Substituting ¥ = w; /(b —a;) to w[j, i+ 1;—a;, —aj_1,..., —Qit2,b" — a;11]
we get w[j, i+ 1;—a;, —aj_1,...,—ait2, —a;+1 + w; /(b — a;)]. The last continued
fraction is equal to w[j,4; —aj, —a;_1,..., —a;+1,b — a;], so the proposition follows

by induction.

3.10. Proposition. Suppose i and n are integers such that 1 < ¢ < n. Let

Qiy...,an € A. Then there is a positive number ¢ such that if b;,..., b, € A such
that v (bj) = v (a;) for j =1i,...,n, then |y [i,n;b;,...,by]| > €.

Proof. If i = n, then the proposition is obvious. Using the induction, we can assume
that for each integer k, such that i < k < n, there is a positive number €; such
that |y [k, n;bg,...,b,]| > € for each by,...,b, € A such that v (b;) = v (a;) for
i=k ..., n
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3.10.1. Claim. Let k be a positive number and let k be an integer such that
i—1 < k < n. Then there is a finite sequence by ,,b7,,..., by of elements
of A such that |w[k,n — 1;bg41,...,b,]| < K for each bytq,...,b, € A such that
v(bj) =wv(a;) for j=k+1,...,n and by # b}, for l=1,...,m.

Proof of 3.10.1. If k + 1 = n, then w [k, k; bgy1] = wg/bgs1. Since |wy/br11] > K
for finitely many values of by41, the claim is true when k 4+ 1 = n.
If Kk <n—1, then

wlk,n—1;bgy1, ..o, 0n) = wg /(b1 + W1 /Y [+ 2,15 bp42, ..., bn] ).

Since |wgr1 /7y [k + 2,15 bk42, .-, bn]| < |Wkt1 [ert2], wk,n—1;bgy1,. .., 0n]] <
k when |bgy1| > |wi| /K + |wkt1 /€rt2]- So the claim is true.

3.10.2. Claim. Let [ be an integer such that i <[ < n. Let ¢;,...,¢ € A. Then
there is a positive number « (¢;, ..., ¢) such that |y [i,n;¢, ... ¢, 0111, ..., 05]] >
k(Ciy...,¢) for each bj41,...,b, € A such that v (b;) =v(a;) for j=1+1,...,n.

Proof of 3.10.2. If | = n, then & (¢;,...,cn) = |V[i,n5¢5,...,¢4]| > 0, by Propo-
sition 3.8. Now, we suppose that the claim is true for each [ greater than some
integer k£ and we will prove it for | = k.

Let k1 = |y[i,n;ci,...,ck]|. By Proposition 3.8, k; > 0. There is a posi-
tive number ko such that |y[i,n; ¢, ..., co_1,cr +t]] > %m for each real number
t such that |[t| < ka. Let b11€+1,b%+1,...,b2”+1 be as in Claim 3.10.1 used with
Kk = Ko. Let k(¢ ...,cx) be the least of the numbers %m, K (ci,...,ck,b,lcﬂ),
n(ci,...,ck,biﬂ), e n(ci,...,ck,b}&l). Let bgy1,...,b, € A be arbitrary
numbers such that v(b;) = v(a;) for j = k+1,...,n. If bpp1 = biﬂ for
some j = 1,...,m, then |y[i,n;¢i, ..., Cpybra1,-.-,0a] > m(ci,...,ck,bi_i_l) >

k(¢iy...,ck). So we can assume that by # b‘,iﬂ for 7 = 1,...,m. Since
|w [k, n — 15041, .-, bn]] < ko and

Y, n;¢iy ooy Chybit1y -y bn]l =V 05¢, . e Fw [k — 1 bgg1, -5 00]],

we have that |y [i,n; ¢, ..., Cry by, ..., bn]| > %m > k(¢ ..., ). Thus the claim
is true.

Let b}cﬂ, biﬂ, ..., bi be as in Claim 3.10.1 used with k = i—1 and s = |w;_4].
Let b;,...,b, be arbitrary numbers such that v (b;) = v (a;) for each j =4,...,n.
Observe that if b; # b for each j = 1,...,m, then |wi_1 /v[i,n;bi,...,bn)| =
wli—1,n—1;b;...,b,] < |w;—1| and consequently |y [i,n;b;,...,b,]| > 1. Now,
define € to be the least of the numbers 1, r (b}), & (b2), ..., k (b*). Observe that
the proposition follows readily from Claim 3.10.2.

3.11. Proposition. Let i and n be integers such that 1 < i < n. Suppose that
Q... an € A. Then, for each positive number €, there is a positive number nl* ()
such that if t is a real number and b;, ..., b, € A are such that |t| < 0 (e) and
v(b;) =v(a;) forj=1,...,n, then

|y i, 15045 bp] — ¥ [, 1504, oo b1, by + ]| < e
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Proof. If i = n, then 7! (¢) = € satisfies the proposition. Suppose that k < n is an
integer such that the proposition is true for each integer ¢ such that k < i <n. We
will show that the proposition is true for i = k.

Let € be an arbitrary number. By Proposition 3.10, there is a positive number
€1 such that |y[k+ 1,n;bks1,...,0,]| > € for each bgyq,...,b, € A such that
v(b;) =v(a;) for j = k+1,...,n. Let e be the least of the numbers € /2 and
€1 /(2|wg|). By the inductive assumption, there is 7, ; (e2) satisfying the proposi-
tion for i = k+1. Let t be a real number such that [t| < nj,, (e2). Let by,...,b, € A
be such that v(b;) = v(a;) for j = k,...,n. Denote v[k+1,n;bky1,...,bp]
and v[k+ 1,7;bk41,...,bn_1,bn +1] by ¢ and ¢, respectively. Since |c —¢| <
€2 < €1/2 and |¢| > €1, we have that |¢;| > €1/2. Denote v [k, n;bg,...,b,] and
vk, n; bk, .. br—1,b, +t] by d and d;, respectively. Since d = by + wy/c and
dy = by, +wy, /¢y, we have that |d — di| = |wg||c — ;| / || |es| < 2 |wi| €2/€1? < €. So
the proposition is true with ;! (€) = 7, (e2)-

3.12. Definition. Let a be a finite sequence ay, ..., a, of elements of A and let €

be a positive number. By Proposition 3.11, for each pair of integers 7 and j such
that 1 <4 < j <n, there is a number 7] (¢) such that

|’y[i,j;bi,...,blj]—’Y[i,j;bi,...,bj_l,bj+t]| <€

for each real number ¢ and each b, ...,b; € A such that [t| < 1/ (¢) and v (b,,) =
v(am) for m = i,...,j. Let n(a,€) be the least of the numbers 71/ (¢), where
1<1<53<n.

3.13. Definition. For any real number z, let E (z) denote the greatest integer
less than or equal to z. Let p(x) denote the least of the numbers x — E (x) and
E(z)+1—=.

3.14. Proposition. Supposei and j are integers such that1 <1 < j. Leta;,...,a;

be numbers from A. Then there is a positive number € such that if b;,...,b; € A
are such that v (by,) = v (am) form=1i,...,j, then

:u’(’)/[lﬂ]ablaabj]) > €.

Proof. Using Proposition 3.10 twice, for a;,...,a; and then for a; + 1, ajy1,. .., a;,
we get a positive number € such that |y [i,J; ¢, ..., ¢;]| > € for each ¢;,...,¢; € A
such that v (¢y,) = v (ay) for m =i+ 1,...,;j and either v (¢;) = v (a;) or v (¢;) =
v (a; +1).

Let b;,...,b; € A be arbitrary numbers such that v (b,,) = v(a,) for m
i,...,j. Let k be an arbitrary integer. Observe that v (b; — k) = v (a;) if k is even,
and v (b; — k) =v(a; +1) if k is odd. So

The proposition follows from the above inequality used for k = E (7 [i, §; b;, - . ., b;])
and k =E (v[i,7;b,...,05]) + 1.

3.15. Definition. Let a be a finite sequence aq,...,a, of elements of A. By
Proposition 3.14, for each pair of integers ¢ and j such that 1 < ¢ < j < n,
there is a number €} such that, if b;,...,b; € A are such that v (by,) = v (ay,) for
m=1,...,7, then p(y[i,7;b;,...,b5]) > 6; Let € (a) be the least of the numbers

eé,wherelgigjgn.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A PERIODIC POINT FREE HOMEOMORPHISM 1497

4. AUXILIARY CONSTRUCTION

4.1. Definition. Let T = {0}UU;Z, I’ and let T;, = {0}UUJ;_, I’ for each positive
integer n. For a point ¢ = (t1,t9,...,t,) € T, we will adopt the following notation:
rj (t) =t;, s; (t) = (t1,t2,...,t;) and len (t) = n. Additionally, set r (t) = ) and
so (t) = 0. Also r; (0) = s; (0) = 0 and len (0) = 0.

4.2. Definition. For each positive integer n, let C (n) be the set of points ¢ =
(c1,¢2,...,¢x) € T, for which there is a sequence ay,as,...,a, of elements of A
and there is an increasing sequence of integers a (1),...,a(k),a (k + 1) such that
a(l)=1,ak+1)=n+1land ¢ =7v[a(j),a(i+1) = 1Laay) - ag+)-1]
for each j = 1,..., k. By Proposition 3.8, the choice of a1, as,...,a, and a(1),...,
a(k),a(k+1) is unique for each ¢ € C'(n). We will denote these numbers by
ai (¢),az2(c),...,an(c) and a(l,¢),...,a(k,c),a(k+1,c), respectively. Addi-
tionally, let C' (0) = {0} and let o (1,0) = 1.

The next two propositions follow readily from the definition of C' (n).

4.3. Proposition. Suppose ¢ € C (n) and j is an integer such that 0 < j <len (c).
Then sj(c) € C(a(j+1,¢)—1), a(i,c) = a(i,s5(c)) fori=1,...,5+1, and
ag (¢) = ak (s (¢)) fork=1,...,a(j+1,¢)— L
4.4. Proposition. Suppose (c1,...,cx) belongs to C (i) and cr11 is a number from
ANI. Then (c1,... ¢k, crt1) € C(i+1).

The next proposition follows from 3.8.
4.5. Proposition. Suppose ¢ € C(n). Then ¢ ¢ C (i) for each positive integer
4.6. Definition. Suppose ¢ € C'(n). Denote by @ the sequence a; (c),...,a, (c).
Let € (c) = € (a). Let n(c) be a positive real number which is less than 7 (a, 3¢ (c))
and such that u. = w, /1 (c) is an even integer. We can assume that € (¢) and 7 (c)
are chosen so that e(c) < €(s; (¢)) and n(c) < n(s;(c)) for each positive integer
j <len(c). Observe that € (c) < 2 and 7 (c) < 3. Let M (c) = 2/e(c) + 1/ (c).

4.7. Remark. We may assume that if b, ¢ € C' (n) are such that v (a; (b)) = v (a; (¢))
for each i = 1,...,n, then € (b) = €(c), n(b) = n(c) and M (b) = M (c).

4.8. Proposition. Suppose ¢ € C(n) and i and j are integers such that 1 < i <
j < n. Letb,...,b; € A are such that v (by,) = v(an (c)) form =4,...,j and
|bi| > 2/e(c). Then

Wi /7 [E 75 biy -+ b1, b5 + ]| < 1/([bs] =2/ (c))
for each real number t such that |t| < n(c). In particular, if |b;| > M (c), then

|wi—1 /’Y[’Laj7blaab]—lab7 +t]| < 77(‘3)

for each real number t such that |t| < n(c).

Proof. Suppose ¢ = j. Then |y[i,j;bi,...,bj—1,b; +¢t]| = |b; +t| > |bi] —n(c) >
1/n(c). Since 0 < w;—1 < 1 and 77(c) < 1/2 < 2/e(c), the first part of the
proposition is true in this case.
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Now, suppose i < j. Let y denote ~y[i+1,5;b41,...,b;] and let y; denote
v[i+1,5;bit1,...,bj_1,b; +t]. Observe that since [y, — y| < 1€ (c) and |y| > €(c),
we have that || > Fe(c). Thus |y [i,5;bi,...,bj—1,b; +t]] = [b; +w; /ye| > |bi| —
2/€(c). So the first part of the proposition is true. The second part follows in both
cases from the equality M (¢) = 2/e(c) + 1/n(c).

4.9. Definition. Suppose ¢ € C'(n) and ¢ and j are integers such that 1 < i <
j < mn. For any real number ¢, let . [¢, j] (¢) denote v [i,j;a;(c),...,a;—1(c),t].
The number v [i, j;a; (¢),...,a; (c)] will be denoted by ~.[¢,j]. It can be readily
verified that . (¢, j] (a; (¢)) = 7c [¢,j]. Additionally . [¢,n] (t) will be denoted by
e (1)

The next proposition follows from 3.4.

4.10. Proposition. Suppose ¢ € C(n) and i, j and k are integers such that
1<i<j<k<n. Thenv.[i,k] = 7[i,J] (Ve [4,k]). Suppose t is a real number
such that . [i, k] (t) is well defined. Then ~.[i, k] (t) = e i, 7] (e [4, k] (). In
particular, if 4% (t) is well defined, then v (t) = . [i, ] (2 (¢)).

4.11. Proposition. Suppose ¢ € C' (n) and i and j are integers such that 1 <1i <
j < n. Suppose t is a real number such that [t| < n(c). Then 7. [i,j] (a; (c) +1t) is
well defined and E (. [i, j]) < e i, 7] (a (¢) +t) < E (7. [4,7]).

Proof. Clearly, 7. [4,7] (a; (¢) +t) is well defined. Let k be an arbitrary integer
such that ¢ < k < j and ~.[k,j] (aj (¢) +t) is well defined. It follows from
the definition of n(c) that |y, [k, j] (a; (¢) +t) — [k, j]| < €(c). Since €(c) <
1 (e [k, ), we get the result that B (v [5,7]) < 7e [, ] (a5 (¢) + £) < E (e [k, )
In particular, v.[k,j] (a; (c) +t) is not an integer and therefore is not 0. Now,
Ye lk1, j] (a; (¢) +t) = ag—1 (¢) + wi—1 /7 [k, j] (a; (¢) +t) is well defined and the
proposition follows by induction.

4.12. Proposition. Suppose ¢ € C (n). Then |ag(m,c)| < M (c) for each m =
1,...,len(c).

Proof. Observe that 7, (¢) = . [a(m,c),a(m+1,¢) — 1] is between 0 and 1. If
a(m+1,¢c) = a(m,c) + 1, then r,(c) = @g(m,.) and the proposition is true,
since M (¢) > 1. If a(m+1,¢) > a(m,c)+ 1, then M (¢) > 1/e(c) +1 >
]-/6 (C) + |Tn (C)| = 1/6 (C) + |aa(m,c) + Wa(m,c) /’70 [a (ma C) +1a (m + LC) - 1] | 2
1/e(c) + |aa(m,c)| — |wa(m70) /e la(m,e)+ 1,a(m+1,¢) —1] | Since Wq(m,e) 18
between 0 and 1 and |y, [ (m,c) +1,a(m+1,¢) —1]| > €(c), we get the result
that [wa(m,e) /Ve [ (m, ) +1,a(m+1,¢) —1]| < 1/e(c). Thus M (¢) > 1/e(c) +
’aa(m,c)‘ - 1/6 (C) = ’aa(m,c)"

4.13. Proposition. Suppose b = (b1,...,bx) and ¢ = (c1,...,cr) are two points
such that, for each m = 1,... k, either by, = g2 (¢m) or ¢m = g2 (bm). Let i be a
positive integer. Then b € C (i) if and only if ¢ € C (i).

Proof. Suppose b € C(i). To prove the proposition it is enough to show that
¢ € C(i). To this end we have to define a(m,c) for m = 1,...,k+ 1 and q; (¢
for j = 1,...,i. Let a(m,c) = a(m,b) for each m = 1,...,k + 1. Suppose m
is an arbitrary integer such that 1 < m < k. Let n denote a(m + 1,¢) — 1. To
complete the proof of the proposition we have to define numbers a,,,...,a, from
A such that ¢, = v [m,n;am,...,a,]. Since either b, = g2 (¢n) Or ¢y = g2 (bin),
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we have to consider the following four cases: b, = 2¢m, b = 2 — 2¢m, Cm = 2bi,
and ¢, = 2 — 2b,,. For each j =m,...,n, we will define a; in the following way.

Case by, = 2¢p,.
1a; (b), if j —m is even,
aj; =
! 2a; (b), if j —m is odd.

Case by, = 2 — 2¢,,,.

2f%am(b), if j =m,
aj = 7%% (b), if 5 > m and j — m is even,
—2a; (b), if 5 —m is odd.

Case ¢y, = 2by,.
{ 2a; (b), 1if j —m is even,
a, =
! 1a; (b), if j —mis odd.
Case: ¢,y = 2 — 2by,.

2 —2a, (b)), ifj=m,

a; =< —2a;(b), if j > m and j —m is even,
—1a; (b), if j —m is odd.
It may be readily verified that in each of the cases ¢, = v [m,n; am, ..., an].

4.14. Proposition. Suppose b = (by,...,bg) and ¢ = (c1,...,c) are two points
of C (i) such that l = a(k,b) = a(k,c) and cx, = 2b,. Suppose t is a real number
such that |t| < n(b) and |t| < 37 (c). Let t. be 2t, if i — 1 is even, and let t. be t/2,
if i — 1 is odd. Then ~! (a; (c) +t.) = 2% (a; (b) +t).

Proof. Let ajy; = 2a;4; (b), if j is even, and let aip; = Fay; (b), if j is odd.
Observe that v [l,7;a;,...,a;] = 2by, = c;. By Proposition 3.8, a;4; (¢) = a;4; for
j=0,...,i —1. Observe that v[l,i;0a;,...,a;_1,a; +t] = 2’7}7 (a; (b) +t). Since
AL (ai (¢) +t.) =~[l,i;a4,...,a;_1,a; +t.], the proposition is true.

4.15. Proposition. Suppose b = (by,...,b;) and ¢ = (c1,...,c) are two points of
C (i) such that | = a(k,b) = a (k,c) and ¢, = 2 — 2bg,. Suppose t is a real number
such that [t| < 1 (b) and |t| < $n(c). Let t. be —2t, if i — 1 is even, and let t. be
—t/2, if i — 1 is odd. Then . (a; (c) +t.) =2 — 2%} (a; (b) + t).

Proof. Let ay = 2 —a; (b). For each j =1,...,4—1[, let aj4; = —2a;4,; (b), if j
is even, and let a;4; = —1a;y; (b), if j is odd. Observe that y[l,4a,...,a;] =
2 — 2b, = ¢. By Proposition 3.8, a;4;(¢c) = aj4; for j = 0,...,5 — 1. Ob-
serve that v [l,i;ay,...,a;-1,a; +t.] = 2 — 27} (a; (b) + ). Since 7% (a; (¢) +t.) =
vll,i;ar,...,a;—1,a; + t.], the proposition is true.
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4.16. Definition. Suppose c=(c1,...,c) € C(i). Let | = a(k,c). By Propo-
sitions 4.11 and 3.5, 7. is a homeomorphlsm of [a; (¢) —n(c),a; (¢c) +n(c)] onto
some interval [¢_ (¢ ) &4 (e)] € I. The point ¢ = 7% (a; () € (§- (¢), &4 (). We

l

¢ )
will define a map @ : [§- (c), &+ ()] — [-1(c) ,n(c)]. Suppose t € [(- (c) &+ (o).
Tfi=1,let @ (t) =t —a;. Ifi>1, let

We (t) = (C) +w [Z -1, l; —Qi—1 (C) ey —QAI41 (C) t—a (C)] :

By Propositions 3.5 and 3.9, & is a homeomorphism of [{_ (¢), &4 (¢)] onto the
interval [—n (¢),n (c)]. Note that &, (cx) = 0. Let @, : [£— (¢),cx) U (ck, &4 (¢)] —
(=00, —te] U [ue, 00) be defined by @7, (t) = w; /@, (t). Let @, (t) denote | P, (t)].

The next proposition follows readily from the definition.

4.17. Proposition. Suppose ¢ = (c1,...,¢c;) € C(i). Then the function @/, is a
homeomorphism of [£_ (c),ck) U (ck, &+ ()] onto (—oo, —uc] U [ue, 00). Let I denote
o (k,c). If b is a real number such that |b| < n(c), then ®, (7% (a; (c) +b)) = w;/b.

4.18. Proposition. Suppose b = (by,...,b;) and ¢ = (c1,...,c) are two points of
C (i) such that | = a(k,b) = a(k,c) and ¢, = g2 (by). There is a positive number
K such that

(1) D.(g2(2)) = 2@y (2), if i — is even, and

(2) . (g (2)) = 20, (2), if i — L is odd,
for each real number z such that 0 < |z — bg| < k.

Proof. For each real number z € [£_ (), & (b)], there is a real number ¢ (z) such
that [t (2)] < n(b) and 2z = 4} (a; (b) +t(2)). There is a positive number x such
that £ (b) < bp — K, bp + K < &4 (b) and [t (2)| < n(c) for each z with |z — by| < k.
Let z be an arbitrary number such that 0 < |z — bi| < k. Let ¢ denote ¢ (z). By
Proposition 4.17,

(0) Dy (2) = |wi/t].-

Since by # %, we can assume that x is so small that either

*) e = 2b; and g5 (2) = 22
or
(**) e =2—2b; and go (2) = 2 — 2z.

In each of these cases i — | may be either even or odd. So we have to consider four
cases.

Case: (*) and i — 1 is even. By Proposition 4.14, g3 (2) = 7! (a; (c) +2t). By
Proposition 4.17, @, (g2 (2)) = |w;/2t|, so (1) follows from (0).

Case: (*) and i — 1 is odd. By Proposition 4.14, g5 (z) = 7. (a; (c) + 3t). By
Proposition 4.17, ®. (g2 (2)) = 2|w;/t|, so (2) follows from (0).

Case: (**) and i — | is even. By Proposition 4.15, go (2) = 7! (a; (¢) — 2t). By
Proposition 4.17, ®. (g2 (2)) = |w;/2t|, so (1) follows from (0).

Case: (**) and i — 1 is odd. By Proposition 4.15, go (2) = 7. (a; (c) — 3t). By
Proposition 4.17, ®. (g2 (2)) = 2|w;/t|, so (2) follows from (0).
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4.19. Definition. Suppose ¢ = (c¢1,...,¢;) € C(i) and t € (£ (¢), &4 (¢)). Let
I(c,t) C I be the interval such that ®/ restricted to I (c,t) is a homeomorphism
onto the interval [E (@, (¢)),E (P, (¢)) + 1]. Suppose ¢’ = (¢1,...,cx) € C (i) is a
point such that ¥ > &k and ¢ = s, (¢/). Let y denote the only element of I (c,t)
such that vo @, (y) = cxy1. Let 0 (¢, k,t) = (€1, -y Clm1, Yy Cht2y - -+ 5 Ch7 ).

Since v (—z) = v (2) for each real number z, the following proposition is true.

4.20. Proposition. Suppose c = (c1,...,¢;) € C (i) andt € (£- (¢), &4 (). Then
there is an integer m such that either vo ®.(z) = 2m + @/, (z) for each z € I (¢,t)
orvo®.(z) =2m — D/ (2) for each z € I (c,t).

4.21. Proposition. Suppose ¢’ = (c1,...,cp+1) € C(¢). Let ¢ = si (¢'). Suppose
t e (é-(c),&4(¢) and " = 0(c,k,t). Letl' denote a(k+1,c'). Let m be an
integer satisfying the conclusion of Proposition 4.20. Then

(1) " eC (@)

(‘ )—O[(j, )fOszla"'ak)
a(k—l—l =i +1,
a; (") =a; () foreach j=1,...,1' =1,
Zf’U 0. (t) =2m+ @ (t), then ay (") = ay (') — 2m and a; (") = a; ()
foreach j=1+1,...,7, and
(6) ifvod.(t) =2m— @, (), then ap (") =2m —ap () and a; (") = —a; ()

foreach j=10+1,...,7

Proof. Let | and i denote a (k,c’) and I’ — 1, respectively. Observe that ¢ € C (%)
and | = a (k, ¢). We will consider two cases:

(2) a
(3)
(4)
(5)

@) vo®,(t) =2m+ P/ (t)
and
(**) vo®,(t) =2m— . (1).

Let x denote cxy1 — 2m in case of (*) and let = denote 2m — ¢4 in case of (¥*).
By Proposition 4.20, © = @, (r; (¢")). It follows that |z| > u. and consequently

|w; /x| < n(c). We will define numbers ay,...,ay. For each j = 1,...,i, let
a; = a; () = a;(c). If (*), then let ay = ay (') —2m and let a; = a; (¢') for
each j = U'+1,...,¢. If (**), then let ay = 2m — ay (<) and let a; = —a; (¢)
for each j = I’ +1,...,¢. Observe that x = v [l';#;ap,...,a;]. Let y denote
v, ar, ..., aq]. Observe that y = [l,%as,...,a,-1,a; + w; /x]. Since a; = a; (c)

for j =1,...,4, y = ’yc (@i (c) + w;/x). By Proposition 4.17, @, (y) = x. Since
x = (r, ("), re (") = y. Tt follows readlly that ¢’ satisfies the conclusion of

the proposition with a; (¢”) = a; for j =1,...,4.

4.22. Definition. For an arbitrary point ¢ € C (i), let M (c) be the set of all
integers j = 1,...,4 such that either |a; (c)] > M (c) or j = a(m,c) for some
m = 1,...,len(c). We will define an equivalence relation =~ on C(i). For any
b,c € C (i), b = ¢ provided that M (b) = M (¢) and v (a; (b)) = v (a; (c)) for each
j=1,...,i. Let D (i) be the set of equivalence classes of ~. Note that if d € D (%)
and b,c¢ € d, then €(b) = e(c), n(b) = n(c) and M (b) = M (¢). So, for each
d € D (i), by €(d), n(d), ug and M (d) we will understand € (c), n (¢), u. and M (c),
respectively, where ¢ is a point of d.
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4.23. Proposition. Suppose d € D (i), | and n are positive integers such that
I <n <i Leta,...,an—1 be elements of A and let (b; )(Xil be a sequence of
elements of d such that lim;_. |ay, (b;)| = oo and a., (b;) = an, for each positive
integers j and m such that Il < m < n. Let k be an integer such that n < k < i.

Then lim; oo Yo, (LKl =v[l,n — Lia1,...,an1].

Proof. By Proposition 4.8, we have that [w,—1 /v, [n, k]| < 1/(Jan (b;)| — 2¢(d)).
Since vy, [n — 1,k] = an—1 (bj) +wn—1 /'ybj [n, k], im o0 Yo, [0 — 1, k] = ay—1 (by).
By Proposition 4.10, v, [, k] =, [[,n — 1] (W, [n — 1, k]). Since v, [[,n — 1] () is
continuous, lim; oo Ve, [I, k] = Yo, [I[,n — 1] (an—1 (b)) = v[[,n — L;a1, ..., an_1].

The next proposition follows from the definition of ®..

4.24. Proposition. Suppose d € D (i) and b = (b1,...,b;) and ¢ = (c1,...,cx)
are two elements of d such that bj = c. Then {— (b) = &- (¢), &4 (b) = &4 (¢) and
D, = D,

4.25. Proposition. Suppose ¢ = (c1,...,cx) € C (i), k <K', c=s,(c) € C(3)
and t € (£~ (¢), &4 (). If Do (t) > 2M (') + 1, then 0 (', k,t) = .

Proof. Let ¢’ denote 0 (¢, k, t) and let I denote o (k + 1, ¢’). In view of Proposition
4.21, it is enough to prove that

() lar ()] > M ().

Let m be an integer satisfying the conclusion of Proposition 4.20. Observe that
|2m| > @, (t) —vo @, (t) > D, (t) — 1 > 2M (). By Proposition 4.21 (5) and (6),
lai: ()| > |2m| — |a (¢')|. Since, by Proposition 4.12, |a; (¢')] < M (¢'), we have
that |ay (¢”)| > M (¢'). By Remark 4.7, M (¢") = M (¢’) and (*) is true.

4.26. Proposition. For each d € D (i) there is ¢ € d such that len (c) = 1.
Proof. Let ¢’ be an element of d such that len (¢’) is the least possible. Suppose

len(¢’) > 1. Then applying Proposition 4.25, we can obtain ¢” € d such that
len (¢) =len (¢) — 1, which contradicts the choice of ¢'.

4.27. Proposition. Supposed € D (i') and ¢’ = (c1,...,ck+1) € d. Let ¢ = s ().
Suppose t € (£ (c), &4 () is such that @, (t) > M (¢) +2M (d) + 1. Let t and ¢
denote v o @, (t) and 0 (', k,t), respectively. Then

1) ¢ € d,
(2) (5—(6)7+(C)) I(c,t),
(3) te (&= ("), &4 (" )) if and only if t € (£ (¢), &4 (<)), and

(
(4) e (e ()& (@), then @ (f) = e (1).

Proof. Since ®. (t) > 2M (d) + 1, it follows from Proposition 4.25 that ¢’ € d. Let
m be an integer satisfying the conclusion of Proposition 4.20. We will consider the
cases

(*) t=2m+ @, (t) and cpy1 = 2m + @, (v, ()
and
(**) t=2m — @, (t) and cpq = 2m — @, (ry. (¢")).
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Since £ € I,
(1) |2m| >, (t) -

Let I and 7 denote « (k, ¢') and a (k + 1, ¢'), respectively. The following claim follows
readily from Proposition 4.21.

4.27.1. Claim. Let b € R be such that [b] < n(d). Then i, (ax (
v (ag (<) +b) — 2mif (*), and v (ai () +b) = 2m —~% (ay () — b) if (*%).
4.27.2. Claim. Suppose [b| < n(d). Then |w;—1 /v%, (ar (") +b)| <n(c).
Proof of 4.27.2. Tt follows from Proposition 4.21 that |a; (¢”)| = |a; (¢) — 2m].
Since |a; (¢') — 2m| > |2m| — |a; (¢)], by Proposition 4.12 we get that |a; ()] =
|2m| — M (d). By (i), \al () > ®.(t) —1— M(d). Since ®.(t) > M (c) +
2M (d) + 1, |aZ( )\ > M(c) + M(d) > 1/n(c) + 2/e(d). By Proposition 4.8,
i1 Jok (@i (&) +5)] < 1/(lai ()] — 2 (@) < n(c).

Observe that | = a(k,¢), i =a(k+1,¢) and c € C (i — 1).

4.27.3. Claim. Suppose |b] < 1 (d). Then
Yo (@i (") +b) = 4L (ai—1 (¢) + wiz1 /7 (air (") +D)).

Proof of 4.27.3. Let  denote ay (¢”') + b, and let y denote w;_1 /%, (x). Observe
that vL, (z) = v [I,i — 1] (a;—1 (¢") +y). Since by Proposition 4.21, aj( N =
aj(c)for j=1,...,0 =1, ver [l,i — 1] (ai—1 (") +y) = 7 [I,i — 1] (ai,l (c)+y) =
7 (ai—1 (c) +y) and the claim follows.

Let z be an arbitrary point of (£— (¢), &4 (¢”)). Then there is a real number b,
such that [b.| < 1 (d) and 2z = 4%, (a; (¢") +b,). It follows from 4.27.2 , 4.27.3 and
Proposition 4.17 that @, (z) = %, (air (") +b,) and @ (r (")) = v (air ().
Since, by Proposition 4.11, E (7%, (ai (¢") +b.)) = E (v (ai (¢"))), we get the
result that E(®/, (2)) = E (P (rx (¢))). Since E (P, (rr (")) = E(D.(t)), z €
I (e, t) and the conclusion (2) of the proposition is true.

4.27.4. Claim. Ift € (£_ ('), &4 (), then t € (€_ (¢"), &4 ().
t

Proof of 4.27.4. There is a number ¥ such that |b'| < n(d) and £ = ~%, (a; (') + V).
Let b” denote b’ if (*), and =¥’ if (**). We will observe that

(i) B, () = 7 (ar () + 7).

We will prove (ii) only in the case of (**). The proof in the remaining case is similar.
Suppose (**). By Claim 4.27.1, = 4%, (ai (¢') + b') = 2m—~%, (ai (¢") — b'). Since
in this case —b' = b and @, (t) = 2m — ¢, (ii) follows.

Since, by Lo(ag () + b7 ‘ < n(d), we infer from 4.17 and
4.27.3 that @, (7% (ay (") + V")) = 7% (ay (") + V). Since @/, is a homeomor-
phism, ¢ =%, (a; (¢") +b") and consequently ¢ € (£_ (c”"), &4 (¢")).

Now, suppose t € (£ (¢"),&4(¢”)). To complete the proof we have to show
that £ € (£- (), &4 () and @ (f) = ®er (t). There is a real number b such that
|b] < n(d) and t =4, (ai (¢") +b). By Proposition 4.17, ®’,, (t) = w;//b. Since,

el
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by Claim 4.27.2, |wi—1 /7% (ay () +b)| < 1 (d), it follows from Proposition 4.17
and Claim 4.27.3 that @, (t) = %, (ay (<) +b). We will now consider the cases
(*) and (**) separately.

Suppose (*). Then t = 2m+®, (t) = 2m+~%, (ay (") +b). So, by Claim 4.27.1,
f— 74 (ai (/) +b). Tt follows that ¢ € (£ (¢), & (¢)) and, by Proposition 4.17,

B, (1) = b= DL (1), |

Suppose (**). Then t = 2m — @, (t) = 2m — ~, (ar (¢") +b). So, by Claim
4.27.1,t =% (ai (¢') — b). Tt follows that £ € (£_ (¢/), &4 () and, by Proposition
4.17, @/, (f) = —wy /b= —®/, (t) and the proof of the proposition is complete.

4.28. Proposition. Suppose d € D (i), b and ¢ are two points of d such that
len (b) =len(c) =k, sx—1 (b) = sg—1 (c). Suppose that j, I and m are integers such
that a (k,b) = a (k,c) <m <1< j<ianda (b) # a(c). Finally, suppose t, and
t. are real numbers such that |ty —a; (b)| < n(d) and |t. —a; (¢)] < n(d). Then
Yo [ma]] (tb) 7& Ve [ma]] (tC)

Proof. Without loss of generality we may assume that [ is the greatest number < ¢
such that a; (b) # a; (¢). We will start the proof with the following claim.

4.28.1. Claim. (L, j] (ty) # Ve [, 4] (te)-
Proof of 4.28.1. Since p (a; (b)) > €(b) = (‘d) and p(a; (c)) > €(c) = e(d), we

have that |V [I,5] — Ve [l,7]] = |ai (b) — a; (c)| > 2¢(d). But, on the other hand,
e [0 31 (B) = 1 511 = [ (1 5] () — s [1, 5] (a; (b))] < €(d) and by the same ar-
gument |y 1, j] (te) — e 1, 51| = Ive [1, 4] (te) = 7e [l 5] (a;j ()| < €(d), so the claim
is true.

Suppose that the proposition is false. Let m < [ be the greatest integer such that
30 3] (1) = 7 [ms ] (t)- Since 2 [+ 1, ] (t5) = wm /(o 1, 5] (2) — am (5)
and 7. [m+1,7] (t.) = wm /(ve[m, j] (tc) — am (¢)), by the choice of m, we get
that an, (b) # am (c). Since m < I, ay, (b) # ay (c) for some integer n > m.
Let n be the least integer with this property. Since b = ¢, a, (b) # a, (c) and
n > a(kb) = a(k,c), we have that |a, (b)] > M (d) and |a, (c)|] > M (d).
Since vy [n — 1, 4] (tp) = an—1 (b) + wn—1 /7 [n, 7] (ts), by Proposition 4.8, we get
that |y [ — 1, 7] () — an_1 ()] < 1/(lan (b)] — 2/e (d)) < 1/(M (d) —2/e(d)) =
n(d). Since 4 m, 7] (t) = 7 [m,n— 1] (3 [2 — 1, ) (1)) and also 7 [m,n —1] =
Yo [m,n — 1] (an—1 (b)), by the choice of 1 (d), we get

() e [ 3] () = [m,n = 1] < e(d).

By a similar proof, we obtain

(**) Ve [m, 3] (te) = e [m,n = 1]| < €(d).-

By the choice of n, |y [m,n — 1] — v [m,n — 1]| = |am (b) — am, (¢)|. Since a,, (b) #
am (€), 0 (am (B) = 0 (a (), f(am () > €(d) and p(am () > €(d), we have
that |am (b) — am (¢)| > 2¢ (d) and thus |y [m,n — 1] — v, [m,n — 1]| > 2¢(d). Now,
applying (*) and (**) we get the result that 4y [m, j] (ts) # e [m,j] (), which
contradicts the choice of m.

Proposition 4.28 yields the following corollary.
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4.29. Proposition. Suppose d € D (i), b and ¢ are two points of d such that b # ¢,
len (b) = len(c) = k, sk—1(b) = sg—1(c). Then the intervals [£_ (b), &4 ()] and
[€- (), &+ (¢)] are disjoint.

4.30. Proposition. Suppose d € D (i),
are two points of d such that b # ¢, j

b ¢ (§- (c), &+ ().

Proof. If j = k, then the proposition follows from 4.29. Let j > k be the least
integer for which the proposition is false, i.e. by € (£- (¢),&+ (¢)). By taking a
number ¢ close enough to by we obtain b’ = 0 (b, k,t) such that b’ # ¢, ¥/ € d and
re (0') € (€~ (¢),&4 (¢)). Since len (V') = j — 1, we get a contradiction with the
choice of j.

4.31. Definition. Suppose x = (z1,...,z;) € T, ¢ = (c1,...,¢c,) € C(3), 7 >
k, sk—1(x) = sg—1(c) and z € (- (c),&4+ (¢)). Let &' (c,z) denote the point
(c1,..., 00 Pe (Tk) , Thog1, - .., ).

4.32. Proposition. Suppose z = (x1,...,z;) €T, c=(c1,...,¢c,) € C(3), j > k,
Sp—1(x) = sg—1(c) and xp, € (€—(c),&4+ (¢)). Let i’ be an integer greater than
i. Then &' (c,x) € C (@) if and only if x € C (') and ap, (x) = am (¢) for each
integer m such that o (k,c¢) < m < a(k+1,c¢). Additionally, if &' (c,z) € C (i)
and |aa(ii1,e) (@) > M (2), then &' (c,z) ~ .

Proof. Let x’ denote &' (¢, z).

Suppose ' € C (i'). Then «(k,c¢) = a(k,2'), a(k+1,¢) = a(k+ 1,2") and
am (') = am (c) for each positive integer m < «a(k+1,¢). Observe that =
0 (2’ k,zx). It follows from Proposition 4.21 that x € C (') and a., (¢) = am, (¢)
for each positive integer m < « (k + 1,¢). It follows from the definition of ~ that
2 ~x, if ’aa(k+1’c) (m)‘ > M (x).

Suppose z € C (i) and a, () = an, (¢) for each m such that a(k,¢) < m <
a(k+1,¢). Let | denote a(k,z) = a(k,c) and let I’ be a(k+1,2) — 1. To
prove that z’ € C (i'), it is enough to show that there are numbers a;y1,...,ay in
A such that rgq (2') = y[i+1,;a541,...,ar]. Observe that xp = v, [I,I] =
Yo (L] (v [, 0]) = 96 (v [i,1]) = ~é(ai (¢) + wi /72 [i + 1,1']). By Proposition
4.17, @/ (z) = vz [i + 1,1']. There is an integer ¢ such that either

() 2q + @ (z1) = v o P ()

or

(**) 2q — @/ (x) =vo . (xy).

If (*), then set a;+1 = 2¢ + a;+1 (z) and ay = ap, (x) for m =i+ 2,... 1. If (**),
then set a; 11 = 2¢ — a;41 (x) and @y = —ap, (x) for m =i+ 2,...,I'. It can be
easily verified that rp1q (') =vo @, (xx)v[i + L, U5 ai41,. .., ar].

4.33. Proposition. Suppose x = (z1,...,2;) € T and d € D (i) is such that for
each positive real number k there is ¢’ € d such thatlen(c’) > k, sp—1 (z) = sg_1 ()
and |xy — i (/)| < k. Then there is ¢ € d such that sy (¢) = x. Let i be such that
x € C(i). There is a positive number ko such that if b € d, sp_1 (b) = sk—1 (x) and
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0 < |rg (b) — x| < Ko, then a(k+1,b) > i+ 1, |ait1 (b)| > M (d) and an, (b) =
am () for each integer m such that o (k,x) < m <.

Proof. Let (b )J 1
sk—1 (z) = sk—1 (b;) for each positive integer j. Observe that the number « (k,b;)
does not depend on the choice of j. We will denote this number by I. For each
Jj=1,2,..., there is an integer m; < 4’ such that ry (b;) = w, [[,m;]. By replacing
the sequence (bj);il by its subsequence, we may assume that there is an integer

be a sequence of points from d such that lim;_,o, 7% (b;) = =% and

m' <4’ such that ry, (bj) = 7, [I,m']. By Proposition 4.12, the sequence (a; (bj));il
is bounded (by M (d)). Let i be the greatest integer < m’ such that the sequence
(am (bj));il is bounded for each integer m such that I < m < 4. Since the sequence
(v(a (bj)))?il is constant, the bounded sequence (¢ (bj))jo.il has finitely many
values. By replacing the sequence (bj)jo.il by its subsequence, we may assume that
for each m between [ and ¢ there is a number a,, such that a,, (b;) = an, for each
positive integer j. By Proposition 4.23, lim;_,o 7% (b;) = v [l,%;as,...,a;]. Since
lim; oo 7 (bj) = @, xp =y [l,4;a1, ..., a;]. Observe that x € C (i). If i = m/, then
sk (bj) = x for each j. If i < m/, then, for large enough j, ¢ = ¢’ (x,b;) € d and
x = s (¢).

Let (cj);il be a sequence of points from d such that lim;_ . rg (¢;) = ,
ri (¢;) # xp and sg_1 () = sk—1(c;). By Proposition 3.8, the representation
of zy as v [l,4;aq,. .., a;] is unique. Thus, since we could have started with (cj);.’il
instead of (bj)jo.il, for j large enough we must have that o (k+1,b;) > i+ 1,
la;41 (b)] > M (d) and ay, (bj) = an, for each integer m such that « (k, z) < m <.
So the proof of the proposition is complete.

4.34. Proposition. Suppose i and i’ are positive integers such that i < i'. Suppose
c=(c1,...,cx) €C(i) and d € D (i'). Then there is a positive number k such that
ifbed, sp—1(b) = sk—1(c) and 0 < |rg (b) — ck| < K, then &' (¢,b) € d.

Proof. Let | denote « (k, ¢). By Proposition 4.33, there is a positive number x such
that if b € d, sp—1(b) = sgp—1(c) and 0 < |ry (b) — ck| < K, then a (k+1,b) > 4,
lai+1 (b)] > M (d) and ay, (b) = a, (¢) for each integer m such that I < m < 1.
Now, the proposition follows from Proposition 4.32.

4.35. Definition. Let Q! = C (i) x I for each integer i > 0. In particular, Q) = I.
Suppose j and i are integers such that j > i > 0. We will define by recursion a set
Q!. The set Q! is already defined. Let Q] = Qfl\C (j—1). Let P, = U;.:Ol Qr.

4.36. Definition. Suppose z = (z1,...,2;) € Py, i <n, c= (c1,...,cx) € C (1),
j >k, sk—1(x) = sp—1(c) and xp € (§-(¢), &4 (¢)). Let 6, (c,x) be & (c,z), if
8 (e,x) € Py, and let 6, (¢, x) be sk11 (8’ (¢, x)), if & (¢, x) ¢ P,.

4.37. Proposition. Suppose x = (z1,...,2;) € Py, i <n, c=(c1,...,cx) € C (i),
J>k, sp_1(x) =sp_1(c) and xp, € (- (¢), &4 (¢)). Then 6y, (c,x) € P,.

Proof. Suppose 6, (¢c,z) ¢ P,. Then ’( x) ¢ P, and 6, (c,x) = Sk 1 (&' (c,x)).
Since sy (6, (¢, ) = ¢, 6n(c,z) € C (i) for some positive integer i’ < n. It
follows from Proposition 4.32 that sy () € C (') and ay, (sg () = am (c) for each
integer m such that a (k,c) < m < a(k+1,¢). Since z € P,, x ¢ C(m) for each
positive integer m < n and s;_1 (z) € C(! ) for some integer | < n. It follows
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from Proposition 4.32 that ¢’ (c,xz) ¢ C(m) for each positive integer m < n and
55 (8" (¢,z)) € C(1). Thus &' (¢,x) € P, and consequently 6, (¢c,x) € P,.

4.38. Definition. Let d € D (i). Suppose ¢ € d and len(c) = k. Let L(c)
denote the set {ry (b) | b€ d and sx_1 (b) =sk—1(c)}. Let d(c) denote the set
{bed|len(b) =k and sx_1 (b) = sg—1(c)}. Observe that if b € d(c), then ¢ €

(
d (b). Let A (d) denote the collection {J(c) |ce d}.

The following proposition is a simple consequence of the definitions.

4.39. Proposition. Suppose d € D (i) and z € A(d). Let b,c € z. Then len (b) =
len(c), L (b) = L(c) and o (§,b) = a(j,¢) for j=1,...,len(b) + 1.
4.40. Definition. If z € A(d), then by len(z) we will denote len (c) for some

¢ € z. By L(z) we will denote L (c) for some ¢ € z. If j is an integer such that
1 <i<len(z)+ 1, then by a(j, z) we will denote « (j, ¢) for some ¢ € z.

4.41. Definition. Suppose d € D (i) and z € A(d). By Proposition 4.29, the
intervals [£_ (¢/), &4 (¢)] and [€- (¢), &4 (¢7)] are disjoint for each pair of different
points ¢’ and ¢ from z. Let @, : I\L (z) — [0, 00) be defined by

O, (t), iftelé-(c),& ()] for some ¢ € z,
z (t) = { .
Ug, otherwise.

4.42. Proposition. Suppose d € D (i) and z € A(d). Then ®, is continuous on
I\L (z).

Proof. Let k denote len (z) and let ¢ be an arbitrary point of I\ L (z). The following
claim follows from Proposition 4.33.

4.42.1. Claim. There is a positive number kg such that ry (¢) ¢ [t — Ko, t + ko] for
each c € d.
Before we prove the proposition we need another claim.

4.42.2. Claim. There is a positive number x; such that [t — k1,t + k1] intersects
[€- (), &4+ (¢)] for at most one ¢ € z.

Proof of 4.42.2. By Proposition 4.29, t belongs to [ (¢), &4 (¢)] for at most one
¢ € d. Suppose that the claim is false. Then there are three points c;, co and c3 in
z such that [_ (¢;), &4 (¢)] N[t — ko, t + ko) # 0 for j = 1,2,3. For each j =1,2,3,
let t; be a point in [£_ (¢;), &4 (¢;)] N[t — Ko, t + Ko]. Without loss of generality we
may assume that t; < to < t3. By Proposition 4.29, ¢; and t3 do not belong to
[€- (c2),&4 (e2)]. So t1 < rg(c2) < t3 and consequently ry (c2) € [t — Ko, t + Ko,
which contradicts Claim 4.42.1.

Suppose t ¢ [£- (¢),&4 (¢)] for each ¢ € z. Then it follows from Claim 4.42.2
that there is a positive number s such that [t — k,t + k] N [= (¢), &+ (¢)] = O for
cach ¢ € z. If follows that @, is constant on [t — k.t + &).

Suppose there is a point ¢ € z such that ¢ € [_ (¢),&4 (¢)]. By Proposition
417, ®, is continuous on [¢_ (¢), &4 (c)]. Observe that . (z) = ug for each
z € [t—ry,t+ )\ [ (¢), & (¢)]. Since D, (€ (c)) = uq = . (&4 (c), B, is
continuous at .
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4.43. Definition. Suppose d € D (i) and ¢t € T. If there is an integer j such that
s (t) € d, then let X (d,t) = j. If s; (t) ¢ d for each positive integer j, then set
A (d,t) =0.

4.44. Definition. Suppose d € D (n) and ¢t € T are such that A (d,t) = 0. Let
d (t) be the set of such points ¢ € d that if k denote len (¢), then sx_1 (¢) = sg—1 (t).
Observe that if ¢ € d and len (¢) = 1, then ¢ € d (t). So, by Proposition 4.26, d (t) is
not empty. Let b be a point of d () such that len (b) is maximal. Let A (d,t) = d (b).
If ¢ € d(t) is another point such that len (c) = len (b), then d(b) = d(c). So the
definition A (d,t) does not depend on the choice of b.

4.45. Lemma. Let n, i and i' be positive integers such that i < n and i < n.
Suppose d € D (i') and ¢ = (c1,...,cx) € C(i). Let P,(c) denote the set of
points © € P, such that len (x) > k, sp_1(x) = sg—1(c), 7% (z) # cx and ri () €
(€= (c),&4 (¢)). For each z in P, (c), let & denote 6, (c,x). Then there is a positive
number k (c,d) such that if x € P, (¢) and |ry (x) — ci| < K (¢, d), then the following
statements are true.

(1) If0 < X (d, %) < k, then N (d,z) = X' (d, 7).

(2) If N (d,z) =k, then N (d,z) =0 and c € d.

(3) If X (d,z) >k, then &' (c,x) € P, and XN (d,z) = X (d,&) — 1.
Suppose, additionally, that ' (d,Z) = 0. Then X' (d,x) = 0. Let2’, " and q denote
A(d,z), A(d,z) and len (z'), respectively. Then the following two statements are
true.

(4) If ¢ <k, then 2" = a'.

(5) If ¢ >k, thenlen (2/) = q— 1 and O, (rq (%)) = d, (rg—1 (2)).

Proof. Since s_1 () = sg—1 (&), (1) is obvious. Suppose X (d,Z) = k. Since
sk (%) = ¢, ¢ € d, it follows from Proposition 4.30 that X' (d,z) = 0. So, (2) is true.
(3) follows from Proposition 4.32.

Let [ denote « (k, ¢). Proposition 4.33 implies the following claim.

4.45.1. Claim. There is a positive number g such that if b € d, sx_1 (b) = sx_1 (¢)
and 0 < |rg (b) — cx| < kKo, then a(k+1,b) > 4, |a;41 ()] > M (d) and ay, (b) =
am (c) for each integer m such that I < m <.

We may assume that k (¢, d) is less than k from the conclusion of Proposition
4.34. Now, suppose that X (d,Z) = 0. It follows from Proposition 4.34 that
N (d,z) = 0. Before we prove (4) and (5) we need the following three claims.

4.45.2. Claim. Suppose b € d, len (b) = k+ 1, s (b) = ¢, ¢’ € d, len(¢") = k,
sk—1(c") = sp—1(c) and 1y (z) € (£ (¢"), &4 (")) Then i (¢”) € (£~ (¢), &+ (c)
and ¢ =60 (c, k,rr41 (z)), where ¢ denote &’ (¢, ).

Proof of 4.45.2. Let kg be as in Claim 4.45.1. Let z_ and z; be numbers such
that ¢ — ko < 2- < ¢ < 24 < ¢ + Ko, &4 (€) < z— and zy < &4 (¢). Let t_
and ¢4 be numbers such that z_ < t_ < ¢ <ty < 24, P (t2) > Pc(22) + 1,
G, (t4) > Do (24) +1, P (t-) > 2M (d) + 1 and . (t4) > 2M (d) + 1. Let b_ and
by denote 6 (b, k,t_) and 0 (b, k,ty), respectively. By Proposition 4.25, b_ and b4
belong to d. Observe that z_ < i, (b—) < ¢k < 7 (b1) < z1. We may assume that
k (¢, d) is so small that 7 (b_) < r () < 1k (by). Since 7y (z) € (- (), &4 (),
by Proposition 4.30, we get that i (b—) < ri (¢") < ri (by). Consequently, z_ <
re (") < zy, |re (') — ck| < ko and r (') € (- (¢), &4 (¢)). Tt follows from Claim
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4.45.1 and Proposition 4.32 that ¢/ = §' (¢, ¢”) is in d. Clearly, ¢’ = 0 (', k, r, (¢)).
By Proposition 4.27 (2), (§- (¢"), &4+ (¢")) C I (¢,ri (¢")). So 1k (z) € I (e, ("))
and I (¢,r (") = I (¢, (x)). It follows that 0 (¢, k,r () =0 (¢, k,ri (x)) and
the proof of the claim is complete.

4.45.3. Claim. Suppose ¢’ € d, I = len(c”) > k and s;_1 (¢") = s;-1(x). Let
d=681(c,d"). Then ¢’ €d, s, (') =8 (%) and " =0 (, k, i (2)).

Proof of 4.45.3. Since -1 > k, it follows from Proposition 4.34 that ¢’ € d. Clearly,
s1(c) = 8 (). Since ri () =ri ("), 0(c, k,r () =0 (¢, k,ri () ="

4.45.4. Claim. Suppose ¢’ € d, | = len(¢') > k and s;-1(¢) = s;-1(Z). Let
" =6(c,k,r, (z)). Then

(A) ' ed,

(B) si—2 (") = s1—2 (x),

(C) m () € (€= ('), &+ () if and only if 11 (z) € (€= (), &4 (¢”)), and

(D) if ry (2) € (6= (), &4 (), then @er (1 (F)) = Perr (ri—1 (2)).

Proof of 4.45.4. We may assume that & (c, d) is so small that @, (g (z)) > M (c) +
2M (d) + 1. Observe that sx_1 (¢”) = sp—1(c) = sg—1 (z). If I = k + 1, then the
claim follows from Proposition 4.27. So we may assume [ > k+ 1. Since in this case
Ti+1 () = 1k41 (Z) and v o @, (g (x)) = re41 (x), we get the result that rg (") =
ri (z). Tt follows that ;2 (¢”") = s;—2 (). Since in this case r; (&) = r;—1 (x) and
ri (') = 1 (¢"), the remaining part of the claim follows from Proposition 4.24.

Now, suppose g < k. Then it follows from Claim 4.45.3 that len (") < k. Since
Sk—1(x) = sg—1(Z), len (¢”") = g and o’ = z”. So (4) is true.

Finally, suppose ¢ > k. Then it follows from Claim 4.45.3 that len (") < ¢. By
Claim 4.45.4 (A) and (B), len (z””) > g¢—1. So len (") = ¢ — 1. It remains to prove
that

~ ~

() Oy (rq (7)) = Py (rg—1 (2)) -

In our proof we will consider the following two cases.

(i) Thereis ¢ € 2’ such that r, (%) € (§- (¢/), & ().

(ii) There is ¢ € z” such that r,_;1 (z) € (- ("), &= (")).
If neither (i) nor (i) applies, then @,/ (rg (%)) =uq = D, (rg—1 (x)).
Case (i). Suppose there is ¢’ € 2’ such that 7, (Z) € ({— (<), &+ (¢)). Let ¢ =
0(c k,rp(z)). By 4454 (A) and (B), ¢ € 2. By 4.454 (C), rq—1(x) €
(&— ("), &4 (). Now, (*) follows from 4.45.4 (D).

Case (ii). Suppose there is ¢’ € z” such that r,_1 (z) € (§- ("), &4+ (¢”)). Let ¢
denote ¢’ (c,c¢”). Tt follows from 4.45.2 and 4.45.3 that ¢’ = 0 (¢, k,ri (x)). By
4.45.4 (C), rq (Z) € (§= (), &+ (¢)). Now, (*) follows from Case (i).

5. MAIN CONSTRUCTION

5.1. Definition. Suppose d € D (i) and z € A (d). Let j denote « (len (z), z). Let
&, : B;\3;7! (L (2)) — Biy1 denote the map @11 0 . o ;.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1510 PIOTR MINC

5.2. Definition. Suppose ¢ = (c1,...,c;) € C(i). Let Q(c) denote the set
Ba(i,e) (1) X Bagz,ey "H (e2) X+ X Bage) "t (cr) X Bit1. In particular, Q (0) = By.

For each integer i > 0, let @Z be the union of Ucec(i) CNQ (¢). Let @ denote the
union |2, Q'

For each = € Q, there is exactly one point ¢(z) in U;2 C (i) such that = €
Q (c(x)). Tt follows from Proposition 4.5 that ¢ (z) # ¢ (y), if z € Qi and y € ij,
where i # j. In particular, the sets @8, @%, ... are mutually disjoint.

Each point x € @ can be expressed in the form (by,...,bx), where k is a positive

integer and, for each m = 1,..., k, by, belongs to By (m,c(z))- As before, let len (z) =
k, r; (z) = b; and s; () = (b1, ba, ..., b;).
5.3. Definition. We will define a function 7 : Q — T. Suppose z = (b1,b2,...,bg)
is an arbitrary point of Q. Let ¢ (z) = (c1,...,cp1) € Ui2o C (i) be such that
z € Q(c(z). Let cp = Ba(k,c(z)) (br). Let 7(x) = (c1,...,cx). In particular, if
k=1 7(z) =01 (x).

Let H, = {be Q|7 () e Cn)}.

5.4. Definition. Suppose that m > i. We will define by induction a set Qv:”
The set Q! has already been defined. Let Q" = Q;”_l\Hm_l for m > i. Let
P, = U;L;Ol @?71. Note that P41 = QZ U (]Bn\ﬂ'n) Let 0, : Poi1 — Py be
defined by o, (z) = x if € P,\H,, and 0, (z) = Sien(z)—1 (), if z € Q.

The next three propositions follow readily from the definition.

5.5. Proposition. Suppose # € Q. Then z € P, if and only if T (x) € P,.

5.6. Proposition. Suppose x € f’n and j is a positive integer such that 0 < j <
len (x). Then s; (x) ¢ P,.

5.7. Proposition. ¢, ! (z) =z for each z € P,\H,, and 0, (z) = {#} X Bp41
for each x € Hy,.

5.8. Definition. Set D (0) = {0}. Let A(n) = /-, D ().

5.9. Definition. Let i and n be integers such that 0 <4 < n. Suppose d € D (7).
We will define a function o7} : ]Sn — §¢+1- Let « be an arbitrary point in ]Sn If
d =0, then o} (z) = r(z). If d # 0 and j = N (d,7(z)) > 0, then o} (z) =
rj+1 (z). Now, suppose d # 0 and X (d, 7 (z)) = 0. Let o (z) = @, (ry, (2)), where
y=A(d,7(x)) and m = len (y).

It can be easily verified that:

5.10. Proposition. Let n be a positive integer. Suppose d € A (n). Let x’' and
x” be two points of P, such that T (z') = 7 (2"). Then either o} (z') = ol (2 or
there is an integer k such that ol (z') =i, (2') and o} (2") = ri ().

5.11. Definition. Suppose b = (b1,...,b;) € P,,1<i<n, c= (c1,...,¢cr) €
C (1), sk—1 (7 (b)) = sg—1(c) and 7 (7 (b)) € (&~ (¢), &4 (¢)). Let m denote « (k, ).
Observe that by € B,,. Let b, € B,, be such that Bm (b)) = ¢ and b}, is in the
same component of 3,7 ((0,1)) as by (see Proposition 2.11). Let b} = @;41 o
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D, (7, (7 (b))). Let & (¢,b) denote the point (by,...,bg_1,b, b besi,...,b;). If
& (¢c,b) € P, let &, (¢,b) be &' (¢, b). If &' (¢, b) ¢ Py, let 6, (¢, b) be sp41 (5' (e, b))

The next proposition follows from the definitions and Proposition 4.37.

5.12. Proposition. Suppose b = (b1,...,b;) € ]Bn, 1<i<n, c=(c1,...,c) €
C (i), sk—1(7 (b)) = sg-1(c) and 7y, (7 (b)) € (§-(c), &+ (c)). Then T (Sn (c, b)) =
8n (¢, 7 (b)) and b, (¢,b) € P,.

5.13. Lemma. Letn andi be posite integers such that i <n. Suppoie de A(n)
and ¢ = (c1,...,¢c;) € C(i). Let P, (c) denote the set of points b € P, such that
len (b) >k, sp-1 (7 (b)) = sk-1(¢), 75 (7 (b)) # cx and 7y, (7 (b)) € (€ (), &+ (€))-
For each b in P, (c), let b denote b, (¢,b). Then ‘ag () —a(b)| = 0 asry (7 (b)) —
¢ where b € P, (c).

Proof. Let j, by,...,b;, b}, and b} be the same as in the definition of b (¢,b). Tt
follows from Proposition 2.11 that

(*) |bp, — )| — 0 as r (7 (b)) — ck-

We will divide the proof of the lemma into several cases and consider them sepa-
rately.

Cased =0 and k = 1. In this case 0} (b) = by = by, 0" (b) = b}, and the conclusion
of the lemma follows from (*).

Case d =0 and k > 1. In this case o} (b) = by = o (l;) and the conclusion of the
lemma is obvious.

Now, we can assume that d # (). The remaining cases will follow from the

conclusion of Lemma 4.45. Let [ denote X (d, 7(b)).

Case 0 < | < k. Then X (d,7 (b)) = I, 0% (b) = b1 and o () = 41 (b). If
l+1 < k, then rl+1~(b) = b;41 and the conclusion of the lemma is obvious. If
I+ 1=k, then r;4; (b) = b}, and the conclusion of the lemma follows from (*).

Case | = k. In this case o (b) = b}, ¢ € d and o} (b) = ®, (b)), where y is
the element of A (d) containing c. Since @, (b)) = b, o’ (b) = o’ (b) and the
conclusion of the lemma is obvious.

Case | > k. In this case b = (b1, ..., bg_1,b}, 0 bpy1,...,b;) and o7 (b) = b, =
ol (b) and again the conclusion of the lemma is obvious.

In the remaining cases we will assume that [ = X (d, 7~'(l~))) = 0. Then, by Lemma
4.45, X (d,7 (b)) = 0. Let 2/, 2" and ¢ denote A (d,7(b)), A(d, 7 (b)) and len (z'),
respectively.

Case q¢ < k. Then 2’ = z". Tt follows that 7 (b) = B, (by) = By (by) = 07 (D).
"

Case ¢ = k. Let y denote 2/ = z”. Observe that o7 (b)) = @, (by) = @irq1 ©
D, (ry, (7 (b)) and o7 (b) = @, (b,) = Pirp1 0 By (ck)), where d € D (i'). Since
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ek ¢ L(y), C/I5y is continuous on I\ L (y) and @,4+1 is continuous; the conclusion of
the lemma follows in this case.

Case ¢ > k. It follows that o7 (b)

o () = &y (ry(D)) = Pnra
result that g (rg—1 (7 (b)) =
the lemma is complete.

= x”~( 1) = @ny10 ‘/f:c” (rg—1 (7 (b)) and
o @,  (r q(T(b))). By Lemma 4.45 (5), we get the
D, (14(7(h))). So 0% (b) = o7t (b) and the proof of

o~

5.14. Lemma. Letn and i be positive integers such that i < n. Suppose de A(n)
and ¢ = (c1,...,c,) € C(i). Let P, (c) denote the set of points b € P, such that
len (b) > k and sy, (7 (b)) = c. Let b, € B ak,e)- For each b= (by,...,b;) in P! (c),

let b denote the point (by,. .., bp_1, s b1, ..., bj). Then ’O'g (b) — ag(b')’ — 0 as
by — bj, where b € P! (c).

Proof. Tt can be readily verified that either o7 (b) = o7 (b') or o7 (b) = by and
oy (V') = bj,. So the lemma is true.

5.15. Lemma. Let n be a positive integer. Suppose x = (x1,...,28) € 15n and
d € A(n). Let P! (x) denote the set of points b € P, such that len (b) > k and
sk—1(b) = sp_1(x). Then |} (b) — ol (z)| — 0 as i (b) — x), where b € P}/ (x).

Proof. Clearly, the lemma is true if d = (. So we may assume that d # (. Since

x € P,, 7(x) € P, and consequently 7 (x) ¢ C (i) for each ¢ < n. By Proposition
4.33, we may assume that

*) sk (7 (b)) # sk (c) for each ¢ € d.

It follows that A’ (d, 7 (x)) = X (d, 7 (b)). Denote this number by j. Clearly j < k.
If j > 0, then o)} (b) = 741 (b), 0} (x) = 7j41 (z) and the conclusion of the lemma
holds. Now, suppose j = 0. It follows from (*) that y = A (d, 7 (z)) = A (d, 7 (D)).
Let m denote len (y). Clearly m < k. Let ¢ be an integer such that d € D (4).
Observe that o7 (b) = ®, (7, (b)) and o7 (z) = ®, (x,,). If m < k, then the
conclusion of the lemma follows from the equality 7, (b) =, ( ). Suppose m = k.

Let ¢ denote a (k,sx_1 (7 (x))). Observe that @, = $;41 o <I> o B4. Since Pit1
and (3, are continuous, <T>y is continuous on I\L (y) and 3, (zk) ¢ L (y), the proof
of the lemma is complete.

5.16. Definition. Suppose z = (z1,...,2k41) € Q. Let ¢ denote 7 (s, (z)). For
each j = 1,...,k + 1, let y; denote fq(; . (z;) if a(j,c) is odd, and let y; be
fa(j,c)_l (x;) if a(j,c) is even. Let h (x) denote the point (y1,...,Yr+1)-

5.17. Proposition. h restricted to ]5n is a one-to-one map of ]5n onto itself.

Proof. Let © = (21, ..., 2541) be an arbitrary point of Q. Let ¢ denote 7 (s, (z)).
For each j =1,...,k+ 1, let z; denote fa(j,c) (x;) if « (4, ¢) is even, and let z; be
fatio "' (x;) if @ (j,c) is odd. Let h~! (z) denote the point (1, ..., zx11). Observe
that h~! so defined is the inverse of h. It follows from Propositions 2.12 and 4.13
that h (z) and h™1 (z) are in P,, if z € P,,.

The next proposition follows readily from the definitions of h and o,.
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5.18. Proposition. ho o, (z) = 0, o h(x) for each x € P, 1.

5.19. Proposition. Suppose x = (x1,...,x) € P,. Then hi (x) # x for each
positive integer 7 < n.

Proof. There is an integer ¢ such that 0 <4 < n and sy_1 o7 (x) € C (i). Observe

that x;, € B;,1. Suppose that there is a positive integer j < n such that b/ (z) = z.
Observe that

(*) fi-i-lj (Tx) = o

It follows from 2.13 that §;41 (zx) € A. By Proposition 4.4, 7 (x) € C (i + 1). Thus
1+ 1 must be equal to n. Now, (*) contradicts Proposition 2.9.

5.20. Lemma. Suppose i and n are integers such that 0 < i <mn. Let d € A(n)
and let b = (by,...,by) € Q be such that 7(b) € C(i). Let P, (b) denote the
set of points © € P, such that sp_y (x) = sp_1 (b) and 73, (7 () # ri (7 (b)).
Then |o (h (Sn (1 (b) ,x))) — oy (Sn (t(h(b)),h (x))) ’ — 0 asry () — by, where
x € P, (b).
Proof. Let ¢ denote 7 (b) and let ¢’ be 7 (h(b)). Let x = (x1,...,2;) be a point
of P, (b) and let y = (y1,...,y;) denote h(xz). Let m = «(k,c). Observe that
a(k,d) = a(k,Tosi_1(z) = a(k,7os_1(y)) = m. Let f denote f,, if m is
odd, and let f’ be f,, ' if m is even. Let f” denote fi,q if i is even, and let f’
be fiy1~ " if 4 is odd. Since zj, — by, we can assume that G, (zx) € (- (¢), &4 (¢))
and & = § (¢, z) is defined. Let z}, denote 7y, (Z) and let x} denote ry, () = @;41 ©
@, 0 B, (rr). Observe that r; (h (%)) =y, for j=1,...,k—1, r, (h(Z)) = f' (z},),
rit1 (R (2)) = f" («}) and r; (h (%)) =yj_1 for j =k +2,...,1+ 1.

Since f’ and f,, are continuous and xp — by, we may assume that G, (yx) €
(6_ (), €4 (¢). Let § denote 6 (¢, y). Observe that r; (j) = y; for each j =
l,...,k—1land r; (§) =y;—1 foreach j=k+2,...,1+1. So

*) ri (@) =r;(h(z)) for j=1,....,k—1,k+2,..., [+ 1

Let A denote the arc in 3, ' ((0,1)) between z) and z}. Since B, (f' (bx)) =
ry (¢') is neither 0, nor %, nor 1 and f’ and (3,, are continuous, there is a neighbor-
hood U of by, in B,, such that either 3, o f/ (U) C (0,3) or B o f'(U) C (5,1).
Since z, — by, we may assume that A C U and consequently f’(z},) and y, =
f’ (xy) are in the same component of 3, ! ((0,1)). We will prove the following

claim.
5.20.1. Claim. By o f' (z},) = Bm o f' (bi).

Proof of 5.20.1. Suppose m is odd. Then f' = fm By Proposition 2.12; 3,, o
f (k) = 920 B (b)) and B, o f' (2),) = g2 © By (2},). Since By, (bk) = B (27,), the

claim is true if m is odd. So we may assume that m is even and f’ = f,,, . It follows
from Proposition 2.12 that g0 8,0 f/ (by) = B (bk) and gao B0 f' (x},) = B (2},).
Since the points S, o f' (br) and S, o f'(x},) either both belong to the interval
(0, %) or they both belong to (%, 1), they must be equal. So the proof of the claim
is complete.
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It follows from the claim that rj (§) = f’ (z}) and consequently
(**) T (§) =i (R ().

5.20.2. Claim. Bip107k41 (h(Z)) = Biv10rk+1 (§) and |rgp1 (R (2)) — 141 (§)] — 0
as T — bg.

Proof of 5.20.2. Observe that ry1 (h(Z)) = f"o@ir10Pc0f (zx) and 141 (9) =
Pit10 Dy 0By o f (x1). We will consider separately the cases where m is even and
odd. In both cases we will consider the cases where i is even and odd.

Case m is odd. Then f' = f,,. Let z denote Gy, (zx). By Proposition 2.12, G, o
[ (x) = g2 (2). Again by 2.12, 1 (¢) = B o f' (bk) = g2 © B (b) = g2 0 7 (€).
Subcase: i is even. Then i —m is odd and, by Proposition 4.18, ®. o 8,,, o f' (xx) =
Doogs (2) =2, (2) =2P.00,, (x). Let t = ®.of,y, (zx). Then Opofy,o0f (zx) =
2t. Since i is even, f” = fi41. So, in this case rpi1 (h (&) = fiy1 © Gir1 (t) and
Trt+1 (J) = @it1 (2t). Since t — oo as x — by, the claim follows in this case from
Proposition 2.16.

Subcase: i is odd. Then i —m is even and, by Proposition 4.18, ®. 0 8,, 0 f/ (zx) =
Doogs(2) = %@C (2) = 20,08, (zg). Lett = ®uofBpof’ (zx). Then ®.08,, () =
2t. Since i is odd, f” = fiy1~'. So, in this case rpy1 (h(2)) = fiz17 " 0 Pig1 (2t)
and rgy1 (§) = Pip1 (¢). Since t — oo as x — by, the claim follows in this case
from Proposition 2.15.

Case m is even. Then f' = f,,~'. Let z denote B, o f’(x). By Proposition
2.12, B (zk) = Bm o fm 0 fm:l (xk) = g2 0 B o f' (z1) = g2 (2). Again by 2.12,
7% (€) = Bm (bx) = Bm © fm © fmil (br) = g2 0 fm71 (bx) = g2 oy (Cl)'

Subcase: i is even. Then i — m is even and, by Proposition 4.18, ®. o G, (zx) =
D.0gy(2) = %Q)c/ (2) = %@C/ o fmo [ (zk). Let t = .0 By, (). Then & 0 G, 0
f' (zx) = 2t. Since i is even, f” = f;11. So, in this case 741 (b (Z)) = fiy10@is1 (¢
and 7,41 (§) = Pit1(2t). Since t — oo as x — by the claim follows in this case
from Proposition 2.16.

Subcase: i is odd. Then i — m is odd and, by Proposition 4.18, ®. o 8, (zx) =
D.0go(2) = 20y (2) = 20 0 By 0 f/ (x). Let t = & 0 By, o f' (zx). Then
®. 0 By (x) = 2t. Since i is odd, f” = fi;17'. So, in this case 7541 (h (&) =
fi+1_1 o Qi1 (2t) and rgy1 (§) = @ig1 (t). Since ¢ — oo as xp — by the claim
follows in this case from Proposition 2.15.

It follows from (*), (**) and the first part of Claim 5.20.2 that 7 (h (%)) = 7 ().
By Propositions 4.13 and 5.5, either 4, (¢,z) = Z and bn (d,y) =g or bn (c,z) =
Sk+1 (%) and 5 (c,y) = sg+1 (). Now, the lemma follows from Proposition 5.10,
(*), (**) and the second part of Claim 5.20.2.

5.21. Definition. For each positive integer n, we will construct a continuum X,
by introducing a topology on the set ﬁn In other words, we will construct a one-
to-one map m, of ﬁn onto some continuum X,. For each integer ¢ = 0,1,... and
for each d € D (), let B (d) be a copy of B;11. The continuum X,, will be a subset
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of [[sea(n) B (d). Let 63 be the projection of [[;c () B (d) onto B (d). If z € Py,
let 7, (z) be the point of [[;cn(,) B (d) such that 67 (m, (z)) = oy (z) for each
de A(n).

Observe that X, 1 is a subset of X, X [[;c p(,) B (d). Let o7, denote the projec-
tion of Xy X [[4ep(n) B (d) onto X, and let 6, be the restriction of o7, to X1
Observe that 7, o 0,, = G, 0 1.

5.22. Proposition. X,, is compact.

Proof. Let (xj);il be an arbitrary sequence of points in ﬁn Let k be an integer such
that the sequence (sk—1 (x]));’il is constant. Note that 1 < k < n-+1. We will show

o0
=1
sequence (7, (xj))joil is constant. So, in our proof we may assume that if (y;) =, is

that the sequence (7, (x;))._, has a convergent subsequence. If k = n+1, then the

=
a sequence of points in P, such that (sx (y;)); >

_, is constant, then (m, (y;));Z, has
a convergent subsequence. Let (21, ..., 25—1) denote the constant s;_1 (x;). Let b,
denote ry (z;). Observe that there is an integer [ such that b; € B; for each positive

integer j. Since B; is compact, the sequence (b, );il has a convergent subsequence.

Without loss of generality, we may assume that (bj);il converges to some b € B,.
Let z denote the point (z1,...,25—1,b) and let ¢ = (c1, ..., c;) denote 7 (2).

Suppose ¢ ¢ C (i) for each i < n. Then ¢ € P, and z € P,. It follows from
Lemma 5.15 that the sequence (7, (377));)11 converges to 7, (z). So we may assume
that there is an integer ¢ < n such that ¢ € C (7).

Suppose that §; (b;) = ¢ for infinitely many integers j. In this case we may
assume that §; (b;) = ¢ for each positive integer j. Let y; € P, be such that
len (y;) = len(x;), rx (y;) = b and 74 (y;) = rq(x;) for each ¢ = 1,...,len(y;)
such that ¢ # k. By the inductive assumption, the sequence (7, (3/]));11 has
a convergent subsequence. So, without loss of generality, we may assume that
(70 (y5));=, converges in X,,. By Lemma 5.14, the sequence (,, (z;));2, converges
to the same limit. So, we may assume that §; (b;) # ci for each positive integer
4. In this case, let y; = 6, (c,x;). As before, we may assume that (7, (y]))Joi1
converges in X,,. By Lemma 5.2, the sequence (m, (%));.;1 converges to the same
limit.

5.23. Definition. Suppose d € D (n). Let X, (d) denote the set of points x of X,
such that 7 o7, ! (z) € d.

5.24. Proposition. The set X,, (d) is compact for each d € D (n).

Proof. Suppose d € D (n). Let z = (21,...,2m) € P, be a point such that m, (2)
belongs to the closure of X,, (d) in X,,. By Proposition 5.22, it is enough to show
that m, (2) € X,, (d). Let k be the greatest integer for which there is a sequence of
points (%‘);; of m, 1 (X, (d)) such that lim;_. 7, (z;) = m, (2) and sg_1 (z;) =
sk—1 (z) for each positive integer j. Note that 1 < k < m + 1.

If kK = m + 1, then, by Proposition 5.6, x; = z and the proposition is true. So,
we may assume that £ < m. Let ¢ denote 7 o sx_1(2). There is d’ € A (n) such
that ¢ € d’. Since oy, (2) = z and oy, (v5) = i (z;), imjoo 7% (5) = 2. Let
c¢=(c1,...,c) denote 7o si (2). Clearly, lim;_,o. 7% (7 (z;)) = cx. By Proposition
4.33, there is ¢’ € d such that s (") = c.
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Suppose k = m. Since z € P, c ¢ C (i) for each positive integer i < n. It
follows that si (¢) = ¢, ¢ € d and consequently m, (z) € X, (d). So, we can
assume k < m and ¢ € C (i) for some positive integer i < n.

Suppose that r; o 7 (x;) = ¢ for infinitely many integers j. In this case we
may assume that r; o 7(z;) = ¢ for each positive integer j. Let y; € f’n be
such that len(y;) = len(z;), ri (y;) = zr and 74 (y;) = rq(x;) for each ¢ =
1,...,len(y;) such that ¢ # k. By Lemma 5.14, lim;_, |7y, (y;) — 7 (z;)] = 0
and thus lim;_,o 7y, (y;) = 7y (2). Since 7, (y;) € X,, (d) and sg (x;) = s (2) for
each positive integer j, we have a contradiction with the choice of k.

So, we may assume that ry o 7 (z;) # ci for each positive integer j. In this
case, let y; = b (¢,z;). By Lemma 5.13, lim; o |7, (y;) — ™ (;)] = 0 and thus
lim;_ oo 7, (y;) = mp (2). Since m, (y;) € X, (d) and si (z;) = sk () for each
positive integer j, we again get a contradiction with the choice of k.

5.25. Proposition. X, (d) is 0-dimensional for each d € D (n).

Proof. Suppose d € D (n). For an arbitrary point ¢ = (c¢1,...,¢ck) € d, let P,
denote the Cartesian product bﬂx(u)*l (c1) % ﬁa(z,cfl (ca) X -+ % bﬂx(k’C)*l (ck)-
By proposition 2.11, P, is O-dimensional. It follows from Proposition 5.10 that m,
restricted to P, is continuous. Since 7, is a bijection and P, is compact, 7, (P.) is
compact and 0-dimensional. Since X, (d) = (J,cq ™ (P:) and d is countable, the
proposition is true.

The following well-known proposition is a simple consequence of [5, Theorem 1]
and [15, Theorem 11] (see also [4]).

5.26. Proposition. Suppose that o : X — Y is a continuous map of a one-
dimensional continuum X onto a tree-like continuum Y such that o='(y) is a
tree-like continuum for each y € Y. Then X is tree-like.

5.27. Proposition. X, is a tree-like continuum.

Proof. We will prove the proposition by induction. Since X; = El, the proposition
is true for n = 1. Suppose that the proposition is true for some integer n > 1.
We will prove that X,,,1 is tree-like. Since 7, o o, = 7, © T,11, it follows from

Proposition 5.7 that &, ! (z) is a one-point set for each z € X, \m, (ﬁn) and
on L (2) = Tpaa ({x} X §n+1) for each z € 7, (f[n)

5.27.1. Claim. Suppose that x € 7, (ﬁn) Then 7,41 restricted to {z} x §n+1 is
an embedding.

Proof of 5.27.1. Since x € H,, 7(z) € C(n). Let d be the element of D (n)
containing 7 (). Ifd’ € A (n+ 1) and d’ # d, then ¢/ is constant on {x} x B
On the other hand, ag"’l (z,b) = b for each b € §n+1. Now, the claim follows from
the definition of 7, 41.

It follows from the claim that &, ~! is tree-like for each = € X,,. By Proposition
5.26, to complete the proof it is enough to prove that X, 1 is 1-dimensional.

Recall that X, 11 is a subset of Xy X [[;c p(,) B (d), where B (d) = Bpi1. Let
dy,ds, ... be an enumeration of D (n). For each positive integer j, let Y; denote the
set X, x B(d1) x B(d2) x --- x B(d;). Additionally, let Y, denote X,,. For each
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positive integer j, let x; be the projection of Y; onto Y;_;. Let v; be the projection
of Xn X [L4ep(ny B (d) onto Yj.
By a proof similar to that of Claim 5.27.1, we get the following claim.

5.27.2. Claim. Suppose that z € H, and 7 (x) € dp,. Then
(1) vj oy is constant on {z} X B,y for each j =0,...,m — 1, and
(2) vj o mp4q restricted to {z} x §n+1 is an embedding for each integer j > m.
For each integer j > 0, let Y; denote v; (X, 41) and let &; denote the restriction
of K; to f’] Observe that X, 1 is homeomorphic to the inverse limit of the system

- [e%)
{Yj, F;j} . In order to prove that X, is one-dimensional, it is enough to prove

that f’] is one-dimensional for each integer j > 0. We will prove this by induction.
Since Yy = X, Yy is tree-like and thus one-dimensional. Suppose }7}-,1 is one-
dimensional for some positive integer j. We will prove that f’J is one-dimensional.
Let p denote the map Rqokq0- - -0k;_1. Observe that if z € f/j_l and Tom, ~lop (z) ¢
dj, then ;7! is a one-point set. Let W denote the set p~! (X, (d;)). By Proposition
4.20, W is compact. It follows from Claim 5.27.2 that p restricted to W is an
injection. Hence W is homeomorphic to X,, (d;). By Proposition 4.21, W is a zero-
dimensional compactum. By Claim 5.27.2 (2), ;! (z) is homeomorphic to §n+1
for each z € W. Since §n+1 is one-dimensional, #; ! (W) is a one-dimensional
compactum. It follows from Claim 5.27.2 that %; ' (z) is a one-point set for each

x € Y;_1\W. So the set &; ! (ﬁ_l\W) = Y;\&; ' (W) is one-dimensional and
open in Y;. Hence Y; = (f/j\/%j*l (W)) U &; ! (W) is one-dimensional and the

proof of the proposition is complete.
5.28. Definition. Let h,, = 7, c hom, .
5.29. Proposition. h,, is a continuous map of X,, onto itself.

Proof. In view of Proposition 5.17, we have to show only that h,, is continuous. So
to complete the proof of the proposition, it is enough to prove the following claim.

5.29.1. Claim. Suppose = € P, and z = (zj);il is a sequence of points of P, such
that lim;_,o 7, (x;) = 7y, (). Then the sequence (m, (h (xa)));; has an (infinite)
subsequence which converges to m, (h (z)).

For any sequence z = (27);11 of points from B, let K (z) be the greatest in-
teger k < len(x) 4+ 1 such that the sequence (sp_1 (757));11 contains an (infinite)
subsequence of terms equal to s;_1 (z). Observe that 1 < K (z) <len(x)+ 1. Let
k = K (z). By replacing the sequence z by its subsequence, we may assume that
sk—1 () = sg—1 (x) for each positive integer j.

Suppose k = len (z) + 1. Then s, (z;) =z € P,. By Proposition 5.6, T =
and the claim is obvious. So we may assume that & < len (). We may also assume
that if y = (y;);—, is a sequence of points of P, such that lim; o 7, (y;) = 7, ()
and K (y) > k, then the sequence (m, (h (yj)));)il has an (infinite) subsequence
which converges to m, (h(x)).

Let ¢ = 7(sg—1(x)). Observe that there is an integer ¢ < n such that ¢ €
C (i). Let b and b; denote ry (x) and ry (x;), respectively. Observe that b and b,
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are elements of B;,1. Let d be the element of D (7) containing c¢. Observe that
ol (x) = band ¢} (z;) = bj. Since lim;_,o x; = x, it follows that

(*) lim b; =b.
j—oo

Let ¢t and t; denote h (z) and h (x;), respectively. Clearly, m, (t) = hy, o m, ()
and 7, (t;) = hy o m, (z;). It follows that ry, (t;) = 7, (t) for each positive integer
jand m =1,...,k — 1. Let f' denote f;; if i is even, and let f' be f;. ;7! if ¢
is odd. Observe that 7 (t) = f' (b) and ry (t;) = f' (b;). Since f’ is continuous, it
follows from (*) that
(**) lim 7 (¢5) =7k (t).

Jj—oo

Suppose len (z) = k. Then ry, (t) =t € P,. It follows from (**) and Lemma 5.15
that lim; o 7, (t;) = m, (t). So, we may assume that len (z) > k. Then r (z) and
) (t) are not in P,.

We will consider the following two cases:

(1) Bit1(bj) = Biy1 (b) for infinitely many positive integers j, and

(2) Bit1(b;) # Biy1 (b) for each positive integer j.
Case (1). Then, by replacing the sequence z by its subsequence, we may assume
that G;11 (bj) = Biy1 (b) for each positive integer j. Let y; € P, be such that
len(y;) = len(z;), rp(y;) = b and rp(y;) = rm(z;) for m = 1,...,
k—1,k+1,...,len(y;). By (*) and Lemma 5.14, lim;_,o 7, (y;) = 7y, (x). Since
K ((y]);i1> > k, the sequence (0, (h (yj)));il has an (infinite) subsequence which
converges to m, (t). By replacing the sequence z by its subsequence, we may assume
that lim;_,o 7, (h (y;)) = 7, (t). Observe that len (y;) = len(h(y;)) = len (¢;),
ri (h(y;)) =rg () and 7, (A (y;)) =7 (¢) form =1,..., k—1,k+1,...,len(y;).
It follows from (**) and Lemma 5.14 that lim; o |7y, (b (y;)) — 7 (¢5;)| = 0. There-
fore, lim;_, o0 7y, (t5) = mp (2).
Case (2). Let y; = & (1 (s (2)), ;). By (*) and Lemma 5.13 lim; oo 7, (y;) =
7, (x). Since K ((y]);’il) > k, the sequence (7, (h(y;)));—, has an (infinite) sub-
sequence which converges to m, (t). By replacing the sequence z by its subsequence,
we may assume that

(A) lim 7, (h (y;)) = 7 (2) -

j—o0
Let zj = 6 (1 (s (t)) ,t;). Tt follows from (**) and Lemma 5.13 that
(B) Jim i (27) — 7 (8)] = 0.

By Lemma 5.20, we get the result that

(© Tim [, (25) = o (1 ()] = 0.

By combining (A), (B) and (C), we get lim;_,o 7y, (t;) = 7y, (t). So the proof of
the claim and the proposition is complete.

The next proposition follows from 5.18.
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5.30. Proposition. h, o5, =, 0 hyy1.
The next proposition follows from the definition of h, and 5.19.

5.31. Proposition. h,, does not have periodic points of periods smaller than or
equal to n.

5.32. Theorem. There is a tree-like continuum X and a periodic point free home-
omorphism of X onto itself.

Proof. Let X be the inverse limit of the system {X,,5,} - ,. By Proposition 5.27,
X is a tree-like continuum. By Proposition 5.30, the sequence (hn)ZO:1 induces a
map h: X — X. By Proposition 5.29, his a homeomorphism of X onto itself. Now,
suppose that there is a positive integer j and there is a point = (21, z2,...) € X
such that k7 (z) = z. It follows that h,’ (x,) = x, for each positive integer n. In
particular, h;7 (z;) = z; in contradiction with Proposition 5.31.

REFERENCES

1. D. P. Bellamy, A tree-like continuum without the fized-point property, Houston J. Math. 6
(1980), 1-13. MR 81h:54039

2. R. H. Bing, The elusive fized point property, Amer. Math. Monthly 76 (1969), 119-132. MR
38:5201

3. K. Borsuk, Sur un continu acyclique qui se laisse transformer topologiquement en lui méme
sans points invariants, Fund. Math. 24 (1935), 51-58.

4. K. Borsuk, Theory of shape, Polish Scientific Publishers, Warsaw, Poland, 1975. MR 54:6132

5. J. H. Case and R. E. Chamberlin, Characterizations of tree-like continua, Pacific J. Math. 10
(1960), 73-84. MR 22:1868

6. H. Cook, W. T. Ingram and A. Lelek, Eleven annotated problems about continua, Open
Problems in Topology, North—Holland, Amsterdam, 1990, pp. 295-302. MR 91:03

7. H. Cook, W. T. Ingram and A. Lelek, A list of problems known as Houston problem book,
Continua with the Houston problem book, Lecture Notes in Pure and Appl. Math., Vol. 170,
Marcel Dekker, New Yor, 1995, pp. 365-398. CMP 95:11

8. J. B. Fugate and L. A. Mohler, A note on fixed points in tree-like continua, Topology Proc.
2 (1977), 457-460. MR 80k:54062

9. C. L. Hagopian, A fized-point theorem for tree-like continua, Topology Proc. 16 (1991), 57-62.
MR 94a:54106

10. W. Lewis, Continuum theory problems, Topology Proc. 8 (1983), 361-394. MR 86a:54038

11. P. Minc, A tree-like continuum admitting fixed point free maps with arbitrarily small trajec-
tories, Topology and its Appl. 46 (1992), 99-106. MR 94a:54108

12. L. G. Oversteegen and J. T. Rogers, Jr., Tree-like continua as limits of cyclic graphs, Topology
Proc. 4 (1979), 507-515. MR 82¢:54032

13. L. G. Oversteegen and J. T. Rogers, Jr., An inverse limit description of an atriodic tree-like
continuum and an induced map without a fixed point, Houston J. Math. 6 (1980), 549-564.
MR 82j:54075

14. L. G. Oversteegen and J. T. Rogers, Jr., Fized-point-free maps on tree-like continua, Topology
and its Appl. 13 (1982), 85-95. MR 83b:54044

15. R. B. Sher, Realizing cell-like maps in FEuclidean space, General Topology and its Appl. 2
(1972), 75-89. MR 46:2683

DEPARTMENT OF MATHEMATICS, AUBURN UNIVERSITY, AUBURN, ALABAMA 36849
E-mail address: mincpio@mail.auburn.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



