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FURTHER NICE EQUATIONS FOR NICE GROUPS

SHREERAM S. ABHYANKAR

ABSTRACT. Nice sextinomial equations are given for unramified coverings of
the affine line in nonzero characteristic p with PQ~(2m, ¢) and Q™ (2m, q) as
Galois groups where m > 3 is any integer and ¢ > 1 is any power of p > 2.

1. INTRODUCTION

Let m > 3 be any integer, let ¢ > 1 be any power of a prime p > 2, consider
the polynomials F~ = F~(Y) = Y" + T7Y¥ 4 X9Y* — XY — TY" — 1 and
F* = F*(Y) =Y™ + XY +1 in indeterminates T, X, Y over an algebraically closed
field k of characteristic p, where n = 14q+---+¢*>™ 1, v/ = 14+qg+---+¢"T, u =
1+q+-+q¢™ w=1+q+ - +qg" 2w = 1+qg+---+q¢" 3, n* = 1+q+---+q™ 1,
and consider their respective Galois groups Gal(F~,k(X,T)) and Gal(F*, k(X)).
Both these are special cases of the families of polynomials giving unramified cov-
erings of the affine line in nonzero characteristic which were written down in
my 1957 paper [AO01]. In my “Nice Equations” paper [A04], as a consequence
of Cameron-Kantor Theorem I [CaK] on antiflag transitive collineation groups, I
proved that Gal(F™*, k(X)) = the projective special linear group PSL(m, ¢). In the
present paper, as a consequence of Kantor’s characterization of Rank 3 groups in
terms of their subdegrees [Kan], supplemented by Cameron-Kantor Theorem IV
[CaK], T shall show that Gal(F~,k(X,T)) = the projective negative orthogonal
group PQ~(2m, q).! Note that Kantor’s Rank 3 characterization depends on the
Buekenhout-Shult characterization of polar spaces [BuS] which itself depends on
Tits’ classification of spherical buildings [Tit]. Recall that the Rank of a transitive
permutation group is the number of orbits of its 1-point stabilizer, and the sizes of
these orbits are called subdegrees.

As a corollary of the above theorem that the Galois group of F'~ is PQ™(2m, q), I
shall show that the Galois group of a more general polynomial f~ is also PQ™(2m, q).
Moreover, by slightly changing f~ and F—, I shall show that we get polynomials
¢~ and ¢, whose Galois group is the negative orthogonal group Q= (2m,q). The
polynomials f~, ¢~ and ¢, are also special cases of the families of polynomials
giving unramified coverings of the affine line in nonzero characteristic written down

in [AO1].
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1556 SHREERAM S. ABHYANKAR

As in [A03] and [A04], here the basic techniques will be MTR (the Method of
Throwing away Roots) and FTP (Factorization of Polynomials).

It is a pleasure to thank Bill Kantor and Ulrich Meierfrankenfeld for inspiring
conversations about this paper.

2. NOTATION AND OUTLINE

Let k, be a field of characteristic p > 0, let ¢ > 1 be any power of p, and let
m > 1 be any integer.? To abbreviate frequently occurring expressions, for every
integer ¢ > —1 we put

(iy=14+q+¢*+---+¢" (convention: (0) =1 and (—1) = 0).

We shall frequently use the geometric series identity

) Zi+1_1
1+Z2+22 4+ 42 ="———
+4+24°+- -+ 71
and its corollary
. ’H—l_l

Let

m—1 )
f— _ f— (Y) — Y<2m_1> — 1+ Z (Cz—aiq"y<m—1+’i> _ Tiy<m—1—i>)
i=1

and note that then f~ is a monic polynomial of degree (2m — 1) = 1+ ¢ + ¢® +
-4+ ¢*™~ 1 in Y with coefficients in the polynomial ring k[T, ..., Tn—1]. Now
the constant term of f~ is —1 and the Y-exponent of every other term in f~
is 1 modulo p, and hence f~ — Y f;, = —1 where fy is the Y-derivative of f~.
Therefore Discy (f~) = —1 where Discy (f~) is the Y-discriminant of f—, and
hence the Galois group Gal(f~, kp(Th,...,T;m—1)) is well-defined as a subgroup of
the symmetric group Sym<2m_1>.

For 1 <e<m—1,let fo be obtained by substituting 7; =0 for all ¢ > e in ™,
ie., let

fo=f()= y@m=1 _ 14 ZG: (Tiq"’y<m—1+i> _ Tiy<m—1—i>)
=1

and note that then f; is a monic polynomial of degree (2m—1) = 1+q+¢*+---+
¢** 1 in Y with coefficients in the polynomial ring kp[T1,...,T.] and, as above,
Discy (f;) = —1 and the Galois group Gal(f; ,ky(Th,...,T)) is a subgroup of
Symyz,,—1y. Note that if m > 2 and k = k, = an algebraically closed field (of
characteristic p > 0), then F~ is obtained by substituting X, T for 71,75 in fy

and hence Gal(F'~,k(X,T)) = Gal(fy , kp(T1, T5)).

2In the Abstract and the Introduction we assumed p > 2 and m > 3. But in the rest of the
paper, unless stated otherwise, we only assume p > 0 and m > 1.
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In Section 3, we factor f~ as f~ = ff* where f = f(Y) and f* = f*(Y) are
monic polynomials of degrees (¢"+1){m—2) and ¢™ 1 (¢™+1) in Y with coefficients
in ky[Th,...,Tim—1], respectively, and in case of p # 2 we factor f* further as
f* = o where f** = f**(Y) and f** = f***(Y) are both monic polynomials
of degree ¢™ (g™ + 1)/2 in Y with coefficients in k,[T},...,Tn-1]. In Section
3, we show that if p = 2 then f and f* are irreducible in k,(T1,...,Ty—1)[Y],
and if p # 2 then f, f** and f*** are irreducible in k,(T1,...,Tm-1)[Y]. Given
any e with 1 < e < m — 1, by putting 7; = 0 for all i > e in f and f* we get
fo = f.fF where f, and f* are monic polynomials of degrees (¢" + 1)(m — 2)
and ¢ !(¢™ + 1) in Y with coefficients in k,[T7, ..., T.] respectively. Likewise, if
p # 2 then by putting 7; = 0 for all ¢ > e in f** and f*** we get fr = fr*f:**
where f** and f*** are both monic polynomials of degree ¢™ !(¢"™ + 1)/2 in YV
with coefficients in k,[T1,. .., Tm—1]. In Section 3, we also show that if p = 2 then
f. and f¥ are irreducible in k,(T1,...,T.)[Y], and if p # 2 then f,, f** and f;**
are irreducible in k,(T1,...,Te)[Y].

In Section 4, we throw away a root of f to get its twisted derivative f/(Y,Z),
and we let g(Y,Z) be the polynomial obtained by first dividing the Z-roots of
f'(Y,Z) by Y and then changing Y to 1/Y. Assuming m > 2, in Section 4, we
factor ¢g(Y, Z) into two factors; to motivate the calculations, we first do this for
m = 3. The Z-degrees of these factors turn out to be q(¢™ ! + 1)(m — 3) and
¢*>™~2. In Section 4, assuming m > 2, we show that these factors are irreducible
in case of f, and hence also in case of f and f, for 2 < e < m — 1, and therefore
Gal(f,ky(Ty, ..., Trn—1)) and Gal(f,, k,(T1,...,T.)) for 2 < e <m —1 are Rank 3
groups with subdegrees 1, ¢(¢™ ! + 1)(m — 3) and ¢*™ 2. In Section 6, from this
Rank 3 description, we deduce the result that if m > 3 < p and k, is algebraically
closed then Gal(f~, kp(Th,- .., Tim—1)) = Gal(f. , kp(Th,...,Te)) = PQ™(2m, ¢) for
2<e<m-—1.

Consider the monic polynomials

m—1
yoerel o4 (ﬂ91'qu'+i’1 - TZ-Yq’""“l)

A
I
S
=
I

b = (V) =Y’ 14y (z;quq’"*"—l - CQYQ’"’"—l) forl<e<m—1
i=1

of degree ¢*™ — 1 in Y with coefficients in k,[Th,...,Tn-1] and ky[T1,...,T.],
respectively, and note that, as before, Discy (¢~) = Discy (¢ ) = —1. In Section 6,
as a consequence of the above result about the Galois groups of f~ and f., we show
that if m > 3 < p and k), is algebraically closed then Gal(¢™, kp(Th,...,Tm-1)) =
Gal(oz , kp(Th, ..., Te)) = Q2 (2m,q) for 2 <e<m—1.

In Section 5, we give a review of linear algebra including definitions of PQ2~(2m, q)
and Q~(2m, q).

3. FACTORIZATION OF THE BASIC EQUATION

We find a root h,,,(Y) € GF(p)[Y] of the polynomial

YR - R (Y 1)
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by telescopically putting
m—1
- Z y (@™ +1)(m—2-p)

and checking that then
YR (V)T — b (Y) — (Y<2m—1> _ 1) ~0

and, for any integer 0 < i < m, we find a root h;(Y,T;) € GF(p)[Y,T;] of the
polynomial _
qu-i-qu —R-— (Tviqu(m—l-i-i) _ T;y(m—l—i))

by telescopically putting
ZTq’ PRy (=2 )+ (m—2—p)
pn=0

and checking that then
YO (Y, T3 — hi(Y,T)) — (TiquW*”“ - Tiy<m*1*i>) —0.

By summing the above equations, upon letting

m—1 m—11i—1

f :T(Y) = Z y @ D m=2—p) Z ZTZ‘I Y¢ <i*2*#)+<mf27u>’

n=0 i=1 pu=0

we get o B
YEHFY) - F(Y) - f-(Y) =0.

From the above equation it follows that

fm=Ff" where f*=f'(Y)=Y"TFy) -1

and
if p#£ 2 then f* = f** f***
where
=Y = y(qm+1)/27(y)(q*1)/2 1
and

f*** _ f***(Y) _ Y(qm+1)/27(y)(q—l)/2 +1.

Note that the (1 = 0) term in the above first summation is Y@ +1D{m=2) and its
exponent (¢™ + 1)(m — 2) is strictly greater than the Y-exponent of every other
term in the above two summations. Hence f is a monic polynomial of degree
(g™ +1){(m—2) in Y with coefficients in k,[T4, ..., T,—1]. Therefore f* is a monic
polynomial of degree (¢™ + 1)[1 + (¢ — 1){m — 2)] = ¢ 1(¢™ + 1) in Y with
coefficients in k,[T4,...,Ty—1], and if p # 2 then f** and f*** are both monic
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polynomials of degree ¢™ (g™ + 1)/2 in Y with coefficients in kp[T1, ..., Ty—1].
Thus
(3.0) _ _
f= = ff* where f and f* are monic polynomials of degrees (¢ + 1)(m — 2)
and ¢™ (g™ + 1) in Y with coefficients in k[T, ..., T,,—1] respectively,
and if p#£2 then f*= f**f*** where f** and f*** are both monic polynomials
of degree ¢™ (g™ + 1)/2 in Y with coefficients in kp[T1, ..., Ty—1].

For 1 <e<m-—1,let f, = f.(Y) and f* = f*(Y) be obtained by putting
T; =0 for all i > e in f and f*, respectively, and if p # 2 then let f** = f**(Y)
and fX** = f¥*(Y) be obtained by putting 7; = 0 for all ¢ > e in f** and f***,
respectively. Then by (3.0),

(3.1)

for 1 <e <m —1 we have:

fo = f.f* where f, and f* are monic polynomials of degrees (¢™ + 1)(m — 2)

and ¢™ (g™ + 1) in Y with coefficients in k, [T}, ..., T.], respectively,

and if p#2 then fF = fX*f*** where f* and f** are both monic polynomials

of degree ¢™1(¢™ +1)/2 in Y with coefficients in k[T, ..., T¢].

Now
fe =AT — BT + C.
where
0# A, =Y € ky[Y]and 0 #£ B, = Y™™ ¢ g, [Y]
and

€ .
Co=YCm b 143" (J;Q‘YW*H” _ T,»Y<m*1*i>) e kylY,Th,...,T.]
=2

and hence in particular degr, f-~ = ¢. Also clearly degr, f, = 1 and hence degr, f =
g — 1 and if p # 2 then degp, fi* = (¢ — 1)/2 = degyp, f2**.

In case of p = 2, the irreducibility of f, and f* will follow from Lemmas (4.2)
and (4.3) of [A05]. In case of p # 2, for establishing the irreducibility of f,, f:*

€
and f;** we now prove the following lemma.

Lemma (3.2). Let Q be a field of characteristic p and consider a univariate poly-
nomial go = AgT? — ByT + Cy with Ag, By,Co in @Q such that Ag # 0 # By.
Assume that go = g0g090" in Q[T] with degp gy = 1 and degyp gf > 0 < degp g(’-
Also assume that for some real discrete valuation I of Q (whose value group is the
group of all integers) we have GCD(q — 1,1(By/Ao)) = 2. Then g and g{’ are

irreducible in Q[T).

To see this, we note that by assumption g = AT + Bj, with 0 # A} € Q and
Bj € Q. Now —B/Aj is a root of go/Ay =T — (By/Ao)T + (Co/Ap) and hence

[T — (Bo/Au))" = (Bo/Ao)[T — (Bg/Ay)] + (Co/Ao) = T[T — (Bo/Ao)]-
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Therefore, in view of the Q-automorphism T — T — (B{/A{) of Q[T], we see
that go/Ao factors into exactly one more nonconstant monic irreducible factor
in Q[T] as T? ' — (By/Ap), ie., upon writing go/Ag = 616>...6, and T —
(Bo/Ap) = 0105 ... 9:), where 61,6,,...,0,,01,05,..., H’p, are nonconstant monic ir-
reducible polynomials in Q[t], we have p = 1+ p’. By assumption 2 divides ¢ — 1
and hence we must have p # 2. Also 2 divides I(By/A) and hence I(By/Ag) = 2s
where s is an integer. We can take an element A in @ with I(A) = 1, and then
we can take an element A in an algebraic closure Q* of Q with By/Ag = (AA%)2.
Now I((Bo/Ao)/A%*) = 0 and hence by the Discriminant Criterion we see that I is
unramified in Q(A). Therefore upon taking an extension I'* of I to Q(A) we have
I*(AA®) = s and hence GCD((¢—1)/2, I*(AA®)) =1 = GCD((g—1)/2, I*(—AA?)).
In Q(A)[T] we have T~ — (By/Ag) = [T@~1/2 — AAS][T(4=1D/2 4 AAS]. By tak-
ing A’ € Q* with A’(@=1/2 = AA® and then taking an extension I’ of I* to
Q(A,A’) and letting r be the reduced ramification exponent of I’ over I*, we
have I'(AA®%)/[(q¢ — 1)/2] = rI*(AA%)/[(q¢ — 1)/2] = rs/[(¢ — 1)/2]. Consequently
rs/[(g—1)/2] must be an integer and hence, because GCD((q—1)/2, I*(AA®)) =1,
it follows that r divides (¢ — 1)/2. Since the field degree [Q(A,A’) : Q(A)] is at
least r, we conclude that [Q(A,A”) : Q(A)] > (¢ — 1)/2. Since A’ is a root of the
polynomial 7(@~1)/2 — AA®, this polynomial must be irreducible in Q(A)[T]. Sim-
ilarly the polynomial T(~1/2 4~ AA® is also irreducible in Q(A)[T]. Consequently
p" <2 and hence p < 3. Therefore the polynomials g{ and g{’ must be irreducible
in Q[T.
The following lemma is an easy consequence of the Gauss Lemma.

"

Lemma (3.3). Let k be a field, and let g9 = go949y’ where go, 94, 90,94 are
monic polynomials of positive degrees in Z with coefficients in the (d + 1)-variable
polynomial ring k[ X1, ..., X4, T). Assume that the polynomials gf), g, and g’ have
positive T-degrees and are irreducible in the ring k(X1,..., X4, Z)[T]. Also assume
that the coefficients of go as a polynomial in T have no nonconstant common factor
in k[X1,...,Xaq, Z]. Then the polynomials gj), g; and g{' are irreducible in the ring

K(X1,..., X, T)[Z).

By letting I to be the Y-adic valuation of Q = k,(Y,Ts,...,T,), i.e., the real
discrete valuation whose valuation ring is the localization of k,[Y, T3, ..., T.] at the
principal prime ideal generated by Y, we see that I(A.) = (m) and I(B.) =
(m — 2) and hence I(B./A.) = (m —2) — (m) = —¢™ (1 + q). Therefore
GCD(q — 1,I(Be/Ac)) = 1 or 2 according as p = 2 or p # 2. Also obviously
A, and C. have no nonconstant common factors in k,[Y, b, ..., T.]. Therefore, if
p = 2 then by Lemmas (4.2) and (4.3) of [A05], and if p # 2 then by the above
Lemmas (3.2) and (3.3), for 1 < e < m — 1 we have that

(3.4) { if p=2 then f, and f* are irreducible in k,(T1,...,T.)[Y], and
- if p# 2 then f,, f* and f** are irreducible in k,(T%,...,T.)[Y].

By taking e =m — 1 in (3.4) we see that

(3.5) { if p=2 then f and f* are irreducible in k,(T1, ..., Tm-1)[Y], and
' if p# 2 then f, f** and f*** are irreducible in k,(T1, ..., Tpn-1)[Y].
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4. TWISTED DERIVATIVE AND ITS FACTORIZATION
Recall that

m—11:—1
F=F( Zy(q Hm=2) 3§ ey 2 m2o)
=1 pu=0

Solving the equation f = 0, we get
Ry Ly (¢ +1)(m—2-p) | s Z N

ya" (i—2— )+ (m—2— )
T, =

7Y<m 2)
and hence

'Y, 2) :% (def of the twisted derivative f’ of f)
ZT;02 (Z(qm+1)(m—2—u> . Y(qm+1)<m—2—u))
Z-Y

ZZ:Ol y@"+1)(m=2-p)  (m-2) _ y(m-2)
* —Y<m—2> x Z-Y
Z Z H’“Yq””<if27u>+<mf?w> Z(m=2) _ y(m—2)
—ym-2) % Z-Y
m—1 i T (Z9™ (= 2= (m=2=p) _ ya"(i=2=p)+(m—2=p))
+ (2
i=2 pu=0 zZ-Y
Therefore
9=9(Y,2)

=y @ +Dm=2=1¢/(1/y, Z/Y) (def of polynomial g obtained by dividing

roots of f' by Y and then changing Y to 1/Y)
ZL”;(? (Z@" D m=2=p) 1) y (@™ +1)g™ "t (p-1)

Z —1

Z::L:—Ol y @ +0)em T T =) ime2) g
+ —1 71

Z Z 0" Ty T T (e =) g™ T T (1) Z(m=2) _ 1

X
-1 Z -1

m—1i—1 qu 1— M(quyL<Z 2 M>+<m 2 H) )Yq'mf17u+i<m_1+p‘_i>_|_qm—17p,<u_1>

F 71

For ¢ = m, the powers of Z in the last summation coincide with the corresponding
powers of Z in the first summation; moreover, for 4 = m — 1, by convention
(Z(qm“ﬂm 2-p) 1) = 0, and hence the first summation can be extended to
m — 1. Consequently, upon letting

74" (i—=2—p)+(m—2—p)

-1 ZzZm=2
Dy, =

— <1< <u<i-—
71 71 for2<i<mand0<pu<i-—1
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we get

m—1
9= Dy Y@ 0" )
pn=0
m—1i-1 o ) -
Ml 14y g™l (1 i-l—p
+ Z D;, Y1 (m p—i)+q (w >Ti‘1 )
= 0

=2 p
It follows that if m = 2 then
z(z0" 1) z(z0" 1)
g= ——— L VIO with L (Zk,[2)) \ (2%, ]2))
Z-1 Z-1 v b
and hence g is irreducible in k,(Z)[Y] and therefore by the Gauss Lemma g is
irreducible in k,(Y)[Z]. Thus

(4.0) { if m = 2, then g is a monic polynomial of degree ¢ in Z

with coefficients in k,[Y], and g is irreducible in k,(Y)[Z].

Henceforth assuming m > 2, and displaying dependence on T5, we get

g =DaoY?" " MTAT 4 Dy y o =2k

m—1
_|_§ Dm#y(qm-lrl)qm’l’”(u—l)
#=0
m—1i—1 -
m—1—p+i . m—1—p i—l—p
. va (m—1+p—i)+q (p—1)q
+ D;.Y T;
i=3 p=0

Now upon letting

T, = qu<m_1_i>Ti for2<i<m-1

we get
2~

9 =Da0T§ + Dy Y@ 0" T,

m—1

+ Z Dm#y(qmﬂ)qm’l"‘(u*l)
pn=0
m—1i—1 _
=3 pu=0

Hence upon letting
Yy =y

and

i =

7 {i for2<i<m-—1,

1 for i = m,
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we get

m i—1
g= Dgofzq + D21§’;an21’;2 =+ Z Z DiM?qT'L717“<lt—1>j\“'iq
i=3 p=0

i—1—p

Expanding the exponents of Y we get

m i—1
-~ oS, om—2 -~ m—1— m—2 -~ i—1—
9= DogT§ + DY Ty + 33" Dy, Yo e
i=3 u=0
where the dots indicate geometric series with ratio g. Upon letting

ﬁiu:Di,iflﬂt for2<i<mand0<pu<i-—1

we get
~ 74" (p=1)+(m—1—itp) _ 7(m-2)
Dy, = 71 for2<i<mand0<pu<i—1

and arranging the terms according to descending powers of Y we get

m i—1
~

g= ﬁzoi}qm—ZfQ + ﬁ2lfg + Z Z Biuqufi+u+m+qm—2f.qu

1
i=3 p=0

and simplifying the expression of .520 and 321 we have

20 (277 1) _ gmed (gt 1)
71 and D21 = 71

Dyo = —
For a moment, assuming m = 3, we note that

g = DyYT, + ﬁZlfzq + D3oY'H9 4+ Dy Y + Dy

where

4q (7d® _q 1+
Sz S zr(zr ) N )
Do=-=p—— ad Dn=——g—" and Dy=-"7p——
and

Z1+4 (ZqS—q — 1)
Z -1

Zl+q (Zq3+q4 — 1)
Z -1

ﬁ:ﬂ = and ﬁ32 =

and to factor g we try to find a fg—root Egoi} + E31 of g. To do this we first put

~ VAR |
g Do _ et (2
"Dy ZZA T Z(Zi-1)
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then we put

D3y + D21E§0

E3 =
— Do
Z1+‘1<Z‘73"171) VAR (qufl) (Zl+q_1) q
71 + 2= (z(an)
= Z(Z9—1)
Z—1

74 (Z‘ZS*‘? - 1) (Zf - 1) - (Zq3 - 1) (Zq2+q - 1)

(Z9—1) (29 —1)
(th’+q2 _ g9 _ gaita 4 Zq) — (Zq3+q2+q _ g9 _ gaita 4 1)
(Z1-1) (27" —1)
Z0+ _ gatdta o za _q
(Z1—-1) (27" — 1)

(29— 1) (—Z‘I3+‘12 n 1)

Za-1) (29 -1

( )
(20 )

EZE

and finally we calculate the term free of Y to be
Z1+4 (Zq3+q“ _ 1) 71+ (Zq“‘ _ 1) (—Zq3+q2 + 1)
Z -1 + Z —1 (Zq2 - 1)

Ds; + B21E§1 =

71+ (Zq3+q4 . 1) 71+ (—Zq3+q“ + 1)
= +

Z—1 Z—1
=0.
Alternatively, for “the fictitious term” Fs3s, we have
by Dss +?21E§1 _ EEQ n < 1331 ) (ﬁgl +?21Eg0>q
—Dao —Dao — Dy —Da
__Dw  DuDjy  DyEY,
B DEr Dk
— _@ ﬁﬂﬁgl B f);Qﬁg;
Doy ﬁ;gq ﬁéa””‘ﬁ

and by substituting the values of ﬁgo, ﬁgl, ﬁgo, ﬁgl, ﬁgg, we see this to be 0.
Now, without assuming m = 3, but henceforth again assuming m > 2, to factor
g, for any 3 < i < m, we try to find a T5-root

K2

i—2
[ i
n=0
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of -
i
ﬁ2oi}qm”7ﬁ2 + ﬁmfgq + Z ﬁi;t?qmilﬂJr'"Jrqm”ﬁqﬂ7
pn=0
i.e., we try to find E;, in GF(p)(Z) such that

i—1

i—2
fay = o om—itp m—2 o1 fay S, m—2 oS, om—itp m—3 N M
ot a _ ot q
> Dy Y A" = Dy Y <§ E;, Y1 " )

7

pn=0 n=0

i—2 _ g

_ ~ ) Aq’!TL71+[.L+”.+q’!TL73 qt

Doy E E;.Y T, .
n=0

Equating coefficients of
A~ m—itp m—2 A~
q +otgq q
v T

to zero, we try to find E;, in GF(p)(Z) such that

*E2OE¢H for =0,
Biu = *EQOEW — ﬁmEZu—l for 1 <pu<i—2
—ﬁzlEf,u,l for p=1i—1.

Since 1320 # 0, we can successively find the values of F;, for 0 < p < i —2 by
solving all except the last equation, and then get a condition by substituting these
in the last equation. Upon letting

b B pe
Jm:Z(*l)wfj)T_ﬁj for0<pu<i-—1
=0 Dy

these values are
Ey=Jdy for0<p<i—2
and the condition is
Jii—1=0.

Substituting the simplified expressions of ﬁgo and 321, for 0 < p<i—1and
0<j < puwe get

o m —j-1 —j
DY [ ztm=2) (za —1)]“‘ a Z-1 r 7
AN(pw—3 m— m—2
Délg J) 7 —1 — 7 3>(Zq _]_)

Z(m=2 =i =1)=(m=3)(u=i) T[#I 1 (74" — 1)ql
(—1)<ufj>(Z _ 1)7q/"—j HEOJ‘ (qu_2 B l)ql
Z{m=2)(pu—j—1)—(m—3){u—j) Hégojq (qu+z _ 1)
(- (Z - = [ (Zem = - 1)
Z(m=2)u=i=1)—(m=3)(u=j) [ tr—i~1 (qu _ 1)

(—1)<H*j>(Z _ 1)7q“*f HmJF#*j*? (Zqz . 1)

l=m—2

7(m=2)(u—j—1)—(m—3)(n—3) (Zq"wff*l _ 1)

(—1)(#7_” (Z _ 1)7(1#*]' (qu72 - 1) (qu,l — 1)
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where, for the last equation, a separate but trivial argument may be made in
the case of j = p by noting that then the extra (purposefully inserted) term

(qu+“'_j_1 - 1) in the numerator equals the extra term (qu_l — 1) in the de-

nominator. Therefore by substituting the values of ZA)Z-J-, for 0 < pu<i—1we
get

. Z(m=2)(u=j=1)=(m=3)(u=3) (qu+w,1 _ 1)

Jip = ;(—1)<“_" (—1)B=0)(Z —1)=a" 7 (24" % 1) (Za" " —1)

X

L—J
q"

74" (G—1)+(m—1—itj) _ 7(m—2)
e

Z(m=2) (=3 =1) =(m=3) (u=3)+a" I (= 1)+¢" 7 (m—1—i+j) (Zq"wff*l _ 1)

"
X @@ 1
o Z(m=2)(u=j—1)=(m=3)(u—j)+q" 7 (m—2) ( gt 1)

2 Z ) 7 )

Jj=0

where

the first exponent of Z in the last summation

=(m—2)(u—j—1) = (m—=3)(u—j)+¢" 7 (m~-2)
=[m—=2)({u—3) —¢"7) = ((m=2) =" ) (u—5)]+¢" 7 (m—2)
=q¢""*(u—j)

and

the first exponent of Z in the last but one summation
=(m—2)(u—j—1) = (m—=3)(u—j) +¢" (-1 +¢" I (m—~1—i+j)
=[(m=2)({u =) —¢"77) = ((m = 2) — ¢ *)(n— )]

+gm TG 1) + ¢ (m = 1 i+ )
=" p =) =" m =2+ ¢TI =) ¢ (m— 1~ i+ )
=" =) F g R I = )] = ¢ [(m = 2) — (m = 1 =i+ )]

mtp—j—1
—gmtri

=q" P u+1) —g"H i -2 j) — gL
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qu_2<l1«+1> m+p— <,L 2—j)— m+/m—j—1 (qu-*—ur—j—l B 1)

m
Tu=2 @)@ )

qm72<u_j> (qu#»;zfjfl _ 1)

nZ
"L G )

2“: 70" (pA1) =g T (-2 ) z“: Za™ ) =g R (1)
= Zam — 1) (Zam 7 — po (Zzam —1) (qu 1)
" Zq""2<ufj+1> K 74" p=3)
- Z m—2 m—1 + Z m—2 m—1
= (Zza" ™2 —1) (za™ " — J:O (Zzam2 —1) (za" " —1)
RHL Zgm =2t 1) —qm T (- 1) Bz (ut ) =g i—1-)
(2 - 1) (zm =1 (27— 1) ("' —1)
“Hu—g+1) A ™ (u—gt1)

T S T )

QMI

Za" 2<u+1>— mHET -2y g™ 2(u+1> mERTN(i-1)
] (e B (e ()

m—2

74" (1) 7z
BRI R R I VI
20" pA) =g 1) (ZQ"”*“’i(<i—1>—<i—2—u>) _ 1)

(Zr =1 @)
" (Zq"“2(<u+1>71> . 1)
IR VIPZERR
( 24" ) =g 1) qu"2) (Zq’"'_”“> - 1)
(== 1) (2T =) |

Therefore
(Z g3 —p) qu_"’) (Zq’”_1<u> _ 1)
(Za"2 —1) (Za" 7 —1)
_ (Zq"””‘*i(i*?*u) _ 1) (qufl(m _ 1)
T Zam s (zam T ) (24T <)
Now by putting 4 =7 — 1 we see that
Jiic1 = 0.

i =

It follows that, upon letting

_ (Zq"”rH Him2—p) _ 1) (qu”(u) _ 1)

Ei, = Za =5 (a7 1) (297 — 1) for3<i<mand0<pu<i—1
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we have

i—1

N Sameite L m—2 Sk
§ Dmyq +-+q T4

%

pn=0

i—2
_ fng "\q7n72 ) /\qu'i+p+.__+qm73 "\qu
= —DyV Ei,Y T
pn=0

i—2 q

o Som—it m—3 .

— Doy < g E;, Y1 Fhta Tiq“> for 3 <i<m.
n=0

By ¢-linearity, summing the above equations we get

m i—1

"\‘ Aq7n7i+u+_“+q7n72 /\q#
> > DyY T
=3 pu=0

m 1—2 ]
B Tem? DR g3 gt
— —DyY SN EBLY T

i=3 p=0
m 1—2 q
_ ﬁm (Z Z Eiu?qmwu-f-m-i—qmsj;iqu) .
i=3 p=0
Therefore recalling that
) zm (qu_z - 1) ~ Zm2) (Z4" —1)
20 71 an 21 7 1
and letting
- N =R m i—2 R e o
D = —D21/Dgo and F = Dy Z Z EiMYq Bi..qq Tiq
=3 pu=0
we get
D =Z(Z—1)\" '+
and
m 1—2 mAbp—igs o qm—1
74 (i=2—p) _q Zm _1 i s
E:ZZ ( < ) Z(m+u7l71)yq +etg Tzq
i=3 pu=0 Z-1 Z =1
and -
—DE'+Y"" "B+ SN Dy, YU A e g,
i=3 u=0

The above equation says that E/ 1320 is a fg—root of

m i—1
= - fay oS, om—2 fay Som—itte g m—2 . 1
g=DnTy§ + DyY "To+ E E D;, Y1 tetan T
i=3 p=0
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Hence upon letting

qg—1
g =E-DyTy, and g¢"=DE" Y"1+ DDy EI T
=1

we obtain
q—1
s ~ _
g¢" = (DB =Y "E) + > DDy BT}
=1
fay fay oo om—2 -~ a ~ ~
- (DDgoEq’l — Dyt ) T, -3 DDbE*'T}
=2
q—1
= (DE' = V" E) + (DDaE") Ty + Y DDy E*'T}
=2

q—1
~ (DD BT = DoV ) Ty (Z DDQOEQ‘lTré) ~ DD4,T}
=2

= Doy T8 + DooV" Ty + (DEq - f/q’"”E)

m 1—1
= Doy T + DoV T + S D Y e R "
=3 u=0
Thus we get the factorization
(4.1) 9=49"
where by substituting the values of Y and ﬁ we have
(4.2)
m—1
g =Day Y ITg 4 DoV T ey N7 D, Y@ D m2 e
n=0
m—1i—1
=~ m me—idp ma4p . n
1=3 pu=0
and
(4.3) g =E— DyY """,
and
q—1
m m—2 ~ m
(4_4) g// — DEI! _ Y(q +1)g + Z DDZQOEq—l—lyq (m—3>lT2l
1=1
and
(4.5)
m—2 m—1i—2 _
E= Z Emuy(qm+1)q"<m—3—u> _,_Z Zﬁwy(qmﬂ)qm*’l*“<i—3—u>+qm+“(m—1—z’)Tiq“
p=0 i=3 u=0
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with

m—1

mtp—ig;_ o q
5o VA ( w1 VAT pAr—
(4.6) i Z -1 Z —1

for3<i<mand 0 < pu<i—2,

and where we recall that

~ 74" (p=1)+H(m—1—i+p) _ 7(m-2)
(4.7) D;, = 71 for3<i<mand0<pu<i-—1
and
~ AU (qu_2 - 1) ~ 7{m—2) (Zq"” — 1)
(4.8) Dy = — 71 and Do = 71
and
(4.9) D =—Dy /DY, = Z(Z — 1)ld" "+,

By (4.6) we see that, for 3<i<mand 0 < pu<i—2, Eiu is a monic polynomial
of degree
¢ =2 ) = T+ () ) A (m p =i = 1) = g(m = 3) + ¢ (u— 1)

in Z with coefficients on GF(p). Therefore, since Y (4" +1a"(m=3-u) — 1 for ; =
m — 2, by (4.5) we see that F is a monic polynomial of degree

g{m —3) +¢"((m —2) 1) = q(¢" ™" +1){m - 3)

in Z with coeflicients in GF(p)[Y, T, ..., Ty—1]. Consequently, in view of (4.3) and
(4.8) we conclude that ¢’ is a monic polynomial of degree ¢(¢™ ! +1)(m —3) in Z
with coefficients in GF(p)[Y,Tx,...,T;m-1]. Obviously g is a monic polynomial of
degree

(degy f) — 1= (¢™ 4+ 1)(m —2) — 1 =q¢™(m —2) + q(m — 3)

in Z with coefficients in GF(p)[Y, Tz, ..., Tmm—1]. Hence in view of (4.1), (4.4), (4.8)
and (4.9) we see that ¢’ is a monic polynomial of degree

g™ (m —2) +q(m —3) — q(¢™ +1)(m — 3) = ¢*" 2

in Z with coefficients in GF(p)[Y, Tz, ..., T;n—1]. Thus
(4.10)

{ g and ¢” are monic polynomials of degrees q(¢™ ! + 1){m — 3) and ¢*™~2

in Z with coefficients in GF(p)[Y, Tz, ..., T, —1] respectively.

Without assuming m > 2, for 1 <e <m — 1, let f! and g, denote the members
of GF(p)[Y, Z,T3,...,T.] obtained by putting 7T; = 0 for all ¢ > e in f’ and g
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respectively. Then f/ is the twisted derivative of f,, and dividing the Z-roots of f/
by Y and afterwards changing Y to 1/Y we get g. which is a monic polynomial of
degree ¢™(m — 2) + ¢(m — 3) in Z with coefficients in GF(p)[Y, 1>, ..., T.].

Again henceforth assuming m > 2, for 1 <e <m — 1, let g/ and g” denote the
members of GF(p)|Y, Z, Ty, ..., T.] obtained by putting T; = 0 for all i > e in ¢’
and g” respectively. Then in view of (4.1) and (4.10),

for 1 <e <m —1 we have g. = g.g/ where g, and g/ are
(4.11) monic polynomials of degrees q(¢™~* + 1)(m — 3) and ¢*™ 2 in Z
with coefficients in GF(p)[Y, Ts, ..., T.] respectively.
By (4.2), (4.3), (4.5), (4.6), (4.7) and (4.8) we have
g = A2T2q — BQTQ + CQ and gé = A/2T2 + Bé
where Ag, Ba, Cs, Al BY are the nonzero elements in GF(p)[Y, Z] given by

A2 _ ﬁ2lqu+l<m_3> and 32 _ _Bzoi}q'rn72+qvn<m_2>

and .
Cy = Z f)muy(qmﬂ)q“(m*?*u)
pn=0
and )
Al = — DoV 7" (m=3) and Bl = Z Em#y(q’”ﬂ)q“(m*i%*u).
pn=0

By letting I to be the Z-adic valuation of @ = k,(Y, Z), i.e., the real discrete
valuation whose valuation ring is the localization of k,[Y, Z] at the principal prime
ideal generated by Z, we see that I(As) = (m —2) and I(Bz2) = (m — 3) and hence
I(By/A3) = (m —3) — (m —2) = —¢™ 2 and therefore GCD(q — 1, I(By/Az)) = 1.
In view of (4.7) and (4.8) we also see that Ay and C5 have no nonconstant common
factor in k,[Y, Z], because u = m — 1 gives the nonzero term ﬁm,m_l of Cy which
is independent of Y, and pu = 0 gives the highest Y-degree term of Cy and its
coefficient is

~ 1 — Zz(m=2)
Dpo=—7—-—
m0 7 -1
Therefore by Lemmas (4.2) and (4.3) of [A05] we conclude that
(4.12) the polynomials g5 and g4 are irreducible in k, (Y, T%)[Z].

As an immediate consequence of (4.12) we see that

the polynomials ¢’ and ¢” are irreducible in k, (Y, T5,...,Tpn-1)[Z]
(4.13) and, for 2<e<m—1,

the polynomials g, and ¢/ are irreducible in k,(Y,T5,...,T.)[Z].
Note that
(4.14) in (4.1) to (4.13) we assumed m > 2.

Recall that f, is irreducible in k,(T1,Ts,...,T.)[Y], its twisted derivative is
fiY,Z), and g, is obtained by dividing the Z-roots of f/(Y,Z) by Y and then
changing Y to 1/Y; therefore by (4.0), (4.1), (4.10), (4.11), (4.13) and (4.14) we
get the following
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Theorem (4.15). If m = 2 then Gal(f,k,(T1)) = Gal(f,,ky(T1)) is a 2-tran-
sitive permutation group of degree ¢"* + 1. If m > 2 and 2 < e < m — 1 then
Gal(f., kp(T1,...,T.)) is a transitive permutation group of Rank 3 with subdegrees
1, g(¢g™ ™t + 1)(m — 3) and ¢*™2. Hence in particular, if m > 2 then
Gal(f, ky(Ty,...,Trn—1)) is a transitive permutation group of Rank 3 with subde-
grees 1, q(¢™ 1 +1){m — 3) and ¢ 2.

Notation. Recall that < denotes a subgroup, and < denotes a normal subgroup. Let
the groups SL(m, ¢) < GL(m, q) <T'L(m, q) and PSL(m, q) <PGL(m, ¢) <PTL(m,q)
and their actions on GF(q)™ and P(GF(¢)™) be as on pages 78-80 of [A03]. Let

O, : TL(m, q) — PI'L(m, q) = TL(m, q)/GF(q)*

be the canonical epimorphism where we identify the multiplicative group GF(q)*
with scalar matrices, which constitute the center of GL(m, q).

Now in view of Proposition 3.1 of [A04], by (3.0), (3.1), (3.4) and (3.5) we get
the following

Theorem (4.16). Assuming GF(q) C ky, for 1 <e <m—1, in a natural manner
we may regard
Gall, , kp(Th,...,Te)) < GL(2m, q) and Gal(f. , kp(Th,...,Tc)) < PGL(2m,q)
and then
Oonm(Gal(p, , kp(T1, ..., Te))) = Gal(fo  kp(T1,...,Te))

and Gal(f; , ky(Ty,...,T.)) has two or three orbits on P(GF(q)*™) of sizes
(@™ + (m — 2), ¢" g™ + 1) or (¢™ + 1(m — 2), ¢" (g™ + 1)/2,
g™ (q™ + 1)/2 according as p = 2 or p # 2. In particular, again assuming
GF(q) C kyp, in a natural manner we may regard

Gallo™, kp(Th, ..., Tm—1)) < GL(2m,q)
and

Ga’l(f77 kp(Tlv s 7Tm—1)) < PGL(2m7 Q)
and then
@gm(Gal((b*, kp(Tl, e aTm—l))) = Gal(ff, kp(Th e 7Tm—1))

and Gal(f~,ky(Ty,...,T.)) has two or three orbits on P(GF(q)*™) of sizes
(@™ + Dim = 2), ¢"7Hg™ + 1) or (¢" + D(m = 2), ¢" 7™ + 1)/2,
g™ (g™ 4+ 1)/2 according as p =2 or p # 2.

Recall that a quasi-p group is a finite group which is generated by its p-Sylow

subgroups. Since Discy f; = —1 = Discy ¢, for 1 < e < m — 1, by the techniques
of the proofs of Proposition 6 of [A01] and Lemma 34 of [A02] we get the following

Theorem (4.17). If k, is algebraically closed then, Gal(f; ,ky(Th,...,Te)) and
Gal(o,  kp(Th,...,Te)) for1 <e <m—1, are quasi-p groups. In particular, if k, is
algebraically closed then, Gal(f~—, kp(Th,...,Tm-1)) and Gal(¢—, kp(Th, ..., Tm-1))
are quasi-p groups.
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5. REVIEW OF LINEAR ALGEBRA

Recall that we are assuming m > 1. Let € € {+,—}. Let ¢ = (1 —€l)/2 and
note that then ¢ = 0 or 1 according as € = + or — respectively.

Fix v € GF(q) such that T? + T + v is irreducible in GF(q)[T]. Consider the
quadratic forms ¥+ (z) = z1Tma1 + -+ + TmTam and Y~ (z) = B1Tpmeq + -+ +
Tr—1%2m—1 + xfn + TmTom + Vx%m. Define the orthogonal group O¢(2m,q) as
the group of all e € GL(2m,q) which leave the quadratic form ¢ unchanged,
ie., ¢¥(ze) = 9(x). Let the general orthogonal group GO¢(2m,q) be defined
as the group of all e € GL(2m,q) such that for some A(e) € GF(q) we have
Pe(&e) = Ae)ye(€) for all € € GF(q)*™. Let the semilinear orthogonal group
I'O¢(2m, q) be defined as the group of all (7,e) € T'L(2m, q), with 7 € Aut(GF(q))
and e € GL(2m,q), such that for some A(r,e) € GF(q) we have ¢({7e) =
(T, e)yp(€)T for all € € GF(q)?™. Define the special orthogonal group SO¢(2m, q) =
SL(2m, q) N O¢(2m, q). Let O’¢(2m, ¢) be the commutator subgroup of O¢(2m,q).
Let Q¢(2m, q) = O’¢(2m, q) if (m, q,€) # (2,2,+), and let Q7 (4,2) be the subgroup
of SO (4, 2) containing O’* (4, 2), as defined in Definition 4 on page 30 of [LiK], such
that [SOT(4,2) : Q1 (4,2)] =2 = [Q7(4,2) : O'F(4,2)]. Thus we get the sequence
O’¢(2m,q) < Q°(2m,q) < SO°(2m,q) < O°(2m,q) < GO*(2m,q) < T'O*(2m,q)
of orthogonal groups and by applying O3, to them we get the corresponding se-
quence PO’¢(2m, q) < PQ¢(2m, q) < PSO¢(2m, q) < PO¢(2m, q) < PGO¢(2m, q) <
PT'O¢(2m, q) of projective orthogonal groups.?

Note that for any H < GL(2m, q) we have

(5.1) Qf(2m, q) < H & PQ(2m, q) < O (H).

In case (m,q,€) # (2,2,+), this follows exactly as in the proof of Lemma 2.3 of
[A04] because then by Theorem 11.46 of [Tay] Q¢(2m,q) is generated by Siegel
transformations. By the definition of a Siegel transformation (11.17 of [Tay]) we
see that its order is p or 1, and the said proof is based on the fact that the group
is generated by elements of p-power order, i.e., equivalently the fact that it is a
quasi-p group. So (5.1) holds also for (m,q,€) = (2,2,+) because by Proposition
2.9.1(iv) of [LiK] Q7 (4,2) is a quasi-2 group.

3Instead of taking the specific quadratic form ¢, in [LiK] these groups are defined for each
quadratic form of “Witt defect €’”. Dickson [Dic| defines these groups for p # 2 by taking a
different set of specific quadratic forms thus: if either ¢ = + and ¢ = 1 (mod 4) or ¢ = + and
g = 3 (mod 4) with m even or e = — and ¢ = 3 (mod 4) with m odd then take the quadratic
form to be :r%Jr---er%m; if either ¢ = 4+ and ¢ = 3 (mod 4) with m odd or ¢ = — and ¢ = 3
(mod 4) with m even then take the quadratic form to be z? + - + 23 _; — 23 ; and finally
if e=— and ¢ = 1 (mod 4) then take the quadratic form to be 22 + .-+ + 23, _; — px3,, with
u € GF(q) \ GF(q)?. By the singular points of PQ¢(2m, q) we mean the images in P(GF(g)?™) of
the nonzero ¢ € GF(q)2™ at which the quadratic form vanishes. By Exercise 11.3 on page 174 of
[Tay] we see that the cardinality of the singular points of PQ¢(2m, q) is (qm_H‘e/ +1){m—1—¢),
and hence the cardinality of the nonsingular points of PQ¢(2m,q) is ¢™1(¢™ — 1 + 2¢/). By
11.24 and 11.27 on pages 150-151 of [Tay] we see that PQ¢(2m, q) acts transitively on its singular
points, and by using Witt’s Lemma (page 81 of [Asc]) we see that if p = 2, then PQ¢(2m,q)
acts transitively on its nonsingular points, whereas if p # 2, then PQ¢(2m, q) has two equal size
orbits of nonsingular points. Finally, by the sixth line of Table 5.4.C on page 200 of [LiK] which
starts with Dli (q)), we see that if m > 3 and ® < PGL(2m, q) is isomorphic to PQ¢(2m, q), then
PQ¢(2m, q) = 61 ®6 for some § € PGL(2m, q).
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By 2.1.B, 2.10.4(ii) and 2.10.6(i) of [LiK], for any H < GL(2m, ¢q) we have
(5.2) Q°(2m,q) < H < Q°(2m, q) < H < GO*(2m, q)
and by 2.1.C of [LiK] we have

Z0 (mod p) ifp>2,

(5.3) [GO“(2m, q) : Q5(2m,q)]{ —9 if p=2.

Since Q¢(2m,q) is quasi-p, it is generated by the p-power elements of
Q¢(2m, q)GF(q)*, and hence these two subgroups have the same normalizer in
GL(2m, q). Also clearly GF(¢)* < GO¢(2m,q). Therefore by (5.2), for any G <
PGL(2m, q) we have

(5.4) PQE(2m, q) <G < PQ(2m, q) < G < PGO*(2m, q)
and by (5.3) we get

Z0 (mod p) ifp>2

(55) PO (2m.q): P em. ) ) i

Finally, since GF(q)* < GO¢(2m, q), for any H < GL(2m, q) we have
(5.6) H < GO*(2m,q) < O, (H) < PGO®(2m, q).

In view of Theorem IV of [CaK], by Corollary 1(iii) of Kantor [Kan] we get the
following:

Theorem (5.7) [KANTOR]. Assume that m > 3. Let G be a transitive permu-
tation group of Rank 3 with subdegrees 1, q(qm_2+€/ +1)(m —2—¢€) and ¢®"2.
Then the permuted set can be identified with the singular points of PQ(2m,q) so
that PQ¢(2m,q)1 < G < PI'O°(2m,q)1 where PQ¢(2m,q)1 and PI'O°(2m,q); de-
note the permutation groups on the said singular points induced by PQ¢(2m, q) and
PTO°(2m, q) respectively.

For applying (5.7), we first prove the following

Lemma (5.8). Let G < PGL(m,q) have orbits Ay ..., A, of sizes dy,...,d. on
P(GF(q)™), and note that then Y ., d; = (m—1). Assume that there is no positive
integer r < m together with a proper subset p of {1,... e} such that 3, d;
(r —1). Also assume that there is no integral divisor s > 1 of m together with a
disjoint partition o(1)U---Ua(s) ={1,...,e} of {1,...,e} into pairwise disjoint
nonempty subsets o(1),...,0(s) such that for 1 < j < s we have ydi =

(j)(q —1)3=Y(m/s) — 1)7. Then G acts faithfully on each of its orbits.

i€o(y
Namely, the first assumption implies that ©,1(G) does not map any proper
subspace of GF(g)™ (of positive dimension 7 < m) onto itself.* Therefore, regarding
4In view of this observation, by the last line of Table 5.4.A on page 199 of [LiK] which starts

with Dli(q), we see that if m = 3 and & < PGL(2m,q) is isomorphic to and has the same size
orbits as PQ¢(2m, q), then PQ¢(2m, q) = § 16 for some § € PGL(2m, q).
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P(GF(q)™) as the set of all 1-dimensional subspaces of GF(q)™, it follows that Ay
spans GF(¢)™. Let ¥ = {v € ©,}G) : v(M) = M for all M € A;}. Then
U 10,.'(G). Recall that a maximal eigenspace of ¥ is a maximal subspace L of
GF(q)™ such that for some homomorphism ay : ¥ — GF(¢)* we have v(z) =
ar(y)z for all v € ©,,(¥) and z € L. Since A; spans GF(¢)™, we get a direct sum
decomposition GF(q)™ = L1+ -+ L, where Ly, ..., L are maximal eigenspaces of
V. Since ¥<0,,1(G), it follows that ©.,!(G) acts transitively on this decomposition,
and hence dim L; = m/s for 1 < i < s. For 1 < j < slet A; be the set of all
M € P(GF(q)™) such that, for every 0 # z € M, the cardinality of {1 < i < s:
proj;(z) # 0} is j where proj; : Ly + - - -+ Ls — L; is the natural projection. Then
the cardinality of A; is (j) (q—1)7=Y{(m/s)—1)3. Since ©,,}(G) acts transitively on
the above decomposition, there is a disjoint partition o(1)U---Uo(s) = {1,...,e}
of {1,...,e} such that for 1 < j < s we have A; = U;c,(jyAi. Therefore for
1 <j <swehave 3o, v di = (5) (¢ —1)7*((m/s) — 1)7. Consequently by the
second assumption we must have s = 1. Therefore ¥ = GF(q)* and hence G acts
faithfully on A;. Similarly G acts faithfully on each of its orbits.

In view of (5.8) and the previous two footnotes, we get the following corollary of
(5.7):

Corollary (5.9). Assume that m > 3. Let G < PGL(2m,q) have 2 or 3 or-
bits on P(GF(q)*™) of sizes (¢™ + 1)(m —2), ¢™ (g™ + 1) or (¢™ + 1)(m — 2),
g™ g™ +1)/2, ¢ (g™ 4+ 1)/2 according as p =2 or p # 2. Assume that G is
Rank 3 with subdegrees 1, q(qm_z“‘e/ +1)(m—2—¢) and ¢*™~2 on the orbit of size
(g™ + 1)(m — 2). Then PQ(2m,q) <6 *G6 for some § € PGL(2m, q).

Asin (5.7), let PQ¢(2m, ¢); denote the permutation group induced by PQ¢(2m, q)
on its singular points (whose cardinality is (¢™ + 1){(m — 2)). In case of p =
2, let PQ¢(2m,q)2 denote the permutation group induced by PQ¢(2m,q) on its
nonsingular points (whose cardinality is ¢ (¢™ + 1)). In case of p # 2, the
permutation groups induced by PQ¢(2m,q) on its two nonsingular orbits (whose
common cardinality is ¢™ (g™ + 1)/2) are easily seen to be equivalent and we
denote them by PQ¢(2m, q)2. Now by (5.8) we see that

(5.10) PQc(2m, q)1 = PQ(2m, q) =~ PQ(2m, q)2
where ~ denotes isomorphism as abstract groups.

6. GALoiS GROUPS
By (4.15), (4.16), (5.1), (5.6) and (5.9) we get the following

Theorem (6.1). If m > 3 and GF(q) C ky, then, for2 <e<m—1, in a natural
manner, we have

Q7 (2m,q) < Gal(¢p, , kp(Th,...,Te)) < GO™(2m, q)

and
PQ™(2m,q) < Gal(fs  kp(T1,...,Te)) < PGO™(2m,q).

Hence in particular, if m > 3 and GF(q) C ky then, in a natural manner we have

Qi(2m7 Q) < Gal(¢7a kp(Th cee 7Tm—1)) < GO~ (Qma q)
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PQ™(2m,q) < Gal(f~,kp(Th,...,Tim—1)) < PGO™ (2m,q).

By (3.0), (3.1), (3.4), (3.5), (4.17), (5.2), (5.3), (5.4), (5.5), (5.10) and (6.1) we
get the following

Theorem (6.2). If m > 3 < p and k, is algebraically closed, then, for 2 < e <
m — 1, in a natural manner we have

and

and

and

and

Gall¢p™, kp(Th, ..., Tn—1) = Gal(o, , kp(T1,...,Te) = Q™ (2m,q)

Gal(f~, kp(T1, ..., Tn—1)) = Gal(fo, kp(Th, ..., Te)) = P (2m, q)

GGZ(T, kp(Tlv e 7Tm*1)) = Gal(?ev kp(T1’ ce 7Te))
= PQ™(2m,q)1 ~ PQ™(2m, q)

Gal(f** kp(Th, ..., Trn—1)) = Gal(f* kp(Th, ..., Te))
= PQ™(2m,q)2 = PQ™(2m, q)

Gal(f** kp(Th,..., Tm—1)) = Gal(f7*"  kp(Th, ..., Te))
= PQ?(2m7q)2 ~ PQ7(2m7q)

Remark (6.3). We shall discuss the m < 3 or p = 2 case elsewhere.

[A01]
[A02]
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[A04]
[A05]
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