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TWISTED GROUPS AND
LOCALLY TOROIDAL REGULAR POLYTOPES

PETER MCMULLEN AND EGON SCHULTE

ABSTRACT. In recent years, much work has been done on the classification
of abstract regular polytopes by their local and global topological type. Ab-
stract regular polytopes are combinatorial structures which generalize the well-
known classical geometric regular polytopes and tessellations. In this context,
the classical theory is concerned with those which are of globally or locally
spherical type. In a sequence of papers, the authors have studied the cor-
responding classification of abstract regular polytopes which are globally or
locally toroidal. Here, this investigation of locally toroidal regular polytopes is
continued, with a particular emphasis on polytopes of ranks 5 and 6. For large
classes of such polytopes, their groups are explicitly identified using twist-
ing operations on quotients of Coxeter groups. In particular, this leads to
new classification results which complement those obtained elsewhere. The
method is also applied to describe certain regular polytopes with small facets
and vertex-figures.

1. INTRODUCTION

In recent years, the classical notion of a regular polytope has been generalized
to abstract regular polytopes; these are combinatorial structures with a distinc-
tive geometric or topological flavour, which resemble the classical regular polytopes
(Danzer-Schulte [8], McMullen-Schulte [23]). For related notions in geometric or
group theoretic contexts, see also McMullen [12], Griinbaum [10], Dress [9], Bueken-
hout [1] and Tits [29].

A central problem in the classical theory is the complete description of all regular
polytopes and tessellations in spherical, euclidean or hyperbolic space. The solution
to this problem is well-known; see Coxeter [4, 5]. When posed within the theory
of abstract polytopes, the classification problem must necessarily take a different
form, because a priori an abstract polytope is not embedded into an ambient space.
A suitable substitute is now the classification by global or local topological type.
Not every abstract polytope admits a natural topology, but if it does, then it is
subject to classification with respect to this topology.

The classical theory solves the spherical case. Using terminology to be intro-
duced in Section 2, this can be summarized by saying that the only universal
abstract regular polytopes which are locally spherical are the classical regular tes-
sellations in spherical, euclidean or hyperbolic space. Among these, only those that
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are globally spherical (isomorphic to convex regular polytopes) are finite (Cox-
eter [5], Schulte [25], McMullen-Schulte [23]). The next simplest topological kind
of finite regular polytope is a toroid, and so a main problem is the correspond-
ing classification in the locally toroidal case (we shall clarify what this means in
Section 2). The problem of classifying the locally toroidal regular polytopes (of
rank 4) was raised by Griinbaum [10] in the 70’s; see also Coxeter-Shephard [7] and
Weiss [31].

In a sequence of papers, the present authors have extensively studied the globally
toroidal regular polytopes (regular toroids) and the locally toroidal regular poly-
topes. For a recent survey on this subject, see [28]. For rank 3, the regular toroids
are the well-known regular (reflexible) maps {4,4} .+, {6,3}(s+) and {3,6}(4)
(with t = 0 or ¢ = s) on the 2-torus (Coxeter-Moser [6]). In [21], the regular toroids
of rank n + 1 were classified for all n; they correspond to the regular tessellations
on the n-torus (see Section 3). Then an abstract polytope is called locally toroidal
if its facets and vertex-figures are (globally) spherical or toroidal, with at least one
kind toroidal. Locally toroidal regular polytopes can only exist in ranks 4, 5 and 6,
because in higher ranks there are no suitable hyperbolic honeycombs which cover
them.

At present, the situation is best understood in ranks 4 and 5. In rank 4, the
classification involves the study of each of the Schlafli types {4,4,r} with r = 3,4,
{6,3,p} with p = 3,4,5,6, and {3,6,3}, and their duals. The classification is
complete for all types except {4,4,4} and {3,6,3} ([18, 19]). For {4,4,4} it is
nearly complete, but for {3,6,3} only partial results are known. In the spherical
case, each Schlafli symbol gives just one polytope. In the toroidal case, however,
this is no longer true, and the classification must necessarily be carried out among
all polytopes with given isomorphism types of facet and vertex-figure. Since the
regular (n + 1)-toroids are parametrized by n-vectors (like (s, t) for {6, 3}(8’0), this
leads to a discussion of different classes of polytopes, each parametrized by one or
two such vectors.

For instance, for the class C = ({6,3} (), {3,3}) of locally toroidal regular 4-
polytopes with facets of type {6,3}+ and tetrahedral vertex-figures {3,3}, the
classification reads as follows. For each (s,t) with s > 2 and ¢t = 0 or s, there is a
universal regular polytope in C, denoted and uniquely determined by the generalized
Schléfli symbol {{6,3}(+),{3,3}}; this polytope is finite if and only if (s,t) =
(2,0),(3,0),(4,0) or (2,2). In particular, in the finite cases, the automorphism
groups are S5 x Cy of order 240, [112]> x Cy of order 1296, [112]* x Cy of order
25360, and S5 x Sy of order 2880, respectively. Here, [112]3 and [112]* are certain
finite unitary reflexion groups in complex 4-space ([3, 18]). There are similar such
classification results for all of the above Schlafli types.

In rank 5, only the Schléfli type {3, 4, 3,4} and its dual occur. In [21] it was shown
that just three parameter vectors belong to finite universal polytopes. However,
the structure of the corresponding group was not determined for two of these three.
The two missing groups have now been found by an application of our approach
in Section 7, Corollary 7.10 and Theorem 7.13; see also Corollary 7.4 for the third
group. In rank 6, the types are {3,3,3,4,3}, {3,3,4,3,3} and {3,4,3,3,4}, and
their duals. The known finite polytopes are listed in [21]; these lists are conjectured
to be complete, and this is supported by geometric arguments.

In this paper we again investigate the locally toroidal regular polytopes, now with
a particular emphasis on the polytopes of ranks 5 and 6. After a brief summary
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of the general properties of regular polytopes in Section 2, and a review of the
toroids in Section 3, we discuss in Section 4 a stronger version of some twisting
arguments which occurred in [16]. We construct certain regular polytopes 29 and
L9 whose groups are semi-direct products of the Coxeter group with diagram G
by the group of their vertex-figure or co-faces K, respectively. It is striking that
many universal locally toroidal regular polytopes are indeed such polytopes 259
or L9 for suitable £,K and G. This fact rests on a corresponding universality
property of these polytopes proved in Section 5, and in particular leads to some
new classification results.

In Section 6 we present a new construction of locally toroidal regular 5-polytopes.
In particular, this proves the non-finiteness of all universal 5-polytopes {{3,4, 3},
{4,3,4}.} with “odd” parameter vectors s. It also implies that each of these poly-
topes has infinitely many finite quotients with the same facets {3,4, 3} and vertex-
figures {4, 3,4}s. Finally, in Section 7 we describe a method of finding polytopes
with small faces as quotients of polytopes constructed in earlier sections. This also
includes the recognition of the groups of regular polytopes of rank 6 whose facets
and vertex-figures are small toroids of rank 5; see Corollary 7.11 for an example.
The method is strong enough to work for some other topological types as well. For
example, Theorem 7.14 deals with some polytopes of “mixed toroidal-projective

type”.

2. BASIC NOTIONS

In this section we give a brief introduction to the theory of abstract regular
polytopes. For more details the reader is referred to [15, 23].

An (abstract) polytope of rankn, or simply an n-polytope, is a partially ordered set
P with a strictly monotone rank function with range {—1,0,... ,n}. The elements
of rank i are called the i-faces of P, or wertices, edges and facets of P if i = 0,1
or n — 1, respectively. The flags (maximal totally ordered subsets) of P all contain
exactly n + 2 faces, including the unique minimal face F_; and unique maximal
face F), of P. Further, P is strongly flag-connected, meaning that any two flags ®
and W of P can be joined by a sequence of flags ® = &y, P4,... , P = ¥, which are
such that ®;_; and ®; are adjacent (differ by one face), and such that ® N C P;
for each . Finally, if F' and G are an (i — 1)-face and an (i + 1)-face with F' < G,
then there are exactly two i-faces H such that F' < H < G.

When F and G are two faces of a polytope P with F' < G, we call G/F :=
{H|F < H < G} a section of P. We may usually safely identify a face F' with the
section F//F_;. For a face F' the section F,/F is called the co-face of P at F, or
the vertex-figure at F if F is a vertex.

An abstract n-polytope P is regular if its (combinatorial automorphism) group
A(P) is transitive on its flags. Let ® := {F_1, Fy,... ,Fn_1,F,} be a fixed or base
flag of P; occasionally we do not mention F_; and F),, because they belong to
each flag. The group A(P) of a regular n-polytope P is generated by distinguished

generators pg, ... ,pn—1 (with respect to ®), where p; is the unique automorphism
which keeps all but the i-face of ® fixed. These generators satisfy relations

(1) (pipj)P = (4, =0,... ,n—1),

with

(2) Pii = 1, pij =pji =22 (i #J),
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and

A coarse description of the combinatorial properties of P is given by its (Schldfii)
type {p1,...,Pn—1}, whose entries are the numbers p; = pj_1,; (j = 1,...,
n — 1). Further, A(P) has the intersection property (with respect to the distin-
guished generators), namely

(4) A(pilie)n{pi|liedy={p;lieInJ) forall I,J C{0,...,n—1}.

By a C-group we mean a group which is generated by involutions such that (1),
(2) and (4) hold. If in addition (3) holds, then the group is called a string C-group.
The automorphism group of a regular polytope is a string C-group. Conversely,
given a string C-group, there is an associated regular polytope of which it is the
automorphism group ([25, 15]). Note that Coxeter groups are examples of C-groups
(129)).

We remark that our usage of the term “C-group” differs from that in previous
papers, where the term was used for groups which we now call string C-groups.
From now on we include the qualification “string” to emphasize that a string C-
group is a quotient of the Coxeter group [p1,... ,pn—1] with the string diagram

D1 D2 Pn—2 Pn-1

with the p; defined as above. Note that [p1,... ,pn,—1] is the group of the universal
regular polytope {p1,...,pn—1} ([25]). For example, [6,3,3] is the group of the
regular honeycomb {6, 3,3} in hyperbolic 3-space ([4]).

Let P and Q be n-polytopes. A mapping ¢ : P — Q is called a covering if ¢
is incidence- and rank-preserving, and maps adjacent flags onto (distinct) adjacent
flags; then ¢ is necessarily surjective. A covering ¢ is called a k-covering if it maps
sections of P of rank at most k& by an isomorphism onto corresponding sections of
Q. If p: P — Q is a covering, then we say that P covers Q, or that Q is covered
by P.

Let P be an n-polytope and N a subgroup of A(P). We denote by P/N the
set of orbits of N in P; the orbit of a face F' of P is written N - F. We introduce
a partial order on P/N as follows: if G1,G2 € P/N, then G; < G if and only
if G; = N - F; for some F; € P (i = 1,2) with F; < F5. The set P/N together
with this partial order is called the quotient of P with respect to N. In general,
P/N will not be a polytope, but if it is, then the canonical projection wn : F +—
N - F defines a covering of P/N by P. In particular, if P is regular and N a
normal subgroup of A(P) = (po, ..., pn—1) such that A(P)/N is a string C-group
(with generators pgN, ..., pn—1N), then P/N is a regular n-polytope with group
A(P/N) ~ A(P)/N (under an isomorphism mapping distinguished generators to
distinguished generators). For further details, see [22, 23].

In verifying that a given group is a C-group, it is usually only the intersection
property which causes difficulty. Here the following result is sometimes useful; we
shall refer to it as the quotient lemma ([22]).

Lemma 2.1. Let U := (pg,... ,pn—1) be a group generated by involutions py, ...
Pn—1, such that (p;p;)? = & whenever j —i > 2, and let (0¢, ... ,0n—1) be a string
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C-group with respect to the distinguished generators og,... ,0,—1. If the mapping
pj — o5 for j = 0,...,n —1 defines a homomorphism which is one-to-one on
(Poy -+« s pn—2) or on {p1,... ,pn_1), then U is also a string C-group.

In other words, U is the group of a regular n-polytope, and this polytope covers
the regular n-polytope with group (og,... ,0n-1).

The quotient lemma is an important tool in the investigation of one of the main
problems in the theory, that of the amalgamation of regular polytopes of lower
rank. Given regular n-polytopes P; and P such that the vertex-figures of P; are
isomorphic to the facets of Ps, we denote by (P1, Pa) the class of all regular (n+1)-
polytopes P with facets isomorphic to P; and vertex-figures isomorphic to Psy. If
(P1,P2) # 0, then any such P is a quotient of a universal member of (P, Ps), the
universal (n — 1)-cover of P; this universal polytope is denoted by {P1, P2} ([26]).

For instance, if P; is the octahedron {3,4} and P, the cube {4, 3}, then (P1, P2)
consists of all abstract regular 4-polytopes with octahedral facets and cubical vertex-
figures. The universal polytope {Py, P2} is now the (finite) regular 24-cell {3,4, 3}
with group [3,4, 3] of order 1152. This covers all the polytopes in (P, P2), whose
only other member is the polytope {3,4,3}s (which we shall meet again below),
obtained by identifying antipodal faces of the 24-cell of each dimension (rank). On
the other hand, if P; = {4,3} and P2 = {3,4}, then {P1, P2} is the (infinite) tes-
sellation {4, 3,4} of euclidean 3-space by cubes; the toroids {4,3,4}s defined in the
next section are then non-universal members in the class (Py, P2).

These two examples of spherical and locally spherical polytopes illustrate the
following problems about general universal polytopes. When is (P71, P2) non-empty,
or, equivalently, when does {P;, Py} exist? When is {P1, P2} finite? How can we
construct {P;, P2} and its group? In this paper, what we have in mind when we
use the term “classification” of polytopes is the classification of all finite universal
polytopes in the given context. It would of course be desirable actually to describe
all the polytopes in a class (P, P2). However, in view of the results of [20], this
seems to be rather hopeless. In fact, very often the class contains infinitely many
finite polytopes if it contains a suitable infinite polytope. We shall elaborate on
this in Section 6.

An abstract regular (n + 1)-polytope in (Py, Pa) is called locally spherical if Py
and P, are isomorphic to (classical) regular convex polytopes. It is locally toroidal
if P; and Ps are isomorphic to regular convex polytopes or regular toroids, with
at least one of the latter kind. If P; and P, are of Schlafli types {p1,p2,... ,Pn—1}
and {pa,...,Pn—1,Pn} respectively, then any locally toroidal (n + 1)-polytope in
(P1,P2) is a quotient of the regular honeycomb {p1, ... ,pn}, which is in hyperbolic
n-space. Since there are no such honeycombs in dimensions greater than 5, this
limits the classification of the corresponding polytopes to ranks 4, 5 and 6 (see [4]).

3. REGULAR TOROIDS

In this section, we briefly summarize results on globally toroidal regular poly-
topes or, briefly, the regular toroids. The regular toroids of rank n + 1 are obtained
as quotients of a regular honeycomb in euclidean n-space E™ by normal subgroups
or identification lattices of their translational symmetries. The regular toroids of
rank 3 are well-known, and correspond to the regular maps on the 2-torus (Coxeter-
Moser [6]). These are the maps {4,4} s+, {6,3}(s,¢) and {3,6},,¢) with ¢ = 0 or
t=s.
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1378 PETER MCMULLEN AND EGON SCHULTE

The classification problem for higher ranks was solved in [21]. Apart from rank
n = 5, the only examples come from the cubical honeycomb {4,372 4} in E"
for n > 2, which gives rise to the regular (n + 1)-toroids {4,3"~2 4}, with s :=
(s*,0"%), s > 2 and k = 1,2 or n. In such contexts, the notation ¢" stands for a
string g, ... ,q of length m. If n = 2, these are the maps {4, 4}, ) and {4, 4}, ) on
the 2-torus, as above. In general, if we take the vertex set of the honeycomb to be
the integer lattice Z", then the identification lattice Ag for {4,372, 4} is spanned
by s and all vectors obtained from s by permuting its coordinates and changing
their signs.

For n > 3 there are exactly three classes of toroids parametrized by k; for n = 2
two of these classes coincide. The group of the regular toroid {4, 3"~2, 4}4 is denoted
by [4,3"~2 4], which is the Coxeter group [4,3"2 4] = (py, ... , pn), factored out
by the single extra relation

(5) (Pop1 -+ Prpn—1-+ pr)*"

= 6’

where € throughout denotes the identity. The details are given in Table 1; in this
and similar tables, v and f are the numbers of vertices and facets, respectively,
while g is the group order.

The only other regular toroids of rank 4 or more are dual pairs of regular 5-
toroids derived from the honeycombs {3,3,4,3} and {3,4,3,3}. We just consider
the former, and take the vertex-set of the honeycomb to be Z4*U (Z* + (%, %, %, %) ),
the set of points in E* whose cartesian coordinates are all integers or all halves
of odd integers (or, equivalently, the set of points corresponding to the integral
quaternions). Again, the identification lattice Ag is spanned by a vector s :=
(s¥,0n=*) and its transforms under the group of the vertex-figure at (0,... ,0), but
this time the additional symmetries (induced by right and left multiplication by
unit quaternions, and by conjugation of quaternions) imply that the case k = 4 is
already accounted for by the case k = 1; more exactly, (s,s,s,s) is equivalent to
(25,0,0,0). This leaves only the two choices k = 1,2, which indeed give regular
toroids {3, 3,4, 3}s. The group of {3, 3,4, 3} is denoted by [3, 3,4, 3]s, which is the
Coxeter group [3,3,4,3] = (po, ... ,p4), factored out by the relation

(6) (pooTo)® = e ifk=1,
(pooT)?s e ifk=2

where o := p1p2p3p2p1 and 7 = pypsp2psps. The details are given in Table 2;
note that the group order in case s = (s¥,0%~%) can more succinctly be written as
g = 1152k2s*, with analogous common expressions for v and f.

TABLE 1. The polytopes {4,372, 4}.

Ls [ v [ f [ 9 |
(s,0m71) s" s" (28)™ - n!
(s2,072) | 23" 2™ 2ntlgn . p)

(sn) 271—1871 Qn—lsn 22n—18n .n!
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TABLE 2. The polytopes {3,3,4,3},.

(5,5,0,0) | 4s5* | 125* | 4608s*

4. TWISTING

In [16], we described various methods of twisting Coxeter groups or unitary
groups generated by involutory reflexions, and we applied these twisting techniques
to the problem of classifying locally toroidal regular 4-polytopes. Since then, we
have found that some of the assumptions we made were unnecessarily strong. We
therefore now sketch an extension of the twisting technique (though not in its full
generality); we shall apply it in later sections to determine the structure of the
groups of certain regular polytopes.

The basic idea of twisting involves extending an existing C-group by taking its
semi-direct product with a subgroup of its automorphism group, which will also
be a C-group. In the present cases, the original group is given by a (generalized
Coxeter) diagram, and the automorphisms will then be diagram automorphisms,
which will usually act effectively only on some subset of the diagram.

We shall particularly concentrate on the construction of the regular polytopes
L9 which are crucial for the next sections. Here, £ and K are certain regular
polytopes, and G is a Coxeter diagram on which A(K) acts in a suitable way as a
group of diagram symmetries. We shall frequently take £ to be 1-dimensional; in
this case, we also write 29 for £/9 since £ is determined by its 2 vertices.

In our applications, a Coxeter diagram G will thus actually represent the cor-
responding Coxeter group. However, occasionally it is also useful to think of the
diagram as representing a suitable quotient of the corresponding Coxeter group;
indeed, under certain conditions, our construction of £59 carries over to this sit-
uation. In describing or drawing (Coxeter) diagrams G of groups generated by
involutory reflexions, we adopt the following convention. It is often convenient to
think of a pair of distinct nodes 4,7 of G which are not directly joined in G, and
so correspond to commuting generators, as being joined by an #improper branch
with label m;; = 2. Accordingly, if a diagram G is drawn and some of its branches
labelled 2, then these branches are improper and, strictly speaking, do not belong
to G.

The choice of diagrams will now be further restricted. Let G be a diagram of a
group generated by involutory reflexions, and let K be a regular n-polytope with
group A(K) = (19,... ,Tn—1). Then G is called K-admissible if A(K) acts as a group
of diagram automorphisms on G with the following properties. First, A(K) acts
transitively on the set V(G) of nodes of G. Second, the subgroup (7i,...,7h—1)
of A(K) stabilizes a node Fy (say) of G, the initial node (it may stabilize more
than one such node). Third, with respect to Fpy, the action of A(K) respects the

intersection property for the generators 7, ... ,7,—1 in that, if V(G, I) denotes the
set of transforms of Fy under (r; | € I) for I C{0,... ,n — 1}, then
(7) VG, HnV(G,J)=V(G,InJ)

for all such I and J. (In contrast to [16], we do not demand that A(K) be faithfully
represented as this group of diagram automorphisms.) Observe that, if j <n —1
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1380 PETER MCMULLEN AND EGON SCHULTE

and KC; is the basic j-face of I, then the induced subdiagram of G with node set
V(G,{0,...,5 —1}) is a K;-admissible diagram (with the same initial node).

We shall usually have V(G) = V(K), the vertex set of K; then A(K) acts in the
natural way, and Fj is the vertex in the base flag of K. In this situation, (7) is
always satisfied, and K-admissibility of a diagram G just means that A(K) acts on
G as a group of diagram automorphisms.

For instance, consider the diagram G on the vertex set of the octahedron I =
{3,4} which connects antipodal vertices by a branch labelled s with s > 3, but
has no other proper branches (or, equivalently, all other branches are improper).
Then A(K) acts on G in a natural way as a group of diagram symmetries; equiv-
alently, A(KC) acts on the corresponding Coxeter group Dy x Dg X Dy as a group
of automorphisms permuting the generators. If the vertices of I are 1,... ,6 with
i,7 + 3 (mod6) antipodal, then we can take 79 := (1 2)(4 5), 71 := (2 3)(5 6),
To := (3 6), and Fy := 1. Then Fj is fixed by the group (71, 72) of the vertex-figure
at Fp, and (7) is also satisfied. Hence G is C-admissible. If we allow s = 2, then G
is the trivial diagram with no (proper) branches. We shall revisit this example in
Corollary 5.8 below.

We construct the regular polytope £X9 as follows. Let K and G be as above,

and let £ = {q1,...,¢n-1}, the universal regular m-polytope whose group is
[q1,-- s@m-1] = (00,... ,Om—1) With string diagram
0 1 2 m—3 m—2 m—1
(8) —o— 00— — — — — —o— o
q1 q2 dm—2 gm—1

We shall construct a diagram D by adjoining (8) to G as follows. We identify the
node m — 1 of (8) with the node Fy in V(G), and take as the node set of D the
disjoint union V(D) := V(G) U {0,... ,m — 2}. As branches and labels of D we
take all the old branches and labels of both (8) and G, and, in addition, for each
node F' # Fy (=m —1) in V(G), one new branch with label ¢,,_1 connecting F' to
the node m — 2 of D. Then D is the diagram of a Coxeter group W := W(D) =
(o |k € V(D)) on which A(K) acts as a group of automorphisms permuting the
generators. Note that D = G (with initial node Fy = 0) if £ is of rank 1.

In the above example with K = {3,4}, if £ is the triangle {3}, then D consists
of three triangles with a common vertex Fy = 1, and the branches of D are marked
3 or s depending on whether or not the branch contains Fj.

We can now define the (m + n)-polytope £59 by its group W x A(K) (the
semi-direct product induced by the action of A(K) on W), and the distinguished

generators g, ... , Pmin_1 given by
ey for j=0,...,m—1,
(9) Pi '_{Tj_m forj=m,..., m+n-—1.

Again, as in [16, p.215], this defines a string C-group. If K is of type {p1,... ,pn—1},
then £%9 is of type {q1,... ,@m_1,27,P1,-.. ,Pn_1}, where 7 is the mark of the
(possibly improper) branch of G connecting the two nodes in V(G,{0}) =
{Fy, 70(Fy)}, the vertices of the base edge of K. The m-faces of £X9 are isomor-
phic to £, and the co-faces at (m — 1)-faces are isomorphic to K. For 1 < j < n,
the (m + j)-faces of £X9 are isomorphic to £Xi:95, where K; is the basic j-face

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



TWISTED GROUPS AND LOCALLY TOROIDAL REGULAR POLYTOPES 1381

of K and §; is the induced subdiagram of G on V(G,{0,...,5 — 1}). Similarly,
for —1 < j < m — 2 the co-faces at j-faces of £9 are isomorphic to [,;C’g, with
Li ={qjt2,- - qm-1}-

Note that, in the above, we do not rule out the possibility that /X is flat, where we
recall that a polytope is called flat if each of its vertices is incident with each facet.
In this case, if V(G) = V(K) (with the natural action of A(K)), then G,,_; = G;
moreover, £9 is also flat, and the facets of £59 are in one-to-one correspondence
with the facets of K.

Similarly, we do not exclude the case that K is neighbourly, where we recall
that a polytope is neighbourly if any two of its vertices are joined by an edge.
(More strictly, this property is 2-neighbourliness, but we shall not need to consider
its higher generalizations here.) If K is neighbourly and regular, then any two
vertices are joined by the same number of edges. But note that in a diagram G
with V(G) = V(K) only one of these edges is represented by a branch.

In most applications, £ will be 1-dimensional. In this case we write 29 for
L£%9. Further, if G is the trivial diagram on the vertex set V() of K, we simply
write £ or 2% instead of £9 or 259,

The following examples illustrate these concepts. In all cases, G will be the trivial
diagram on K, so that £X9 = £X. In particular, if £ is the triangle {3} and K is
the regular 4-simplex {3,3,3} (so that G has 5 vertices), we have

{3,4,3,3,3} = {33333},
[3a 4, 37 33 3] = W(D) X 553
with D the Coxeter diagram

[ ]
[ ]
P
EQZPP.
Q
Qe

Similarly, if £ and K are both the tetrahedron {3,3} (with 4 vertices), we obtain
{3,3,4,3,3} = {3,3}{33),
[35 37 47 3? 3] = W(D) X S4a

and now the same diagram D occurs in the form

°—‘hﬁﬁ

=

I s
>0
[ ]

Finally, taking this diagram D with W (D) = (09, ... ,05) in the form
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QQ ® 3
SRS
T2
1.—Qb522 417
I “Q,
Q
oe e 4

then the twisting operation
(c0y... ,05;70,T1,T2) — (T0, T1,00,05,03,T2) =: (P0,- - ,P5)
on W (D) defines the polytope {3,4,3,3,4} with group
(pos---,p5) =1[3,4,3,3,4] = W(D) x (S5 x C2).

It follows from these observations that the Coxeter group [3,4, 3, 3, 3] has subgroups
[3,3,4,3,3] and [3,4, 3,3, 4] of indices 5 and 10, respectively. This fact can also be
proved by simplex dissection of hyperbolic simplices.

Note that, with £ = {3,3,3} and K = {3} (on 3 vertices), we also have

{3,3,3,4,3} = {3,3,3}{3}, [3,3,3,4,3] = W(D) x S5,

with diagram

@ \ 4 bQ—.
Q
Ve

and the same group as in the first example is now expressed in a different way.

5. A UNIVERSALITY PROPERTY OF 2K:9

In this section, we prove a property of certain polytopes 259 and £X9 which
allows us to identify them as universal polytopes in their classes. The crucial
concept is that of an extension of a given diagram to a diagram on a larger set of
nodes, which preserves the action of K. It is striking that this method enables us to
deal with many classes of locally toroidal regular polytopes, and to find the finite
universal polytopes in these classes. This also lays the foundations for Sections 6
and 7.

Let K be a regular n-polytope with group A(K) = (70,...,7n—1) and (basic)
facet F := Kp,_1; then A(F) = (19,... ,Tn—2). Let H be an F-admissible diagram
on the vertex set V(F) of F, with the base vertex Fy of K as initial vertex. Then the
regular n-polytope 27" is defined and has vertex-figures isomorphic to F. Now,
if G is any K-admissible diagram on the vertex set V(K) of K such that H is the
induced subdiagram of G on V(F), then 29 is a regular (n + 1)-polytope in the
class (277 K). However, given H, such a diagram G need not exist in general. If
G does exist, then we call H a K-extendable diagram, and G a K-extension of H.
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For instance, let IC be the 24-cell {3,4, 3} (with 24 octahedral facets), and H the
diagram on the octahedron {3,4} which connects antipodal vertices by a branch
labelled s. Then we can take for G the diagram on the 24 vertices of K whose
restriction to the vertex-set of each facet is H. However, we could also add further
branches in a suitable way.

To give an example of a diagram H which is not K-extendable, choose for K
the hemi-cube {4,3};3 (obtained by identifying antipodal vertices of the 3-cube),
and for H the diagram on the four vertices of F := {4} which connects antipodal
vertices of F by a branch with a label at least 3, but connects no other vertices of
JF. Then H is not K-extendable, because in K antipodal vertices of F are connected
by edges of K.

It is easy to see that a diagram H is K-extendable if and only if it has the
following property:

A(K), then the corresponding branches in H have the same

If two diagonals (pairs of vertices) of F are equivalent under
(10)
label (possibly 2).

Note that it is not required that the two diagonals be equivalent under A(F). Given
a K-extendable diagram H, there exists a universal K-extension D of H, in the sense
that for any K-extension G there is a homomorphism W (D) — W(G) between the
corresponding Coxeter groups, which maps generators onto corresponding genera-
tors. This diagram D with node set V(K) is obtained as follows.

First, take the branches and labels of H and all their transforms under elements
of A(K); by (10), this already gives a K-extension. (This corresponds to the above
example for the 24-cell.) Second, complete the diagram D by adding (if possible)
branches with label co, one for each diagonal of K which is not equivalent under
A(K) to a diagonal of F. This gives a K-extension of H. Note that, in constructing
the universal K-extension, we have added as many branches with marks oo as
possible, while preserving the K-extension property. Note also that a K-extendable
diagram H coincides with all its K-extensions if and only if IC is flat. The following
theorem shows the significance of the universal -extension D.

Theorem 5.1. Let K be a reqular n-polytope with facet F, and let H be an F-
admissible diagram on the vertez-set of F which is K-extendable. Then the universal
polytope {277 K} exists, and

(25 K} = 25D,
where D is the universal K-extension of H.

Proof. By construction, 27 is in (27" L), so that the universal polytope does
indeed exist. It remains to prove that 2P is itself universal.

Let P := {27" K} and A(P) =: {ao,... ,ay). If Ny denotes the normal closure
of ap in A(P), then

(11) A(P) =Ny {aq,... ,an) (=Np-AK)).

For the polytope 27, the normal closure of pg = og in A(2°P) = (po, ..., pn) is
the subgroup W(D) = (o;|i € V(K)); here 0 is the base vertex of K. This shows
that

(12) AQ2EP) = W(D) - (1, pu) = W(D) x A(K).
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On the other hand, the mapping a; — p; (i =0,... ,n) defines a surjective homo-
morphism f : A(P) — A(2%7P), which is one-to-one on {(ay, ... ,a,), and maps Ny
onto W (D). Tt follows that the product in (11) is semi-direct.

Next, we observe that the action of A(K) on Ny is equivalent to that on W (D).
More precisely, if ¢, € (ai,... ), then

(13) paop ™! =agpt = flp)oofle) ! = f(¥)oof(¥)~!
(<= f(¥)(0) = f(¥)(0), as vertices of ).

To prove the less obvious assertion, note that f(¢¥~1p)oof(¥~"1¢)~! = o¢ from the

second equation, and thus f(1~1¢)(0) = 0. But then f(¢ 1) € (p2,...,pn), and

hence ¥ty € (ag,... ,a,), because f is one-to-one on {(ay,... ,ay).
Now by (13) the generators of Ny are in one-to-one correspondence with the
vertices of K. For i € V(K), define ; := gpiaogpi_l, where @; € (aq,...,q,) is such

that f(¢;)(0) = i¢. Then Ny = (B;]i € V(K)), Bo = o, and f(5;) = o; for all
i € V(K). To prove that f is also one-to-one on Ny, it suffices to check that Ny
belongs to the same diagram D as W (D). Two cases have to be considered.

First, consider f;3;, with {4, j} representing a diagonal class of IC which is equiv-
alent under A(K) to a diagonal class of F. Then we may assume that i,j € V(F).
Since P and 25T have the same facets 27°%, we know that f must be one-to-one
on the subgroup (8 | k € V(F)). It follows that 3;5; and o;0; have the same order.

Second, if {7, j} represents a diagonal class of X which is not equivalent under
A(K) to one of F, then since D is universal, 0;0; already has infinite order, and so

does 3;03;.
It follows that f is one-to-one on A(P) and thus P ~ 2%7P which completes the
proof. O

Call a polytope P weakly neighbourly if any two vertices of P lie in a common
facet. Examples of such polytopes are the toroids {4,4} 30y and {3,3,4,3}(2,0,0,0);
see Section 3.

Corollary 5.2. Let K be a regular n-polytope with facet F, and let D be the uni-
versal K-extension of the trivial diagram on F. Then {27 K} ezists and coincides
with 257 In particular, {27, K} is finite (with group Cgv(lC)| x A(K) ) if and only
if IC is finite and weakly neighbourly.

Proof. Apply Theorem 5.1 with H the trivial diagram on F. Then H is K-
extendable by the trivial diagram on K. From the definition of D, the polytope
2P s finite if and only if K is finite, and each pair of vertices of K is equivalent
under A(K) to a pair of vertices of F; that is, if and only if K is finite and weakly

neighbourly; in this case, W (D) ~ Cév(’c)‘ because D is trivial. O

For the next example, recall that a polytope is called simplicial if all its facets
are isomorphic to simplices, and cubical if its facets are isomorphic to cubes.

Corollary 5.3. Let K be a simplicial reqular n-polytope, and let D be the uni-
versal KC-extension of the trivial diagram on its facet F. Then the cubical requ-
lar (n + 1)-polytope {{4,3"=2}, K} ezists, and coincides with 2%P. In particular,
{{4,3"72},K} is finite (and then equal to 2%, with group the semidirect product
C’%V(K)l x A(K)) if and only if K is finite and neighbourly.
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Proof. Apply Corollary 5.2 with F = {372}, and use 2% = {4,3""2}. Further,
observe that a simplicial polytope is neighbourly if and only if it is weakly neigh-
bourly. O

Corollary 5.3 says that the only finite universal cubical regular polytopes are
those in which the vertex-figure is finite and neighbourly. It would therefore be
interesting to be able to characterize the finite neighbourly regular polytopes.

We proceed with further applications of Theorem 5.1. In all these cases, K
will be a regular n-polytope with centrally symmetric facets F, where we call a
regular polytope P centrally symmetric if its group A(P) contains a proper central
involution, which does not fix any of its vertices. (Note that, if a central involution
in A(P) fixes one vertex, then it fixes every vertex, and thus acts on the vertex-
set of P like the identity. It is therefore natural to leave such involutions out of
consideration.) A proper central involution in A(P) thus pairs up antipodal vertices
of P. Note that a central involution in the group A(P) of a regular polytope P
whose faces are uniquely determined by their vertex-sets (as is the case, for example,
when P is a lattice) must be proper, and so makes P centrally symmetric.

Antipodal vertices of a centrally symmetric regular k-polytope P cannot be
joined by an edge unless P has only two vertices, or, equivalently, p; = 2 in the
Schlafli symbol {p1, ... ,pr—1} of P. To see this, let A(P) = (po, ... , px—1), with the
pi the distinguished generators with respect to the base flag {Fy, ..., Fr_1} of P,
and let &« € A(P) be a proper central involution. If the vertices Fy and po(Fp) of the
base edge F are antipodal, then a(Fy) = po(Fp) implies that po € a{p1, ..., pr—1),
and hence that A(P) = (p1,. .., pr—1) X Co. It follows that P has only two vertices,
as claimed.

Now let K and F be as before, and suppose that F is centrally symmetric.
We write H = Hq(F) for the diagram on the vertex-set V(F) of F which connects
antipodal vertices of F by a branch marked s (> 2). In the cases we consider, H(F)
will be K-extendable, and we denote its universal C-extension by D := D;(K). Note
that, if 7 = {3"3,4}, then
(14) 27:7%5(]:) = {47 37173’ 4}(25,0”*2)7
a toroid with group [4,3"73,4] o5 gn—2y = D271 x [3773 4], If F = {3,4}, then
Hs(F) is the diagram which connects antipodal vertices of the octahedron by a

branch marked s, and 277 (%) is the toroid {4,3,4} (25,0,0) obtained from a (2s x
2s x 2s) cubical grid by identifying opposite walls.

Corollary 5.4. Let s > 2, and let K := {4,4} ) withb > 2 and c =0 orb. Then
{{4,4} 25,00, K} = 25+,

which is finite if and only if s > 2 and (b,c) = (2,0) or s =2 and (b,c) = (3,0). In

the finite cases, the groups are (Dsx D) % [4,4](2,0) and C39 x[4,4] (3,0, respectively.

Proof. Here, F = {4}, and H = H4(F) is K-extendable for all (b,c). The facets
are 277 = {4,4}(250). The group of 27 is finite if and only if W(D) is finite,
that is, if and only if s > 2 and (b,¢) = (2,0), or s = 2 and (b,¢) = (3,0). In the
finite cases, W(D) = D, x D, or W(D) = C3, respectively, so that the groups are
as described. O

For another construction of the polytopes in Corollary 5.4, the reader is referred
to [19]. The structure of the polytopes for s = 1 will be discussed in Section 7.
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Corollary 5.5. Let s > 2, and let K := {3,4,3}. Then
{{4a 3, 4}(23,0,0) ) ’C} = QK’DS(K)a
which is infinite for all s.

Proof. Now F = {3,4}, and again H = H(F) is K-extendable. The facets are
{4,3,4}(25,0,0), and the group W (D) is infinite for all s > 2. O

Corollary 5.6. Let s,t >2, k=1 or2, and let K := {3,3,4,3}4» g+-#y. Then
{{4,3,3,4} 25,0,0,0), K} = 227+ (),

which is an infinite polytope unless (s,t,k) = (2,2,1). If (s,t,k) = (2,2,1), the
group of the polytope is C3¢ x [3,3,4, 3](2,0,0,0y, of order 1207959 552.

Proof. We now have F = {3, 3,4}, the 4-crosspolytope. Note that antipodal ver-
tices of facets of K are never joined by an edge, so that H = H(F) is always
K-extendable. Observe also that, if (¢,k) = (2,1) or (2,2), then in K two ver-
tices can be antipodal vertices of more than one facet (in fact, eight facets); hence,
if we generate a K-extension by applying all automorphisms of K to H, we can
only take one branch for each such pair of vertices. Now the facets are isomor-
phic to {4,3,3,4}(2s,0,0,0)- The group of the polytope is infinite unless K is weakly
neighbourly and s = 2. This leaves the exceptional case (s,t,k) = (2,2,1); here,
D, (K) pairs up the 16 vertices of K to give a group C3° x [3, 3,4, 3](2,0,0,0)- (When
K =1{3,3,4,3}(2,0,0,0), the diagram D,(K) splits into four components, each given
by a complete graph on 4 nodes with all branches marked s.) O

Our next result generalizes Theorem 5.1, and deals with the polytopes £59 for
universal polytopes £ of rank at least 2. Here we do not need the concept of a
K-extension of a diagram.

Theorem 5.7. Let K be a reqular n-polytope with facet F, let G be a K-admissible
diagram on the vertex-set of IC, and let H denote the induced subdiagram of G on the
vertez-set of F. Letm > 2, and let L :={q1,... ,qm—1} and Lo :=={q2, ... ,qm—-1},
the vertex-figure of L. Then the universal regular (n + m)-polytope {E}-’H,ﬁg’g}
exists, and

{ﬁf’H,EIg’g} —rkg.

Proof. The proof is similar to that of Theorem 5.1. Let P := {£%™ £}9}. We
choose Ny to be the normal closure of {ayg, ... ,am—1) in A(P) := (ag, .. , Qmpn—1),
and conclude as before that

(15) A(P) ~ Ny X (Qmy -+ s @min—1) =~ No x A(K).

Then an analogue of (13) holds with the suffix 0 replaced by m—1; the corresponding
statement is also true for the suffixes 0,1,... ,m — 2, but here it is trivial because
0, € (Qm, ..., Wmyn—1) commute with each o; with j < m — 2. It follows that
No = (B |i € V(D)), with D the diagram used to define L9 (see Section 4). Again
it can be proved that Ny belongs to the same diagram D, because the polytopes have
the same facets and the same vertex-figures. The details are left to the reader. [

Corollary 5.8. Let K := {3,4}, and let Gs(K) be the diagram on the vertez-set of
K connecting antipodal vertices by a branch labelled s > 2. Then

{{37 4> 3}7 {4> 37 4}(25,0,0)} = {3}{374}’%()@7

which is infinite for all s.
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Proof. In this case, the facets are {3}{3} = {3,4,3} and the vertex-figures are
2k.G:(K) — {4,3,4}(25,0,0. Note that Corollary 5.8 gives another construction of
the duals of the 5-polytopes occurring in Corollary 5.5. If the vertices of I = {3, 4}
are labelled 1,... 6, with antipodes labelled 4,7 + 3 (mod 6), then the diagram D
involved in the construction of the polytopes of Corollary 5.8 is the diagram which
we discuss further in the next section. O

We conclude this section with yet another application of our methods to an
interesting extension problem for regular polytopes. Here we restrict ourselves to
the most important case where all the entries in the Schléfli symbols are at least 3;
the general case can easily be derived from this.

Theorem 5.9. Letn > 2, and let K be a regular n-polytope of type {p1,... ,pn—1}
with p1,... ,pp—1 >3. Letr >2, m>1 and q1,... ,qm—1 > 3. Then there exists
a regular (m + n)-polytope P with the following properties:

(a)  The polytope is of type {q1, ... ,qm—1,27,D1,. .. ,Pn—1}, and its co-faces to
(m — 1)-faces are isomorphic to K.

(b) P is “universal” among all reqular (m+n)-polytopes which have the prop-
erty of part (a); that is, any other such regular (m + n)-polytope is a quotient of
P.

(¢) P is finite if and only if m =1, r =2 and K is finite and neighbourly, or
m=2,p, =3, r=2and K = {3}. In these cases, P = 2% or P = {3,4,3}, with
groups C’gv(’ql x A(K) or [3,4,3], respectively.

(d) P=A{q,.-,qm_1}Y, where G is the complete graph on the vertex set of
K, in which the branches representing edges of K are marked r, while all
other branches are marked co. In particular, the m-faces of P are isomorphic to

{qla s 7QM—1}-

Proof. We use the same method of proof as for Theorems 5.1 and 5.7. Let £ :=
{q1,-- ,Gm_1}, and let G be as in (d). First note that L9 (with group A(L*9) =
(Poy - -+ s Pm4n—1)) is a polytope which satisfies (a). On the other hand, the existence
of any regular polytope with property (a) implies the existence of a universal such
polytope; a proof of this fact can be given by adapting the proof of Theorem 1
in [26] to the situation discussed here. Let P be this universal polytope, and let
A(P) = {ag, ... ,Qmin—1). As in the proof of Theorem 5.7, if Ny denotes the
normal closure of {ag,...,an_1) in A(P), then (15) holds and we again arrive at
Ny = {B;]i € V(D)), with D the diagram used to define £~9. Here, 8; = ay if
i < m — 2, or is the conjugate of a,,_; which corresponds to the vertex i of V' (K)
otherwise. Again we need to check that Ny belongs to the same diagram D as the
group W(D) = (0; |i € V(D)), that is, that 5;3; and o,0; have the same order for
any two nodes i, j of D.

Ifi,j < m—1, then 8;3; = a;a; and 0;0; = p;p; clearly have the same order, be-
cause P and L9 have the same Schlifli symbols. Since A(K) = (am, - -+ ;s Qmin_1)
acts on Ny as it does on W (D), the elements 3;6; and o;0; are conjugate to 3;6m—1
and 0;0,,-1, respectively, if ¢ < m — 2 and j € V(K); hence the orders are again
the same.

Now let 4, j € V(K). If i, j are joined by an edge of K, then modulo A(K) we may
assume that ¢ = m — 1 = Fp, the base vertex of K, and j = p;,(Fp) (= am(Fo)),
the other vertex in the base edge of K. But then
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_ _ 2 _ 2
0i0j = OFyPmOFyPm = (Ungm) = (pm—lpm) ,

and similarly

ﬂiﬂj = BFoamﬁFoam = (/BFUO‘m)2 = (O‘m—lam)Q-

It follows that both elements have order 2r, because the corresponding entry in the
Schlafli symbol is 2r. Finally, if 4,7 are not joined by an edge of I, then by the
construction of G the order of ¢;0; is infinite, and so is the order of 3;03;.

It follows that the homomorphism A(P) +— A(LX9) is an isomorphism, and thus
P and L9 are isomorphic polytopes. This proves parts (a), (b) and (d) of the
theorem.

Furthermore, £%9 is finite if and only if W (D) and A(K) are finite. Let K be
finite. If m = 1, then W (D) is finite if and only if G has no branches marked r > 3
or oo; that is, if and only if K is neighbourly and r = 2. In this case, P = 2K,
WD) = V™ and A(P) = V™« A(K). It m > 2, then W(D) can only
be finite if r = 2, and the node m — 2 of D is contained in at most 3 branches
(marked @,—2 > 3 or gi—1 > 3); that is, if and only if » = 2 and K = £ = {3} (and
m=mn=2). Butif r =2 and K = £ = {3}, then P = {3,4,3}. This completes
the proof. O

6. THE POLYTOPES {{3,4,3},{4,3,4}s}

As was remarked in the Introduction, up to duality there is only one possible
Schlafli symbol for locally toroidal regular polytopes of rank 5, namely {3, 4, 3,4}.
The polytopes are now members of a class ({3,4,3},{4,3,4}s), for some s =
(s#,037%) with s > 2 and k = 1,2,3. It is known that the corresponding uni-
versal polytopes Ps := {{3,4,3},{4,3,4}s} exist for all s, but are finite only if
s = (2,0,0), (2,2,0) or (2,2,2) ([21]). However, the method of proof in [21] is
constructive only for £k = 1. If £ = 1 and s > 2, the corresponding polytope P o,0)
can be obtained from the Coxeter group Us with diagram

°
s
P2
°
s P3
16 ° ° )
(16) p1 po T
T
T
To
"
T
T
b P4
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by choosing the generators po, ... , ps of A(P(s0,0y) = Us X S3 as indicated (p2 and
ps are diagram automorphisms).

The main result of this section, Theorem 6.3, uses the geometry of the octahedron
to obtain, for each k = 1,2,3 and each odd s = (s*,037%) (meaning that s is odd),
an infinite polytope in ({3,4,3},{4,3,4}s). This is based on Corollary 5.8 of the
previous section, and gives a more constructive way of proving the non-finiteness
of the corresponding polytope Ps. If s = (s,0,0), the construction gives Py itself.

It is interesting to note that the groups of these polytopes are residually fi-
nite, because they admit faithful representations as linear groups over the real field
(Malcev [11]). Recall that a group U is residually finite if, for each finite subset
{1, ,om} of U\ {e}, there exists a homomorphism f of U onto some finite
group, such that f(p;) # € for each j = 1,... ,m. It was proved in [20] that, if a
class (P1,P2) contains an infinite polytope P with a residually finite group, then
it contains infinitely many regular polytopes which are finite and are covered by
P. In particular, the construction of such infinite polytopes implies that all classes
({3,4,3},{4,3,4}s) with s odd contain infinitely many finite regular polytopes. We
conjecture this result to be true for even s with s > 2 as well. Note that there are
also similar results for each class which contains an infinite polytope 29 or £X9
with /C finite.

In our construction, we shall frequently use the following quotient relations
among the polytopes Ps ([21]):

P(25,0,0)

7N

P(s,s,s) P(S,S,O)

NS

P(S,O,O)

Now let K := {3,4} be the octahedron with vertices 1,...,6, where antipodal
vertices are labelled 4,7 + 3 (mod 6). Then

A(IC) = <7'Q,7'1,7'2>7
with

10 = (12)(45),
(18) 1 =(23)(56),

T — (3 6)
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The construction of Corollary 5.8 amounts to applying to the Coxeter group W, =

(00, ... ,06), with diagram
6
® b
b, s
1 b.
IHE
(19) Dy: s . 'bob
\ n b
4 Pe
¢ S
2
the twisting operation
(20) (00, ,06;T0,T1, T2) = (00,01,70,T1,72) =: (o, - ,P4)-

(The generator o; corresponds to the node marked j.) The resulting polytope is
P(25,0,0) With group A(P(2s,0,0)) = (po,--- ,pa) = Ws x [3,4].

We use the quotient relations (17) to relate the structure of the polytopes P(s 0,0y,
Ps,s,0) and Py ) t0 Pag0,0)- As we shall see, this works particularly well if s
is odd; the geometry of the octahedron then comes into play. However, we begin
with the case where s = 2t is even, when we shall recognize the group as a certain
semi-direct product.

Let us take the generators of A(P(250,0)) = War x [3,4] as in (20). If we write
X :=(123456) and w := (1245), then we have p1papsps = o1x and p1pap3paps =
o1w; these elements have orders 12¢ and 8t in A(P(a4,0,0)), respectively. By (5), the
groups of P ) and P, ;o) are the Coxeter group (3,4, 3,4], factored out by the
single extra relations (p1p2p3p4)% = € and (p1p2p3paps)?t = e, respectively.

But in A(P(24,0,0)), we have

(p1p2p3p1)*" = (0104)" (0205)" (0306)"
and
(p1p2p3paps)t = (0104)" (0205)".

Therefore, in A(P(ss,s)) and A(P(ss,0y), these relations impose extra relations on
the generators of Wy, namely

(21) (0104)t(0'20'5)t(030'6)t =&
and
(22) (0'10'4)t(0'20'5)t = (0'10'4)t(0'30'6)t = (0'20'5)t(0'30'6)t =g,

respectively; because of the action of A(K), the two latter relations of (22) are
equivalent to the first.
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Let Wgt and ﬁ/\gt denote the quotients of Wo; defined by the extra relations (21)
and (22), respectively. Then we have

A(P(25,0,0)) = War X [3,4]

“
/

A(Pss0) = War  [3,4] A(Pss0)) = War x [3,4]

s

/
N

A(P(s,0,0)) = Wy x [3,4]

with s = 2t, ¢ > 2. Note that we indeed have semi-direct products here, because
the surjective homomorphisms onto A(P(s0,0)) = W; X [3,4] are one-to-one on the
[3, 4]-subgroup.

The more interesting case is when s = 2t +1 (> 3) is odd. First, we describe a
new construction of the polytopes P4 0,0). We begin with two lemmas.

Lemma 6.1. Let s = 2t +1 > 3, and let (o, v1,p2) be the Coxeter group with

diagram

R 2
(24) o & 1 s

b
b
b b
¥1

factored out by the extra relation
(25) (@0@1(<ﬁ2<ﬁ1)t)2 =¢&.

Then (@0, ¢1, p2) ~ [3, 5], with the ¥; in the diagram

for [3, s] related to the p; by

(o,%1,%2) = (o, 1, 1(p2¢1)"),
(o, 01,02) = (0,91, VY2t0112).

Proof. 1t is easy to check that the relations of (24) and (25) in terms of ¢g, @1 and
o are equivalent to those for [3, s] in terms of 1, 11 and . O
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Lemma 6.2. Let s = 2t + 1 > 3, and let Us := {(pg,¢1,--- ,pe) be the group
abstractly defined by the standard relations given by the diagram

©6
b S
b
¥1 . b:p?)
b b o
(26) s bg o
. b
\ b
P4 e
. ©5
' s
P2

and the three extra relations

(27) (popi(pirspi)))? =€ fori=1,2,3.

Then Uy is isomorphic to the Coxeter group with diagram

® s

28
(28) Py U1 Yo T

Proof. Start from the group with diagram (28), and apply Lemma 6.1 to each of
its subgroups (g, ¥, ¥;13) (i = 1,2,3). Then the change of generators to ¢, ©;,
;43 in one subgroup does not effect the changes in the other subgroups. It is now
straightforward to prove the isomorphism. O

The results of the remainder of this section are summarized in Theorem 6.3
below. First, we consider the case s = (s,0,0). To construct the universal polytope
P(s,0,0) with s = 2¢ 4+ 1, we begin with the following observation. Relating P ¢,0)
to P(2s,0,0) as in (17), we see that in A(P(25,0,0)) = (po,...,ps) = W x [3,4], we
have

(plpzpsmpspz)s = (0104)t01 *T14,
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with 714 := (1 4), so that the imposition of the defining relation (p1p2p3papsp2)® =€
forces

(o104)'01 = T14

in A(P(,,0,0)); here we abuse notation and denote elements in the quotient A(P(s,0,0))
by the same symbols. Then, in view of the action of A(K), we also have

(0205)t02 = T25,
(0306)t03 = T36 = T2 = P4,

with 795 := (2 5) and 736 := (3 6). It follows that o9 = po and (0306)'03 = p4
commute, leading to relations like (25). This implies that W collapses to a quotient
of Us. As we shall see below, this quotient is indeed Us itself.

We can now construct P, o) using the group Us = (o, @1, .. , ) in the form
(26), and applying an operation like (20), taking into account the identifications
that have to occur. More precisely, consider the group Us; x S3 = Us X (79, 71)
with generators

(29) (Oéo,.. . ,014) = (@0780177-077-17(803906)t803)'

Now A := {ay, ... ,a4) coincides with U, x Ss, since 1oTiaum1To1 = (01904)¢ € A,
and thus ¢4 € A because (s,t) =1 (here, (s, 1) is the greatest common divisor). By
conjugation, therefore, 1,...,pg € A.

With respect to these generators, A is a string C-group. The facets of the
corresponding polytope are polytopes {3, 4,3}, occurring in the form {3}{3}. The
vertex-figures are polytopes {4, 3,4} ,,0,0), because (a2, asz, as) ~ C3 x Sz~ [3,4],
and (aq, ag, a3, 04) =~ (p1,...,p6) X S3 = D3 x S3. But our above arguments
(preceding this construction) imply that the polytope must in fact be the (universal)
Ps,0,0) itself, because it covers P(s 0,0)- In other words, P 0,0) exists for each odd
s, and its group is Us; x S3. If we set 73(37070) = P(s,0,0), this proves the case k =1
of Theorem 6.3 below.

Next, we treat the case k = 3 of Theorem 6.3. We again relate the polytopes
Pls,s,s) With s = 2t +1 to Pias,0,0). In A(P(2s,0,0)) = Ws X [3,4] we now have

(Plp2p3p4)3s = (0104)t01 : (0205)t02 : (0306)t03 : Xg,

where y is as above, so that x® = (14)(25)(36) is the central involution of [3,4].
In A(P(25,0,0)), the elements og = po and x* (€ (pz2, p3, p4)) commute, so that the
imposition of (p1p2p3p4)3* = ¢ leads to

(30) (00 - (0104)t01 - (0205) 09 - (0306)t03)2 =¢

in A(P(s,s,5)). While it seems difficult to get a handle on the quotient of W defined
by (30), we can still collapse this quotient further onto Us, corresponding to passing
from P s 5y to Pis0,0)- This suggests constructing from U a polytope 73(375,5) in
the class ({3,4,3},{4,3,4}(s.s,5)); however, this will not coincide with the universal
P 5,8,8) "

(To )do so, consider the regular 3-simplex 7 whose vertices lie at the centres
of alternate 2-faces of {3,4}, with one of its vertices at the centre of that 2-face
with vertices 1,2,3. Now the group of the polytope ﬁ(m’s) will be Us x Sy, with
Sy realized as the subgroup S(7) of [3,4] which preserves 7. Note that S(7) ~
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3,4]/(x?), and S(T) = (70, 71,w?), with w as before, so that w? = (14)(25). As
generators, we take

(31)  (Bo--- ,Ba):=(0, 1,70, T1, (L104) 01 (92005) 02 - (p306) 03 - w?).

In this context, one should think of 8, as x3w? = 7. First note that A =
(Boy .. ,B4) coincides with Us x S(7). In fact, ¢1,p02,03 € A and @5 =
(p1020384)%p3 € A; hence, @4, 5 € A and thus A = Uy x Sy. Again, A is a
string C-group, and the facets of the corresponding polytope 73(5,5,5) are isomor-
phic to {3,4,3}. Now the group of the vertex-figure is

<ﬁ1a"' 764> = <3017" . 7%06> X S(T) ~ Dg X 54 =~ [47374}(8,5,8))

so that vertex-figures of 73(37575) are isomorphic to {4,3,4}(57575). In particular,
73(37373) is an infinite regular polytope in ({3, 4, 3}, {4,3,4}(s,s,s)) Whose group is the
semidirect product Us; x Sy. This proves the case k = 3 of Theorem 6.3.

In a similar fashion we shall now deal with the case kK = 2, and construct a
regular polytope 73(5’5,0) in ({3,4,3},{4,3,4}(s,5,0)), With group U, x Dg (where
s =2t+1is odd). In A(P(25,0,0)) = W, x [3,4], we have

(P1P2P3/>4/)3)25 = (0104)t01 : (0205)t02 - K3,

with Rz := w? = (14)(25). In A(P(2s,0,0)), the elements oy = py and w? commute,
so that the imposition of (p1p2pspaps)?* = ¢ leads to
(32) (00 - (0104) 01 - (0905) 02)* = ¢
(or equivalent relations modulo [3,4] in A(P0,0))). Let & := (25)(36) and
= (14)(36); then (R1, Ko, R3) ~ C3. But in A(P(s,5,0)) we have k3 = (0104) 07 -
(0205)t02 and, by conjugation, 81 = (0205)t02 - (0306)t03 and Ky = (0104)t07 -
(0306)t03, so that (K1, K2, K3) becomes a subgroup of the corresponding quotient
of W;. Finally, for our construction of 73(3,5,0), we note that in [3,4] the groups
(R1,Ra,Rs) and (172, 71) = ((12)(45)(36),(23)(56)) (~ Dg) are complementary,
with the latter occurring as the group of the Petrie polygon £ of {3,4} with succes-
sive vertices 1,2,6,4,5,3 (see [5] for the definition, and Figure 1). Again, since it
is difficult to identify the quotient of Wy defined by (32) and equivalent relations,
we collapse the group further onto Us, corresponding to passing from P, s 0) to
P(5,0,0)-
As a subgroup of [3,4], the symmetry group of £ is given by S(L) = (ro72, 71).
Define the elements k1, k2, k3 of Us = (@o, ... ,ps) by

K1 = (902905) (<P3906) ©3,
(33) ke = (p104) 01 - (0306)" <P3,
kg = (prpa)ter - (waws)te

Then {k1, ko, k3) ~ C2, and (K1, K2, 53,7072,71> ~ (2 l><D5 ~ [3,4]. Now the group
of Ps,s,0) Will be Us x Dg, with Dg realized as S(L). As generators, we take

(34) (Y0, -+ »74) := (0, 1, T0T2X K3, 71, X *K3),

with x® = (14)(25)(36), again as before. Here, x* = (1o7271)® € S(£) and
Tom2X> = (15)(24) € S(L£). Keeping in mind the above identifications, one should
think of 75 as 79 (= (1 )(24) - (14)(25) = 7om2x® - k3) and of 4 as T (=
(14)(25)(36) - (14)(25) = x® - k3). To see that A := (y,...,74) coincides with
Us x S(L£), note that 7'07'2 = voy4 € A, and thus S(L) < A; then the conjugates
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FIGURE 1. The Petrie polygon L of {3,4}.

of ¢1 by elements in S(L) are also in A, proving that A = Us; x S(£). Again,
A is a string C-group with respect to its generators ~g,... ,74. To check that the
facets of the corresponding polytope 73(575)0) are isomorphic to {3,4,3}, we note
that (yo,...,73) = (©0,... ,p3) X Sz, with S5 given by (7y2,73). By construction,
(¥2,73,V4) = (K1, ko, k3) X S(L) =~ C3 x Dg = [3,4]. The vertex-figures are now
isomorphic to {4,3,4}s,s,0), because

<’Yla'~' 7’74> = <§017~" 5906> X S(‘C) = DS X Dg = [473a4](s,s70)'

It follows that 73(3,5,0) is in ({3,4,3},{4,3,4}(s,5,0))- This completes the proof of
the following result.

Theorem 6.3. Let k =1,2 or 3, let s =2t+1 > 3, and let Us denote the Coxeter
group with diagram (28). Then there exists an infinite reqular 5-polytope 73(5;6’03%)
in ({3,4,3},{4,3,4} (sr,03-ry); its group is U; x S3 (for k = 1), Us x Dg (for
k=2), orUs x84 (for k =3). In particular, ﬁ(s,0,0) = P(s,0,0), the universal
member in its class.

Remarks. (a) In the proof of Theorem 6.3, we identified the groups [4, 3, 4] sr g3-&)
for odd s as D3 x S3if k=1, D3 x Dgif k=2, 0or D3 x S, if k = 3.

(b) We can also construct a regular 5-polytope 73(23,0,0) in the class ({3,4, 3},
{4,3,4}(25,0,0)) with group Us x [3,4], by applying the exact analogue of (20)
directly to Us. Then (17) remains true with P gs-x) replaced by ﬁ(sk703—k), and
the corresponding quotient constructions are equivalent to our constructions.

Concluding this section, we remark that our techniques already work in rank
4. For example, if F = {4} and H4(F) is the diagram on the vertices of a square
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connecting antipodes by a branch labelled s (> 2), then by Theorem 5.7
{3}}-’HS ) = {{37 4-}7 {47 4}(25,0)}

for all s. This amounts to an operation like (20) on a diagram like (19) with only two
triangular subdiagrams. For odd s, we have an analogue of Lemma 6.2 involving
only two tails of (28). The construction of the corresponding polytope is equivalent
to that of [19] for {{3,4},{4,4} 50}

7. POLYTOPES WITH SMALL FACES

We often run into the problem of having to exclude the small polytopes of a cer-
tain class from our discussion. Examples are the regular polytopes {{4,3,4}22,0)
{3,4,3}} and {{4,3,4}(2,2,2),{3,4,3}} and their duals, but also sequences of poly-
topes of rank 6. In some cases, the Coxeter-Todd coset enumeration algorithm can
be applied to find the order of the corresponding group; even so, the structure of
the group has to be determined by other means.

In this section, we identify the groups of several locally toroidal regular polytopes,
including these two examples. In particular, this complements the work of [21],
which aims at the classification of all such polytopes of rank at least 5. The basic
technique is to construct a polytope as a quotient 2P /N of a larger polytope 27,
whose structure we know by Theorem 5.1 and its corollaries. Then the geometry of
the vertex-figure is used to identify the new group explicitly. Our approach avoids
prior knowledge of the order of the group; thus we need not appeal to the Coxeter-
Todd algorithm, although it can always be used to check our results. For a general
discussion of quotients of polytopes, see [22].

We first describe the basic technique. Let K be a regular n-polytope whose
facets F are centrally symmetric; this assumption on the structure of the facets is
important. As before, we denote by H(F) the diagram on the vertex set of F which
connects antipodal vertices of F by a branch labelled s, and by D, (F) the universal
K-extension of H,(F) to the vertex set V(K) of K. We are particularly interested
in the case s = 2, where Ha(F) is the trivial diagram, and thus every restriction
of Do(F) to the vertex-set of a facet of K is also trivial. We can further note that,
by the central symmetry of F, the polytope 27 has a non-standard representation
as 27 72(F)  which we shall use in our construction ([16, Theorem 3]). Then by
Theorem 5.1, {27, K} = {27 H2(F) K} = 28P2(K) | In the above examples, we shall
work with K = {3,4,3}, F = {3,4} and {27 K} = {{4,3,4}(4,0,0),{3,4,3}}.

For the remainder of this section we define H := Ha(F) and D := Dy (K); further,
we retain the notation of Section 5. In particular, we have A(K) = (r9,...,Tn—1),
and W (D) = (0; |1 € V(K)), with i = 0 (= Fp) the base vertex of K. Then

A@EP) = (po,...,pu) = W(D) x A(K).

We shall now construct quotients 2°7 /N of 2P where N is a subgroup of W (D)
which is normal in A(2%P). We choose N in such a way that the facets 2% of 2%P
collapse to smaller facets (like {4,3,4}(2,2,0) or {4,3,4}(2,2,2) in our examples).
Many of these quotients, but not all, are actually also quotients of the poly-
topes 2K, If D is the trivial diagram on K, and W(D) = (5;|i € V(K)) is the
corresponding (abelian) Coxeter group, then W (D) = C% with v = |V(K)|, and
0i — 0, (i € V(K)) defines a surjective homomorphism f : W (D) — W (D) map-
ping N onto a subgroup N of W (D) which is normal in A(2X). This gives us the
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quotient 25/N. More informally, N will be defined with respect to W (D) in the
same way as is N with respect to W(D). Note that if C3 is identified with the
v-dimensional vector space GF'(2)" over the Galois field GF(2), then N is a lincar
code; see also [27].

The following considerations indicate how the subgroup N of W(D) should be
defined in order to induce the right collapse on the facets. Assume that the vertex-
set of F is V(F) =10,...,2m — 1}, with j, j + m antipodal vertices of F for each
j=0,...,m—1. If Fis the (n — 1)-crosspolytope {33 4}, then m = n — 1.
Now recall from [16, p.222] that the polytope 27 = 27" admits a realization in

euclidean 2m-space E?™. In particular, if eg,... ,eam_1 denotes an orthonormal
basis of E?™, then the direct product
m—1
W(D) = X) (0, 0j4m) = (Ca x Co)™
j=0
is realized in such a way that (0;,0;4m) acts on the plane E; = (ej,€j4m) of

B2 — @ B by

(35) { 0']'(6]') = Cjtm,

oitm(€) = —€jtm.
(Recall that each o; is a linear involution.) Here, (0}, 0j4m) occurs as a subgroup
of index 2 in the symmetry group of the square P; with vertices e;, *€;4.,. Topo-
logically, one can think of the boundary 0P; of each P; as a 1-sphere (subdivided
by vertices), whose product is an m-torus S* x --- x S1. Our identifications will
now impinge on this m-torus to give a new m-torus.

Identification vector (2,0"2). First we study the smallest possible quotients
25D /N | that is, we take the largest possible choice for N. In particular, we shall
prove Theorem 7.1 below. In our examples, we shall have F = {3773 4} (with
n > 3), giving 27 = {4,3”73,4}(4’()”72). If 7 = {4}, then in A(2%) = (po, p1,p2) =
(00,70, 71), we have (pop1p2p1)? = 0o02; hence to collapse the facets onto {4,4}(5.0),
we have to choose N in such a way that ogoy € N. A similar remark applies
more generally with respect to facets {4,373, 4}(2’071_2) with identification vector
(2,072), using (pop1 - Prn_1Pn_2-*p1)> = 000n_1 = 000m. We therefore define

(36) N := {po;0;0" " |p € W(D), and {i,j} antipodal vertices of a facet of K).
Thus N is the normal closure of oo, in A(2%P), and
A(2MPY/N ~W(D)/N x AK).

Observe that in W(D)/N we have o;N = o;N if i,j are antipodal vertices of a
facet of .

To find the structure of W (D)/N, define the graph G with vertex-set V(K) as
follows. In Gx, two vertices ¢,j of V(K) are joined by an edge if and only if they
are antipodal vertices of a facet of L. Then

(37) W(D)/N =~ €5,

with w(Gx) the number of connected components of Gi. For (37), note that, by
the connectivity properties of I, each connected component of Gy in fact has a
representative vertex in the base facet F of K. But if ¢,j € V(F), then o; and
o; commute, so that W (D)/N is abelian. Note that, if 7 = {3773 4} (as in our
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examples), we can even find the representative vertex among the vertices 0, ... ,n—2
of the base (n — 2)-face of F.

Further, A(K) acts transitively on the components of Gg. But if i,j are in
the same component of Gi, and if 7 € A(K) with 7(¢) = ¢, then 4,7(j) and thus
i,4,7(j) are in the same component of G. If F = {3"73 4}, we can apply this
with 4,7, 7(4) € {0,... ,n — 2}, so that now either w(Gx) =1 or w(Gx) =n — 1.

Theorem 7.1. Let K be a reqular n-polytope with facets F = {3"73,4} (n >
3), and let G be the graph defined above. Then the regular (n + 1)-polytope
{{4,3773,4} (2, 0n-2), K} emists if and only if w(Gx) = n—1. In this case the polytope
is flat, has group C5y~ x A(K), and is finite if and only if K is finite.

Proof. We have w(G) = 1 or n— 1. In either case, A(2%P)/N is a string C-group.
If w(Gx) = 1, then W(D)/N ~ Cy and A(2%P)/N is the group of the regular
(n + 1)-polytope {{2,3"73,4}, K}. However, if w(Gx) = n — 1, then the facets are
flat tori, and A(27P)/N is the group of {{4,3" 73, 4} gu-2),K} (we recall that a
polytope is flat if each vertex is incident with each facet). The polytope itself is
then flat, because it has flat facets. O

Corollary 7.2. The regular 4-polytope {{4,4} 2,0y, {4, 4} (p.q)} exists for all p,q ex-
cept for ¢ = 0 with p odd. It is finite and flat, and its group is the semi-direct product
C3 x [4,4](p.q). of order 16(p* + ¢?).

Proof. Apply Theorem 7.1 with n = 3, K = {4,4}, ) and F = {4}. In particular,
w(Gx) =11if pis odd and ¢ = 0, and w(Gx) = 2 otherwise. O

Corollary 7.3. For n > 3, the regular (n + 1)-polytope {{4,3”73,4}(2’0%2),
{3773 4,3}} exists and is flat. Its group is Cy—" x [3773 4, 3].

Proof. In this case, K = {3"73,4,3} and w(Gx) =n — 1. O

Corollary 7.4. The regular 5-polytope {{4, 3,4} (2,0,0),{3,4,3}} exists and is finite
and flat. Its group is C3 x [3,4,3], of order 9216.

Proof. This result restates Corollary 7.3 for K = {3,4, 3}. O

Note that another way to construct the (dual of the) polytope in Corollary 7.4
is to let s =1 in (19) and (20); this implies that o; = 0,43 for i = 1,2, 3.

Corollary 7.5. The regular 6-polytope {{4,3,3,4}(2,0,0,00,13,3,4,3} 4 01-+)} ea-
ists for allt > 2 and k = 1,2, unless t is odd and k = 1. It is finite and flat, and
its group is Cq X [3,3,4,3]4x ga—r), of order 18432k>t*.

Proof. Now K = {3,3,4,3} s+ g4-+), so that w(Gx) =1 or 4. If k =1 and ¢ is odd,
then |V (K)| = t* is odd and V(K) cannot split into 4 components of the same size;
hence w(Gx) = 1. In the remaining cases, we can prove that w(Gi) = 4. In fact,
if ¢ is even (and k = 1 or 2), then the covering p : K — {3,3,4,3} gk ga-+) =2 L
induces an incidence preserving mapping of G onto G, and thus w(Gr) < w(Gk).
But a direct calculation shows that w(G.) = 4, so that w(Gx) = 4 also. If k = 2
and t is odd, we can use a covering from K onto the degenerate “polytope” L :=
{3,3,4,3}(1,1,0,0) instead. The 4 vertices of L are the vertices of a 3-face, and still
represent the 4 connected components of G, so that w(Gx) = 4 again. O
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Identification vector (2,2,0"3). We next study quotients whose facets are
{4,377, 4} (55 gn-3), with identification vector (2,2,0"~3). This is more compli-
cated than the previous case. As above, if F = {4}, then in A(27) we have
(pop1p2)* = opoe0103 (the order of the latter terms is irrelevant); hence we must
have ogo109203 € N to obtain {4,4}(272). A similar remark also applies to the
(n — 1)-crosspolytope F = {3773 4} and to the facets {4, 3"‘3,4}(272701L73), using
(pop1p2 - Pn_1pn_2---p2)* = 000n_1010,. We therefore define

N:=(poiojoro10™ | o € W(D)and {i, j}, {k, 1} pairs of

(38) antipodal vertices in a common facet of ).

If F = {4}, this is the normal closure of ogoj0903 in A(2%7P), and the vertices
1,7, k,1 are in fact all the vertices of the corresponding facet of KC; this case would
also fit into the discussion below of the identification vector (2"~1). More generally,
if F = {373 4}, the vertices i, j, k, | are the vertices of a diametral square of a facet
of K. Then in W(D)/N, the product of any three generators from o; N, o;N, o N,
oyN is the fourth. Again, A(2%P)/N ~ W(D)/N x A(K). We shall now discuss
several applications.

Theorem 7.6. The universal reqular 4-polytopes {{4,4}(2,2),{4,4}(p,q)} ewist for
all p,q. The only finite instances occur for (p,q) = (2,0),(3,0),(2,2) and (3,3),
with groups C3 [4,4](2,0)5 C3 x4, 4(3,0)5 C3 [4,4](2,2) and C3§ [4,4](3,3), of
orders 256, 2304, 1024 and 9216, respectively.

Proof. For the existence statement we refer to [19], though a direct proof is not
difficult here; in fact, in most cases we can appeal to Corollary 7.2 and the quotient
lemma, Lemma 2.1. By construction, the polytopes 2%P /N are indeed isomorphic
to the universal polytopes. It is also known from [19] that finiteness can only occur
for the four choices of (p, q). We shall now identify the groups in the finite cases.

The case K = {4,4}(,,0) with p = 2 or 3 is special, because D is trivial and W (D)
and W(D)/N are abelian. Now in W (D)/N, the product of three generators on a
facet of K is the fourth. It follows that W (D)/N is generated by the 3 elements o; N
corresponding to 3 vertices on a facet if p = 2, and by the 5 elements corresponding
to one vertex and its neighbours in K if p = 3. It is easy to check that fewer
generators will not suffice, so that W (D)/N ~ C3 or C3, respectively. Note that
the case {4,4} 2,0y is also covered by Corollary 7.2.

Now let K = {4,4}(, ). Recall that a hole of K is a path along edges of IC which
leaves at each vertex exactly 2 faces to the right. Now through each vertex of X
pass exactly two holes, each of length 2p. After p steps, these holes meet again in
another vertex which, together with the original vertex, dissects them into halves.
It is now easy to see that we can generate W (D)/N by taking such a pair of holes
and choosing on each hole all the vertices from one half, including the two vertices
where the holes meet. This gives a set of 2p generators. Further, if {i;,is} and
{i3,i4} are edges p steps apart on a hole of K, then 0;,0;, N = 0;,0;,N; that is,
the edges on a hole are identified in pairs, as indicated by parallel heavy edges (and
the same labels) in Figure 2, which illustrates the case p = 3.

For p = 3, we have generators o; N for i = 0,1,4,5,6,7. We shall prove that
W(D)/N is elementary abelian of order 26. Since A(K) acts on W (D)/N, the
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FIGURE 2. Identifications for p = 3

following imply that W (D)/N is elementary abelian:
(39)
ogosN = 0go1No104NoyosN = 0509 NogogNogogN = o509N;

0004N = 0901 No1o4N = 0509 NogosN = o503 N = (040800)0s N = o400N;

00(01001101)N = 0904 N = 0400N = (01001101)00N = 0190001101 N,

so that ogo19N = 01900V, or, equivalently, 407N = 0704N. One can also check
that no 5 generators suffice, so that indeed W(D)/N ~ C§. Here it is helpful to
observe that the covering p : K — {4,4}(30) induces a surjective homomorphism
i : W(D)/N — W(D,0)) /N0 ~ C3, with D3 0y and N3y the corresponding
diagram and normal subgroup, respectively. But ker(iz) is non-trivial; in fact, if
i,j are 3 steps apart on a hole of {4,4}3), then fi(o;N) = ji(o;N), and thus
0;0;N € ker(j1). Let N denote the normal subgroup of (36) defined with respect to
KC, and let Gi be the corresponding graph. Now if 0;0;N = N, then aia]N = N,
contradicting the fact that 7, j lie in different components of Gx. Hence o;0;N is a
non-trivial element of ker(1i), proving that W(D)/N ~ C§.

If p = 2, we have 4 generators, and an analogue of (39) shows that W (D)/N
is elementary abelian. Again one can check that 3 generators do not suffice. This
completes the proof. O

We next apply the method to polytopes of type {3"73,4,3}. Here, we begin
with the following lemma.
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Lemma 7.7. For n > 3, let K be a regular n-polytope of type {3"~3,4,3} with
facets F = {37734}, and let N be as in (38). If {i1,... in_2,5} with j =
in—1,%n,int1 are three simplicial (n—2)-faces of K with a common (n—3)-face, then
W(D)/N = (oi,N, ... 04, N). In particular, W(D)/N is elementary abelian of
order at most 27T,

Proof. First consider the facet {3"~3,4} of K which contains the adjacent (n — 2)-
faces {i1,...,in—2,in—1} and {41,... ,4p—2,9n}. Then the subgroup of W(D)/N
induced by this facet can be generated by o;, N, ... ,0; N. Indeed, recall that by
(38) the product of the generators corresponding to three vertices of a diametral
square of a facet is the fourth.

Clearly we should expect at least one more generator to obtain W(D)/N itself.
However, since {i1,...,in—2,in+1} is the third (n — 2)-face of K containing the
(n — 3)-face {i1,... ,in—2}, we now see that W(D)/N = (o;, N|k=1,... ,n+1).
The reason is straightforward; as above, once we have n generators on a facet
corresponding to adjacent (n — 2)-faces, we have them all, and so we can move from
facet to facet of K, starting with the three which contain {iy,... ,i,_2}. Since in
K there are only three facets surrounding an (n — 3)-face, this process covers all the
facets of K. But now each pair of o3, N, ... , 04, , N belongs to some common facet,
and so they commute. It follows that W(D)/N is elementary abelian, of order at
most 271, O

By Lemma 7.7, if K is a regular n-polytope of type {3"73,4,3} with crosspoly-
topes {3773, 4} as facets, then A(2%P)/N ~ C3* x A(K) with m < n + 1. Using
the natural identification of the automorphism group of C§* with the general linear
group GL,,(2) over GF(2), this semi-direct product defines a representation

r: AK) = GL,(2).

In particular, the generators 7y, . .. , 7,—1 of A(K) are represented by m xm matrices
over GF(2). If m = n + 1, then the generators o; N,... 05, , N of W(D)/N
correspond to a basis of the (n + 1)-dimensional vector space over GF(2), so that
we can express Tg, ... ,Tn_1 as matrices with respect to this basis. Below we shall
use this approach to prove existence and non-existence of certain polytopes.

Theorem 7.8. For n > 3, let K be a regular n-polytope of type {373 4,3} with
facets F = {37734}, and let N be as in (38). If the regular (n + 1)-polytope
{{4,3"73,4} 2,902y, K} exists (with group C3~' x A(K)), then W(D)/N ~ C§*
with m = n+ 1 or n — 1. In particular, the regular (n + 1)-polytope
{{4,3"73,4} (0.0,0n-3), K} also exists if and only if W(D)/N ~ CytYin which
case its group is Oy x A(K).

Proof. Let N be the normal subgroup defined as in (36), and let G be the associ-
ated graph. By Theorem 7.1, w(Gx) = n — 1 and W (D)/N ~ Cy~!. Clearly there
is a homomorphism of A(2XP)/N = (pq, ... , pn) onto the group A(25P)/N of the
polytope {{4,3" 73,4} (5 gn-2),K}. By Lemma 2.1, if the subgroup (po,... ,pn—1)
is isomorphic to [4,3"73,4](52 gn-3), then the polytope {{4,3"73 4} 2 gn-2), K}
exists, and A(2%P)/N is its group. In this case, N # ]\7, and the canonical pro-
jection W(D)/N +— W(D)/N is not an isomorphism. Conversely, if the poly-
tope {{4,3"3, 4}(2,2,0n-3y, K} exists, then the subgroup (po, . .. , pn—1) of its group
A(2%P) /N is isomorphic to [4,3" 7, 4] (5 5 gn-3).
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Let {i1,... ,in—2} be an (n — 3)-face of K, and let {iy,... ,ip_o,j} with j =
in—1,1%n,int+1 be the surrounding (n — 2)-faces. By Lemma 7.7,

W(D)/N: <Ui1N7-~- 70in+1N>7

an elementary abelian group of order at most 2"*!1. The arguments above show
that its order is at least 271,

To begin with, we assume that (po, ..., pn_1) ~ [4,3" 7%, 4](550n-3). Then the
subgroup of W(D)/N induced by the base facet F of K has order 2", because it
defines the base facet of {{4,3"73,4}(5 5 gn—s), K}. We shall prove that W (D)/N ~
Oy, First note that the stabilizer in A(K) of the (n — 3)-face {i1,... ,in_2} acts
on the n + 1 generators o;, N,... ,0;, N like a group S,_2 x S3. If the order
is not 2"*! then there is a non-trivial relation between the generators, and any
such relation involves all the first n — 2 generators or all the last three. In fact, if
i, €{i1,... ,in—2}ori,j € {in_1,in,int1}, and if o; N is involved but o; N is not,
then the transposition (i j) in S, _2 X S3 maps the given relation onto a new relation
in which ¢ is replaced by j; taking the product gives the relation o;0;N = N, or
0;0; € N. But no relation can involve only the first n generators, so that this gives
a contradiction if ¢, j € {i1,... ,in—2}. If4,j € {in—1,%n,int+1}, then o;0; generates
N as a normal subgroup, so that o;0; € N implies N = N , again a contradiction.

This leaves us with two possible relations. We prove that each leads to a con-

tradiction modulo N. The first, 0i,_10:,0i, ., IN = N, cannot occur, because
modulo N the three generators are the same but are not trivial. The second,
0y -0, N = N, implies that o;, ---0;, N = 04, -0y, ,0;,0:, ., N = N;

again this is a contradiction, because modulo N there cannot be a relation involv-
ing only the first n — 1 generators. It follows that W (D)/N must indeed have order
ontl,

Finally, if the subgroup (po, . .. , pn—1) is a proper quotient of [4, 3", 4] (5 5 gn-3y,
it must be isomorphic to [4,3"73,4]5 gn-2). Now the subgroup (o4, N,... ,0;, N)
representing a facet of K can already be generated by the generators o;, N, ...,
04, _, N corresponding to the (n — 2)-face {i1,... ,i,—1} of this facet. It follows

that this is so for all subgroups representing facets, and therefore
W(D)/N = <Ji1N, oo ;Uin,_1N> =~ Cgil
(and N = N). This completes the proof. O

Corollary 7.9. For n > 3, the regular (n + 1)-polytope {{4,3" > 4} (2.2 0n-3),
{37=3,4,3}} exists, and has group CHT* x [373, 4, 3].

Proof. Apply Theorem 7.8 with K = {3"73,4,3}, and use Corollary 7.3. We need
to prove that W (D)/N ~ Cy*.

Assume for now that W(D)/N ~ C3*' and consider the representation r :
AK) = [3"73,4,3] = GLp11(2). Let i1,...,i,11 be as in Lemma 7.7. Let
Fl | F2_ | F3_, bethe facets of K surrounding the (n—3)-face {i1, ... ,i,_2}, such
that {i1,... ,in—2,%n—o4;j}and {i1,... ,ip_2,in—14;} are (n—2)-faces of Fer;I (with
j+1 taken modulo 3). Forl =1,... ,n—2and j = 1,2, 3, let 4; ; denote the vertex of
F’ | antipodal to i;. The generators oy, N, ... 104 N of W(D)/N correspond to
a basis of GF(2)"*!, and the images under r of the generators 7o, ... , 7,1 of A(K)
are uniquely determined by their effect on this basis. Thus to find the matrices for
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r(70), ... ,7(Tn_1), it suffices to consider how 79, ... ,7,_1 acton oy, N, ... ,04, . N,
with identification modulo N understood.
Using the geometry of I, we can express 7, ... ,T,—1 as permutations of iy, ... ,
in+1 and of some of the 4; ;, as follows:
(40) { Tp :(Z:;D+1i.17+2) for.OSpﬁnf.l, p#n—3,
Tn—-3 = (ln72 ln71) (ln 'Ln72,1) (Zn+1 Zn72,3)~

The matrices of r(7,) with p # n — 3 are now just the corresponding (n + 1) x
(n +1) permutation matrices. However, for 7,_3 we need the relations oy, _, /N =
Tip_»0i, 103, N and oy, _, ,N = 0y, _,04,_ 04, N, to find the (n +1) x (n + 1)
matrix

In—3

Ky Jo

I

of r(1,—3). Here, only non-zero entries are indicated; in particular, Iy is the k x k

identity matrix, and
0 1 11
Kg._[l 0}, JQ._L 1]

Hence, if W(D)/N ~ C3*!, then the representation r is given by these matrices
for TOy+ -+ yTn—1-

We can now proceed as follows. Since the above matrices satisfy all the defining
relations for the Coxeter group [3"73, 4, 3], they therefore define a representation 7’ :
A(K) — GLy41(2), and thus a semi-direct product C5! x A(K). This semi-direct
product satisfies all the defining relations for the group of {{4,3" 3, 4}(2,2,0n-3), K},
and so must be isomorphic to this group. It follows that the polytope exists and

has group C5™ x A(K), as required; further, r’ = r. O

Corollary 7.10. The regular 5-polytope {{4,3,4}2,2,0),{3,4,3}} ewists and is fi-
nite. Its group is C3 x [3,4,3], of order 36864.

Proof. This result restates Corollary 7.9 for K = {3,4, 3}. O

Corollary 7.11. The regular 6-polytope {{4,3,3,4}(2,2,0,0),13,3,4,3} 1+ 015},
with t > 2 and k = 1 or 2, exists if and only if t is even. In this case, the
polytope is finite, and its group is C§ x [3,3,4, 3]k 04—+ of order 73728k,
Proof. Now K = {3,3,4,3}(»0+-#) and n = 5. If t is even, then the cover-
ing p: K — {3,3,4,3}(2,0,0,0) induces a surjective homomorphism W(D)/N —
W(D’)/N’, with D’ and N’ the diagram and normal subgroup defined with respect
to {3,3,4,3}(2,0,0,0- The two polytopes
{{4,3,3,4} (2,000, K} and  {{4,3,3,4}(2,0,0,0),13,3,4,3}(2,0,0,0) }

exist by Corollary 7.5; thus Theorem 7.8 applies. In particular, if W (D')/N' ~ C§,
then W(D)/N =~ Cf, and the polytope {{4,3,3,4}(2,2,0,0), K} also exists, with
group C§ x A(K). But the case {3, 3,4, 3}(2,0,0,0) can now be handled directly, using
the same arguments as for {3,3,4, 3} in the proof of Corollary 7.9. In particular,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1404 PETER MCMULLEN AND EGON SCHULTE

W(D')/N' ~ CS§; to confirm this, the Coxeter-Todd algorithm predicts 2¢ vertices
for the polytope. This settles the case where t is even.

Now let ¢ be odd and k = 2. Again, the regular polytope {{4,3,3,4}(2,0,0,0), K}
exists by Corollary 7.5, so that Theorem 7.8 implies that W(D)/N ~ C%* with
m = 4 or 6. For the non-existence of {{4,3,3,4}2,2,0,0), K}, it suffices to prove
that m # 6.

Assume that m = 6 (= n + 1). We can now use the representation r : A(K) —
GLg(2), as in the proof of Corollary 7.9. In particular, (40) still holds (with n = 5),

as does the representation of r(7g),... ,7(7,—1) by matrices.
Once the matrices are found, we can proceed as follows. Consider the element
a = (10 - T1TaT3TeTy - TaT3T2T374)%, which is a “translation” of K. By (6), this

has order ¢; indeed, since k = 2, we know that o’ = ¢ is the only extra defining
relation for A(KC). It is now straightforward to compute the matrix of r(a) using
the matrices for r(7),...,r(7—1). However, we find that this matrix has period
2. This is a contradiction, because the period must also divide the period t of a. It
follows that we cannot have m = 6. This settles the case where ¢ is odd and k = 2.

Finally, let ¢ be odd and £k = 1. Now we cannot appeal to Corollary 7.5 and
Theorem 7.8. Assume that {{4,3,3,4}2,2,0,0),{3,3,4,3}(¢,0,0,0)} exists. Then the
subgroup {po, ... ,ps) of its group A(2%P)/N is isomorphic to [4,3,3,4](2,2,0,0)+
so that the subgroup of W(D)/N induced by a facet of K has order 2°. Hence
W(D)/N ~ C3* with m = 5 or 6. Now the assumption m = 6 can be refuted as
above, using the same translation a. Note here that « still has order ¢, although
ol = ¢ is not the extra defining relation if k = 1.

If m = 5, we can argue as in the proof of Theorem 7.8 that any non-trivial
relation between the generators o;, N, ... ,0;,N must involve all of the first three
generators, or all of the last three. (Note that now w(Gx) = 1 and W (D)/N ~ Cy,
and hence N # N .) But any relation involving only three generators leads to a
contradiction, because modulo N the generators are the same but are not trivial.
Hence we are left with oy, ---0;, N = N, or, equivalently, o;, N = 04, ---0;,N. In
particular, W(D)/N = (o;, N, ... ,04,N).

We can now work with a representation r : A(X) — GL5(2). Using the same
notation F (= F?_) and i;,; as before, and observing that r(7,) is now uniquely
determined by the effect 7, has on o;, N, ... ,0;, N, we arrive at the following per-
mutations: 7o, 71, 73, 74 as in (40) with n = 5; and 75 = (i3 44) (45 93,1). Now 19,71, 73
are represented by the corresponding 5 x 5 permutation matrices. For 75 and 74,
we can use the relations oy, , N = 04,04,0;;N and o3 N = 0, - 03, N to find the

matrices
1 0 0 0 O 1 0 0 0 1
01 0 0 O 01 0 0 1
00 0 1 1|, 0 01 0 1|,
0 01 01 00 0 11
00 0 0 1 0 0 0 01

respectively. If « is the same translation as above, then the matrix of r(«) again
has period 2, which gives a contradiction. It follows that we cannot have m = 5.
This completes the proof. O

For Corollary 7.11, note that faster non-existence proofs are available if ¢ is an
odd prime with ¢ # 3,5,7,31. Let K := {3,3,4,3}(,0,0,0)- By Lemma 7.7, we have
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a representation r : A(K) — GLp(2) with m < 6. In K, the vertex iy can be
mapped to any of its neighbours by a “translation” g (say) of . If ¢ is a prime,
then r(f3) is trivial or r(8) has order t; in the latter case, ¢t divides the order of
GL,,(2). But for 2 < m < 6, the only odd primes ¢ which can divide the order of
GL,,(2) are 3,5,7 or 31, and these are excluded. On the other hand, is, ... ,is are
neighbours of i1; hence, if m > 2 and § maps ¢; to a vertex from 1o, ... ,ig, then
r(8) cannot be trivial. It follows that, for odd primes ¢ with ¢ # 3,5,7, 31, we must
have m = 1; that is, W(D)/N ~ C, (and N = N).

For K€ = {3,3,4,3}(1,,0,0), We can instead use a “translation” v (say) of C which
maps i4 to i5 or ig. Then r(7) cannot be trivial if m = 5 or 6. Hence for odd primes
t with ¢ # 3,5,7,31 we must have m < 4, and thus {{4,3,3,4}(2,.2,0,0), K} cannot
exist.

Identification vector (2"~ !). Finally we discuss quotients whose facets are

{4,3773,4} (3n-1), with identification vector (2"~1). This is the hardest of the three

cases. In our examples, we have n =4 or 5. If F = {3,4}, then in A(27) we have
(Pop1paps)® = 0001 -+~ 05 = 0003 - 0104 - 0905

(the order of these terms is immaterial); hence, by (5), to obtain facets {4,3,4}(2,2,2)
we must choose the normal subgroup N so that o¢---05 € N. A similar remark
applies to facets {4,3"73,4} 5n-1), using

(pop1 -+ pn—1)"""?

If F' is a facet of IC, define o in W(D) by

oF = H o;

i€l

= 000n—-1010n """ 0n—-202n—3.

(with the o; in any order). Then we define
(41) N := (porp '@ € W(D), F a facet of K),

the normal closure of o in A(2%P). As before, we have A(2%P/N) ~ W(D)/N x
A(K). By construction, it is also clear that if the universal polytope in question
does exist, then it must be isomorphic to the quotient 27 /N.

We have not been able to find the structure of the group of every regular 6-
polytope {{4,3,3,4}(22,2.2),{3,3,4,3}(t»,04-5)} with ¢ > 2 and k = 1,2. For
(t,k) = (2,1), the polytope is covered by the finite polytope {{4,3,3,4},0,0,0),
{3,3,4,3}(2,0,0,0)} of Corollary 5.6, whose group is the semi-direct product Ci6 x
3,3,4,3](2,0,0,0)- This fact is used in our next theorem.

Theorem 7.12. The regular 6-polytope {{4,3,3,4}(2.2,2,2),13,3,4,3}2,0,0,0)} ez-
ists and is finite. Its group is C3° x [3,3,4, 3](2,0,0,0y, of order 18 874 368.

Proof. We use the geometry of K = {3,3,4,3}(2,0,0,0), to show that W (D)/N = C30.
Our first observation is that the vertices of the vertex-figure {3, 4,3} of K coincide
in antipodal pairs, so that K has the same vertices as those of {{3,3,4},{3,4,3}¢}
(compare [17]). Recall that {3,4,3}¢ is the regular 4-polytope obtained from
{3,4,3} by identifying antipodal points; here the number 6 indicates the extra
relation (pop1p2ps)® = € for the group [3,4,3]s or, equivalently, the length of the
Petrie polygon (see [5]). The 48 facets of KC occur in pairs with the same vertices,
so in what follows we are really referring to 24 pairs of facets.
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For simplicity, we change our convention on the vertex labels in F, so that we
now label the 16 vertices of K by 0, ..., 15, which we express as a b in base 4 (with
a,b € {0,...,3}). Edges of K join two vertices with different labels a; vertices with
the same label @ are antipodal in some facet. If e = {by,b1} C {0,...,3} with
bo # b1, then we write € = {0,...,3} \ e for its complement. Then ae stands for
the pair {abg,ab;} of antipodal vertices, and so on. A (double) facet will have
vertices ae or a€, where a = 0,...,3, and e = {0,1}, {0,2} or {0,3}; that is, the
pairs e and € always go together. The 24 (double) facets then have:

e=1{0,1} or {0,2} — even number of €’s;
e=1{0,3} — odd number of €’s.

The ten generators of W (D) correspond to the vertices
00,01, 03,10, 11, 13, 20, 21, 23, 30.

The remainder are constructed by successively listing suitable facets:

{00, 01, 10, 11, 20, 21, 30, 31} — 31,
{00, 03, 10, 13, 20, 23, 31, 32} — 32,
{01, 03, 11, 13, 21, 23, 31, 33} — 33,
{01, 02, 10, 13, 20, 23, 30, 33} — 02,
{00, 03, 11, 12, 20, 23, 30, 33} — 12,
{00, 03, 10, 13, 21, 22, 30, 33} — 22.

Bear in mind here that the product of any seven generators of W(D)/N correspond-
ing to vertices of a facet is the eighth. Of course, since K is weakly neighbourly,
all generators commute. It follows that W(D)/N has order at most 2!°, and a
tedious check shows that no nine generators suffice. Finally, for the existence of the
polytope we can appeal to Lemma 2.1 and Corollary 7.5 or 7.11, using the fact that
the subgroup of W (D)/N induced by a facet of K has order 27. This completes the
proof. O

We now further restrict our attention to polytopes of rank 5 with facets iso-
morphic to toroids {4, 3,4} (2 22). Together with Corollaries 7.4 and 7.10, the next
theorem covers all the finite universal regular 5-polytopes of type {4,3,4,3} (or
dual type {3,4,3,4}). It is one of the most interesting examples obtained by the
method of this section.

Theorem 7.13. The regular 5-polytope {{4,3,4}(2,22),{3,4,3}} exists and is fi-
nite. Its group is (C§ x C§) x [3,4,3], of order 2359296; in the semi-direct
product C§ x C3, the factor CS is its own centralizer.

Proof. Now K = {3,4,3} and F = {3,4}. We show that W(D)/N = C§ x C3, a
group of order 21,

First we show that W(D)/N is generated by 10 involutions. Let 0,...,23 be
the vertices of K, in such a way that [,l +5 (I = 1,...,4) are the vertices of the
cubical vertex-figure of K at 0 (this is a change from the previous notation). Define
I:={1,...,9}\ {5}. By the definition of N, if k is the antipodal vertex to 0 in
some facet, then o, N € (oyN |l € T U{0}). Let 5 be a vertex of the vertex-figure
of the opposite vertex of K to 0. We claim that

W(D)/N: <O’0N,... 7O'g]\[>.
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Note first that, if ¢,5 are adjacent vertices of this opposite vertex-figure, then
{4,4,p,q,7,8} is a facet for some p,q € I and r,s antipodal to 0 in facets of K.
It follows that oy N € (oyN |l € TU{0,5}). Now if we migrate along the edges
in the opposite vertex-figure from 5, we get all its vertices i, and hence the corre-
sponding o; N. Finally, we obtain the opposite vertex of IC to 0 from any of the
facets which contain it, whose remaining vertices are already accounted for. Hence
the assertion follows.

Next we prove that the commutator subgroup has order at most 2, with (co05)?N
the only possible non-trivial commutator. Clearly, 09/N commutes with o; N for
j € I. Now 0 and 5 are opposite vertices in the vertex-figure of one of the vertices
in I. Hence, by the action of A(K) on W(D)/N, if ooN and 05N commute, then
so do o; N and o;N for all ¢,j € I, and thus W(D)/N is abelian. Therefore, if
W (D)/N is not abelian, then (oo5)?N # N.

Let i, j be adjacent vertices of the opposite vertex-figure, and let p, g, r, s be as
above. Since oy commutes with o, 04,0y, 05, it follows that oo /N commutes with
0p040,.0sN = 0;0;N, or 0go;0;N = 0;0;00N. But

O'()O’Z‘O'jN :O’Z‘(O‘iao)z(don)2Uj0’0N,
and equating this to o,0;00N gives (0;00)%(c00;)>N = N, or
(Uodi)2N = (Uodj)2N.

Starting with the vertex 5, and iterating such relations along edges {3, j} of the op-
posite vertex-figure, gives (000;)>N = (0¢05)?N for each of its vertices j. However,
0 and 5 are themselves antipodal vertices of the vertex-figure of one of the vertices
in I. Thus, if we choose [ to be antipodal to 5 in the opposite vertex-figure, then
0,5,1 are symmetrically related, so that

(0005)2N = (0001)?’N = (0507)®N = (0500)*N,
or
(0’00’5)4N = N.

Chasing arguments of this kind (using symmetry and connectivity properties of
K) show that (0¢o5)2N can indeed be the only non-trivial commutator between
pairs of generators ¢;V; it then follows that the commutator subgroup is of order
at most 2. In particular, k := (0905)?N lies in the centre of W(D)/N. Note that
the 10 generators thus commute in pairs, except for the five disjoint pairs 7,5 + 5
(j=0,...,4), for which (0;0;15)°N = k.

Next we prove that W (D)/N is not abelian, and that W(D)/N ~ C§ x C3.
First note that the vertex 5 in K is joined by an edge to exactly one vertex, 6
(say), of the vertex-figure at 0. Let 7,8,9 be the neighbouring vertices to 6 of this
vertex-figure. If j € {6,...,9}, then the vertices j and 5 lie in a common facet, so
that o;N and 05N commute. It follows that B := (o5N,... ,09N) is an abelian
subgroup generated by (at most) 5 involutions.

Let Z := W(D)/N and «; := o;N for j = 0,...,9. Then for all ,j, either
ajouo; = @ or ajoua; = Koy, Now A = (a,...,ou, k) is a normal abelian
subgroup of Z generated by (at most) 6 involutions, and the canonical projection
717 — Z/A takes B := (as, ... ,aq) onto Z/A. In particular, |Z] < 211

Assume for the moment that we indeed have |Z| = 2!'. Then A ~ C§ and
B~ Z/A ~ (3, because the numbers of generators of A and B are at most 6 and
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5, respectively. It follows that Z = A x B~ C§ x Cj. Consider now how B acts
on A by conjugation. Here it is helpful to observe that we can identify A with a
6-dimensional vector space over GF(2), with basis vectors o for j = 0,...,4 and
% identified with those of the standard column basis, and represent conjugation
with an element in B by a 6 x 6 matrix over GF(2). Then it is immediate that the

generators o (j =5,...,9) correspond to the matrices
Is 0
(42) )
€j—5 1

with I5 the 5 x 5 identity matrix, and eq, ... , e4 the standard row basis of GF(2)°.
In particular, this implies that conjugation gives a faithful representation B —
Aut(A), or, equivalently, that A is its own centralizer in Z.

On the other hand, we can now complete the proof by observing that there is
indeed a specific group C§ x C3, with the action of C§ on C§ defined by (42),
which satisfies the given relations. Hence there can be no possibility of our group
Z collapsing onto a group of order smaller than 2!, since Z is just determined by
these relations. The existence of the polytope now follows from Lemma 2.1 and
Corollary 7.4 or 7.10, using the fact that the subgroup of W(D)/N induced by a
facet of KC has order 2°. O

We conclude the paper with an application of our method to the projective 4-
polytope {3,4, 3}¢, giving us 5-polytopes with toroidal facets and projective vertex-
figures (for the notation, see above).

Theorem 7.14. For k = 1,2,3, the 5-polytope {{4,3,4}or g3-#),{3,4,3}6} exists
and is finite. Its group is C;n(k) x [3,4,3]g, with m(k) = 3,5,8 as k = 1,2,3,

respectively.

Proof. Let K := {3,4,3}s. Then Theorem 7.1 gives the polytope for k = 1, with
group C3 x A(K); here we use the fact that w(Gx) = 3. If k = 2, Theorem 7.8 sug-
gests that the group should be C3 x A(K). Indeed, as in the proof of Corollary 7.9,
we can use the representation A(K) — GL5(2) defined by (40) (with n = 4) to
identify C3 x A(K) as the group of the regular polytope {{4,3,4}(2.2,0),K}.

Last, let k = 3. Since K is weakly neighbourly, W (D)/N is an elementary abelian
2-group. Let 1,...,8 be the vertices of the vertex-figure at 0, with opposite faces
{1,...,4}, {5,...,8} (again, we have changed our earlier notation). Let 9 be such
that {0,...,4,9} is a facet of K. Then {0,5,...,9} is also a facet of K. Thus
we can choose ogN, ..., 07N as generators, obtaining o9 N from the first facet and
ogN from the second. We obtain the two remaining generators 19N and o1, N as
we found ogN. Clearly, fewer generators will not serve, so that W (D)/N ~ C$.
Finally, since the subgroup of W(D)/N induced by a facet of K has order 2°,
Lemma 2.1 now proves the existence of the polytope. O

For most of the polytopes constructed in this section, the group order has been
checked by Asia Weiss using the Coxeter-Todd algorithm. The authors are indebted
to her for this assistance.
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