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COHOMOLOGICAL DIMENSION
AND METRIZABLE SPACES. II

JERZY DYDAK

ABSTRACT. The main result of the first part of the paper is a generalization
of the classical result of Menger-Urysohn : dim(A U B) < dim A + dim B + 1.

Theorem. Suppose A, B are subsets of a metrizable space and K and L are
CW complexes. If K is an absolute extensor for A and L is an absolute
extensor for B, then the join K * L is an absolute extensor for AU B.

As an application we prove the following analogue of the Menger-Urysohn
Theorem for cohomological dimension:

Theorem. Suppose A, B are subsets of a metrizable space. Then
dimg (AU B) < dimg A + dimg B + 1

for any ring R with unity and
dimg(AU B) < dimg A + dimg B + 2

for any abelian group G.

The second part of the paper is devoted to the question of existence of
universal spaces:

Theorem. Suppose {K;};>1 is a sequence of CW complexes homotopy dom-
inated by finite CW complexes. Then

a. Given a separable, metrizable space Y such that K; € AE(Y), i > 1,
there exists a metrizable compactification c(Y) of Y such that K; €
AE(c(Y)), 1> 1.

b. There is a universal space of the class of all compact metrizable spaces
Y such that K; € AE(Y) for all i > 1.

c. There is a completely metrizable and separable space Z such that K; €
AE(Z) for all i > 1 with the property that any completely metrizable
and separable space Z' with K; € AE(Z') for alli > 1 embeds in Z as
a closed subset.

INTRODUCTION

The paper is devoted to addressing the following questions in cohomological
dimension theory:
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1648 JERZY DYDAK

Problem 1 (see [Ku]). Does
dimg (AU B) < dimg A + dimg B + 1

hold for any group G and any subsets A and B of a metrizable space ?

Problem 2 (see [We| for G = Z). Suppose n > 1 and G is an abelian group. Is
there a universal compactum in the class of compacta {X | dimg X <n} ?

Problem 3. Suppose n > 1, G is an abelian group and X is a metrizable and
separable space such that dimg X < n. Is there a completion X' of X such that
dimg X' <n ?

Problems 1-3 are part of a general plan to construct cohomological dimension
theory, formally parallel to the theory of covering dimension. They were motivated
by analogous results involving covering dimension.

Why not be more ambitious and attempt to create a theory encompassing both
covering dimension and cohomological dimension ? Such an idea was set forth by A.
Dranishnikov at a recent workshop on cohomological dimension theory. He coined
the term “Extension Theory” for the new theory.

With this idea in mind we prove the following result:

Theorem A. Suppose A, B are subsets of a metrizable space and K and L are
CW complexes. If K is an absolute extensor for A and L is an absolute extensor
for B, then the join K x L is an absolute extensor for AU B.

Obviously, Theorem A generalizes the classical Urysohn-Menger formula:
dim(AUB) <dimA+dimB+1
as dim X < n means S" € AE(X) and S™ x S™ = S"tm+l At the same time,
using Theorem A, one can derive a complete solution to Problem 1:

Theorem B. Suppose A, B are subsets of a metrizable space. Then

dimg (AU B) < dimg A + dimg B + 1
for any ring R with unity, and

dlmg(A U B) <dimg A + dimg B + 2
for any abelian group G.

Special cases of Theorem B have been established by L.Rubin [Ru](R = Z),
Dydak-Walsh [D-W1](R = Z/p or R is a subring of the ring of rationals Q, and
dimg A, dimg B > 2) and Dranishnikov-Repovs [D-R] (R = Z/p or R is a subring
of Q, dim(AUB) is finite and dimg A = 1 or dimg B = 1). Notice that the estimates
of Theorem B cannot be improved. Indeed, Dranishnikov, Repovs and Séepin [D-R-
S| found an example such that G = Q/Z and dimg(AUB) = dimg A +dimg B+2.

Here are problems which belong to the theory unifying both the covering dimen-
sion and cohomological dimension:

Problem 4. Characterize CW complexes K such that for any separable metric
space X with K € AE(X), there is a completion X' of X with K € AE(X').
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COHOMOLOGICAL DIMENSION AND METRIZABLE SPACES. II 1649

Problem 5. Characterize CW complexes K such that for any separable metric
space X with K € AE(X), there is a compactification X' of X with K € AE(X').

Problem 6. Characterize CW complexes K such that the class
{X is a separable metric space with K € AE(X)}

has a universal space.

Problem 7. Characterize CW complexes K such that the class
{X is a compact metrizable space with K € AE(X)}

has a universal space.

In the second part of the paper we prove a theorem which implies all the results
known up to now pertaining to Problems 4-7. This is done using a technique from

[Dy;d .

Problem 8. Suppose X is a compactum (separable and metrizable space) and K, L
are CW complexes such that K « L € AE(X). Is there a subset A of X such that
K e AE(A) and L€ AE(X —A) ¢

A positive answer to Problem 8 would generalize the well-known result that
n-dimensional spaces can be expressed as a union of n 4+ 1 of its 0-dimensional
subsets.

Finally, we propose the following problem as a generalization of the well-known
inequality dim(X x Y) < dim X + dimY":

Problem 9. Suppose X, Y are separable metric (compact) and K € AE(X),
L e AE(Y) are CW complexes. Is KANL € AE(X xY) ?

A positive solution to Problem 9 in the compact case would recover all that is
known about cohomological dimension of cartesian products (see [Ku]). In case of
arbitrary X and Y, it would extend the known results from the compact case. It is
interesting that so far only dimz(X x Y) < dimgz X 4 dimz Y was established by
L. Rubin using cell-like maps [R-S].

The author is grateful to Sasha Dranishnikov and Wojciech Olszewski for point-
ing out errors in the first draft of the paper. Also, the author would like to acknowl-
edge the help of the referee, whose numerous comments resulted in improvement of
the paper.

1. COHOMOLOGICAL DIMENSION OF UNIONS OF SETS

Recall that Y is called an absolute extensor (see [Hu]) of X (notation: Y €
AE(X)) provided any map f : A — Y, A C X closed, extends over X. The
following Proposition is proved in [Wa, p.107] in the case of K being a K(Z,n) and
X being metrizable separable and in [Dry, Proposition 2] for Y being open in X:

Proposition 1.1. Suppose X is a metrizable space. If K € AE(X) is a CW
complez, then K € AE(Y) for any subset Y of X.

Proof. Suppose A is a closed subset of Y and f : A — K. Extend f, up to
homotopy, over an open neighborhood U of A in X (see [M-S], Corollary 3 and
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1650 JERZY DYDAK

Remark 3 on p.81). Let F : U — K be a homotopy extension of f. Let V =
X —clx(A)N(X—U). Notice that Y C V (as YNclx (A)N(X-U) = AN(X-U) = 0)
and cly(A) C U (as cly(A)N (X —=U) C cdx(A)N(X -U) € X —V). Since
K € AE(V) by [Dra, Proposition 2], F|cly(A) can be extended over V. That
extension, when restricted to Y, gives a homotopy extension of f. ]

Definition. Given two simplicial complexes K and L, their simplicial join K * L
is formed by declaring < sq, ... , sk, to, ... ,t; > to be its simplex iff < sq,..., s, >
is a simplex in K and < tg,...,¢; > is a simplex in L. It carries a natural CW
structure; its cells are of the form s * o, where s is a simplex of K and o is a
simplex of L. Notice that K * L with the CW topology is homeomorphic to the
union M(7x) U M(7r) of mapping cylinders of projections g : K x L — K and
7, K X L — L, where we assume M (7)) N M(np) = K x L.

Theorem 1.2. Suppose A, B are subsets of a metrizable space and K and L are
simplicial complexes. If K is an absolute extensor for A and L is an absolute
extensor for B, then the join K x L is an absolute extensor for AU B.

Proof. Since the identity M — M, from a simplicial complex equipped with the
CW topology to itself equipped with the metric topology is a homotopy equivalence
(see [M-S, Theorem 10 on p.302], we will consider all simplicial complexes to be
equipped with the metric topology. Suppose C is a closed subset of X = AU B and
f:C — K * L. Notice that f defines two closed, disjoint subsets Cx = f~1(K),
Cr=f"YL)of Candmaps fx : C —Cr - K, fr, :C—Cg — L, a: C — [0,1]
such that:

1. a_l(O) =Ck, Oz_l(l) =Cp,

2. f(x) =1 —-az))- fx(z)+a(z) - fr(z) for all x € C.

Indeed, each point x of a simplicial complex M can be uniquely written as
T =3 cp Gu(z) - v, where M is the set of vertices of M ({¢,(z)} are called
barycentric coordinates of ). We define a(x) as Y ;o) ¢u(f(2)); fx () is defined
25 (Do 0o (f(2)) - 0)/(1 — a(z)) and f1(2) 5 (Snepo du(F(2)) - 0)/(a(2)).

Since K € AE(A—CY,) by Proposition 1.1, fx extends over CUA—C',. Consider
a homotopy extension gx : Us — K of fx over a neighborhood U4 of CU A — C},
in X —Cp, (see [M-S], Corollary 3 and Remark 3 on p.81). Since C'— CJ, is closed in
U4, we may assume that gx is an actual extension of fx : C — Cp — K. Similarly,
let g1, : Up — L be an extension of fi over a neighborhood Ug of C'U B — Ck in
X — Ck. Notice that X = U4 UUpg. Let 3: X — [0,1] be an extension of « such
that 371(0) = X —Up and 371(1) = X — U4. Define f' : X — K x L by

f(x)=(1-p8)) gx(x)+ B(x) - gr(x) for all z € Us N Up,

f(z) = gk (x) for all x € Us — Up,

and
f(x) =gr(x) for all z € Ug — Uy.

Notice that f’ is an extension of f. To prove the continuity of f’ we need to show
that ¢, f’ is continuous for all vertices v of K * L (see [M-S, Theorem 8 on p. 301]).
Without loss of generality we may assume that v € K(9. Then,

oo f'(x) = (1= B(x)) - pugi (x) for all z € Uy
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and
o f'(x) =0 for all x € Ug — Ug.

Clearly, ¢, f'|Ua is continuous. If zg € Ugp — Us and z,, — x0, T, € Ua, then
B(CCTL) —land 0 < ¢ng(xn) < 1. Consequently, ¢Uf/(xn) —0= ¢Uf/($0)' U

Remark. Since dim X < n means that S € AE(X) for any metrizable space X
(see [Wa]) and S™ * S™ = S"T™+1 Theorem 1.2 is a generalization of the Menger-
Urysohn Theorem.

Theorem 1.3. Suppose A, B are subsets of a metrizable space and G, H are abelian
groups. Then

dimggr (AU B) < dimg A + dimg B+ 1

and
dimG*H(AU B) < dimg A + dimgyg B + 2.

Proof. Suppose G, H # 0 are abelian groups and dimg A = m > dimyg B = n. If
m =n = 0, then dim A = dim B = 0 and Theorem 1.3 reduces to the Urysohn-
Menger Theorem. So assume m > 0. Thus, K € AE(A) for any K being a K(G,m)
and L € AE(B) for any L being a K(H,n) (L = S° if n = 0). By Theorem 1.2,
K« L € AE(AU B). Choose base points k € K and | € L. Since K % L can
be expressed as the union M(7g) U M(7r) of mapping cylinders of projections
7k KXxL— Kandn,: KxL— L (weassume M(mg)NM(r) =K x L), it
contains a contractible subcomplex

M(rg|KVL)UM(mp|K VL),
where K VL = K x Uk x L, such that
K+« L/(M(rg|KV LYUM(r|KV L))~ X(KAL).
Thus, K = L is homotopy equivalent to the suspension X(K A L) of the smash
product K AL=K x L/KV L of K and L.

Assume n > 0. By the Kiinneth Formula ([Sp], p.235) there is an exact sequence

0— [H(K,kZ)® H(L,I;Z)), — Hy((K, k) x (L,1); Z)
- [H(K7 k; Z) * H(L,Z;Z)]q,I —0

for all q. If g = m + n, then
[H(K,k;Z)« H(L,l;Z))g—1 =0

and
[H(K,k;Z)® H(L,1;Z)]y = Hn (K, k;Z) ® Hy (L, I;Z) = G ® H.

Consequently,

Hyvinit(K#L,Z) = Hypyn(K x L, KN L;Z) = Hyp (K, k) x (L,1):Z) = G® H.
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1652 JERZY DYDAK

If g=m+n+1, then [H(K,k;Z) « H(L,l;Z)]q—1 = G« H. Consequently,
Hypini2(K % L,Z) = Hypion 1 (K X L, KV L;Z) = Hyoni1 (K, k) x (L, 1); Z)

contains G * H is a direct summand. Now, by Theorem 3.4,

dimG®H(AUB) <m-+n+1

and
dimg.g(AUB) <m+n+ 2.

If n =0, then H,,1(K x L,Z) = G, so (by Theorem 3.4), dimg(AU B) < m + 1.
Since dimggu (AU B) < dimg(AU B) (see [Dyi1]), dimggu (AU B) < m + 1.

It remains to prove that dimg.g(A U B) < m + 2. This follows from the fact
that p-Tor(G * H) # 0 implies p-Tor G # 0 and from the Bockstein Inequality
dimg/p X < dimg/pee X + 1 (see [Ku]) for any paracompact space X. O

Theorem 1.4. Suppose A, B are subsets of a metrizable space. Then

dimgr (AU B) < dimg A + dimg B + 1
for any ring R with unity, and

dimg (AU B) < dimg A + dimg B + 2
for any abelian group G.

Proof. If R is a ring with unity 1, then R is a retract of R ®z R. Indeed, the
homomorphism m : R ®z R — R induced by the multiplication R x R — R is a
left inverse of id ® 1 : R — R ®z R. Thus,

dimg (AU B) < dimg A + dimg B + 1.
Let G be an abelian group. Since
dimg X = max(dimg/7or ¢ X, dimro, ¢ X)
(see [Dy1]), it suffices to prove
dimg (AU B) < dimg A + dimg B + 2
first for torsion groups and then for torsion-free groups.

Since Z/p is a ring with unity, the case G = Z/p is taken care of. If G = Z/p>
for some prime p, then G x G = G, so dimg(A U B) < dimg A 4+ dimg B + 2 by
Theorem 1.3. By [Dyi],

dimg (AU B) < dimg A + dimg B + 2
for any torsion group G.
Consider a torsion-free abelian group G. Let £ = {p | pG # G}. By [Dy;]
dimzﬁ X Z dlmgX Z dimzL X -1
for any metrizable space X. Since G ® Z, = G, applying Theorem 1.2 to H = Z,
one gets

dimg(AU B) < dimg A+ dimz, B+ 1 < dimg A 4+ dimg B + 2.0
Notice that the estimates of Theorem 1.4 cannot be improved. Indeed, Dran-
ishnikov, Repov§ and Sé¢epin [D-R-S] found an example such that G = Q/Z and

dimg(A U B) = dimg A + dimg B + 2. The next result generalizes the method of
[Dys] to produce such examples.
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Theorem 1.5. If G ® G = 0, then for any m > 2 there is a subset A of S*™+!
such that dimg A < m — 1 and dimg(S?™*! — A) < m.

Proof. Notice that G = Tor G and G is divisible. Let H = @{Z/p | p-Tor G # 0}
and G' = @{Z/p> | p-Tor G # 0}. Then G’ ® H =0 and dimg X = dimg X <
dimpy X for any metrizable space X (see [Dy]). Thus, we may replace G by G'.
We are going to use the following result of [Dyy]:

Let G be an abelian group and m > 0. Let G be a countable family of countable
abelian groups and let D : G — Z be a function. The following conditions are
equivalent:

1. For any 0 # a € H,,(P;G), P is a CW complex, there is a compactum X

and a map 7 : X — P such that

dim X =m,

dimy X < D(H) for each H € G,

a € im(H,,(X;G) — H,(P;Q)).
2. Hy(K(H,D(H));G) =0 for all k <m and all H € G.

In our application we have G = {H} and D(H) = m — 1. Notice that
Hp 1(K(H,m—1);G) = G® H = 0. Choose a sequence {M;};>1 of open subsets
of §?™+1! such that for any closed subset C' of S?™*! and for any neighborhood U
of C there is i with C C M; C U.

Given an element a € H,,(M;; G), there is a map 7 : X — P from a compactum
X such that dim X < m, dimyg X <m — 1, a € im(H,,(X;G) — H,,(M;; G)) and
m(X) C int M;. Since 7 is approximable by embeddings, we may simply assume
X C M;. Since each H,,,(M;,G) is countable, one can find a sequence of compacta
Xi; C M, j>1,dimyg X;; < m— 1, such that given an element a € H,,(M;; Q)
one can find its representative in H,,(X; j; G) for some j. Let Y be the union of
all X, ;. Since dimyY < m — 1, there is a compactification Y’ of Y such that
dimg Y’ <m—1 (apply Corollary 2.5 (a) or Shvedov’s Theorem [Ku]). Let A be a
Gs set in S?™*1 containing all the X, ;, 4,7 > 1, such that A is homeomorphic to a
subset of Y, in particular dimg A < m — 1. To show that dimg(S?™+! — A) <m
it suffices to prove H™(S*™t1 — A;G) — H™(C;G) is an epimorphism for any
compact subset C of S?m+1 — A (§2m+1 — A is a countable union of compact sets).
Given a € H™(C; @), it can be represented by an element of H,,(S*™*! — C;G)
(Alexander Duality—see [Sp], p.297). This element, in turn, belongs to the image
of inclusion-induced H,,(X; ;; G) — H,,(S?"*! — C;G) for some (i, 7). Dually, a
extends over S?" 1 — X, . 5 §2mHl — A Thus, dimg (S — A) <m. O

Remark. The main tool in the proof of Theorem 1.5 is a dual to the result of [Dry].

Conjecture 1.6. Suppose A, B are subsets of a metrizable space. Then
dimg (AU B) < dimg A + dimg B + 1
for any abelian torsion-free group G.

Remark. Any counterexample to the above Conjecture would produce a space
X = AU B and a torsion-free group H (either G or G ® G) such that dimyg X #
sup{dimz, X | pH # H}, thus showing that Bockstein Theorem is not valid for
metrizable spaces.
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2. UNIVERSAL SPACES, COMPACTIFICATIONS AND COMPLETIONS

This section is devoted to a partial solution to Problems 4-7. Up to now the
only results have been obtained by A. Chigogidze [Ch] and I. A. Shvedov [Kul:

Theorem (A. Chigogidze). Let n > 0, and let G be an abelian group such that
there exists a separable completely metrizable ANR-space homotopy equivalent to the
Filenberg-Mac Lane complex K(G,n). Then, there exists a separable, completely
metrizable space X (G,n) such that the following conditions are equivalent for each
metrizable compactum K :

(i) dimg K <n,

(ii) K embeds into X (G,n).

Theorem (I. A. Shvedov). Let X be a separable and metrizable space. If K; €

AE(X), i > 1, are finite polyhedra, then there exists a metrizable compactification
c(X) of X such that K; € AE(c¢(X)) for alli > 1.

Our goal is to prove a result which simultaneously generalizes both Shvedov’s
Theorem and Chigogidze’s Theorem. First, recall the notion of a universal space:

Definition. Given a class C of topological spaces, X € C is called a universal space
of C provided any Y € C embeds in X.

Lemma 2.1. Suppose u : K — L is a map from a CW complex K to a compact
metrizable space L. Given a compactum X and a map g : C — K, C closed in X,
there is a compactum X' and a map © : X' — X with the following properties:

a. Given f:Y - X, K€ AE(Y), thereis f': Y — X' with f ==f’,

b. Thereis g’ : X' — L with ¢'|7~(C) = ugn.

Proof. Extend g to G : D — K, where D is a closed subset of X containing C
in its interior. Let X’ = (X — int(D)) x LU {(z,uG(x)) |z € D}. 7: X' = X
is the projection onto X and ¢’ : X’ — L is the projection onto L. Notice that
7 1(C) = {(z,ug(z)) | x € C}. Hence, ¢'(z,ug(z)) = ug(x) = ugn(x,ug(x)). This
verifies Condition (b).

To verify Condition (a), extend Gf|f~*(D) to G’ : Y — K and define f'(y) =
(f(y),uG (y)) for y € Y. To check that im f' C X', notice that if f(y) € D, then
uG(f(y) = uG'(y). O

Lemma 2.2. Suppose u : K — L is a map from a countable CW complex K to a
compact metrizable space L. Given a compactum X, there is a compactum X' and
a map 7 : X' — X with the following properties:
a. Given f:Y — X, K€ AE(Y), thereis f': Y — X' with f == f’,
b. For any g : C — K, C being closed in X, there is ¢ : X' — L with
g'lmH(C) = ugr|r~H(C).

Proof. Choose a sequence of closed subspaces D;, i > 1, of X with the property
that for any closed set C of X and for any open set U containing C' there is ¢ with
C C D; C U. A simple way of doing it is to take a countable basis B of X and

oo
enumerate closures of unions of finite subfamilies of B. Enumerate |J [Ds, K] as

s=1
[fj : C; — K], j > 1 (thus, each C; is one of the Dy, s > 1). Using Lemma 2.1,
construct by induction an inverse sequence {X;, 7:t'} such that
1. X, =X,
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2. given f:Y — X;, K € AE(Y), there is f': Y — X,y with f =7/t f’,
3. there is an extension g, : X,41 — L of the composition (7}*H)~(C,) —
C,— K— L.

Let X’ be the limit of {X;, 7™} and let 7 : X’ — X = X, be the natural
projection. It is clear that Condition (a) is satisfied. Suppose g : C — K, C
being closed in X, and choose n such that C C C,, and f,|C &~ g. Notice that the
composition ¢’ of the natural projection X’ — X,y and ¢, : X,,11 — L satisfies
g7 1(C) ~ ugn|m=1(C). O

Theorem 2.3. Suppose u : K — L is a map from a countable CW complex K to a
compact metrizable space L. Given a compactum X, there is a compactum X' and
a map 7 : X' — X with the following properties:
a. Gwen f:Y — X, K€ AE(Y), there is f': Y — X' with f =« f’,
b. Given g: C — K, C closed in X', there is ¢’ : X' — L with ¢'|C homotopic
to ug.

Proof. Using Lemma 2.2, construct by induction an inverse sequence {Xi,71'2+1
such that

1. X1 =X,

2. given f:Y — X;, K € AE(Y), there is f': Y — X,y with f =7/t f/,

3. for any g : C — K, C being closed in X;, there is ¢’ : X;41 — L with

(@) HO) = ugmi .

Let X’ be the limit of {X;,7i™'} and let 7 : X’ — X = X; be the natural
projection. It is clear that Condition (a) is satisfied. Suppose g : C — K, C being
closed in X', and let C,, = 7,(C) for each n, 7, : X’ — X,, being the natural
projection. By [M-S, Theorem 9 on p.65] there is n and g, : C,, — K such that
gnTn|C =~ g. Let g, : X,,11 — L be such that ¢/, |(z"T1)~1(C,) ~ ug,n"t. Put

9 = gpTni1- O
In order to apply Theorem 2.3 we need the following fact:

Lemma 2.4. Given a sequence {K;};>1 of CW complezes, let K' be the wedge of
oo

{K;}i>1 and let K be the subcomplexr ({x} x R)U |J K; x {i} of K' x R, where *
i=1

1s the base point of K'. If X is a metrizable space,_then K € AE(X) is equivalent
to K; € AE(X) for all i.

Proof. Since each K; is a retract of K, it suffices to show that K; € AE(X) for
all ¢ implies K € AE(X). Suppose A is a closed subset of X and f : A — K.
Extend the composition A — K — Rto o : X — R. If a(z) = i+ 1/2, define
f(x) = (x,i4+1/2). Since K; x {i} U{x} x[i —1/2,i 4+ 1/2] € AE(X), f can be
extended over a~1[i —1/2,i + 1/2]. O

Corollary 2.5. Suppose {K;};>1 is a sequence of CW complexes homotopy domi-
nated by finite CW complexes. Then
a. Given a separable, metrizable space Y such that K; € AE(Y), i > 1, there
exists a metrizable compactification ¢(Y') of Y such that K; € AE(c(Y)),
1> 1.
b. There is a universal space of the class

C ={Y is compact metrizable | K; € AE(Y) for all 1 > 1}.
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c. There is a completely metrizable and separable space Z such that K; € AE(Z)
for all i > 1 with the property that any completely metrizable and separable
space Z' with K; € AE(Z') for all i > 1 embeds in Z as a closed subset.

Proof. Let X be the Hilbert cube. Without loss of generality we may assume that
each Kj; is countable. Let K be the wedge of K;, ¢ > 1, and L be the compact
wedge of L; (L; a finite complex homotopy dominating K;), ¢ > 1. Choose maps
u; : K; — L; and d; : L; — K; such that d;u; ~ id. Define u : K — L to be the
wedge of u;, ¢ > 1. Let m: X’ — X be the map as in Theorem 2.3. Notice that X’
is a universal space for the class

C = {Y is compact metrizable | K; € AE(Y) for all 4 > 1}.

Indeed, any separable and metrizable space embeds in X. Choose a lift g : ¥ — X’
of the inclusion ¥ — X. In particular, g(Y) is homeomorphic to Y. If Y is not
compact, we put ¢(Y) = cl(g(Y)). Finally, Z is defined as 7~ (o), where o is
any subset of X homeomorphic to the countable product of lines. To complete the
proof we need to show that K; € AE(X’) for all i. Suppose f: A — K; and A is
closed in X’. There is h : X’ — L with h|A ~ uf. Notice that there is a retraction
r; : L — L;. Define f' = d;r;h : X’ — K, and notice that f'|A ~ f. O

Remark. Part (c) of Corollary 2.5 was proved by A. Chigogidze [Ch;] and A. Wasko
[Was| in the case when K is the n-dimensional sphere (n is fixed).

Theorem 2.6. Suppose K is a countable CW complex, X is a completely metriz-
able space and c¢(X) is a metrizable compactification of X. There is a map 7 :
(c(X"), X") — (e(X), X) with the following properties:
a. X' is completely metrizable and ¢(X') is a metrizable compactification of X'.
b. Given f:Y — X, K € AE(Y), there is f' : Y — X' with f =« f’,
c. Given g:C — K, C closed in ¢(X'), there is ¢’ : X' — K with ¢'|C N X'
homotopic to g.

Proof. We may assume that K is locally compact (replace K by the telescope
o0
U Ki x [k —1, k], where K;, i > 1 is an increasing sequence of finite subcomplexes
k=1

of K whose union is K ). Let L be the one point compactification of K and let
u : K — L be the inclusion. We need the following variant of Lemma 2.1:

Claim 1. Suppose Z is a completely metrizable space and ¢(Z) is a metrizable
compactification of Z. Suppose g : C — K is a map and C is a closed subset of
e(Z). There is a map 7 : (¢(Z"),Z') — (c(Z), Z) with the following properties:

a. ¢(Z') is a compactification of a completely metrizable space Z',

b. Given f:Y — Z, K € AE(Y), there is f': Y — Z' with f == f’,

c. Thereis g : (c(Z2"),2Z") — (L, K) with ¢'|ln=*(C) = gr|m=1(C).

Proof of Claim 1. Extend g to G : D — K, where D is a closed subset of ¢(X)
containing C' in its interior. Let T = (¢(X) —int(D)) x LU {(x,G(z)) | z € D},
Z'=TNXxK and ¢(Z') = cl(Z'). 7:¢(Z') — ¢(Z) is the projection onto ¢(Z) and
g :¢(Z') — L is the projection onto L. Notice that 7=1(C) = {(x, g(z)) | x € C}.
Hence, ¢'(z, g(z)) = g(x) = gn(x, g(x)). This verifies Condition (c).

To verify Condition (b), extend Gf|f~1(D) to G’ : Y — K and define f'(y) =
(f(y),G'(y)) for y € Y. To check that im f' C X', notice that if f(y) € D, then
G(f(y) = G'(y). 0
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Also, we need the following variant of Lemma 2.2:

Claim 2. Suppose Z is a completely metrizable space and c¢(Z) is a metrizable
compactification of Z. There is a map 7 : (¢(Z'), Z") — (¢(Z), Z) with the following
properties:
a. ¢(Z') is a compactification of a completely metrizable space Z',
b. Giwen f:Y — Z, K € AE(Y), thereis f': Y — Z' with f =« f’,
c. Any g :C — K, C being closed in c(Z), is homotopic to h : C — K such
that there is an extension g' : (¢(Z'),Z') — (L, K) of hr|n=1(C).

Proof of Claim 2. Choose a sequence of closed subspaces D;, i > 1, of ¢(Z) with
the property that for any closed set C of ¢(Z) and for any open set U containing C
there is ¢ with C C D; C U. Enumerate |J[D;, K] as [f; : C; — K], j > 1. Using

S

Claim 1, construct by induction an inverse sequence {(c¢(Z;), Z;), 7: "'} such that

L. (C(Zl)7Z1) = (C(Z),Z),

2. given f:Y — Z;, K € AE(Y), there is f': Y — Z; 1 with f = /"' /]

3. there is an extension ¢, : (¢(Zn+t1), Zn+1) — (L, K) of the composition

(zp*tH-Y(C,) - C, - K — L.

Let (¢(Z'),Z") be the limit of {(c(Z;), Z;),mi™'} and 7 : (¢(Z2'), Z") — (c(2), Z) =
(c(Z1), Z1) the natural projection. It is clear that Conditions (a-b) is satisfied.
Suppose g : C — K, C being closed in Z, and choose n such that C' C C), and
fn|lC = g. Notice that the composition ¢’ of the natural projection (¢(Z'),2’) —
(c(Zns1)y Zny1) and gy : (c(Zny1)s Zns1) — (L, K) is an extension f,7|7=1(C). O

Using Claim 2, construct by induction an inverse sequence {(c(X;), X;), 7/
such that
L (e(X0), X1) = (¢(X), X),
2. given f:Y — X;, K € AE(Y), there is f': Y — X,y with f =7/t f/,
3. any g : C — K, C being closed in ¢(Xj;), is homotopic to A : C — K such that
there is an extension ¢’ : (¢(X;41), Xi41) — (L, K) of hri (7 HH)~1(CO)
Let (¢(X'), X') be the limit of {(c(X;), X;),7i ™'} and let

71 (X, X') = (e(X), X) = (e(X1), X1)

be the natural projection. It is clear that Conditions (a-b) are satisfied. Suppose
g:C — K, C being closed in ¢(X’), and let C,, = m,(C) for each n, m, : ¢(X') —
¢(X,) being the natural projection. By [M-S, Theorem 9 on p.65] there is n and
gn : Cp, — K such that g,m,|C =~ g. Let g}, : (¢(Xn+1), Xn+1) — (L, K) be such
that g7,|(7it1)~1(Cn) ~ gnmp ™. Put g/ = gm0 O

Corollary 2.7. Suppose {G,}i>1 is a sequence of countable abelian groups and
{m;}i>1 s a sequence of non-negative natural numbers. There exists a separable,
completely metrizable space Z and its metrizable compactification c¢(Z) satisfying
the following properties:
1. Any separable and metrizable space C such that dimg, C' < m; for all i embeds
in Z (as a closed subset if C is completely metrizable),
2. Given a map g : A — K(G;,m;), A being a closed subset of ¢(Z), g|ANZ
extends over Z.

The results of this section seem to suggest a connection between existence of
compactifications preserving cohomological dimension and the existence of universal
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spaces. Since, generally speaking, compactifications do not exist (see [Drs], [D-Wa],
[Dys] and [Ka]), one is justified in suggesting the following conjectures:

Conjecture 2.8. Suppose K is a countable CW complex. If the class of compacta
{X | Ke AE(X)}

has a universal space, then K is homotopy dominated by a finite CW complex.

Conjecture 2.9. If K is a countable CW complex, then there is a universal space
in the class of separable metric spaces

(X | K € AE(X)}.

Conjecture 2.10. If K is a countable CW complex and K € AE(X), X being a
separable metric space, then there is a completion X' of X with K € AE(X').

3. DRANISHNIKOV’S THEOREM FOR METRIZABLE SPACES

The purpose of this section is to generalize a result of A.N.Dranishnikov [Drs]
stating that if a CW complex K is an absolute extensor of a compactum X, then
dimpy, (x;z) X < m for all m > 0. We need the same result for metrizable spaces;
at the same time our proof is conceptually simpler than that of [Dra].

Lemma 3.1. Suppose f: X' — X is an open map of metrizable spaces such that
card f 1 (z) < k for all x € X and some k < co. If K € AE(X) is a CW complexz,
then K € AE(X').

Proof. By induction on k. For k =1 it amounts to the fact that K € AE(X) and
X' open in X imply that K € AE(X') (see [Dry, Proposition 2| or Proposition
1.1). Suppose Lemma 3.1 holds for k£ = n and consider k =n+ 1. Let A = {z €
X | card f~*(x) < n}. Notice that A is closed in X’. Given a map g : C — K,
C closed in X', one can extend it over a neighborhood U of AU C. Choose a
neighborhood V of AUC in U with ¢l(V) C U. Given € X' — A, there is an open
neighborhood U, of z in X’ such that f|U, : U, — f(U,) is a homeomorphism.
Choose a locally finite cover {Fs}scs of X’ consisting of closed sets and refining
{VIU{U, | z € X' — A}. We may assume that the set S’ = {s € S| Fs ¢ V}
is well-ordered. Suppose ¢’ : (V) U J{Fs | s < t} — K is an extension of g.
Since K € AE(F;) , one can extend ¢’ over cl(V)U|J{Fs | s < t}. By transfinite
induction there is an extension ¢’ : X’ — K of g. O

Definition. Given a space X and k > 0, the k-th symmetric product SP*(X) of
X is the space of orbits of the action of the symmetric group Sy on X*. Points of

k

SP*(X) will be written in the form Y x;. SP*(X) is equipped with the quotient
i=1

topology given by the natural map « : X¥ — SP¥(X). If X is metrizable, then

7 : X* — SP¥(X) is both open and closed (see p. 255 of [D-T]), so SP¥(X) is
metrizable, too.
k
If X has a base point a, then SP¥(X) has ) a as its base point; this base point

i=1
will be denoted by a, too. Notice that there is a natural inclusion i : SP™(X) —
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> x;+(k—n)a. In this

=1

SP¥(X) for all n < k. Tt is given by the formula i( " ;)
i=1

way, points of the form Y x;, n < k, can be considered as belonging to SP*(X).
i=1
The direct limit of SP?(X) — ... — SP"(X) — ... is denoted by SP*°(X).

Lemma 3.2. Suppose (X, x), (M,a) are pointed metrizable spaces and f : (X, xq)
— (SPk(M),a) is a map, k > 1. Let (X', z}) be the pull-back of the diagram

(MF,a)

(X,20) —L— (SP¥(M),a)

and let @ : (X' z) — (X, x0) be the natural projection. Then, f* : (X,z9) —
(SPH (X", x}) defined by f*(z) = Sy is continuous.

ye(n') =1 (x)
Proof. Let M* — SP¥(MF¥) be the map assigning to each element m of M* the

sum of all points obtained by permuting coordinates of m. It factors as gm for
some g : SP*(M) — SP*(MP"). Let i : X x SPH(MF) — SP*(X x M*) be the
k

k
map defined by i(x, > m;) = > (x,m;). Notice that f*(x) = i(x,gf(z)) for all
i=1 i=1

r e X. O

Lemma 3.3. Suppose X is metrizable and K € AE(X) is a pointed CW complex.
Given a closed subset A of X and g : A — SP*(K), there is an extension g’ : X —
SPFE(K) of g.

Proof. Assume K is a pointed simplicial complex. Add a discrete base point to A
and map it to the base point of SP*(K). Given a simplicial complex L, we use L,
to denote L with the weak (CW) topology and L,, to denote L with the metric
topology (both are homotopy equivalent—see [M-S, Theorem 10 on p.302]). Let
C(K) be the cone over K. Since SP*(C(K),) is contractible (SP¥ is a functor from
the homotopy category, see [D-T]), there is an extension G : X — SP*(C(K),,) of
the composition A — SP*(K,) — SP*(C(K),). Let f : X’ — X be the pull-back
of the projection C(K)k — SP*(C(K),,) under G. Thus, X' = {(x,z1,... ,71) €

k
X x C(K)k | G(x) = Y. x;} and f(z,21,...,2%) = 2. X' contains, as a closed
i=1

set, the space A’ obtained as a pull-back of K¥ — SPF(K,,) under g. Extend
the natural projection A’ — KX over X’ and compose it with K¥ — SP*(K,,).
The resulting map induces SP*(X’) — SP*(SP*(K,,)) — SP**(K,,) (SP* is
a functor), which, when composed with f* : X — SP*(X’), is an extension of
g:A— SP*(K,,). Since K,, and K, are homotopy equivalent, we are done. [

Remark. If X is a compactum, Dranishnikov [Drs] proves a stronger result, namely
that K € AE(X) implies SP*(K) € AE(X) for all k > 0.

Theorem 3.4. Suppose X is metrizable and K € AE(X) is a CW complex. Then,
dimHm(K;Z) X <m

for all m > 0.
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Proof. Tt suffices to show that SP>*(K) € AE(X) as SP*(K) homotopy dominates
K(H,(K;Z),m) for each m > 0 (see [D-T]). Replace SP>(K) by the telescope

DSP’“(K) x [k —1,k]
k=1

and use Lemma 3.3. ]

Added in proof. W. Olszewski [Ol;] solved Problem 4 by answering Conjecture 2.10
positively.

J. Dydak and J. Mogilski [D-M] answered Conjecture 2.9 positively for K =
K(Z,n).

W. Olszewski [Oly] expanded section 2 of this paper and solved Problem 6 by
answering Conjecture 2.9 positively.

A. Dranishnikov [Dr5] solved Problem 8 positively.
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