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COMPARATIVE ASYMPTOTICS FOR
PERTURBED ORTHOGONAL POLYNOMIALS

FRANZ PEHERSTORFER AND ROBERT STEINBAUER

ABSTRACT. Let {®n}nen, and {®n}nen, be such systems of orthonormal
polynomials on the unit circle that the recurrence coefficients of the perturbed
polynomials ®,, behave asymptotically like those of ®,,. We give, under weak
assumptions on the system {®n},en, and the perturbations, comparative
asymptotics as for ®F(z)/ Pk (z) etc., Dk (z) := z"@n(%), on the open unit
disk and on the circumference mainly off the support of the measure o with
respect to which the ®,,’s are orthonormal. In particular these results apply
if the comparative system {®y},en, has a support which consists of several
arcs of the unit circumference, as in the case when the recurrence coefficients
are (asymptotically) periodic.

1. INTRODUCTION AND NOTATION

Throughout this paper let {P, }nen, be a sequence in PS (where PS denotes the
set of complex polynomials with degree less or equal to n) generated by a recurrence
relation of the form

(1.1) Pot1(2) = 2P, (2) — an Pl (2), n € Ny, Py(z) =1.
where
(1.2) an €C and |a,| < 1.

The parameters a,, are called recurrence coefficients or Schur-parameters. In (1.1)
P denotes the reciprocal polynomial of P, defined by

_ (1
(1.3) Py(z) =2"P, (—) .
z
It is well known [6, §11,13] that because of (1.2) there exists a distribution function
o (i.e. o is bounded, nondecreasing with an infinite set of points of increase) with
respect to which the P,’s are orthogonal, i.e.

27
/ e—ijtppn(eiw) do(p)=0 forj=0,...,n—1.
0
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1460 FRANZ PEHERSTORFER AND ROBERT STEINBAUER

In addition to (1.2) we assume henceforth that
(1.4) lim |a,| <1,
which is by [20, Lemma 4, p. 110] (compare also [6, Theorem 19.1 (2)]) always

fulfilled, if o is nonsingular.
If we set

(1.5) P, (2) = ;

where ¢y == 5= fo% do(p) € RT (note [6, Theorem 13.3] and (1.2)) and

(1.6) dm =

n—1

1 —|airml|?), n €N,
I 0=l -
1

n =0,

(we write d,, instead of dﬁf’)), then the ®,,’s are orthonormal by [6, (2.7) and (4.2)],
ie.

1 27

— P, i cpm—wd = Onm-
37 | BB o) = ¢

To the distribution function o we associate the function

1 I eie 4o
1. F(z)=F = . d
(17) (2) = Flao) = o [ S (),

which is analytic and pseudopositive (i.e. Re F(z) > 0) on |z| < 1 and satis-
fies FF(0) = 1 (cf. [6, §11]). F is called a Carathéodory-function (abbreviated
C-function) with respect to o.

Further {-ﬁn}nGNo denotes henceforth another sequence of orthogonal polynomi-
als on the unit circle satisfying the recurrence relation

(1.8) Pui1(2) = 2Po(2) = buPi(2),  n €Ny, Py(z) =1,
where we assume, as in (1.2), that

(19) |bn| <1, n € Np.

Let & be the associated distribution function and &)SN, n € Np, the orthonormal
polynomials. As in (1.5) we denote (for technical reasons we choose the norming

factor 1/v/co dy, dy, from (1.6))

(1.10) D,(z) =

Note that in general ;I:n is not an orthonormal polynomial, i.e. &DH =+ EI;,?N, but the
polynomials ®,, and ®,, have the same leading coefficient. We have the following

relation:
n—1 2
~ 1—la;* + _ 1 .
1.11 FON() = | LT 4l §, - 45 ().
( ) n (Z) Zo ]1;!) 1— ‘bj‘g (Z)a Co o 0 0'(90)
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ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS 1461

In this paper we investigate the question how the polynomials {®),},en, and
{®, }nen, (resp. their distributions o and &) are asymptotically related to each
other if

(1.12) an < 00, where g, := |ay — by|

holds; i.e. the b,,’s arise from a perturbation of the a,’s. In particular we are in-

terested in comparative asymptotics such as hm"—’oo(ifgg _ @:Ez;) lim,, o0 27}8

etc.

The special and now classical case a, = 0, i.e. {®,(2) = 2" }nen, is the compar-
ative system, has been studied in detail by Geronimus in [6, §26] and [4], who ob-
tained asymptotics valid on the whole closed unit disk. Before Geronimus, the large
class of distribution functions satisfying the weaker condition (the Szegd-condition)

(1.13) > [bal?* < o0
n=0

has been investigated by Szegd (cf. [4, 6, 22]). One of the important and well-known
results is the equivalence of the following four statements (see e.g. [6, Theorem
21.1]):

(i) The recurrence coefficients b of {P, }neNo satisfy (1.13).

)
(i) limy,— oo dyy = hmn_,OOH ( |b 12) >
(iii) The absolutely continuous part o satlsﬁes Szego s condition; i.e.

2m
/ log 6’ (¢) dp > —oo.
0
(v

~ 1
(1.14) lim ON*(z) =

lim Do) uniformly on |z| < r < 1,

where D(z,6") is the so-called Szego-function defined by

4r e —

(1.15) D(z, f) —exp{ 1 /zﬂ e +2  log f(¢)d } 2] <1,

where f is a nonnegative measurable function that satisfies Szegd’s
condition log f € L1[0,27n]. Moreover the radial boundary values D(e'#, f) :=
lim,_,;- D(re®, f) exist a.e. on [0,27] and there holds (cf. [4])

(1.16) |D(e, f)|? = f(p) a.e. on [0,27].

If one of the above conditions (i)—(iv) is fulfilled (and thus each of them) we further
have (with the help of [4, formula (1.12)])

(1.17) lim ®ON(z) =0 uniformly on |z| < r < 1.

n—oo

Comparative asymptotics for distributions ¢ and ¢ not necessarily in the Szego-
class, more precisely for distributions o, satisfying the condition ¢’ > 0 a.e. on
[0,27], & related to o by d6 = gdo, where g > 0, Q(e*¥)g(p) and Q(e*?)/g(y)
bounded on [0, 27] for a suitable polynomial @, have been obtained by Maté, Nevai
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1462 FRANZ PEHERSTORFER AND ROBERT STEINBAUER

and Totik [8, 9]. A typical result in this respect is the following (see [8, Theorem

1]).
E,ON* /
(1.18) nh_)rréo CIZTZ()Z) =D <z, %) uniformly on |z| <r < 1,
where (uniform) convergence holds also on a subarc T' of |z| = 1, if g satisfies a

Lipschitz condition there; see [9, Theorem 2.3] and also Rakhmanov [21, Theorem
2]. Note that all these results apply only for such distributions the support of which
is [0, 27]. By the way, from a result of Geronimus we have (cf. [6, Theorem 19.1])
(1.19) supp(c) = [0,27] if lim a, =0.

n—oo
But let us mention that supp(c) = [0,27] does not imply lim, . a, = 0, as the
example in [6, p. 38] shows.

The only exception where asymptotics are given for polynomials orthogonal with
respect to a measure whose support is a subset of (0,27) (note that supp(o) is a
closed set, see e.g. [2, p. 12]), more precisely consists of exactly one interval of the
form [a, 2m — @], is the paper of Akhiezer [1]. It is interesting that in this case the

structure of the support and the recurrence coefficients are related by the following
fact (cf. [3, Theorem 1’, p.206]):

lim a, = a, 0 < |a| < 1, implies that there exists
(1.20) an a € (0,27) such that [a, 27 — a] C supp(o) and

supp(o)\[8, 27 — [] is finite for every 0 < § < a.

Let us also mention in this connection (cf. (1.14)) that it follows from [6, Theorem
21.1 (IV)] that

(1.21) |®F (2)] —— oo for |z] <1 if lim a, # 0 or does not exist.

Hence up to the above-mentioned (classical) cases treated by Szegd, Geronimus,
Akhiezer and the special case of a finite perturbation investigated in [14], it is not
known how a perturbation of the recurrence coefficients affects the asymptotic be-
haviour of the perturbed orthogonal polynomials. There are even no (comparative)
asymptotics for polynomials orthogonal on a set consisting of several arcs. In this
paper we derive under weak assumptions (which are satisfied by polynomials on
several arcs, for example) on {®, },en, and assumption (1.12) comparative asymp-
totics for @ and &J:‘L, which hold inside of the unit circle and outside of supp(o) on
|z] =1 or, under different assumptions, on compact subsets of the support. In our
approach we heavily use associated polynomials and functions of the second kind
on the unit circle, studied by the first author in [13, 14], which enable us to carry
over some ideas of Nevai and Van Assche [11] to the complex case. Naturally if one
considers lim,, o, ®*/®* then the behaviour of the comparison system {®,}nen,
is of particular interest. For the case of asymptotic periodic recurrence coefficients
and the case that supp(c) consists of several arcs of the unit circle this has been
investigated by the authors in [15, 17, 18].

As we have learned quite recently Golinskii, Nevai and Van Assche are also
working on this subject and they got nice results for perturbations of systems
satisfying lim, o an = a (cf. [12]).
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ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS 1463

Let us introduce some further notations: The sequence of the so-called polyno-
mials of the second kind of {P, },en,, denoted by {Q, }nen,, is defined by

(1.22) Qpt1(2) = 20, (2) + 3,2 (2), n €Ny, Qo(z) =1,

and the sequence of the mth, m € Ny, associated polynomials {PTE’")}%NO and
{Q’Slm)}nGNo by

oy D) =) PR, e, BT =1
O (2) = 290" (2) 4 Gnem QU (2),  neNg, QM (z) = 1.

Again we write P, resp. {2, instead of PO resp. . Asin (1.5) we set

(1.24) dm)(z) = (2) and W™ (z) = () n,m € Ny,

A/ co d%m) A/ co d%m) 7

where we choose the norming factor 1/4/ ¢ d%m) for technical reasons. Note that

the polynomials 1/ ¢q/ cém)fb,(zm) are orthonormal with respect to the associated dis-

tribution function a(mi, where c(()m) = % O% do™ (). Let Q,, be the polynomial
of the second kind of P,,. Then we set (compare (1.10))
I ﬁn(z)

U, (2):=

vV Co dn

Now the following statements, which we will need in what follows, hold: Since ®,,
has all zeros in the open unit disk (by (1.2); cf. [6, Theorem 9.1]) we have for all

n € Ny
(1.25a) [P, (2)] < |®)(2)] for|z] <1,
(1.25b) @ (2)| = [@,(2)] for |z =1,
(1.25¢) |D,(2)] > |®)(2)] for |z] > 1,
which could also be derived from the relation (cf. [5, (1.7)])
n *
(1.26) Vz::o 1B, (2)[2 = |<I’n+1(2’)1|2__Z|<12>n—s-1(2’)|27 eN seC

Some other useful relations are:

o B0
(.27 LN e

(cf. [6, Theorem 13.1]) and

= F(z) uniformly for |z] <r <1

(1.28) O (2)U,(2) + P (2)T) (2) = 3z" for all n € Ny

Co
(cf. [6, (5.6)]).
As in [13, p. 159] let us define the nth, n € Ny, function of the second kind

Ga(2) = = (®a(2)F(2) + Wa(2))

1 T eie 4 o . dy,
= - q)n B d :2 I O ) 17
s | (e dal) =2 [T 00, el <
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1464 FRANZ PEHERSTORFER AND ROBERT STEINBAUER

and the nth associated function of the second kind

(1.30)
1 * *
1 o gie 4 Ze—es W
— e /O B do() = 20,/ 1 0. el <1,

where the last equation in (1.29) resp. (1.30) follows from [6, p. 35]. These functions
of the second kind investigated by the first author in [13] will play an important
role in what follows and have the following properties (see [13, Theorem 2.1 and
Lemma 2.2]):

The functions G,, and H,, satisfy a recurrence relation of the form

v1-— |an|2ZHn+1 (Z) = Hn(z) - angn(z)v
V1= lan?Gni1(2) = Gu(2) — anHn(2),

they are analytic on |z| < 1 and both sequences {Hy, tnen, and {vco dnGn tnen,
converge uniformly on |z| < r < 1, where

(1.31) n € Ny,

(1.32) lim H,(z) =0 uniformly on |z2] <r <1

and where the sequence {G,, }nen, is uniformly bounded on |z| < r < 1. Further-
more, if the finite limit lim,, o 1/v/co d, exists (i.e. if {®,}nen, is in the Szegs-
class) then

1
(1.33) lim G,(2) = —D(z,0’) uniformly on |z| <r < 1.
co

Some further useful relations between the H,,’s and G,,’s are:
(1.34) |Hn(2)] < |Gn(z)] for |z| <1

(this can be derived from [6, (12.13)]). By the integral representations in (1.29)
and (1.30) we have

(1.35) [Hn(2)| = |Gn(2)| for z € €, o ¢ supp(o)
and by [13, (2.10)] (also directly from (1.29) and (1.30))
(1.36) B (2)Gn(2) — 2B (2)Hn(2) = %

for all n € Ny and for all z € C where F'(z) is defined.
In several proofs we will use a discrete version of Gronwall’s inequality (see [23,
(2.12)]): Suppose ¢, and d,,,n € Ny, are nonnegative real numbers such that

n—1

cn < A+ Z dkcka
k=0

where A is a positive constant; then

(1.37) cn < A-exp (7123 dk> .

k=0
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ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS 1465

Finally let us mention that, as usual, we call a sequence of (complex) functions
{fn}nen, uniformly bounded on a set M, if there exists a constant K € R such
that

[fn(2)] < K forallneNy, z€ M.

In this paper we will number the formulas within a proof by ((1)), ((2)), etc. Every
proof will start with the number ((1)).

This paper is organized as follows: In Section 2 it is shown how to obtain in-
formation on the asymptotic behaviour of orthogonal polynomials with perturbed
recurrence coefficients from the asymptotic behaviour of the undisturbed orthogo-
nal polynomials, where the comparison system—the undisturbed orthogonal poly-
nomials—is supposed to satisfy only the conditions (1.2) and (1.4). In Section 3
we study asymptotic properties of the perturbed orthogonal polynomials on |z| = 1
and show how the orthogonality measures do and dé are related to each other.
Finally we give (under some further assumptions) an explicit expression in terms
of o and & for lim,_ . ®%(2)/®%(2), z € K, where K is a compact subset of
{z € C: |z| <1}\{e*: ¢ € supp(o)}.

2. ASYMPTOTIC PROPERTIES OF ORTHOGONAL POLYNOMIALS
WITH PERTURBED RECURRENCE COEFFICIENTS ON |z| < 1

We suppose that the asymptotic behaviour of the polynomials {®,, } nen, is known
and use these polynomials as a “comparison system” to study asymptotic properties

of {®,}nen,- N
The following lemma helps to compare ®,, and ®,,.

Lemma 2.1. Let n € Ng. The following identities hold:

n—1
(a) @} — 5Py = > A" 2 (ayb, — a,by) PP,
v=0
(21) + 22(0,1, - bz/)q)ll(iu - (dl/ - BV)(I);(’I;;L
where
n—1 -
1 1—a;b;
)\l(/n) — 775
1 —la,|? jzlll 1 —la;?
(b) &G, — 2B, H, = - n]:[ll_“jgj +§A<">{ (avby — a,b,) B, H
naIn Z n n — CO JZO 1_ |aJ|2 VZO v Z a‘V 1% a‘l/ 1% 1% 12
(2.2) + 2(ay — b)) ®,G, — (Gy — by)PEH, ).

n—1
~ 1 _ o~ ~
(¢) @, =a,®, — 5 § A {(a,,bl, —a,b))®, Ap_y + 2(ay, — b)) P, B,_,
=0

(2.3) —(a@y — B,)EI?;A"—” } ,

z

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1466 FRANZ PEHERSTORFER AND ROBERT STEINBAUER

where

n—v n—v
Bn—u = ny—u (I)gzy—)u € Pg—u—l?
1 n—1
a, =1+ /\,(/")al, a, — b,
= l;) ( )

Proof. Part (a) follows from (1.1), (1.5), (1.8) and (1.10) by straightforward calcu-
lation. To prove part (b) we further use (1.29)—(1.31).
(c) Let n,v € Ny, v < n. With the help of [14, (3.7)] it follows:

0,0 Lo ) = (D, 4 @),

0,007 — 1ol ="V (D, — @),

and therefore
22"V, =AY D, + B, D,

1
(( )) 2Zn7V(I)z = Bﬁ:ﬁ_)yq)n + An—l/(I):,a

where A,,_,, B,,—, are defined as in the lemma and A¥_, = \II(V)i T+ B —

n— n—v)~n—v

\Il,(;’_)f, — W (we use the symbol () —which is defined in formally the same way

as in (1.3)—_instead of *, because the exact degree of B,,_, is less than n — v). If
we substitute the expressions ((1)) in (2.1) we obtain

$,0" — &* D, = 0,C, — DD,

where

n—1
1 _ —~ ~
N (n) ) (5 _ & B% —b,)P, A"
Cp = 5 Vio AL {(al,by a,b,)®,B,", + z(a, — b,)P, AL,

n—1
1 _ o~ ~
Dpi=—5 Y Al {(a,,bl, —ayb,)®, A,y + 2(ay — b,)P, B,
2 v=0

—(a, — B,,)@;;M} e Pt
z
Let z1,...,2, be the (not necessarily distinct) zeros of ®,. From the above
equation we have
D7 (2j) Pu(z) = @5 (%) Dulzs), J=1,...,n
—— N——r

#0 #0
(note that @ has all its zeros in |z| > 1 by (1.2) and [6, Theorem 9.1]); hence

((2)) B, (2) — Dulz) = 0n®n(z), o, €C.
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From the definition of D,, and from ((2)) there follows
1 n—1
~ 1 N P
Pn = an®p — 5 Z Al {(a,,b,, ayb,) P, A,y
((3)) v=0

+2(ay — by) Py Br_y — (@) — b,,)@;“‘l”*” } .

Using the fact that @, (2) = 2" /o dp +- -+, Pp(2) = 2" /o dp ++ -+, An_p(2) =
2"V d(” oo Buou(2) = 2a,2"V 7\ eo dg’_)u + -+ (by induction) and
comparing the leadlng coefficients in ((3)) one finds

ZM%U a, — by).

This proves our lemma. O

The following theorem gives the first asymptotic result.

Theorem 2.1. Let (1.12) be fulfilled, let M be a closed subset of {z € C: |z| < 1}
and assume that

(2.4) Zm@* (z)? < K e Rt

|(bn+1

for all n € Ny and z € M, where ¢, is defined as in (1.12). Then

. P, (2) 6n(z) _ .
(2.5) nh~>nolo (@;‘L(z) — i)j‘l(z)> =0 wuniformly on M.

Proof. From (1.4) and (1.12) one obtains the boundedness of the sequence
{/\(yn)},,eNo uniformly for n € No, where A" is defined as in Lemma 2.1. Thus

there exists a constant K; € Rt such that for all n,v € Ny

((1)) M| < K.

Using (1.25a), ((1)) and the fact that |@,b, — a,b,| < 2|a, — b,| there follows by
relation (2.1) and by Cauchy-Schwarz inequality

n
|‘Pn+1q):;+1 - (P:LJrl(I)nJrll S 4‘Kvl ZEV|Z|"_V|‘I>Z| |q>l’*|
v=0

SAKy Y@ Y e laPn @2
v=0 v=0

and thus
((2))

q)n-i-l (bn-‘rl

nl
CUEE} LA}

2

1 n
2 w12 2(n—v) 2
=1 L@'zw;f”q’”'] 3
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1468 FRANZ PEHERSTORFER AND ROBERT STEINBAUER

Besides we get for |z| <7 < 1 that there exists a constant K, € R* such that

LY e ) Fosfe (1>
—_—_— z v z = = v -
@1 (2?50 3) [®n () 15 ?
((3) [2ha (D
|2n41(2)I?
= MalOF g
(t26)  |z]2—-1 —

where we have used (1.25¢) for the last estimate. From ((3)) and €, —— 0 there
V—00

follows by standard techniques

1

n
2(n—v) | F* |2 :
— eulz ®*|* ——— 0 uniformly on M
|¢;+1‘2;) V| ‘ | V| 00 y 9

which gives by ((2)) and (2.4) the assertion. O

Remark 2.1. (a) If lim,_, a, = 0 then it’s even known (see [8, (3.8), p. 56] or [19,
Lemma 6, p. 208]) that

3

—~
W

~

(2.6) lim >

n—oo

=0 for|z| <L

3%
—~
I\
~—

Thus Theorem 2.1 gives no new information for this case, since by assumption
(1.12) we have lim,, o |an, — by| = 0 (and thus lim, . b, = 0). But (2.6) will not
hold in general if lim,, ., a,, does not exist or is not equal to zero.

(b) Assumption (2.4) is satisfied by (1.12), if the weak and natural condition
(recall (1.21))

(p*
‘ o(2) < const. forall v,n € Ny, v <n,

9;.(2)

holds.

The next theorem shows how the polynomials ®} and 5;‘1 are asymptotically
related to each other.

Theorem 2.2. Under the assumptions of Theorem 2.1 the following statements

hold:
(a) There exists an analytic function A on M such that
(2.7) Jim ({87,(2)Gn(2) = 280 (2)Ha(2)} = A(2) = 0

uniformly on M.

(b)
(2.8) lim (5;(2) - %A(z)) =0

uniformly on M.

Proof. To prove our theorem, we need some preliminary considerations: From the
definition of the set M it follows that there exists an r € (0,1) such that M C

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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{z € C: |z| < r}. Thus we get from (1.29)

05602 = g (2) [ G o)
<o P [T E e oo

A (o ) -2 () e}

Since ®,, is orthonormal with respect to o the first integral at the right-hand side
of the above inequality is equal to 27. Because of

L+i/. /1 _ /1 1 . ,
= z <<I>l, <—> - ®, (—)) = e ¥ 4+ terms of lower orders of e™*¥
) e z Veody

and the orthogonality-property of ®, the second integral is equal to 27, too. Thus
the sequence {®%G, },en, is uniformly bounded on Mj; i.e. for all v € Ny

(1)) |®%(2)G,(2)] < K1 € RT on M.
Now we obtain from (1.25a) and (1.34) for z € M

_1
z

B, (71, (2) - -
(@) BEHE) < 0.6 - (345 18006 < K|gh

., (2)G0(2)]
Since ®%(z) # 0 and ®7(z) # 0 for |z| < 1 (see e.g. [6, Theorem 9.1]) we can write
() B (2) — B2 Hal2) = o - on(2)

v (2) = 0 (2)Gn(z) — i*g ;q)*( 2)Hn(2).

With the help of ((2)) and (1.12) we obtain from ((3)) and (2.2) that for all z € M
(compare the proof of Theorem 2.1)

07,(2)
®7.(2)

@) (2)
@ (2)

n—1

: |Un(z)‘ <K+ K3 Z |a,, - bV| :
v=0

. Ko, K3 €RT.

((4))

From the definition of the function v, and the uniform boundedness of ®;H,, on
M (note ((1)) and (1.34)) we have by Theorem 2.1 and (1.36)

un(2) = 9,,(2)Gn(2) — 2@n(2)Hn(2)

((3)) Pu(2)  ®a(2)\ pe iy (o 2
+2 (@;;(z) 5::(2)) @7 (2)Hn(2)

uniformly on M. Using the fact (cf. [5, (1.12')])

|D7 (2)] > v/co(1—|z|?) forall n € Ny, |2| <1,
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we get the uniform boundedness of {CT)Z(Z)/@;(Z)}neNO on M by ((4)), ((5)), (1.12)

and Gronwall’s inequality (1.37), and thus by ((2)) the uniform boundedness of
‘51,(2)7'[,,(2’), ;13§(Z)HV(Z)7 (5V(Z)gu(z)

on M. Now the assertion (2.7) follows from (2.2) (note (1.12)) and the assertion

(2.8) from (2.7), ((3)) and ((5)). O

In Section 3 we will show that under not very restrictive assumptions on o the
limit relation (2.7) also holds a.e. on |z| = 1 and (2.8) for z = €', ¢ ¢ supp(c). For
(2.8) further compare (1.18) and note that it follows from (2.7) and (1.14), (1.17),
(1.32), (1.33) that under the assumptions of Theorem 2.1

(2.9) %A(z) =D (z %)

if o is from the Szegé-class, where § € R\{0} (compare (3.13) in Section 3). Thus
for the special case of Szeg6-class we obtain the representation (1.18) by (2.8).

With the help of the next lemma it follows that Theorem 2.2(b) gives the right
asymptotic behaviour.

Lemma 2.2. Let the assumptions of Theorem 2.1 be fulfilled. Then the analytic
function A, given by (2.7), satisfies A(z) #0 for z € M.

Proof. If we denote
An(2) i= B4 (2)Gu(2) — 22 Ha(2)

we obtain from (2.2)

1-— 1 o~
Apy1 — <ﬂ> A, = ———{z(apbp, — anby) P Hy

T—[an2) " 7 1 Janf?
— (@n — b))  Hyy + 2(an — by)D0Gn
i.e.

()
(=rp) e
o~ H,

1
= An 11— —7 _nbn - nbn (I)n
i { 1 —a,|? {Z(a anbn) Apia

_ 4 Hn F gn }:|
—\Un — bn q):, + n - bn (I)n .
(@ ) Aoy z(a ) Ao

Let z € M be fixed. To prove the assertion of the lemma we need some estimates
of the expressions |9, H,/Ani1l, [P Hn/Apy1| and |9,G,/An11]. First we recall
that these expressions are all bounded by |G, /A, +1| by (1.25a) and (1.34).

As we have shown in the proof of Theorem 2.2
o ‘1)24-1(2)

- * *Un 1(2)5
(bn-i-l(z) *

((2)) Anyi(2)
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where v, 41(2) —— 2/co > 0, we get for n > ng and ng sufficiently large
n—oo

e Gn(2) P, (2)
@) [Be ] < r | EL
n+1\%Z (I>n+1(z)
where the above inequality can be derived by using (1.1), (1.2), (1.4) and (1.25a).
In the proof of Theorem 2.2 we have also shown the boundedness of the sequence

{®%(2)Gn(2) }nen, - Since

1 NPL()Gn(2), Ky €RT,

oi(2) | _ V1= |ba|?
Pr1(2)| 1= 2bpPn(z)/ 07 (2)]
(by (1.8) and (1.10)) and
1—zbn?n(z) >6>0 forallneNg
(=

(recall |z| < 1 fixed, (1.4), (1.9) and (1.25a)), the sequence {®%(2)/®%.  (2)}nen,

is bounded, and consequently by ((3)) the sequence {®% (2)Gn(2)/Api1(2) bnen, is
bounded, too. Thus, by the above considerations, there exists a constant K, € RT
such that for all n > ng (recall (1.4))

U ol i ) | [ 20 | [ o) G2
e (08 | Beg | e y]) <
i.e. by ((1))
1—an5n
R 1800 < 18 G+ Kol )
#0
< 18w (2) exp(Kalan — b
<

n+m—1
< < Apym(2)| exp (Kg Z |a,,—bl,> , m € N.

v=n
If m tends to oo the right-hand side converges to |A(z)] exp(K2 > oo |a,—by|) < oo
(recall (1.12)). Thus A(z) = 0 implies for n > ng
_%@)
KO

i.e. since vy, (2) # 0 (note vy, (2) —— 2/co and n sufficiently large) and |9} (z)| <

0=A7A,(2)

00 we have @7 (z) = 0. This contradicts ® (y) # 0 for |y| < 1 (compare [6, Theorem
9.1]) and proves the lemma. O

3. ASYMPTOTICS ON |z| =1

Let A be a compact subset of [0, 27]. In this section we will study under which
conditions the asymptotic statements of Section 2 hold true also on subarcs

Ty = {e¥: p € N}

of |z| = 1. As one expects, we will have to distinguish between the case that
N C supp(o) resp. N Nsupp(c) = & (compare the following Lemma 3.1 and
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the Theorems 3.2 and 3.3). Then at the end of this section we show how the
orthogonality measures do and do are related to each other.
In what follows we suppose that the radial boundary values

3.1) F(e™) := lir{l_F(rew) exist for all ¢ € N,
. and F'is bounded on T',.

The second assumption is fulfilled, if for example the convergence in (3.1) is uniform
on 'y (compare Lemma 3.1 below). Thus we are able to define in the sense of (3.1)
(see (1.29) resp. (1.30))

Gu(e™) 1= €™ (D (") F (™) + W (™)),

B2 () = e @ pen) —wyevy, SNV EN
Note, if 9 ¢ supp(o) we have by (1.7), (1.29) and (1.30)

(3.3a) F(e™) = 27300 / oo %do(w),

(3.3b) Gn () = m / oo %%(e”)do(@,

(3.3¢) Ho(e) = zmiei . / . %@n(emdg(w).

The following (useful) lemma shows that the situation for N'Nsupp(c) = @ is
pleasant in general.

Lemma 3.1. Suppose N C./\(;l, M compact subset of [0, 2r], MNsupp(o) = & (i.e.
N has a positive distance from supp(c)) and let Us(N') := {ret¥: r € [6,1],9 € N},
6 €(0,1). Then the following statements hold:

(a) limy, - F(2) ezists uniformly on Us(N) (i.e. assumption (3.1) is fulfilled).
(b)
(3.4)
()

(3.5) Ta(z) —— F(z) uniformly on Us(N') (compare (1.27)).
(d)

(3.6) |®* ()| —— oo uniformly on N' (compare (1.21)).

Hn(z) —— 0 uniformly on Us(N')  (compare (1.32)).

n—oo

Proof. The assertion (a) follows from the continuity of F on Us(N) (compare
(3.3a)).
(b) Let z1, 22 € Us(N). Then we obtain from (1.30) and (3.3¢)

1 1 e* + 2 1 €% + 29 .
— = —— - —= D, () d
[Hn(21) — Hn(22)] Imco /Supp(g) |:21 ¢ — 2 25 &P — 22:| n(€?) do(p)
< - P, ()| d
< grgdla =20 [ @l
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where

1 ei‘/’—i—yl 1 ew—i—yg
g(g) := sup

yre¥ —y1 Y2 e —1y

: ¢ € supp(o) ,

Y1, Y2 € Us(N), |y1 — 12| < 6}-

Since ¢ is a distribution function, we have by Cauchy-Schwarz inequality and by
the orthogonality property of ®,,

[ et <, | | / ()2 do() = 27D,
supp(o) supp(U) supp(o

ie.
(1)) [Hp(21) — Hn(z2)] < —g(|zl — 29|) (independent of n).
NG
Since %Z:fz is a uniform continuous function on supp(c) x Us(N') (recall that N

has a positive distance from supp(o) and |z| > § > 0), we obtain
((2)) 9(e) —> 0.

e—0

Now (3.4) follows from (1.32), ((1)) and ((2))
(c) In view of (3.4) there exists an ng € Ny such that for all n > nyg.

‘I’*( ) v (2) 1
(3)) ) = | 2P - T2 < o on o)
Let
K:=max |1, sup |F(2)]]| <o0

z€Us(N)
(note (1.7) resp. (3.3a)); then there holds
((4)) ‘(I)ZELZ) > Qle/a forall n > ng and z € ug(./\/)
Indeed, suppose the opposite, i.e.
((5)) Pnl)l L fived > € Us(N)

r a fixed ny > ng, 2 .

Z;Ll 2K\/% 1 Z 70, <1 6
By ((3)) there follows
\I/;ibl(zl) 1
((6)) \ wo) o L
1 Veo

From ((5)), ((6)) and (1.25a) we obtain
1
[@ny (21)Wn, (1) + By (21) 3, (20)] < 215, (20) [ W, (21)] < ™,

which contradicts (1.28); thus we have shown ((4)). Now there holds by (3.4)
uniformly on Us(N)

Ho(z) = 222 (F(z) - 52—8) ——0,

Z’n
such that the assertion (3.5) follows from ((4))
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(d) From (3.3a)
ReF(e) =0, ¢ eN.
Now from (3.5) and (1.28) one obtains

2 W) | [uED)] ) + TPy
co Pr(e)[2 @x (™) {@z(ew)} o T+ F(e)

uniformly on N, which yields (3.6). O

Let us note that in general the statements in Lemma 3.1 will not hold on I'ys, if
N C supp(o). For instance, when we studied asymptotic properties of orthogonal
polynomials with periodic recurrence coefficients we have shown (see [17]) that
(3.4), (3.5) and (3.6) are not valid for any e*¥, 1 € Int(supp(o)).

Next let us show that on the unit circle boundedness of the undisturbed or-
thonormal polynomials implies boundedness of the disturbed polynomials.

Proposition 3.1. Assume that the polynomials ®,, and V,, are uniformly bounded
on M C{z € C:|z| =1} and that (1.12) holds. Then the polynomials ®,, and ¥,
are uniformly bounded on M, too.

Proof. From (1.4) and (1.12) one obtains the boundedness of the sequences

{)\,(,n)}l,eNO and {a, }yen, uniformly for n € Ny, where )\l(,") and «,, are defined
as in Lemma 2.1. By (1.25b) and

2@557) _ \/a[q)n(q,v + U8 -0, (P, — (I):i)],

v Zl/

2u®) \/5[%(@” F O — B, (T, — T

ZV

(these equations can be derived from [14, Corollary 3.1]) the polynomials @gi)y and
\I/flyjy, and therefore the polynomials A,,_, and B,_,, are uniformly bounded for
n,v € Ng on M. Thus we see from (2.3) (by using again (1.25b) and the fact that
|G, b, —a,by| < 2|a, —b,|) that there exist real, positive constants K7 and K such
that uniformly on M

n—1

|0 (2)] < K1+ KoY ay —by| - |[B,(2)].
v=0

Using (1.37) we have

(1.12)

|<T>n(z)§K1~exp<KQZ|a,,—bu|> < 0

v=0

for all n € Ny uniformly on M. By changing the roles of a,, and —a,, resp. of b,

and —b,, we get the uniform boundedness of {¥,, },en, on M (compare (1.1) and
(1.22)). O

To prove the main results of this section we need the following.
Lemma 3.2. Let N be a compact subset of [0, 2].

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS 1475

(a) Suppose N C M, M compact subset of [0,2x] and MN supp(c) = &. Further
suppose that uniformly on T azq

G () + 2H, (e¥)

Gn(e™) — 2Hn(e™)

Then there exists a constant K € RT such that uniformly on Tpr

(3.7) 0< )\ < <A <oo foralln € Ng.

n—1
(3.8) |D,,(")Gn ()] < K - exp (K Z |a, — bl,> for all n € Ny.
v=0
(b) Let N C supp(o). Suppose that (1.12) and (3.1) are fulfilled and that
the polynomials @, ¥, are uniformly bounded on T'nr. Then the sequence
{®n(2)Gn(2) }nen, is uniformly bounded on T, too.

Proof. (a) Let do¥) denote the orthogonality measure of the vth, v € Ny, associ-

ated polynomials {@;V)}neNO, defined in (1.24), and F*) the associated C-function.
Further Us(N), 6 € (0,1), denotes the same special neighbourhood of 'y as given
in Lemma 3.1. By [14, Theorem 3.1] and Lemma 3.1 we have

\II(V)*
F(”)(z) = lim L’Z)

_ FR)(@u(2) + 7(2) + (Wu(2) = ¥5(2) _ Gu(z) + 2Hu(2)
F(2)(®y(2) = 25(2)) + (W (2) + ¥3(2))  Gu(2) — 2Hu(2)

where convergence holds uniformly on Us(N') (note that F(*) exists on T'xr by (3.7)).

Let us define the functions 63, 1) in an analogous way as in (1.29) resp. (1.30),

ie.
G () = (B () F W (z) + W) (2)),
1
HO () = o (B ()FW(z) — 0 (2)).

Thus there holds for z € Us(N) by ((1))

124 1 124
@) G = (B
Using the fact (cf. [14, (3.7)])
20, = \/co((®, + ©;)0, + (@, — )T ),
20, = /eo (T, — U5, + (U, + ) ul” ),

we obtain (compare the first representation in (1.29))

() 200(2) = Y2(Gul2) + 2H)BL, () + (G0 (2) — 2H ()T, (2))
From ((2)) and ((3)) there follows

(@) TG0 (2) = (6ule) ~ G ).

If we now multiply the identity (2.3) by G, and use ((4)), (1.25b), (1.35) and the
fact that by (1.12) «a,, and AT are uniformly bounded for n,v € Ny, we see that
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there exist constants K1, Ko € Rt (independent of n,v € Ny and z = €%, ¢ € N)
such that

(5)).
5. (2)60(2)| < I 05,2)0n(2)

+KzZlawb {1205 ()G, (2)] + [0 ()G, (2) [} @0 (2)Gu ()]

for all n € Ny and z € T'y.
Next we show that there exists a constant K3 € Rt such that for all n,v € Ny,
v<n,and z € I'yr

((6)) 005 (2)G, ()| < K3 and |05 (2)G,(2)] < K.

Then the assertion (3.8) follows from ((5)) and ((6)) by Gronwall’s inequality (1.37).
To show the estimates ((6)) we need the following statement (cf. [6, (11.7), p. 17]):
If 41 is a distribution function and F), denotes the associated C-function for which
lim, ;- F,(re®) = F,(e') exists uniformly on [2| = 1 (or even on a compact
subset of |z| = 1), then x is uniquely determined by the C-function F), by means
of the inversion formula (a € [0, 27])

(¢ +0) + p(yp — 0)
2

¥ .
= const +c} / Re F,(e'?) dyp

a+27r
where ¢l = —/

Since the expressions e 3% (®, (e!?) + ®% (%)), e‘i%*”(\ll (€?) + W¥ (ei?)),
ie 3% (D, (') — ®*(e'?)) and ie 129 (V, (e!?) — Uk (e'?)) are real trlgonometrlc
polynomials and since

ReF(e"?) =0 forallp € N by (3.3a))
(recall ¢ ¢ supp(o)), Jwe obtain from ((1)) and (3.7)
((8)) Re F) () =0 for all v € Ny, o € N.
Thus by ((7)), note that by ((1)), (3.7) and Lemma 3.1(a)

(1)

FW(re'?) —— FW) (&%) uniformly on Ty,
r—1-

we have for all v € Ny
((9)) N N supp(a™)) =
Moreover N has a positive distance from supp(c*)) (this can be seen from repeating

the above argument with N replaced by A7 which satisfies NV C ./(\)/ 1CM C./\O/l C
M). Thus there exists a constant K, € Rt such that for all v € Ny, ¢ € supp(c®))
and z € Ty

((10))

e +z
e —z

< Ky.

From (1.29), (3.3b) (this representation holds also for gﬁij by ((8))), ((10)) and
(1.25b) we derive (compare the proof of Theorem 2.2 and note that 4/ co/céy)q)gll:)y
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is orthonormal with respect to o))

20 ()G, (=)

1 ™ o ) () ion ()
= 2meg {K4/O chnfu(@w)q’nfy(e )da'" ()

2 1 1
Co ge T3 (=) 1 —w) (1 vy .
C(Vo) /O ,1(" _1 <(I)"_V (eitp> - (I)n—v (; @,EL_)V(S Lp) dU( )(90) .
0 ety z

=27

Thus we have shown the first part of the assertion ((6)).
Now let or\(I,V) denote the distribution function with respect to {\IJ%”)}HGNO (note
that {\I/,({')}neNo is generated by the recurrence coefficients {—an4u Fnen,; thus a\(;)

exists by [6, Theorem 13.3, p. 21]) and Fé,u) the associated C-function. By

<I><”)*<>:gy<>—zﬂ<> L
) G+ FO()

o2
uniformly on Us(N) (compare [13, (1.13), p. 158], ((1)) and note (3.7)) we get
) )=

v ]- v v v v
G (2) = o (W, (P (2) + 2, (2) G2, (2)

((11)) Fy(z) = lim

n—00 \If V)*

and therefore

((12)) 105 ()G, (2)] = [F®) ()] - 95265, ()],
By ((8)) and ((11)) we have Re F{)(¢'¢) = 0, ¢ € N/, and thus
((13)) NN supp(oy”) =@ (compare ((9)))

(more exactly, A/ has again a positive distance from supp(a\(;)) compare the lines

V)* g(u

after ((9))). Now we can show the uniform boundedness of ¥,”77G,”  on I'y in
the same way as we have shown the boundedness of @ Vg w) ., by using ((12)) and
(3.7).

(b) Now N C supp(o). Since the polynomials ®,, ¥, are uniformly bounded
on I'yr, we have the uniform boundedness of ®,,(z) on I'ys by Proposition 3.1 and
by assumption (3.1) the function F' exists on I'ys and is uniformly bounded there.
Thus we have the uniform boundedness of

% (E)n(z)

B0(2)00(2) = T2 (@,(2) () + W (2)
on I'y. O
Remark 3.1. Concerning the assumptions of Lemma 3.2, which will be assumed in

the following theorems, let us note that
(a) From the proof of Lemma 3.2(a) and by assumption (3.7) we see that

Re 9nl2)+27n2) _ ) for » € Ty (recall N Nsupp(o) = @); thus

Gn(2z)—zHn(2)
Gn(2) + 2Ha(2) | _ ‘Im Gn(2) + 2Hn(2)
Gn(2) — 2Hn(2) Gn(2) — 2Hn(2) |
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(b) Assumption (3.7) is satisfied, if and only if the set I" o4, where M is given as
in Lemma 3.2(a), contains no zeros of G, + zH,, (i.e. I'ys has a positive distance
from these zeros): First note that G, + zH,, and G, — zH,, have no common zero
on I'yq. Indeed, assume the opposite: G, (z) + 2H,(2) = Gn(2) — 2Hp(2) = 0 for
a fixed n € Ny and z € T'aq; i.e. Gp(2) =0 and H,(2) = 0 (by (1.35)) and thus
by (1.29) and (1.30) ®%(2)V,,(2) + P, (2) ¥’ (2) = 0, which contradicts (1.28) (note
|z| = 1). Further the points ((1)), ((9)), ((10)) and ((13)) in the proof of Lemma 3.2
remain valid, if there are no zeros of G,, + zH,, in I'p4. Thus we have

1 27T i(p
[ (2)] = / T do ()| < K,
SO
or for all n € Ny, z € Ty
n 1 TeY+2 o (n
@)= 2 /o e —z oy (¢)| < K

and assumption (3.7) follows from ((1)).

From ((1)) and ((7)) in the proof of Lemma 3.2(a) it can be seen that the zeros
of G, — zH,, (resp. G, + zH,,) correspond to singularity-points resp. mass-points
of o(™ (resp. prn)—given as in the proof of Lemma 3.2).

(c) Concerning the uniform boundedness of ®,,, ¥,, on compact subsets of supp(c),
assumed in Lemma 3.2(b), let us mention the following facts:

(c1) By [21, Theorem 4, p. 151] we know that ®,, is bounded on a set Ty if
o is absolutely continuous on [0,27] with ¢/ > 0 a.e. on [0,27], where o’ is of
Dini-Lipschitz type on N and inf, ez 0/(¢) > 0.

(c2) It is very likely that uniform boundedness of orthogonal polynomials on
compact subsets of supp(o) is given, if the weight function is positive on these sets
and “behaves nicely” there. For instance we have shown in [15] that polynomials
{®,, } nen, orthonormal with respect to an absolute continuous measure o, the sup-
port of which consists of a finite number of arcs, are bounded on such compact
subsets of Int(supp(c)), on which ¢’ fulfills a Lipschitz condition.

Theorem 3.1. Suppose that the assumptions of Lemma 3.2(a) or Lemma 3.2(b)
are fulfilled. Then we have
(3.9) Tim (83,(2)0 (=) — B0 (2)Ha(2)) = A()

exists uniformly on T'ar.

Proof. If N is a subset of supp(c), we can see as in the proof of Lemma 3.2(b) by us-
ing (1.25b) that under the assumptions of Lemma 3.2(b) the sequences {EI;an}nGNOa
{®:Hyp nen, and {®,Gn}nen, are uniformly bounded on Ty If [2| = 1 and
z ¢ {e"% : ¢ € supp(o)} we have |G,(2)] = |Hn(2)| by (1.35) for all n € N,
and we see the uniform boundedness of the above sequences by Lemma 3.2(a),
(1.25b), (1.35) and (1.12)

Now (3.9) can be derived from (2.2) and (1.12) as in the proof of (2.7) in Theo-
rem 2.2. O

Now the question arises quite naturally, under which conditions on ¢ resp. on the
system of orthogonal polynomials {®,},cn, do the limit relations (2.5) and (2.8)
also hold for |z| = 1. If a,, — 0 (and some further assumptions on & mentioned in
Section 1) this question, concerning (2.8), is already answered in a positive sense by
Maté, Nevai, Totik [9, Theorem 3, p. 76] and Rakhmanov [21, Theorem 2, p. 156]
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(compare (1.18)). Since by (1.19) a,, — 0 implies that supp(c) = [0, 27], the case
that supp(o) is a subset of (0, 27) remains, in particular, to be considered. Hence
let us assume that there exists a compact set ' C [0,27], which has a positive
distance from supp(o). It can be shown by using the same methods introduced
by Golinskii, Nevai and Van Assche in [12, §3] that the accumulation points of
supp(c) and supp(c) are indentical. * Now we can assume that the set A" has no
common point with supp(c) and supp(c). Thus we can define the functions of the
second kind (jn and 7-{n, n € Ny, with respect to & in the same way as in (1.29),
(1.30), resp. (3.3b), (3.3¢c). The following theorem gives conditions under which the
asymptotic relations (2.5) and (2.8) hold uniformly for z € Ty, if N Nsupp(o) = @.

Theorem 3.2. Suppose that (1.12) holds and let N' C M, where N and M are
compact subsets of [0,2r], M Nsupp(c) = &, M Nsupp(d) = & and T'pq contains
no zeros of G, £ z2Hn,Gn £+ 2H,, n € Ny (compare the above considerations in

Remark 3.1(a)). Further assume that
1 n
(3.10) YL Z |®* (2)|? is uniformly bounded on T .
T ()P 2

Then we have uniformly on I'

(3.11) lim <(I)”(Z) - %"(Z)> =0

n—oo \ 07 (2)  @1(2)
and

. CTD,*Z(Z) c B
(3.12) lim ((I);(Z) - EOA(Z)> =0,

where A(z) is defined as in Theorem 3.1.
Proof. Since ®F(z) # 0 for z € I'yr, we can write
®;.(2)
@7 (2)

(D) |27,(2)Gn(2)| = |7 (2)Gn (2)]-

By Lemma 3.2(a), (1.25b) and (1.12) {®%:G, }nen, is uniformly bounded on 'y
Further there holds
1
|®7 (2)G,(2)] > — forall n € Ny, z €Ty
Co
Indeed, assume the opposite, i.e. |®}(2)G,(2)| < 1/¢o for a fixed n € Ny and
z € I'yr. Then we have by (1.25b) and (1.35)

2
|®7,(2)Gn(2) — 2@n(2)Hn(2)] < 2|®7(2)Gn(2)| < Py
0
which contradicts (1.36). Thus we obtain from ((1)) that {®* /®* },,cn, is uniformly
bounded on I's; i.e. there exists a constant K € RT such that
®;(2)
((2)

— | <K <oo forallneNy, z€ly.
®5(2)

IThis fact, which makes the statement and the proof of the following theorem much more
elegant than the original one, was not known to us before Golinskii, Nevai and Van Assche sent
us their manuscript [12].
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Now we can change the roles of {a, }nen, and {by }nen, (note that, by the definition
of the set M and Remark 3.1(b), the assertions of Lemma 3.2(a) hold for ¢ and &
resp. { Py, tnen, and {Py, }nen, ), and we obtain as in ((2))

((3)) 0<k< Z%Ejg <K <oo forallneNy, zeTly,
((4)) k|P; (2)] < |@5(2)] < K|®;(2)].

Now by ((4)) we obtain on Ty

n

1 ~

= 19,()]° < 5= |5 (2
[AREEPY WI’ Z

Thus by (3.10) there exists a constant K7 € RT such that uniformly on I'yr

((5) Z |B5(2)|? < K for all n € No.
|‘I)n+1

By (3.10) and ((5)), compare also the proof of Theorem 2.1, we have (¢, = |a, —b,|)

\QZEVI‘P ZEV\‘I’ 20

uniformly on I'ys. Now (3.11) follows from the estimate ((2)) in the proof of The-
orem 2.1. With the abbreviation A, (z) := @ (2)G,(z) — 2®,(2)Hn(z) we get by

(1.36)
B (2 Elz) _ 2(2)
An(z) = %5 (o) (a + 297 (2)Hn(2) (‘I)Z(Z) - 6;(@)) '

Now the assertion (3.12) follows immediately from ((3)), the uniform boundedness
of {®FHynen, (compare ((6)) in the proof of Lemma 3.2 with v = 0 and note
(1.25b) resp. (1.35)), from (3.11) and Theorem 3.1 O

|q)n+1

Remark 3.2. (a) It is very likely that assumption (3.10) holds under very weak
conditions on o, as in the asymptotically periodic case (cf. [17]).

(b) Let us point out that the limit relations (3.11) and (3.12) will not hold
in general on subsets of supp(c) as the asymptotic periodic case [17] or the case
of finite perturbations (i.e. a, = b, for n > ng) [14] shows. Thus from (3.12)
the fundamental difference to the case a,, — 0 can be seen, where (under further
suitable assumptions on ¢ and & given in Section 1) the analog limit relation (1.18)
holds on subsets of supp(c) (compare also (2.9)).

We now show how the orthogonality measures do and do are related to each
other, if (1.12) is fulfilled. Recall that the <FI;n’s, n € Ny, are not orthonormal with
respect to do in general, because we have rlormed in such that ;I;n and ®,, have
the same leading coefficient. We denote by ®9N the orthonormal polynomials with
respect to do. From (1.2), (1.4), (1.9) and (1.12) we obtain for the factor in the
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representation (1.11)
. co 71 L—la;l 2
(3.13) lim | = [[ 25 | = 4 €R".

For the following theorem compare Theorem 3 in [11].

Theorem 3.3. Let N be a compact subset of supp(c) and suppose that the as-
sumptions of Lemma 3.2(b) are fulfilled. Then there holds

*_do(y)
do ()
where A and 3 are defined as in (3.9) and (3.13).

(3.14) ‘%A(ew) for almost every ¢ € N,

Proof. From (1.1) and (1.5) we have
20,(2) = V1 —|an|?Pry1(2) + @) (2).

Let m € Z be fixed. Using the above recurrence relation and the orthogonality
properties of ®,,, n € Ny, one obtains (after some straightforward calculation)

2m .
/ elmsﬁ(bn(elip)(l)n(eup) dO’(@) = qm(an+\m|71> CERE an7|m|)7
0

where g, is a continuous function only depending on the 2m recurrence coefficients
Ap—jml|s -+ Antjm|—1- Just as well we have

27 -
| eme N BN ) d(0) = b1 )
0

In view of (1.12) this means

2m
lim ( Q) (¢19)B, () do ()
n—oo 0

2m o [ —

- [ aenags e mN e dote) ) —o

0
for every Laurent-polynomial ). Thus there follows from the Banach-Steinhaus
Theorem

()
i ([ (e, @ dote) - |

n—oo N
for every 2m-periodic, continuous function g that vanishes at the end points of
N. Note that the integrals in ((1)) exist for all such functions g because the
sequence {®, }nen, is uniformly bounded on I'ps by assumption and {‘T’SN}neNo
is uniformly bounded by Proposition 3.1 and (3.13). Further we know that the
sequences { Uy, }nen, and {¥ON}, . are uniformly bounded on Ty as well. Thus
by the fact that co|®,(e?)] > 1/|W, ()|, &|PON(e?)| > 1/|TON(¢i?)|, which
follows from (1.28), one can derive from [10, formulae (7) and (11)] that there
cannot appear point masses at points from N. Hence ((1)) holds also true for every
continuous function g on A, which can easily be seen by approximating g by a

9(£)BON () TON (civ) dé(w)) ~0
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continuous function which vanishes at the end points of A/. In an analogous way
we see that there also hold

((2))
P&(Aﬂ@ﬂ%@ﬂédﬂﬂw@)(Aﬂ@@?“@ﬂ@ﬁ@wwﬂ@>—u

L </N9(<p)¢>z(e"‘”)‘1>n(e"‘”)da(@) - /J\[g(w)EIV’SN*(W)E’SN(ew)d5(<ﬁ)> =0.

Next let us mention that the functions G, and H, are uniformly bounded on I s
(compare the proof of Lemma 3.2(b) and (1.25b)). Thus from ((1)), ((2)) and again
from the Banach-Steinhaus Theorem there follows that the difference of

(3) jaﬁﬂwﬂ5SN*@“wgn«¥W>—z62N<awwner>Zd&wﬁ
and
((4)) /N 9(9)| B2 (e°)Gn (e7?) — 2, (") H, (e7¢) |2 do(ip)

=2 (by (1.36))
converges to zero as n — oco. Since
FON (6)G,(¢19) — BN (€9 Ho (¢7%) —— - A(e™)
uniformly on T'ar by Theorem 3.1 there follows from ((3)) and ((4))
7 [ s@laE)Pds) = 5 [ oo doto.
N C JN

0
This proves the theorem. O

Remark 3.3. If {®,, }nen, and {®, }nen, belong to the Szegd-class, then, in view of
(2.9) and (3.9), Theorem 3.3 corresponds to the relationship
_d(p)

(8:15) p( ) =55

Note that (3.15) follows immediately from (1.16) and the fact that D(z,0'/¢") =
D(z,0)/D(z,5").

If the recurrence coefficients of {®,,},cn, satisfy the weaker condition a,, — 0
and o and & fulfill the assumptions assumed in (1.18) and in the lines after (1.18),
then (3.14) can also be derived from (1.18) (which holds now on |z| = 1) and [8,
Theorem 5, p. 60]

2

a.e. on [0, 27].

Since there are no asymptotics at all if lim,, . a,, does not exist, it’s of interest
whether there holds a relation of the type (1.18). Let us point out, see (1.15),
that there is no “classical” Szegs-function if supp(o) consists for instance of several
disjoint arcs. Thus the question arises how the function A can be expressed in
terms of o and 6. With the help of Theorem 2.2 and Theorems 3.1-3.3 we are able
to settle this question.

Therefore let 0 =: g < 1 < -+ < Yo < o417 :=2m, I € N, and

l
(3.16) E, = U [025—1, 0251, [ :={e¥:pec E}.

j=1
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Further let R € PS be that (up to a positive multiplicative constant) uniquely
determined complex polynomial, which satisfies (compare [15, 17])

R=R",
(3.17) R(e®) =0, j=1,...,2l,
efile(ew) <0, ¢ € (p2j-1,025), 7=1,...,1

(note that e~#$R(e'?) is a real trigonometric polynomial). In what follows we
choose that branch of v/R that is analytic on C\I'; and is such that

(3.18) sgn / R(e'¥) = (71)3‘61'%@’ © € (P25, p2j41), §=0,...,1
Finally let us define the real function r(p) on E; by
(319) T(QO) = (—1)j |R(6i¢)‘, [l S [(pgj_l,cpgj], i=1,...,1

The following theorem holds.

Theorem 3.4. Let E;, R and r be defined as in (3.16)—(3.19) and let B be the
closed unit disk. Suppose that supp(c) = supp(6) = E; and that 0,5 are absolutely
continuous on E; and satisfy 0 <m < o'(p)/d'(¢) < M < 0o on E;. Furthermore
assume that the assumptions of the Theorems 2.2 and 3.2 are fulfilled on each
compact subset of B\I'; and that (3.9) holds uniformly on E;. Then the function A
defined in (2.7) and (3.9) has the following representation

B o) =yt [ 2,21 4 )

for z € B\I'; and l even,

respectively

I e

for z € B\I'; and [ odd,
where v = Peo/2 and B is defined as in (3.13).

Proof. First let [ be even. For ng € N sufficiently large let us consider the functions

(note v € RY)

iln(yAn(2))
27'R(z)

which are well defined and analytic by Lemma 2.2 and (3.18) (note that Lemma 2.2

also holds on I'fg 2./ \I'; by completely the same proof using Theorem 3.2 instead of
Theorem 2.2). Recall that the function A has the representation

((1)) Az) = nh—>ngo An(z2) = nh_{rgo(;i);('z)gn(z) - Z(i)n(z)Hn(Z))v z € B,

fu(z) =

, z € B\I';, n > ny,

where convergence is uniform on compact subsets of B\I'; and on I';. From (3.3a)
we obtain for ¢ € [0, 27|\ E}

An(€?) = 2Re{®;,(¢"7)Gn(e"?)};
thus
Iny(A,(e")) =In|yA,(e?)] € R for ¢ € [0, 27|\ E;.
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Since by (3.18) (compare [15, 17])
o , )
R(et®) = (_1){16_:2%’ |R(?w)|v ¢ € [p25-1, P21, j =1,...,1
(—1)7e'2%y/|R(e*#)], ¢ € @25, 02j41), 7=0,...,1,
we have for the radial boundary values

{0, ¢ € [0,27]\El,

bhb2e@l et .

(2)) lim Re fy(se'?) =
s—1—

Note that by the uniform convergence in ((1)) A is a continuous function on T

which is, by Theorem 3.3 and the assumption on ¢’(¢)/6’ (), uniformly bounded

away from zero and infinity. Again by the uniform convergence in ((1)) on I'; the

same holds true for the A,,’s and hence

i
r(¢)
For a fixed n > ng and 0 < s < 1 let us consider the function f, (sz), which
is analytic on B. By the definition of the f,’s, by (1.29) and the first condition
n (3.16) we have f,(0) = 0. Hence from [7, Ch.ILB (pp. 48-49) and Ch.L.E.
(Theorem, p. 25)] we obtain

27 z
((4)) fn(sz):%/O eZ:i—ZRefn(se ?ydp, |2 <1.

Now let s, be an arbitrary sequence in [0, 1) with s, — 17. From ((2))—((4)) and
Lebesgue’s Dominated Convergence Theorem we get

_iln(yA,(2)) _ 1 e + 2 In|yA, ()]
fal2) = 27 R(2) 2m /El e — 2z ()

S Ll(El).

de, |z] <1,

and therefore

() 180(2) = exp { 1[5 RG @[ b g i<t

Using again Lebesgue’s Theorem we obtain from ((1)), ((5)) and (3.14)

¢ +z, 0'(p) dp
Alz) = -\ R(2) f 1.
) Xp{ / R T CE ) B
Because the function at the right-hand side of (3.20a) is analytic on B\I'; and A
is analytic on |z| < 1 and continuous on B\I';, the assertion (3.20a) also holds on
B\T;.

If [ is odd we put Ry (z) := R(2%) and denote, as in (3.16) and (3.17), by Eq
the set given by e~ 2"¥ Ry (e’?) < 0, which consists of 2I intervals. Furthermore
let agy 2 := 0 and agp41,21 := ay, for n € Ny and analogously, by b2, 2 := 0 and
ban+1,21 := by for n € Ng. Then one can show that the orthogonal polynomials

D, 91, P, 21 associated with {a, 21 }nen, resp. {bn,2i}tnen, can be represented in the
form (see e.g. [16, Example 2.2(c)])

Pon2i(2) = Pn(2%),  Pony1,2(2) = 28, (2%),
Do 2i(2) = n(2%),  Pang1(2) = 20, (2%)
and they are orthogonal with respect to

oau(p) = 0(2¢), Faly) = a7(2¢).

((6))
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Furt}}ver the C-functions Fy; and ﬁ'gl corresponding to o9; and d9; are related to F'
and F' by

((7)) Fy(z) = F(2%), Fu(z) = F(z°).

All the assumptions of the theorem are fulfilled for the measures o9 and G9;; thus

Theorem 3.1 leads to a function Ag; which is, by the already proven part of this
theorem, of the form

etz oylp) dp
Ao (2 Lex z72R / -
21(z) = P{ \/T R a’gl(cp) T21(¢)
i i(p+m) !
o 1 i e‘/’+z_e +z 1 o'(2¢) dp
! e"p{m R = e e reml

FAS B\FQ[,
where the second equation holds by r9;(¢) = r(2¢) = —7(2(p + 7)), which follows
from the definition of r9; in (3.19) since [ is odd, and by o9 (¢ + 7) = o2(v),

G2(p+m) = d21(¢) (note that Fy; and Fy; are functions in 22
vanish). From

, i.e. the odd moments

e 45 eiletm 4, 4zt

e — 5 eiletm) — 5 eZiv _ 52

and the above representation of Ag; we obtain

((®) Azl(z)—vlexp{% (=2) " R(=2)

Now we use the fact that
Agi(2) = A(zz),

which can be derived from the Theorems 2.2 and 3.1, taking into consideration the
relations ((6)) and ((7)) and the relation

Gon21(2) = Gont1.21(2) = Gu(2%),  Hona2(z) = 2Hn(2?), Hont1,2(2) = Ha(2?),

ie. Aopoi(2) = Agpi1,21(2) = Ap(2?). Substituting 22 = w in ((8)), representation
(3.20b) is proved. O

From Theorem 2.2, Theorem 3.2 and Theorem 3.4 we immediately get

Corollary 3.1. Under the assumptions of Theorem 3.4 there holds

) ﬁlexp{ A/ 2 le/ e::i—i U/Eg c(lgo)} if 1 is even,
nh};o 7.(2) - exp{ W/ el — 2 J:EQO; (i )} if l is odd

uniformly on each compact subset of B\I';.
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