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THE BERGMAN KERNEL FUNCTION OF

SOME REINHARDT DOMAINS

SHENG GONG AND XUEAN ZHENG

Abstract. The boundary behavior of the Bergman Kernel function of some
Reinhardt domains is studied. Upper and lower bounds for the Bergman kernel
function are found at the diagonal points (z, z̄). Let D be the Reinhardt
domain

D =

{
z ∈ Cn | ‖z‖α =

n∑
j=1

|zj |2/αj < 1

}
where αj > 0, j = 1, 2, . . . , n; and let K(z, w̄) be the Bergman kernel function
of D. Then there exist two positive constants m and M and a function F such
that

mF (z, z̄) ≤ K(z, z̄) ≤MF (z, z̄)

holds for every z ∈ D. Here

F (z, z̄) = (−r(z))−n−1

n∏
j=1

(−r(z) + |zj |2/αj )1−αj

and r(z) = ‖z‖α − 1 is the defining function for D. The constants m and M
depend only on α = (α1, . . . , αn) and n, not on z.

1. Introduction

The Bergman kernel function K(z, w̄), z, w ∈ Ω for a domain Ω ⊂ Cn is the
kernel of the Bergman projection operator, the operator projecting L2(Ω) onto its
holomorphic subspace. In this paper, we consider the Reinhardt domain

D =

z ∈ Cn | ‖z‖α =
n∑
j=1

|zj |2/αj < 1

(1)

where αj > 0, j = 1, 2, . . . , n. The purpose of this paper is to give an estimate of the
kernel function K(z, z̄) of D in a “small constant-large constant” sense. Precisely,
we prove the following

Theorem 1. There exist two positive constants m and M , which only depend on
n and αj, j = 1, 2, . . . , n, such that

mF (z, z̄) ≤ K(z, z̄) ≤MF (z, z̄)(2)
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holds for every z ∈ D, where

F (z, z̄) = (−r(z))−n−1
n∏
j=1

(−r(z) + |zj |2/αj )1−αj(3)

and r(z) = ‖z‖α − 1 is the defining function for D.

The study of the boundary behavior of KΩ(z, w̄) for a domain Ω ⊂ Cn is quite
old, going back to the original inquires of Bergman [1]. Both Fefferman [6] and
later, Boutet de Monvel and Sjöstrand [2] obtained the asymptotic expansion of
KΩ(z, w̄), when Ω b Cn is strongly pseudo-convex. For domains in C2, Catlin [3]
has given a precise description of the behavior of KΩ(z, z̄) near finite-type points
in ∂Ω. Sharp estimates for KΩ(z, w̄) for this class of domains were obtained by
McNeal [7] and Nagel et al. [9]. For a “decoupled” class of Ω b Cn, McNeal [8]
described the exact estimates on KΩ(z, w̄) for z near a point of finite type in ∂Ω.
For the Reinhardt domain (1), D’Angelo [4] gives the series form of the Bergman
kernel function K(z, w̄) as

K(z, w̄) = (α1α2 · · ·αnπn)−1

×
∑

m1,m2,...,mn≥0

Γ(
∑n
j=1 αj(mj + 1) + 1)

Γ(α1m1 + α1) · · ·Γ(αnmn + αn)
(z1w̄1)m1 · · · (znw̄n)mn .

(4)

We will use equation (4) to obtain the estimate of K(z, z̄) given in inequalities (2).
It should be noted that D’Angelo [4, 5] has studied K(z, z̄) for certain domains.

He showed

K(z, z̄) =
l+1∑
k=0

ck

1−
l∑

j=1

|zj|2
−l−1+kp(1−

l∑
J=1

|zj |2
)p
−

n∑
j=l+1

|zj |2
−n+l−k

when the domain is Ω = {z ∈ Cn |
∑l
j=1 |zj |2 + (

∑n
j=l+1 |zj|2)1/p < 1}, where

1 ≤ l < n, p is a positive real number, and the constants ck depend on k, l, n and
p only.

The sketch of the proof is now indicated. We will informally use the word
“comparable” to mean the two functions or sequences of coefficients are related by
inequalities such as those between K and F given in inequalities (2). The proof can
be outlined as follows: We start with the expansion of the Bergman kernel function
in (4). Then we show that the coefficients are comparable to certain coefficients
A that are more tractable. The Main Lemma shows that these coefficients A are
comparable to certain coefficients B. It follows that the coefficients in equation
(4) are comparable to the coefficients B. Multiplying by the powers of z and
summing, we find that the kernel function is comparable to a function F which has
an expansion with the coefficients B.

Most of the lemmas are combinatorial. The Main Lemma which relates the
coefficients A and B is stated in section 3. Its proof is carried out in sections 4 and
5. The proof of the Theorem is given in sections 6 and 7.

2. Preliminary lemmas

We start with some combinatorial lemmas proved using generating function. The
routine proofs are not included.
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Let Rn
+ denote the set of vectors x = (x1, . . . , xn) in Rn, such that all the

components xj , j = 1, 2, . . . , n, are non-negative, and let σ(x) =
∑n
i=1 xi. As usual

we let ej denote the unit vector of the j-th coordinate in Rn, and let x(j) =
(x1, . . . , xj−1, 0, xj+1, . . . , xn), σ(x(j)) =

∑
i6=j xi if x = (x1, . . . , xn).

Let a, t be real numbers, |t| < 1, and

(1− t)−a =
∞∑
k=0

b(a, k)tk(5)

Lemma 1.

b(a, k) =
Γ(k + a)

Γ(a)Γ(k + 1)
, when a 6= 0, a > −1;(6)

and b(0, 0) = 1, b(0, k) = 0 when k 6= 0.

Let u = (u1, . . . , un) ∈ Rn
+, σ(u) =

∑n
i=1 ui < 1, and

(1− σ(u))−a =
∑
m∈Zn+

C(a,m)um(7)

where m = (m1, . . . ,mn), um = um1
1 · · ·umnn .

Lemma 2.

C(a,m) =
Γ(a+ σ(m))

Γ(a)
∏n
j=1 Γ(1 +mj)

, when a 6= 0, a > −1;(8)

and C(0, 0) = 1, C(0,m) = 0 when m 6= 0 = (0, . . . , 0).

Lemma 3. Let aj , j = 1, . . . , s, be real numbers, k ∈ Z+, then

b(a1 + · · ·+ as, k) =
∑
σ(l)=k

b(a1, l1)b(a2, l2) · · · b(as, ls)(9)

where b(a, k) is defined by (5), l = (l1, . . . , ls) ∈ Zs+, and σ(l) =
∑n
j=1 lj.

Lemma 4. Let aj , j = 1, . . . , s, be real numbers, l ∈ Zn+, then

C(a1 + · · ·+ as, l) =
∑

m+p+···+q=l
C(a1,m)C(a2, p) · · ·C(as, q)(10)

where C(a, l) is defined by (7) and l,m, . . . , q ∈ Zn+.

Lemma 5. If a > −1, m = (m1, . . . ,mn) ∈ Zn+, p = (p1, . . . , pn) ∈ Zn+, q =
(q1, . . . , qn) ∈ Zn+ and m = p+ q, pjqj = 0 for j = 1, 2, . . . , n, then

C(a,m) = C(a, p)C(a + σ(p), q)(11)

where C(a, l) is defined by (8).

Consider the special case that

p = m(j) = (m1, . . . ,mj−1, 0,mj+1, . . . ,mn),

q = mjej = (0, . . . , 0,mj, 0, . . . , 0).

Then (11) becomes

C(a,m) = C(a,m(j))C(a + σ(m(j)),mjej) = C(a,m(j))b(a+ σ(m(j)),mj)

since

C(a+ σ(m(j)),mjej) = b(a+ σ(m(j)),mj).
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If we take p = mjej , q = m(j), then (11) becomes

C(a,m) = b(a,mj)C(a+mj ,m(j)).

Thus we have

C(a,m) = C(a,m(j))b(a+ σ(m(j)),mj) = C(a+mj ,m(j))b(a,mj).(12)

In particular, if j = n, then (12) becomes

C(a,m) = C(a,m(n))b(a + σ(m(n)),mn) = C(a+mn,m(n))b(a,mn).(13)

Lemma 6. If a,m are two real numbers, m ≥ 1, and m+ a > 0, then there exist
two positive numbers c and C, which are independent of m, and only depend on a,
such that

cΓ(m)ma < Γ(m+ a) < CΓ(m)ma.(14)

Proof. When m is a positive integer, then (14) is just the consequence of Euler-
Gauss formula

Γ(a) = lim
m→∞

ma 1 · 2 · · · (m− 1)

a · (a+ 1) · · · (a+m)
.

When m is not a positive integer, we may prove it by using the Stirling’s formula:
For real x > 0,

Γ(x) =
√

2πxx−1/2e−xeθ(x)/12x

with 0 < θ(x) < 1. Using the Stirling formula, we have

Γ(m+ a)

Γ(m)ma
=
(

1 +
a

m

)m+a−1/2

e−a exp

{
θ1(m+ a)

12(m+ a)
− θ2(m)

12m

}
where 0 < θ1 < 1, 0 < θ2 < 1. It is easy to verify that the right hand side of the
previous equality is bounded above by exp{1 − a + 1

12(1+a)}max[1, (1 + a)a−1/2],

and bounded below by exp{− 1
12 − a}min[1, ea] min[1, (1 + a)a−1/2]. Thus we prove

(14).

Actually, we have limm→∞
Γ(m+a)
Γ(m)ma = 1, for any positive real number sequence

{m}.

3. The Main Lemma

Lemma 7 (Main Lemma). Let u = (u1, . . . , un) ∈ Rn
+, σ(u) < 1, a > 0, ε =

(ε1, ε2, . . . , εn) ∈ Rn, εj > −1, j = 1, 2, . . . , n. Further, if all εj, j = 1, 2, . . . , n,
are non-positive, we assume that a+

∑n
j=1 εj > 1. If some of the εj, j = 1, 2, . . . , n,

are non-negative and the others are non-positive, then we assume that a+
∑n
j=1 εj >∑n

j=1{εj}+ 1, where {εj} means the least integer which is equal to or greater than
εj. Let

F a,εn (u) = (1− σ(u))−a
n∏
j=1

(1 + uj − σ(u))−εj ,(15)

and let the Taylor expansion of F a,εn (u) be

F a,εn (u) =
∑
s∈Zn

+

Ba,εs,nu
s(16)
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where s = (s1, s2, . . . , sn) ∈ Zn+, us = us11 · · ·usnn , then there exist two positive
constants mn and Mn, which are independent of s, and depend on a, n, and ε only,
such that

mnA
a,ε
s,n ≤ Ba,εs,n ≤MnA

a,ε
s,n(17)

where

Aa,εs,n =
Γ(a+ σ(ε) + σ(s))

Γ(a+ σ(ε))
∏n
j=1 Γ(1 + sj)(1 + sj)εj

=
C(a+ σ(ε), s)∏n
j=1(1 + sj)εj

,(18)

and σ(ε) =
∑n
j=1 εj, σ(s) =

∑n
j=1 sj.

We prove the Main Lemma by induction for n.
When n = 1,

F a,ε1 (u) = (1− u1)−a =
∑

b(a,m1)um1
1 ,

that is, Ba,εm,1 = b(a,m1), (m = m1); and

Aa,εm,1 =
Γ(a+ ε1 +m1)

Γ(a+ ε1)Γ(1 +m1)(1 +m1)ε1
= b(a,m1)I1

where

I1 =
Γ(a+ ε1 +m1)Γ(a)

Γ(a+ ε1)Γ(a+m1)(1 +m1)ε1
.

Obviously (17) is true when m1 = 0. If m1 6= 0, then by Lemma 6, there exist c
and C, which depends only on a and ε, such that

I1 ≤ C
Γ(a)

Γ(a+ ε1)

(
m1

1 +m1

)ε1
< C

Γ(a)

Γ(a+ ε1)

if ε1 ≥ 0; and

I1 ≤ C2−ε1
Γ(a)

Γ(a+ ε1)

if ε1 < 0. Similarly,

I1 > c
Γ(a)

Γ(a+ ε1)

if ε1 < 0; and

I1 > c2−ε1
Γ(a)

Γ(a+ ε1)

if ε1 ≥ 0. We have proved (17) in the case n = 1.
In order to complete the induction process, we will need the following lemmas.

Lemma 8. The assumptions are as in the Main Lemma. Moreover, we assume for
a fixed k, 1 ≤ k ≤ n, εk > 0, then

Ba,εs,n =
∑

l(k)+η(k)=s(k)

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)B
a,ε(k)
l(k),n−1;(19)

if we assume εk = 0, then

Ba,εs,n = b(a+ σ(ε)) + σ(s(k)), sk)B
a,ε(k)
s(k),n−1;(20)
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where l = (l1, . . . , ln) ∈ Zn+, η = (η1, . . . , ηn) ∈ Zn+, (s1, . . . , sn) ∈ Zn+ and B
a,ε(k)
s(k),n−1

is the coefficient of the Taylor expansion of the function

F
a,ε(k)
n−1 (u(k)) = (1− σ(u(k))−a

∏
j 6=k

(1− σ(u(k)) + uj)
−εj .(21)

Lemma 9. The assumptions are as in the Main Lemma. Fix any k, 1 ≤ k ≤ n,
then

Ba,εa,n =
∑
l+ξ=s

b(ak, ξk)C(ak + εk + ξk, ξ(k))

× b(a− ak + σ(ε(k)) + σ(l(k)), lk)B
a−ak,ε(k)
l(k),n−1

(22)

where a = a1 + a2 + · · · + an, such that aj > 0, aj + εj > 0, j = 1, 2, . . . , n, and
l = (l1, l2, . . . , ln) ∈ Zn+, ξ = (ξ1, ξ2, . . . , ξn) ∈ Zn+; s = (s1, s2, . . . , sn) ∈ Zn+ and

B
a−ak,ε(k)
l(k),n−1 is the coefficient of the Taylor expansion of the function

F
a−ak,ε(k)
n−1 (u(k)) = (1− σ(u(k)))ak−a

∏
j 6=k

(1− σ(u(k)) + uj)
−εj .

Lemma 10. Assumptions are as in the Main Lemma, then all the coefficients Ba,εs,n
in (16) are non-negative.

Proof of Lemma 8. In the case εk > 0, we can expand each factor in (15) by power
series, then

F a,εn (u) =
∑

m,β(1),...,γ(n−1),δ(n)∈Zn
+

C(a,m)C(ε1, β(1)) · · ·

C(εn−1, γ(n− 1))C(εn, δ(n))um+β(1)+···+δ(n)

=
∑
s∈Zn

+

∑
m+β(1)+···+γ(n−1)+δ(n)=s

C(a,m)C(ε1, β(1)) · · ·C(εn, δ(n))us.

Comparing with (16), we get

Ba,εs,n =
∑

m+β(1)+···+δ(n)=s

C(a,m)C(ε1, β(1)) · · ·C(εn, δ(n)).

Using Lemma 5, we can decompose each factor (except the factor C(εk, ξ(k))) on
the right-hand side of this equality as

C(a,m) = C(a,m(k))b(a + σ(m(k)),mk),

C(ε1, β(1)) = C(ε1, β(1, k))b(ε1 + σ(β(1, k)), βk),

. . . . . . . . .

C(εn, δ(n)) = C(εn, δ(k, n))b(εn + σ(δ(k, n)), δk).
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Then we have

Ba,εs,n =
∑

m+β(1)+···+δ(n)=s

C(εk, ξ(k))C(a,m(k))C(ε1, β(1, k)) · · ·

[C(εk, ξ(k, k))] · · ·C(εn, δ(k, n))b(a+ σ(m(k)),mk)

× b(ε1 + σ(β(1, k)), βk) · · · [b(εk + σ(ξ(k, k)), βk)] · · · b(εn + σ(δ(k, n)), δn)

=
∑

l(k)+ξ(k)=s(k)

C(εk, ξ(k))
∑

m(k)+β(1,k)+···+δ(k,n)=l(k)

C(a,m(k))

× C(ε1, β(1, k)) · · · [C(εk, ξ(k, k))] · · ·C(εn, δ(k, n))

×
∑

mk+βk+···+δk=sk

b(a+ σ(m(k)),mk)b(ε1 + σ(β(1, k)), βk) · · ·

[b(εk + σ(ξ(k, k)), βk)] · · · b(εn + σ(δ(k, n)), δn).

where [ ] means that the term inside [ ] is deleted from the product. By Lemma 3, the
last sum of the right hand side of this equality is equal to b(a+σ(ε(k))+σ(l(k)), sk),

and the second sum is just the coefficient B
a,ε(k)
l(k),n−1 of the Taylor expansion of the

function (21).
In the case εk = 0, we have

Ba,εs,n =
∑

m+β(1)+···+δ(n)=s

C(a,m)C(ε1, β(1)) · · · [C(εk, ξ(k))] · · ·C(εn, δ(n)),

and

Ba,εs,n =
∑

m(k)+β(1,k)+···+δ(k,n)=l(k)

C(a,m(k))C(ε1, β(1, k)) · · ·

[C(εk, ξ(k, k))] · · ·C(εn, δ(k, n))

×
∑

mk+βk+···+δk=sk

b(a+ σ(m(k)),mk)b(ε1 + σ(β(1, k)), βk) · · ·

[b(εk + σ(ξ(k, k)), ξk)] · · · b(εn + σ(δ(k, n)), δn).

We get (20).
We have proved Lemma 8.

Proof of Lemma 9. We can express F a,εn (u) as

F a,εn =
n∏
j=1

[(1− σ(u))−aj (1− σ(u(j)))−εj ].(23)

Since σ(u) = σ(u(j)) + uj , we get

(1− σ(u))−aj (1− σ(u(j)))−εj

= (1− uj(1− σ(u(j))−1)−aj (1− σ(u(j)))−εj−aj .

The assumption σ(u) < 1 implies uj(1− σ(u(j)))−1 < 1,

(1− uj(1− σ(u(j)))−1)−aj =
∞∑
k=0

b(aj , k)ukj (1− σ(u(j)))−k
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and

(1− σ(u))−aj (1− σ(u(j)))−εj =
∞∑
k=0

b(aj , k)ukj (1− σ(u(j)))−εj−aj−k

=
∞∑
k=0

b(aj , k)ukj
∑

m(j)∈Zn
+

C(εj + aj + k,m(j))um(j)

=
∑
m∈Zn

+

b(aj,mj)C(aj + εj +mj,m(j))um

(24)

where
∑
m(j)∈Zn

+
means the sum taking for all lattice points in Zn+, where the jth

coordinate is zero.
Thus we can expand every factor in (23) by (24) as

F a,εn (u) =
∑

β,γ,...,δ,η∈Zn
+

b(a1, β1)C(a1 + ε1 + β1, β(1)) · · ·

b(an, ηn)C(an + εn + ηn, η(n))uβ+γ+···+δ+η

=
∑
s∈Zn

+

∑
β+γ+···+δ+η=s

b(a1, β1)C(a1 + ε1 + β1, β(1)) · · ·

b(an, ηn)C(an + εn + ηn, η(n))us.

Comparing this formula with (16), we get

Ba,εs,n =
∑

β+γ+···+δ+η=s

b(a1, β1)C(a1 + ε1 + β1, β(1)) · · ·

b(an, ηn)C(an + εn + ηn, η(n)).

(25)

Let

β(1, k) = (0, β2, . . . , βk−1, 0, βk+1, . . . , βn),

γ(2, k) = (γ1, 0, γ3, . . . , γk−1, 0, γk+1, . . . , γn),

etc., then we may decompose C(a1 + ε1 + β1, β(1)), etc., by Lemma 5 as,

C(a1 + ε1 + β1, β(1)) = C(a1 + ε1 + β1, β(1, k))b(a1 + ε1 + σ(β(k)), βk),

C(a2 + ε2 + γ2, γ(2)) = C(a2 + ε2 + γ(2, k))b(a2 + ε2 + σ(γ(k)), γk),

. . . . . . . . .

C(an + εn + ηn, η(n)) = C(an + ε+ ηn, η(k, n))b(an + ε+ σ(η(k)), ηk)

except the term C(ak + εk + ξk, ξ(k)).
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Substituting the above equalities into (25), and let l = s− ξ, we get

Ba,εs,n =
∑
l+ξ=s

b(ak, ξk)C(ak + εk + ξk, ξ(k))
∑

β+γ+···+η=l

b(a1, β1)

× C(a1 + ε1 + β1, β(1, k))b(a2, γ2)C(a2 + ε2 + γ2, γ(2, k)) · · ·
[b(ak, ξk)C(ak + εk + ξk, ξ(k, k))] · · · b(an, ηn)C(an + εn + ηn, η(k, n))

× b(a1 + ε1 + σ(β(k)), βk)b(a2 + ε+ σ(γ(k)), γk)

· · · [b(ak + εk + σ(ξ(k)), ξk)] · · · b(an + εn + σ(η(k)), ηk)

=
∑
l+ξ=s

b(ak, ξk)C(ak + εk + ξk, ξ(k))b(a− ak + σ(ε(k)) + σ(l(k)), lk)

×
∑

β(k)+γ(k)+···+η(k)=l(k)

b(a1, β1)C(a1 + ε+ β1, β(1, k)) · · ·

[b(ak, ξk)C(ak + εk + ξk, ξ(k, k))] · · · b(ak, ηk)C(an + εn + ηn, η(k, n))

by Lemma 3, where [ ] means that the term inside [ ] is deleted from the product.
The last sum of the right-hand side of the previous equality is just the coefficient

B
a−ak,ε(k)
l(k),n−1 of the Taylor expansion of the function

F
a−ak,ε(k)
n−1 = (1− σ(u(k)))ak−a

∏
j 6=k

(1 + uj − σ(u(k)))−εj

=
∑

l(k)∈Zn+

B
a−ak,ε(k)
l(k),n−1 ul(k).

We have proved Lemma 9.

Proof of Lemma 10. By the assumptions of the Main Lemma, we may choose aj >
0, j = 1, 2, . . . , n, such that a = a1 + · · ·+ an, and aj + εj > 0, j = 1, 2, . . . , n, then
Ba,εs,n ≥ 0 for all s follows by (25).

4. Proof of the Main Lemma, Part 1

Fix s = (s1, s2, . . . , sn) ∈ Zn+, and let sk = max1≤j≤n sj . We may assume sk ≥ 1,
otherwise s = 0, then the Main Lemma is true obviously. For that k, there are three
possibilities of εk: (1) εi > 0; (2) εk = 0 and (3) εk < 0.

In this section, we prove the Main Lemma in the cases (1) εk > 0 holds or (2)
εk = 0 holds.

If εk > 0, by the conditions of the Main Lemma, all the factors in the right-hand
side of (19) are non-negative.

The induction process is as follows: to prove (17) is true if we assume

mn−1(j)A
a,ε(j)
s(j),n−1 ≤ B

a,ε(j)
s(j),n−1 ≤Mn−1(j)A

a,ε(j)
s(j),n−1

is true for j = 1, 2, . . . , n where mn−1(j) and Mn−1(j) are two positive constants
which are independent of s(j), and only dependent on a and ε, and

A
a,ε(j)
l(j),n−1 = C(a+ σ(ε(j)), l(j))

∏
p6=j

(1 + lp)
−εp .

Let mn−1 = min1≤j≤nmn−1(j) and Mn−1 = max1≤j≤nMn−1(j), then

mn−1A
a,ε(j)
l(j),n−1 ≤ B

a,ε(k)
l(j),n−1 ≤Mn−1A

a,ε(j)
l(j),n−1.
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In particular, if we take j = k, we have

mn−1A
a,ε(k)

l(k),n−1 ≤ B
a,ε(k)
l(k),n−1 ≤Mn−1A

a,ε(k)
l(k),n−1,

where

A
a,ε(k)
l(k),n−1 = C(a+ σ(ε(k)), l(k))

∏
j 6=k

(1 + lj)
−εj .(26)

Let

Ia,εs =
∑

l(k)+η(k)=s(k)

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)A
a,ε(k)
l(k),n−1,

then

mn−1I
a,ε
s ≤ Ba,εs,n ≤Mn−1I

a,ε
s

by (19).
We estimate Ia,εs .
Fix lk. We define the set E as

E = {l(k) = (l1, . . . , lk−1, 0, lk+1, . . . , ln) ∈ Zn+, 0 ≤ lj ≤ sj , j 6= k}.

We define the mapping φ : E → E as

φ(l(k)) = l̄(k) = (l̄1, . . . , l̄k−1, 0, l̄k+1, . . . , l̄n)

where l̄j = lj , if 1
2sj ≤ lj ≤ sj ; l̄j = sj − lj, if 0 ≤ lj <

1
2sj ; and define η̄(k) as

l̄(k) + η̄(k) = l(k) + η(k) = s(k).
It is easily verified that∏

j 6=k
Γ(1 + η̄j)Γ(1 + l̄j) =

∏
j 6=k

Γ(1 + ηj)Γ(1 + lj).(27)

Consider

I ≡
C(εk, η̄(k))b(a+ σ(ε(k)) + σ(l̄(k)), sk)A

a,ε(k)

l̄(k),n−1

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)A
a,ε(k)
l(k),n−1

.

By (26) and (27), we have

I =
Γ(εk + σ(η̄(k)))Γ(a+ σ(ε(k)) + σ(l̄(k)) + sk)

Γ(εk + σ(η(k)))Γ(a + σ(ε(k)) + σ(l(k)) + sk)

∏
j 6=k

(
1 + lj
1 + l̄j

)εj
.

If all l̄j = lj, j 6= k, then I = 1. If at least one of l̄j 6= lj, then d = σ(l̄(k))−σ(l(k)) =
σ(η(k)) − σ(η̄(k)) ≥ 1. Let dj = l̄j − lj , j 6= k, then

I =
d−1∏
ν=0

a+ σ(ε(k)) + sk + σ(l(k)) + ν

εk + σ(η̄(k)) + ν

∏
j 6=k

(
1 + lj

1 + lj + dj

)εj
.
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The reciprocal of the first product in the previous equality is

d−1∏
ν=0

εk + σ(η̄(k)) + ν

a+ σ(ε(k)) + sk + σ(l(k)) + ν

=
d−1∏
ν=0

(
1 +

εk + σ(η̄(k)) − a− σ(ε(k))− sk − σ(l(k))

a+ σ(ε(k)) + sk + σ(l(k)) + ν

)

≤
d−1∏
ν=0

exp

{
εk + σ(η̄(k))− a− σ(ε(k))− sk − σ(l(k))

a+ σ(ε(k)) + sk + σ(l(k)) + ν

}
since ex ≥ 1 + x when x ≥ −1. Then

I ≥ exp

(
d−1∑
ν=0

a+ σ(ε(k)) + sk + σ(l(k))− σ(η̄(k))− εk
a+ σ(ε(k)) + sk + σ(l(k)) + ν

)∏
j 6=k

(
1 + lj

1 + lj + dj

)εj
.

When ε is given and sk = max1≤j≤n sj , there are only a finite number of s ∈ Zn+
such that sk ≤ 2εk. In this situation, we only have a finite number of Ba,εs,n and
Aa,εs,n, thus we just need to take

Mn = max
sk=max sj ,sk≤2εk

Ba,εs,n
Aa,εs,n

, mn = min
sk=max sj ,sk≤2εk

Ba,εs,n
Aa,εs,n

.

It only remains for us to consider the case sk ≥ 2εk.
From the definition of the mapping φ, we know η̄j ≤ lj , j 6= k, and hence

σ(l(k)) ≥ σ(η̄(k)). Then

a+ σ(ε(k)) + sk + σ(l(k))− σ(η̄(k))− εk
a+ σ(ε(k)) + sk + σ(l(k)) + ν

>
sk + σ(l(k)) − σ(η̄(k))− εk

sk + σ(l(k)) + ν
>

1
2sk

sk + σ(l(k)) + ν

since sk ≥ 2εk. We have

I > exp

{
d−1∑
ν=0

sk
2(sk + σ(l(k)) + ν)

}∏
j 6=k

(
1 + lj

1 + lj + dj

)εj
,

thus

I > exp

{
d−1∑
ν=0

sk
2(sk + σ(l(k)) + ν)

}∏
j 6=k

(
1

1 + dj

)|εj |
,

since (
1 + lj

1 + lj + dj

)εj
≥
(

1

1 + dj

)|εj |
.

Moreover, since 0 ≤ σ(l(k)) ≤ σ(s(k)) ≤ (n− 1)sk,

ν ≤ d ≤ σ(l̄(k))− σ(l(k)) ≤ σ(l̄(k)) ≤ (s(k)) ≤ (n− 1)sk,

we have

sk
2(sk + σ(l(k)) + ν)

≥ sk
2(sk + (n− 1)sk + (n− 1)sk)

=
1

4n− 2
.
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Therefore, we obtain

I >

(
1

1 + d

)∑
j 6=k
|εj |

exp

(
d

4n− 2

)
≡ f(d).

The function f(d) takes the minimum value at d = (4n− 2)
∑
j 6=k |εj | − 1, hence

I > e−1

(4n− 2)
∑
j 6=k
|εj|

−
∑

j 6=k
|εj |

≡ a0,

where a0 is a constant which only depends on ε and n. From the definition of I,
the following inequality

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)A
a,ε(k)
l(k),n−1

≤ a−1
0 C(εk, η̄(k))b(a+ σ(ε(k)) + σ(l̄(k)), sk)A

a,ε(k)

l̄(k),n−1

holds. According to the definition of the set E and the mapping φ, at most 2n−1

different l(k) map to the same l̄(k) by φ. Let Ē = φ(E), and

J =
∑

l(k)+η(k)=s(k),l(k)∈Ē

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)A
a,ε(k)
l(k),n−1,

then

J ≤ Ia,εs,n,

and

Ia,εs,n =
∑

l(k)+η(k)=s(k)

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)A
a,ε(k)
l(k),n−1

≤ 2n−1a−1
0

∑
l(k)+η(k)=s(k),l(k)∈Ē

C(εk, η(k))

× b(a+ σ(ε(k)) + σ(l(k)), sk)A
a,ε(k)
l(k),n−1

= 2n−1a−1
0 J.

Thus

J ≤ Ia,εs ≤ 2n−1a−1
0 J.

Hence, we only need to estimate J .
Since l ∈ Ē, 1

2sj ≤ lj ≤ sj , j 6= k, we have

2−|εj |(1 + sj)
−εj ≤ (1 + lj)

−εj ≤ 2|εj|(1 + sj)
−εj(28)
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for j 6= k. By (26) and (12),

J =
∑

l(k)+η(k)=s(k),l(k)∈Ē

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)

× C(a+ σ(ε(k)), l(k))
∏
j 6=k

(1 + lj)
−εj

=
∑

l(k)+η(k)=s(k),l(k)∈Ē

C(εk, η(k))C(a+ σ(ε(k)) + sk, l(k))

× b(a+ σ(ε(k)), sk)
∏
j 6=k

(1 + lj)
−εj .

By (28), we get 2
−
∑

j 6=k
|εj |L ≤ J ≤ 2

∑
j 6=k
|εj |L, where

L = b(a+ σ(ε(k)), sk)
∏
j 6=k

(1 + sj)
−εj

×
∑

l(k)+η(k)=s(k),l(k)∈Ē

C(εk, η(k))C(a + σ(ε(k)) + sk, l(k)).

Using Lemma 4, we have

L ≤
∏
j 6=k

(1 + sj)
−εj b(a+ σ(ε(k)), sk)C(a+ σ(ε) + sk, s(k)).

Using Lemma 6, we have

b(a+ σ(ε(k)), sk)(1 + sk)εk

b(a+ σ(ε), sk)

=
Γ(a+ σ(ε(k)) + sk)Γ(a+ σ(ε(k)) + εk)(1 + sk)εk

Γ(a+ σ(ε(k)))Γ(a + σ(ε(k)) + εk + sk)

≤ C Γ(a+ σ(ε))

Γ(a+ σ(ε(k)))

(
1 + sk

a+ σ(ε) + sk

)εk
≤ C Γ(a+ σ(ε))

Γ(a+ σ(ε(k)))
max(1, (a+ σ(ε))−εk) = C1.

Of course, the constant C1 depends only on a and ε. Thus

J ≤ 2
∑

j 6=k
|εj |C1

n∏
j=1

(1 + sj)
−εjC(a+ σ(ε) + sk, s(k))b(a+ σ(ε), sk)

= 2
∑

j 6=k
|εj |C1C(a+ σ(ε), s)

n∏
j=1

(1 + sj)
−εj = 2

∑
j 6=k
|εj |C1A

a,ε
s,n

by (12) and (18)
We have proved the right-hand inequality of (17) when εk > 0.
Now we are going to prove the left-hand inequality of (17) when εk > 0.
From the definition of I,

I = I0
∏
j 6=k

(
1 + l̄j
1 + lj

)−εj
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where I0 is equal to

C(εk, η̄(k))b(a+ σ(ε(k)) + σ(l̄(k)), sk)C(a+ σ(ε(k)), l̄(k))

C(εk, η(k))b(a+ σ(ε(k)) + σ(l(k)), sk)C(a+ σ(ε(k)), l(k))
.

Then

I0 =
Γ(εk + σ(η̄(k)))Γ(a + σ(ε(k)) + σ(l̄(k)))

Γ(εk + σ(η(k)))Γ(a + σ(ε(k)) + sk + σ(l(k)))

=
d−1∏
ν=0

a+ σ(ε(k)) + sk + σ(l(k)) + ν

εk + σ(η̄(k)) + ν

≥ exp

{
d−1∑
ν=0

a+ σ(ε(k)) + sk + σ(l(k)) − σ(η̄(k))− εk
a+ σ(ε(k)) + sk + σ(l(k)) + ν

}

≥ exp

{
d−1∑
ν=0

sk
2(sk + σ(l(k)) + ν)

}
> exp

d

4n− 2
≥ 1

since sk ≥ 2εk and ex ≤ (1− x)−1 when 1 > x ≥ 0.
Applying this inequality to the J , we obtain

J =
∑

l(k)+η(k)=s(k),l(k)∈Ē

C(εk, η(k))C(a + σ(ε(k)) + sk, l(k))

× b(a+ σ(ε(k)), sk)
∏
j 6=k

(1 + lj)
−εj

≥ 2
−
∑

j 6=k
|εj | ∑

l(k)+η(k)=s(k),l(k)∈Ē

C(εk, η(k))

× b(a+ σ(ε(k)) + σ(l(k)), sk)C(a+ σ(ε(k)), l(k))
∏
j 6=k

(1 + sj)
−εj

≥ 2
1−n−

∑
j 6=k
|εj |∏

j 6=k
(1 + sj)

−εjb(a+ σ(ε(k)), sk)

×
∑

l(k)+η(k)=s(k)

C(εk, η(k))C(a + σ(ε(k)) + sk, l(k))

= 2
1−n−

∑
j 6=k
|εj |∏

j 6=k
(1 + sj)

−εjb(a+ σ(ε(k)), sk)

× C(a+ σ(ε) + sk, s(k))

by Lemma 4.
Using Lemma 6, we have

b(a+ σ(ε(k)), sk)(1 + sk)εk

b(a+ σ(ε), sk)

=
Γ(a+ σ(ε(k)) + εk)Γ(a+ σ(ε(k)) + sk)(1 + sk)εk

Γ(a+ σ(ε(k)))Γ(a+ σ(ε(k)) + εk + sk)

≥ C Γ(a+ σ(ε))

Γ(a+ σ(ε(k)))

(
1 + sk

a+ σ(ε) + sk

)εk
≥ C Γ(a+ σ(ε))

Γ(a+ σ(ε(k)))
min

{
1,

(
1 + 2εk

a+ σ(ε) + 2εk

)}
≡ c1
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since sk > 2εk, and c1 is a constant which only depends on a and ε. Thus

J ≥ 2
1−n−

∑
j 6=k
|εk|c1

n∏
j=1

(1 + sj)
−εjC(a+ σ(ε) + sk, s(k))b(a+ σ(ε), sk)

= 2
1−n−

∑
j 6=k
|εj |c1C(a+ σ(ε), s)

n∏
j=1

(1 + sj)
−εj

= 2
1−n−

∑
j 6=k
|εj |c1A

a,ε
s,n

by (12) and (18).
We have proved the left-hand inequality of (17) when εk > 0.
We now consider the case 2) εk = 0. The proof of (17) is easy. By (20), we know

Ba,εs,n = b(a+ σ(ε(k)) + σ(s(k)), sk)B
a,ε(k)
s(k),n−1.

By induction hypothesis, there exist two constants mn−1 and Mn−1, which are
independent of s, such that

mn−1A
a,ε(k)
s(k),n−1 ≤ B

a,ε(k)
s(k),n−1 ≤Mn−1A

a,ε(k)
s(k),n−1.

Thus

Ba,εs,n ≤Mn−1b(a+ σ(ε(k)) + σ(s(k)), sk)A
a,ε(k)
s(k),n−1

= Mn−1b(a+ σ(ε(k)) + σ(s(k)), sk)C(a+ σ(ε(k)), s(k))
∏
j 6=k

(1 + sj)
−εj

= Mn−1C(a+ σ(ε), s)
n∏
j=1

(1 + sj)
−εj = Mn−1A

a,ε
s,n

since εk = 0.
Similarly, we can prove Ba,εs,n ≥ mn−1A

a,ε
s,n.

5. Proof of the Main Lemma, Part 2

In this section we prove the Main Lemma in the final case 3) εk < 0.

We take ak = −εk at (22). By Lemma 10, we know B
a−ak,ε(k)
l(k),n−1 ≥ 0. All the

factors in each term of the right-hand side of the equality (22) are non-negative.
The induction process is as follows: to prove (17) is true if we assume

m′n−1(j)A
a−ak,ε(j)
l(j),n−1 ≤ B

a−ak,ε(j)
l(j),n−1 ≤M ′n−1(j)A

a−ak,ε(j)
l(j),n−1

is true for j = 1, 2, . . . , n, where m′n−1(j) and M ′n−1(j) are two positive constants,
which are independent of s(j), and only depend on a and ε(j), and

A
a−aj ,ε(j)
l(j),n−1 = C(a− aj + σ(ε(j)), l(j))

∏
j 6=k

(1 + lj)
−εj .

Let

m′n−1 = min
1≤j≤n

m′m−1(j), M ′n−1 = max
1≤j≤n

M ′n−1(j),

then

m′n−1A
a−aj ,ε(j)
l(j),n−1 ≤ B

a−ak,ε(j)
l(j),n−1 ≤M ′n−1A

a−aj ,ε(j)
l(j),n−1 .
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In particular, if we take j = k, then

m′n−1A
a−ak,ε(k)
l(k),n−1 ≤ B

a−ak,ε(k)
l(k),n−1 ≤M ′n−1A

a−a,ε(k)

l(k),n−1 .

Let

P a,εs =
∑
l+ξ=s

C(ξk, ξ(k))b(ak, ξk)b(a− ak + σ(ε(k)) + σ(l(k)), lk)A
a−ak,ε(k)
l(k),n−1 ,

then

m′n−1P
a,ε
s ≤ Ba,εs,n ≤M ′n−1P

a,ε
s

hold by (22).
We estimate P a,εs .
Partition the sum P a,εs into two parts,

P a,εs =
∑
l+ξ=s

=
∑

lk+ξk=sk,lk≥ 3
4 sk

∑
l(k)+ξ(k)=s(k)

+
∑

lk+ξk=sk,lk<
3
4 sk

∑
l(k)+ξ(k)=s(k)

= P1 + P2.

Let

Qa,εl,ξ = C(ξk, ξ(k))b(a− ak + σ(ε(k)) + σ(l(k)), lk)A
a−ak,ε(k)
l(k),n−1 ,

then

Qa,εl,ξ = C(ξk, ξ(k))b(a− ak + σ(ε(k)) + σ(l(k)), lk)C(a− ak + σ(ε(k)), l(k))

×
∏
j 6=k

(1 + lj)
−εj = C(ξk, ξ(k))C(a− ak + σ(ε(k)), l)

∏
j 6=k

(1 + lj)
−εj

by (12), and

P a,εs =
∑
l+ξ=s

b(ak, ξk)Qa,εl,ξ = P1 + P2.

Let

E0 = {l = (l1, . . . , ln) ∈ Zn+, 0 ≤ lj ≤ sj , j = 1, . . . , n},
and define the mapping φ0 : E0 → E0, to φ0(l) = l̄ = (l̄1, . . . , l̄n) where l̄j = lj,
if 1

2sj ≤ lj ≤ sj ; l̄j = sj − lj, if 0 ≤ lj <
1
2sj , j = 1, . . . , n; and define ξ̄ as

ξ̄ + l = ξ + l = s, Ē0 = φ0(E0).
Consider

G =
Qa,ε
l̄,ξ̄

Qa,εl,ξ
=
C(ξ̄k, ξ̄(k))C(a− ak + σ(ε(k)), l̄)

C(ξk, ξ(k))C(a− ak + σ(ε(k)), l)

∏
j 6=k

(
1 + lj
1 + l̄j

)εj
.

When lk ≥ 3
4sk, we have l̄k = lk, ξ̄k = ξk, and then

G =
Γ(σ(ξ̄)Γ(a− ak + σ(ε(k)) + σ(l̄))

Γ(σ(ξ))Γ(a − ak + σ(ε(k)) + σ(l))

∏
j 6=k

(
1 + lj
1 + l̄j

)εj

=
d−1∏
ν=0

a− ak + σ(ε(k)) + σ(l) + ν

σ(ξ̄) + ν

∏
j 6=k

(
1 + lj

1 + lj + dj

)εj(29)

where d = σ(l̄(k))− σ(l(k)), dj = l̄j − lj, j 6= k.
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By the definition of φ0, we have σ(l(k)) ≥ σ(ξ̄(k)), and lk − ξ̄k ≥ 1
2sk since

lk ≥ 3
4sk. By the hypothesis of the Main Lemma and ak + εk = 0, we have

a− ak + σ(ε(k)) > 0. The first product in the right-hand side of (29) is equal to

d−1∏
ν=0

(
1 +

a− ak + σ(ε(k)) + σ(l)− σ(ξ̄)

σ(ξ̄) + ν

)
≥
d−1∏
ν=0

(
1 +

1
2sk

σ(ξ̄) + ν

)
since a− ak + σ(ε(k)) > 0, and

σ(l)− σ(ξ̄) = lk − ξ̄k + σ(l(k))− σ(ξ̄(k)) > lk − ξ̄k ≥ 1
2sk.

Moreover,

σ(ξ̄) + ν ≤ nsk + (n− 1)sk ≤ (2n− 1)sk

and (
1 + lj

1 + lj + dj

)εj
≥ (1 + dj)

−|εj | ≥ (1 + d)−|εj |,

hence

G ≥
d−1∏
ν=0

(
4n− 1

4n− 2

)∏
j 6=k

(
1

1 + d

)|εj |

=

(
4n− 1

4n− 2

)d(
1

1 + d

)∑
j 6=k
|εj |
≡ f.

Then function f take its minimum value at d = (log 4n−1
4n−2 )−1

∑
j 6=k |εj | − 1, thus

G ≥
(

4n− 1

4n− 2

)∑
j 6=k
|εj |(log( 4n−1

4n−2 ))−1−1

×
(

log

(
4n− 1

4n− 2

))∑
j 6=k
|εj |
∑
j 6=k
|εj |

−
∑

j 6=k
|εj |

≡ a′0

if
∑
j 6=k |εj| 6= 0; and G ≥ 1, if

∑
j 6=k |εj | = 0. Let a′1 = min(1, a′0), then G ≥ a′1.

Obviously, a′1 is a constant which only depends on a and ε.
Using the inequality G ≥ a′1 and (29), we have

P1 =
∑

lk+ξk=sk,lk≥ 3
4 sk

∑
l(k)+ξ(k)=s(k)

b(ak, ξk)Qa,εl,ξ

≤ 2n−1

a′1

∑
lk+ξk=sk,lk≥ 3

4 sk

∑
l(k)+ξ(k)=s(k),l∈Ē0

b(ak, ξk)Qa,εl,ξ .

By the definition of Qa,εl,ξ , and we observe (28) holds true if l ∈ Ē0. Then

2
−
∑

j 6=k
|εj |Q0 ≤ Qa,εl,ξ ≤ 2

∑
j 6=k
|εj |Q0

where

Q0 = C(ξk, ξ(k))C(a − ak + σ(ε(k)), l)
∏
j 6=k

(1 + sj)
−εj .

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1788 SHENG GONG AND XUEAN ZHENG

The right-hand inequality implies

P1 ≤ C2

∑
lk+ξk=sk,lk≥ 3

4 ssk

∑
l(k)+ξ(k)=s(k),l∈Ē0

b(ak, ξk)C(ξk, ξ(k))

× C(a− ak + σ(ε(k)), l)
∏
j 6=k

(1 + sj)
−εj

≤ C2

∏
j 6=k

(1 + sj)
−εj

∑
l+ξ=s

b(ak, ξk)C(ξk, ξ(k))C(a− ak + σ(ε(k)), l)

= C2

∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk

b(ak, ξk)b(a− ak + σ(ε(k)), lk)

×
∑

l(k)+ξ(k)=s(k)

C(ξk, ξ(k))C(a− ak + σ(ε(k)) + lk, l(k))

= C2

∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk

b(ak, ξk)b(a− ak + σ(ε(k)), lk)

× C(a+ σ(ε) + sk, s(k))

= C2

∏
j 6=k

(1 + sj)
−εj b(a+ σ(ε(k)), sk)C(a+ σ(ε) + sk, s(k))

where C2 = 2
n−1+

∑
j 6=k
|εj |/a′1.

Using Lemma 6, and a similar process as we used in section 4, we may prove

b(a+ σ(ε(k)), sk)(1 + sk)εk

b(a+ σ(ε), sk)
≤ C3

where C3 is a constant, which only depends on a and ε. So we have

P1 ≤ C2C3

n∏
j=1

(1 + sj)
−εjb(a+ σ(ε), sk)C(a+ σ(ε) + sk, s(k))

= C2C3A
a,ε
s,n.

Now we estimate the upper bound of P2.
P2 is defined as

P2 =
∑

lk+ξk=sk,lk<
3
4 sk

∑
l(k)+ξ(k)=s(k)

b(ak, ξk)C(ξk, ξ(k))

× C(a− ak + σ(ε(k)), l)
∏
j 6=k

(1 + lj)
−εj .

It is equal to∑
lk+ξk=sk,lk<

3
4 sk

∑
l(k)+ξ(k)=s(k)

C(ξk, ξ(k))

c(ak + ξk, ξ(k))
b(a− ak + σ(ε(k)) + σ(l(k)), lk)

× b(ak + σ(ξ(k)), ξk)C(ak, ξ(k))C(a − ak + σ(ε(k)), l(k))
∏
j 6=k

(1 + lj)
−εj

since

b(ak, ξk)C(ak + ξk, ξ(k)) = b(ak + σ(ξ(k)), ξk)C(ak, ξ(k))
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by (12). Let rj = {εj}, j = 1, . . . , n, where {x} means the least integer X , such
that X ≥ x, and r = (r1, . . . , rn), ε̄j = εj − {εj}, then −1 < ε̄j ≤ 0, j 6= k, and
ε̄k = εk since −1 < εk ≤ 0.

Using Lemma 6, we have

Γ(1 + lj + rj)(1 + lj + rj)
ε̄j

Γ(1 + lj)(1 + lj)εj
≤ C4j

(1 + lj)
rj (1 + lj + rj)

ε̄j

(1 + lj)εj

= C4j

(
1 + lj + rj

1 + lj

)ε̄j
≤ C4j ,

and

Γ(1 + lj + rj)(1 + lj + rj)
ε̄j

Γ(1 + lj)(1 + lj)εj
≥ c3j

(
1 + lj + rj

1 + lj

)ε̄j
≥ c3j(1 + rj)

ε̄j = c4j

where C4j , c3j and c4j are constants, which only depend on εj . Let

C4 = max
j 6=k

C4j , c4 = min
j 6=k

c4j .

Thus we have

c4(1 + lj + rj)
−ε̄j Γ(1 + lj)

Γ(1 + lj + rj)
≤ (1 + lj)

−εj

≤ C4(1 + lj + rj)
−ε̄j Γ(1 + lj)

Γ(1 + lj + rj)
.

Let q = l + r, then

C(a− ak + σ(ε(k)), l)
∏
j 6=k

(1 + lj)
−εj

≤ C4
Γ(a+ σ(ε) + σ(l)

Γ(a+ σ(ε))

∏ (1 + qj)
−ε̄j

Γ(1 + qj)

= C5
Γ(a+ σ(ε) + σ(q) − σ(r))

Γ(a+ σ(ε) − σ(r))
∏

Γ(1 + qj)

∏
j 6=k

(1 + qj)
−ε̄j

= C5C(a+ σ(ε)− σ(r), q)
∏
j 6=k

(1 + qj)
−ε̄j

and

C(a+ σ(ε), l)
∏
j 6=k

(1 + lj)
−εj ≥ c5C(a+ σ(ε)− σ(r), q)

∏
j 6=k

(1 + qj)
−ε̄j(30)

where

C5 = C4
Γ(a+ σ(ε)− σ(r))

Γ(a+ σ(ε))
, c5 = c4

Γ(a+ σ(ε) − σ(r))

Γ(a+ σ(ε))
.

Define the mapping φ∗ : E → E, by l(k) → l̄(k) = φ∗(l(k)), where l̄j = lj , if
1
2 (sj − rj) < lj ≤ sj ; and l̄j = sj − lj , if 0 ≤ lj ≤ 1

2 (sj − rj).
Let E∗ = φ∗(E). Define ξ, l̄ and ξ by l + ξ = s, l̄ = φ∗(l) and l̄ + ξ̄ = l + ξ = s.

Consider
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R =
C(ak, ξ̄)C(a + σ(ε), l̄)

C(ak, ξ)C(a + σ(ε), l)

∏
j 6=k

(
1 + lj
1 + l̄j

)εj
.

Then

R ≥ c5
C5

C(ak, ξ̄)C(a+ σ(ε)− σ(r), q̄)

C(ak, ξ)C(a+ σ(ε)− σ(r), q)

∏
j 6=k

(
1 + q̄j
1 + qj

)−ε̄j
where

q̄ + ξ̄ = q + ξ = l + r + ξ = s+ r = l̄+ r + ξ̄.

By the definition of φ∗ and q̄, we have qj ≤ q̄j , hence

∏
j 6=k

(
1 + q̄j
1 + qj

)−ε̄j
≥ 1,

and

R ≥ c6
C(ak, ξ̄)C(a+ σ(ε)− σ(r), q̄)

C(ak, ξ)C(a+ σ(ε)− σ(r), q)

= c6
Γ(σ(ξ̄) + ak)Γ(a+ σ(ε)− σ(r) + σ(q̄))

Γ(σ(ξ) + ak)Γ(a+ σ(ε)− σ(r) + σ(q))

≥ c6
Γ(σ(ξ̄ + ak))Γ(a+ σ(ε)− σ(r) + σ(q̄))

Γ(σ(ξ) + ak)Γ(a+ σ(ε)− σ(r) + σ(q))

= c6

d−1∏
ν=1

a+ σ(ε)− σ(r) + σ(q) + ν

ak + σ(ξ̄) + ν
≥ c6

since σ(q) ≥ σ(ξ̄) and a+ σ(ε) > σ(r) + ak, where c6 = c5/C5. Thus

P2 ≤ c−1
6 2n−1b−1

1

∑
lk+ξk=sk,lk<

3
4 sk

∑
l(k)+ξ(k)=s(k),l(k)∈E∗

b(ak, ξk)

× b(a+ σ(ε) + σ(l(k)), lk)C(ξk, ξ(k))C(a + σ(ε), l(k))
∏
j 6=k

(1 + lj)
−εj

where

0 < b1 ≤ C(ξk, ξ(k))(C(ak + ξk, ξ(k))−1 ≤ 1.

Since l(k) ∈ E∗, sj ≥ lj >
1
2 (sj − rj), we can find a constant pj > 0, which only

depends on εj , such that (1 + lj)
−εj ≤ p

|εj |
j (1 + sj)

−εj hold for all but a finite
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number of values of sj . Therefore,

P2 ≤ C6

∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk,lk<

3
4 sk

∑
l(k)+ξ(k)=s(k),l(k)∈E∗

b(ak, ξk)

× b(a+ σ(ε) + σ(l(k)), lk)C(ξk, ξ(k))C(a+ σ(ε), l(k))

≤ C6

∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk

∑
l(k)+ξ(k)=s(k)

b(ak, ξk)b(a+ σ(ε)

+ σ(l(k), lk)C(ξk, ξ(k))C(a + σ(ε), l(k))

= C6

∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk

∑
l(k)+ξ(k)=s(k)

b(ak, ξk)

× C(a+ σ(ε) + lk, l(k))b(a+ σ(ε), lk)C(ξk, ξ(k))

= C6

∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk

b(ak, ξk)b(a+ σ(ε), lk)

× C(a+ σ(ε) + sk, s(k))

= C6

∏
j 6=k

(1 + sj)
−εj b(a+ σ(ε(k)), sk)C(a+ σ(ε) + sk, s(k))

≤ C6C3

n∏
j=1

(1 + sj)
−εj b(a+ σ(ε), sk)C(a+ σ(ε) + sk, s(k))

= C6C3A
a,ε
s,n

where C6 = c−1
6 2n−1b−1

1

∏
j 6=k p

|εj |
j .

We have proved the right-hand inequality of (17) when εk < 0.
Now we are going to prove the left-hand inequality of (17) when εk < 0. We just

need to estimate the lower bound of P a,εs when εk < 0.
We already know

P a,εs =
∑
l+ξ=s

b(ak, ξk)Qa,εl,ξ

=
∑

lk+ξk=sk

∑
l(k)+ξ(k)=s(k)

b(ak, ξk)C(ξk, ξ(k))

× C(a+ σ(ε), l)
∏
j 6=k

(1 + lj)
−εj

≥
∑

lk+ξk=sk

∑
l(k)+ξ(k)=s(k),l(k)∈Ē

b(ak, ξk)C(ξk, ξ(k))

× C(a+ σ(ε), l)
∏
j 6=k

(1 + lj)
−εj

where Ē = φ(E), and φ, E are defined in section 4. If we use inequality (28) and
the equality

C(a+ σ(ε), l) = b(a+ σ(ε), lk)C(a+ σ(ε) + lk, l(k)),
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we have

P a,εs ≥ 2
−
∑

j 6=k
|εj |∏

j 6=k
(1 + sj)

−εj
∑

lk+ξk=sk

b(ak, ξk)

× b(a+ σ(ε), lk)
∑

l(k)+ξ(k)=s(k),l(k)∈Ē

C(ξk, ξ(k))C(a+ σ(ε) + lk, l(k)).

Let l̄(k) = φ(l(k)), l̄(k) + ξ̄(k) = l(k) + ξ(k) = s(k), and consider

H =
C(ξk, ξ̄(k))C(a + σ(ε), l̄)

C(ξk, ξ(k))C(a + σ(ε), l)

=
Γ(σ(ξ̄))Γ(a+ σ(ε) + σ(l̄))

Γ(σ(ξ))Γ(a + σ(ε) + σ(l))

=
d−1∏
ν=0

a+ σ(ε) + σ(l) + ν

σ(ξ̄) + ν

where d = σ(l̄(k)) − σ(l(k)). Then H ≥ 1 since a + σ(ε) > 0, and σ(l) ≥ σ(ξ̄).
Hence

P a,εs ≥ c7
∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk

b(ak, ξk)

× b(a+ σ(ε), lk)
∑

l(k)+ξ(k)=s(k)

C(ξk, ξ(k))C(a + σ(ε) + lk, l(k))

= c7
∏
j 6=k

(1 + sj)
−εj

∑
lk+ξk=sk

b(ak, ξk)

× b(a+ σ(ε), lk)C(a+ σ(ε) + sk, s(k))

= c7
∏
j 6=k

(1 + sj)
−εj b(a+ σ(ε(k)), sk)C(a+ σ(ε) + sk, s(k))

≥ c7c1
n∏
j=1

(1 + sj)
−εjb(a+ σ(ε), sk)C(a+ σ(ε) + sk, s(k))

= c7c1A
aε
s,n

where c7 = 2
1−n−

∑
j 6=k
|εj | and c1 is defined in section 4.

We have proved the left-hand inequality of (17) when εk < 0.

6. Proof of the Theorem, Part 1

Let D be defined as in (1), and its Bergman kernel function be

K(z, w̄) =
∑
m∈Zn

+

Cmz
mw̄m

where m = (m1, . . . ,mn), z = (z1, . . . , zn) ∈ D,w = (w1, . . . , wn) ∈ D, zm =
zm1

1 · · · zmnn and wm = wm1
1 · · ·wmnn . We know

Cm =
1

πn(
∏n
j=1 αj)

Γ(σ(αm) + σ(α) + 1)∏n
j=1 Γ(αjmj + αj)

(31)

by (4).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE BERGMAN KERNEL FUNCTION OF SOME REINHARDT DOMAINS 1793

Lemma 11. There exist two constants c8 and C8, which are independent of m,
and depend only on α and n, such that

c8B
n+1,α−1
[αm],n

n∏
j=1

(
1 + σ(α) + σ([αm])

1 + [αjmj ]

)εj
≤ Cm

≤ C8B
n+1,α−1
[αm],n

n∏
j=1

(
1 + σ(α) + σ([αm])

1 + [αjmj ]

)εj
where [x] means the largest integer X, such that X ≤ x, εj = αjmj − [αjmj ], and
σ([αm]) =

∑n
j=1[αjmj], and hence 0 ≤ εj < 1.

Proof. By Lemma 6, there exist c′8, c
′′
8 , C

′
8 and C′′8 , which are independent of m,

and only depend on α and n, such that

c′8Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(ε)

≤ Γ(σ([αm]) + σ(ε) + σ(α) + 1)

≤ C′8Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(ε);

and

c′′8Γ([αjmj] + 1)([αjmj ] + 1)εj+αj−1 ≤ Γ([αjmj ] + εj + αj)

≤ C′′8 Γ([αjmj ] + 1)([αjmj ] + 1)εj+αj−1.

Thus we have

c′8
C′′8

1

πn(
∏n
j+1 αj)

Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(ε)∏n
j=1 Γ([αjmj ] + 1)([αjmj ] + 1)εj+αj−1

≤ Cm

≤ C′8
c′′8

1

πn(
∏n
j=1 αj)

Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(ε)∏n
j=1 Γ([αjmj ] + 1)([αjmj ] + 1)εj+αj−1

.

By the Main Lemma, we know

mnA
n+1,α−1
[αm],n ≤ Bn+1,α−1

[αm],n ≤MnA
n+1,α−1
[αm],n ,

where α − 1 = (α1 − 1, . . . , αn − 1), mn and Mn are two constants, which are
independent of m, and only depend on α, n. According to the definition (18),

An+1,α−1
[αm],n =

Γ(σ([αm]) + σ(α) + 1)

Γ(1 + σ(α))
∏n
j=1 Γ(1 + [αjmj ])(1 + [αjmj ])αj−1

,

we have

mn
Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(ε)

Γ(1 + σ(α))
∏n
j=1 Γ(1 + [αjmj ])(1 + [αjmj ])εj+αj−1

≤ Bn+1,α−1
[αm],n

n∏
j=1

(
1 + σ(α) + σ([αm])

1 + [αjmj ]

)εj
≤Mn

Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(ε)

Γ(1 + σ(α))
∏n
j=1 Γ(1 + [αjmj ])(1 + [αjmj ])(1 + [αjmj ])εj+αj−1

.

Thus we prove the lemma.
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Lemma 12. If δ = (δ1, . . . , δn), δj = 0 or 1, j = 1, 2, . . . , n, then there exist two
positive constants c9 and C9, which are independent of m, and only depend on α
and n, such that

c9B
n+1,α−1
[αm],n

n∏
j=1

(
1 + σ(α) + σ([αm])

1 + [αjmj ]

)δj
≤ Bn+1,α−1+δ

[αm],n

≤ C9B
n+1,α−1
[αm],n

n∏
j=1

(
1 + σ(α) + σ([αm])

1 + [αjmj ]

)δj
where α− 1 + δ = (α1 − 1 + δ1, . . . , αn − 1 + δn).

Proof. By the Main Lemma, there exist two positive constants c′9 and C′9, which
are independent of m and δ, and only depend on α and n, such that

c′9A
n+1,α−1+δ
[αm],n ≤ Bn+1,α−1+δ

[αm],n ≤ C′9A
n+1,α−1+δ
[αm],n .

According to the definition (18),

An+1,α−1+δ
[αm],n =

Γ(1 + σ(α) + σ([αm]) + σ(δ))

Γ(1 + σ(α) + σ(δ))
∏n
j=1 Γ(1 + [αjmj ])(1 + [αjmj])αj−1+δj

,

where σ(δ) =
∑n
j=1 δj . By Lemma 6, there exist two positive constants c′′9 and C′′9 ,

which are independent of m and δ, and only depend on α and n, such that

c′′9
Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(δ)

Γ(1 + σ(α))(1 + σ(δ))σ(δ)
∏n
j=1 Γ(1 + [αjmj ])(1 + [αjmj ])αj−1+δj

≤ An+1,α−1+δ
[αm],n

≤ C′′9
Γ(σ([αm]) + σ(α) + 1)(σ([αm]) + σ(α) + 1)σ(δ)

Γ(1 + σ(α))(1 + σ(α))σ(δ)
∏n
j=1 Γ(1 + [αjmj])(1 + [αjmj ])αj−1+δj

.

That is

c′′9B
n+1,α−1
[αm],n

n∏
j=1

(
σ([αm]) + σ(α) + 1

[αjmj] + 1

)δj
(1 + σ(α))−σ(δ) ≤ An+1,α−1+δ

[αm],n

≤ C′′9B
n+1,α−1
[αm],n

n∏
j=1

(
σ([αm]) + σ(α) + 1

[αjmj ] + 1

)δj
(1 + σ(α))−σ(δ).

Thus we have proved the lemma.

From (4), we know

K(z, z̄) =
∑
z∈Zn

+

Cm|z|2m

where Cm is given by (31), and |z|2m = |z1|2m1 · · · |zn|2mn . Let uj = |zj |2/αj ,
j = 1, 2, . . . , n, ‖z‖α =

∑n
j=1 |zj |2/αj , then D = {z ∈ Cn | ‖z‖α < 1} and

K(z, z̄) =
∑
m∈Zn

+

Cmu
mα

where umα = um1α1
1 · · ·umnαnn .
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Let Kα(u) =
∑
m∈Zn

+
Cmu

mα, then

Kα(u) =
∑
m∈Zn

+

Cmu
[α1m1]
1 · · ·u[αnmn]

n uε11 · · ·uεnn

where εj = αjmj − [αjmj ] and hence 1 < εj ≥ 0. By Lemma 11,

Kα(u) ≤ C8

∑
m∈Zn

+

Bn+1,α−1
[αm],n

n∏
j=1

(
1 + σ(α) + σ([αm])

1 + [αjmj ]
uj

)εj
u

[α1m1]
1 · · ·u[αnmn]

n

≤ C8

∑
m∈Zn

+

Bn+1,α−1
[αm],n

n∏
j=1

(
1 +

1 + σ(α) + σ([αm])

1 + [αjmj ]
uj

)
u

[α1m1]
1 · · ·u[αnmn]

n

since 1 + x > xa if x > 0 and 0 ≤ a ≤ 1.
Let

n∏
j=1

(1 + xj) =
∑
δ∈Q

xδ =
∑
δ∈Q

xδ11 · · ·xδnn

where δ = (δ1, . . . , δn), δj = 0 or 1, j = 1, 2, . . . , n, and Q is a set of lattice points
in Rn

+, which contains all the lattice points whose components are only 0 or 1, then

Kα(u) ≤ C8

∑
m∈Zn

+

Bn+1,α−1
[αm],n u

[α1m1]
1 · · ·u[αnmn]

n

×
∑
δ∈Q

n∏
j=1

(
1 + σ(α) + σ([αm])

1 + [αjmj ]

)δj
uδj .

By Lemma 12, we have

Kα(u) ≤ C8

c9

∑
δ∈Q

uδ
∑
m∈Zn

+

Bn+1,α−1+δ
[αm],n u

[α1m1]
1 · · ·u[αnmn]

n

where uδ = uδ11 · · ·uδnn .
Let h = (h1, . . . , hn) ∈ Zn+ be given. Then as an equation of mj , [αjmj ] = hj at

most has { 1
αj
} solutions, j = 1, 2, . . . , n, where {x} means the least integer X such

that x ≤ X . Thus

Kα(u) ≤ C8

c9

n∏
j=1

{
1

αj

}∑
δ∈Q

uδ
∑
h∈Zn

+

Bn+1,α−1+δ
h,n uh1

1 · · ·uhnn .

By the definition of F , (15) and (16), we have∑
h∈Zn+

Bn+1,α−1+δ
h,n uh1

1 · · ·uhnn = Fn+1,α−1+δ
n (u)

= (1− σ(u))−n−1
n∏
j=1

(1 + uj − σ(u))−αj+1−δj .
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Since
uj

1+uj−σ(u) < 1 and δj = 0 or 1, we have

Kα(u) ≤ C10

∑
δ∈Q

uδFn+1,α−1+δ
n (u)

= C10

∑
δ∈Q

(1− σ(u))−n−1
n∏
j=1

(
uj

1 + uj − σ(u)

)δj
×

n∏
j=1

(1 + uj − σ(u))1−αj

= C10

∑
δ∈Q

Fn+1,α−1
n (u)

n∏
j=1

(
uj

1 + uj − σ(u)

)δj
≤ 2nC10F

n+1,α−1
n (u) = 2nC10F (z, z̄)

where

C10 =
C8

c9

n∏
j=1

{
1

αj

}
.

We have proved the right-hand inequality of (2).

7. Proof of Theorem, Part 2

The proof of the left-hand inequality of (2) is little bit difficult.
For any δ = (δ1, . . . , δn) ∈ Q, we define

φδ(m) = (φδ,1(m1), . . . , φδ,n(mn))

as φδ,j(mj) = [mjαj ] when δj = 1; and φδ,j(mj) = {mjαj} when δj = 0; j =
1, 2, . . . , n; where Q is defined in section 6.

For any h ∈ Zn+, m ∈ Zn+, and δ ∈ Q, we define Nδ(m,h) = 1, if h = φδ(m); and
Nδ(m,h) = 0 if h 6= φδ(m), then we have

(1) for a fixed m ∈ Zn+, ∑
h∈Zn

+

Nδ(m,h) = 1;(32)

(2) for a fixed h ∈ Zn+,

0 ≤
∑
m∈Zn

+

Nδ(m,h) ≡ Nδ(h) ≤
n∏
j=1

{ 1

αj
}

since each of the equations [αjmj ] = hj and {αjmj} = hj has at most {1/αj}
integer solutions for mj .

For any m ∈ Zn+ and δ ∈ Q, we may decompose αm as

αm = (α1m1, . . . , αnmn)

= (φδ,1(m1) + ε1(δ1,m1), . . . , φδ,n(mn) + εn(δn,mn)),

where

εj(δj ,mj) = αjmj − φδ,j(mj) = αjmj − [αjmj ]

if δj = 1; and

εj(δj ,mj) = αjmj − φδ,j(mj) = αjmj − {αjmj}
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if δj = 0; j = 1, 2, . . . , n.
Let φδ,j(mj) = hj , εj = εj(δj ,mj), then

αjmj = φδ,j(mj) + εj(δj ,mj) = hj + εj .

We may extend Lemma 11 as

Lemma 13. If φδ(h) = m, then there exist two positive constants c11 and C11,
which are independent of m and δ, and only depend on α and n, such that

c11B
n+1,α−1
h,n

n∏
j=1

(
1 + σ(α) + σ(h)

hj + 1

)εj
≤ Cm

≤ C11B
n+1,α−1
h,n

n∏
j=1

(
1 + σ(α) + σ(h)

hj + 1

)εj
.

Since the proof of Lemma 13 is similar to that of Lemma 11, we omit it.
By (32), we have

Kα(u) =
∑
m∈Zn

+

∑
h∈Zn

+

Nδ(m,h)Cmu
h1
1 · · ·uhnn uε11 · · ·uεnn .

Using Lemma 13, we find that

Kα ≥ c11

∑
m,h∈Zn

+

Nδ(m,h)Bn+1,α−1
h,n

n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1

)εj
uh

holds for any δ ∈ Q. Since the total number of lattice points in Q is 2n, we have

Kα(u) ≥ 2−nc11

∑
h∈Zn

+

Bn+1,α−1
h,n uh

∑
δ∈Q

×

 ∑
m∈Zn

+

Nδ(m,h)
n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1
uj

)εj(δj ,mj) .

We consider the last bracket on the right-hand side of the previous inequality. For
a fixed h ∈ Zn+, and a fixed δ ∈ Q, as an equation in m, φδ(m) = h may have
solutions, that means, h ∈ φδ(Zn+); or may not have a solution, that means, h does
not belong to φδ(Z

n
+). We define N̄δ(h) as the characteristic function of φδ(Z

n
+)

when δ is fixed, that is, N̄δ(h) = 1 if h ∈ φδ(Zn+); and N̄δ(h) = 0, otherwise, Then

Kα(u) > 2−nc11

∑
h∈ZN

+

Bn+1,α−1
h,n

∑
δ∈Q

N̄δ(h)
n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1
uj

)εj(δj ,hj)
where εj(δj , hj) = εj(δj ,mj) if mj is a solution of hj = φδ,j(mj), j = 1, 2, . . . , n.

Obviously, φ(Zn+) has the following properties:
(1) If h ∈ φδ(Zn+), then h(j) = (h1, . . . , hj−1, 0, hj+1, . . . , hn) ∈ φδ(Zn+);
(2) If h ∈ φδ(Z

n
+), then there exists an integer kj , 1 ≤ kj ≤ {αj}, such that

h+ kjej ∈ φδ(Zn+).
Fix h(1) ∈ φδ(Zn+), then there exists an integer sequence

n1,0 = 0 < n1,1 < n1,2 < · · · < n1,k < · · · , k = 0, 1, 2, . . . ,

which is independent of the choice of h(1), such that h(1) + n1,ke1 ∈ φδ(Z
n
+),

and 1 ≤ n1,k+1 − n1,k ≤ {α1}. Moreover, if n1,k+1 ≥ n1,k + 2 holds, then h(1) +
(n1,k + s)e1 does not belong to φδ(Z

n
+), when 1 ≤ s ≤ n1,k+1 − n1,k − 1.
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Fix δ ∈ Q, and consider a subset D1(δ) ⊂ Zn+ as

D1(δ) = {h(1) + ke1 ∈ Zn+, for all h(1) ∈ φδ(Zn+), k = 0, 1, . . . },

then D1(δ) ⊃ φδ(Zn+), and

Kα(u) > c112−n
∑
δ∈Q

∑
h∈D1(δ)

N̄δ(h)Bn+1,α−1
h,n uh

n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1
uj

)εj(δj ,hj)
.

Let χ = h(1)+n1,ke1 ∈ φδ(Zn+), τ = h(1)+n1,k+1e1 ∈ φδ(Zn+) and l = n1,k+1−n1,k,
1 ≤ s ≤ n1,k+1 − n1,k − 1 = l− 1 if l ≥ 2, then

s

l
Bn+1,α−1
τ,n uτ

n∏
j=1

(
σ(τ) + σ(α) + 1

τj + 1
uj

)εj(δj ,τj)

+
l − s
l
Bn+1,α−1
χ,n uχ

n∏
j=1

(
σ(χ) + σ(α) + 1

χj + 1
uj

)εj(δj ,χj)
≥ (Bn+1,α−1

τ,n )s/l(Bn+1,α−1
χ,n )(l−s)/lu(τ+ε(δ,τ))s/l+(χ+ε(δ,χ))(l−s)/s

×
n∏
j=1

(
σ(τ) + σ(α) + 1

τj + 1

)s/lεj (δj ,τj)(σ(χ) + σ(α) + 1

χ+ 1

)(l−s)/sεj(δj ,χj)
,

(33)

since the arithmetic mean is greater or equal to the geometric mean.
According to the Main Lemma, there exist two constants c12 and C12, which are

independent of τ and χ, and only depend on n and α, such that

c12A
n+1,α−1
τ,n ≤ Bn+1,α−1

τ,n ≤ C12A
n+1,α−1
τ,n ,

and

c12A
n+1,α−1
χ,n ≤ Bn+1,α−1

χ,n ≤ C12A
n+1,α−1
τ,n .

Let h1 = n1,k + s, then

An+1,α−1
τ,n =

Γ(σ(α) + σ(h(1)) + n1,k+1 + 1)

Γ(σ(α) + 1)
∏n

j=2
Γ(1 + hj)(1 + hj)

αj−1Γ(1 + n1,k+1)(1 + n1,k+1)α1−1

=
Γ(σ(α) + σ(h) + l− s+ 1)

Γ(σ(α) + 1)
∏n

j=2
Γ(1 + hj)(1 + hj)

αj−1Γ(h1 + l− s+ 1)(h1 + l − s+ 1)α1−1

= An+1,α−1
h,n

(σ(α) + σ(h) + 1) · · · (σ(α) + σ(h) + l − s)(1 + h1)α1−1

(h1 + 1) · · · (h1 + l− s)(h1 + l− s+ 1)α1−1
,

and

An+1,α−1
χ,n =

Γ(σ(α) + σ(h(1)) + n1,k + 1)

Γ(σ(α) + 1)
∏n

j=2
Γ(1 + hj)(1 + hj)

αj−1Γ(1 + n1,k)(1 + n1,k)α1−1

=
Γ(σ(α) + σ(h) + 1)

Γ(σ(α) + 1)
∏n

j=2
Γ(1 + hj)(1 + hj)

αj−1Γ(1 + h1)(1 + n1,k)α1−1

×
(1 + n1,k) · · · (s+ n1,k)

(σ(α) + σ(h(1)) + n1,k + 1) · · · (σ(α) + σ(h(1)) + n1,k + s)

= An+1,α−1
h,n

(1 + n1,k) · · · (s+ n1,k)(1 + h1)α1−1

(σ(α) + σ(h(1)) + n1,k + 1) · · · (σ(α) + σ(h(1)) + n1,k + s)(1 + n1,k)α1−1
.
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Thus

(An+1,α−1
τ,n )s/l(An+1,α−1

χ,n )(l−s)/l = An+1,α−1
h,n (1 + h1)α1−1

×
(

σ(α) + σ(h) + 1) · · · (σ(α) + σ(h) + l − s)
(h1 + 1) · · · (h1 + l − s)(h1 + l − s+ 1)α1−1

)s/l
×
(

(1 + n1,k) · · · (s+ n1,k)

(σ(α) + σ(h(1)) + n1,k + 1) · · · (σ(α) + σ(h(1)) + n1,k + s)(1 + n1,k)α1−1

)(l−s)/l

= An+1,α−1
h,n I1I2I3,

where

I1 =
(1 + h1)α1−1

((h1 + l − s+ 1)s/l(h1 − s+ 1)(l−s)/l)α1−1
,

I2 =
((σ(α) + σ(h) + 1) · · · (σ(α) + σ(h) + l − s))s/l
((σ(α) + σ(h)− s+ 1) · · · (σ(α) + σ(h)))(l−s)/l

and

I3 =
(h1(h1 − 1) · · · (h1 − s+ 1))(l−s)/l

((h1 + 1) · · · (h1 + l − s))s/l .

Obviously, I1, I2 and I3 are bounded above and below since l ≤ {α1} and s ≤
l − 1 ≤ {α1} − 1. Thus there exist two positive constants c14 and C14, which are
independent of τ, χ and h, and only depend on α and n, such that

c14B
n+1,α−1
h,n ≤ (Bn+1,α−1

τ,n )s/l(Bn+1,α−1
χ,n )(l−s)/l ≤ C14B

n+1,α−1
h,n

where 1 ≤ s ≤ n1,k+1 − n1,k − 1.
Moreover, we have

τ
s

l
+ χ

l − s
l

= (h(1) + n1,k+1e1)
s

l
+ (h(1) + n1,ke1)

l − s
l

= h(1) + (n1,k + s)e1 = h,

and

σ(τ) + σ(α) + 1

τj + 1
=
σ(h) + σ(α) + 1 + l − s

hj + 1

if j 6= 1, then there exist two positive constants c′15 and C′15, which are independent
of h, and only depend on α and n, such that

c′15

σ(h) + σ(α) + 1

hj + 1
≤ σ(τ) + σ(α) + 1

τj + 1
≤ C′15

σ(h) + σ(α) + 1

hj + 1

when j 6= 1, since 1 ≤ l − s ≤ {α1} − 1. When j = 1, we have

σ(τ) + σ(α) + 1

τ1 + 1
=
n1,k+1 + σ(h(1)) + σ(α) + 1

n1,k+1 + 1
=
σ(h) + σ(α) + 1 + l − s

h1 + 1 + l− s ,

then there exist two positive constants c′′15 and C′′15, which are independent of h
and τ , and only depend on α and n, such that

c′′15

σ(h) + σ(α) + 1

h1 + 1
≤ σ(τ) + σ(α) + 1

τ1 + 1
≤ C′′15

σ(h) + σ(α) + 1

h1 + 1
.

Thus

c15
σ(h) + σ(α) + 1

hj + 1
≤ σ(τ) + σ(α) + 1

τj + 1
≤ C15

σ(h) + σ(α) + 1

hj + 1
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hold for j = 1, 2, . . . , n, where c15 = min(c′15, c
′′
15), and C15 = max(C′15, C

′′
15).

Similarly, the inequalities

c16
σ(h) + σ(α) + 1

hj + 1
≤ σ(χ) + σ(α) + 1

χj + 1
≤ C16

σ(h) + σ(α) + 1

hj + 1

holds for j = 1, 2, . . . , n, where c16 and C16 are two positive constants, which are
independent of h, and only depend on α and n.

Combining all these results, we get the right-hand side of (33) is not less than

c17B
n+1,α−1
h,n uh

n∏
j=2

(
σ(h) + σ(α) + 1

hj + 1
uj

)εj(δj ,hj)

×
(
σ(h) + σ(α) + 1

h1 + 1
u1

)ε′1(δ1,h1)

where c17 = c14c
s/l
15 c

(l−s)/l
16 , and ε′1(δ1, h1) = s

l ε1(δ1, τ1) + l−s
l ε1(δ1, χ1).

Let

T (y) = Bn+1,α−1
y,n uy

n∏
j=1

(
σ(y) + σ(α) + 1

yj + 1
uj

)εj(δj ,yi)
where y = τ, χ or h. Then

T (τ) + T (χ) =
2

l − 1

l−1∑
s=1

1

l
(sT (τ) + (l − s)T (χ))

=
1

2
(T (τ) + T (χ)) +

1

4
(T (τ) + T (χ)) +

1

2(l − 1)

l−1∑
s=1

1

l
(sT (τ) + (l − s)T (χ))

≥ 1

2
(T (τ) + T (χ)) +

1

4
(T (τ) + T (χ))

+
c17

2(l − 1)

l−1∑
s=1

T (h)

(
σ(h) + σ(α) + 1

h1 + 1
u1

)ε′1(δ1,h1)−ε1(δ1,h1)

≥ 1

2
(T (τ) + T (χ)) + c18

l∑
s=0

T (h)

(
σ(h) + σ(α) + 1

h1 + 1
u1

)ε′1(δ1,h1)−ε1(δ1,h1)

where c18 = min(1
4 ,

c17

2({α1}−1) ). Thus, we have

Kα(u) > 2−nc11c18

∑
δ∈Q

∑
h∈Zn

+

N̄δ(1, h)Bn+1,α−1
h,n uh

×
n∏
j=2

(
σ(h) + σ(α) + 1

hj + 1
uj

)εj ,(δj ,hj)(σ(h) + σ(α) + 1

h1 + 1
u1

)ε′1(δ1,h1)(34)

where N̄δ(1, h) is the characteristic function of D1(δ), that is, N̄δ(1, h) = 1, if
h ∈ D1; N̄δ(1, h) = 0, if h does not belong to D1.

If δ1 = 1, then there exist two positive integers m1 and m′1, such that [α1m
′
1] =

n1,k+1, and [α1m1] = n1,k. Hence

ε1(1, τ1) = α1m
′
1 − [α1m

′
1] = α1m

′
1 − n1,k+1 ≥ 0,
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and

ε1(1, χ1) = α1m1 − [α1m1] = α1m1 − n1,k ≥ 0.

Since by the definition of ε′1,

ε′1(δ1, h1) =
s

l
ε1(δ1, τ1) +

l − s
l
ε1(δ1, χ1),

we have ε′1(1, h1) ≥ 0. Similarly, we can prove that ε′1(0, h1) ≤ 0.
Fix h(2) ∈ D1(δ), then there exists a sequence of integers

n2,0 = 0 < n2,1 < · · · < n2,k < · · · ,

which is independent of the choice of h(2) ∈ D1(δ), such that h(2)+n2,ke2 ∈ D1(δ),
and 1 ≤ n2,k+1 − n2,k ≤ {α2} and h(2) + (n2,k + s) does not belong to D1(δ) when
1 ≤ s ≤ n2,k+1 − n2,k − 1 and n2,k+1 ≥ n2,k + 2.

Define D2 = D2(δ) by

D2(δ) = {h(2) + ke2 ∈ Zn+, for all h(2) ∈ D1(δ), k = 0, 1, 2, . . .}.

Then

D2(δ) ⊃ D1(δ) ⊃ φδ(Zn+),

and D2(δ) has the following properties:
(1) h(j) ∈ D2(δ), j = 1, 2, . . . , n if h ∈ D2(δ), in particular, h(1, 2) ∈ D2(δ);
(2) h(1, 2) + ke1 + se2 ∈ D2(δ), k, s = 0, 1, 2, . . . , if h(1, 2) ∈ D2(δ);
(3) If h ∈ D2(δ), then there exists kj , 1 ≤ kj ≤ {αj}, such that h+kjej ∈ D2(δ),

j = 3, 4, . . . , n.
Using the same method as we used to prove (34), we can prove

Kα(u) > c19

∑
δ∈Q

∑
h∈Zn

+

N̄δ(2, h)Bn+1,α−1
h,n uh

n∏
j=3

(
σ(h) + σ(α) + 1

hj + 1
uj

)εj(δj ,hj)

×
(
σ(h) + σ(α) + 1

h1 + 1
u1

)ε′1(δ1,h1)(
σ(h) + σ(α) + 1

h2 + 1
u2

)ε′2(δ2,h2)

where c19 is a positive constant, which only depends on α and n, and N̄δ(2, h) is
the characteristic function of D2(δ), that is, N̄δ(2, h) = 1 if h ∈ D2; N̄δ(2, h) = 0 if
h does not belong to D2; and ε′2(δ2, h2) has the following property:

ε′2(1, h2) ≥ 0, ε′2(0, h2) ≤ 0.

We can repeat this process again and again, finally, we have

Kα(u) > c20

∑
δ∈Q

∑
h∈Zn

+

N̄δ(n, h)Bn+1,α−1
h,n uh

×
n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1
uj

)ε′j(δj ,hj)
where c20 is a positive constant, which only depends on α and n, and N̄δ(n, h) is the
characteristic function of Dn(δ), by the definition of Dj(δ), j = 1, 2, . . . , n, we have
Dn(δ) = Zn+, thus N̄δ(n, h) ≡ 1, when h ∈ Zn+; and ε′j(δj , hj) has the properties:
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ε′j(1, hj) ≥ 0, ε′j(0, hj) ≤ 0, j = 1, 2, . . . , n.

Thus

Kα(u) > c20

∑
h∈Zn

+

Bn+1,α−1
h,n uh

∑
s∈Q

n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1
uj

)ε′j(δj ,hj)
.

For a fixed h ∈ Zn+, we may take δ = (δ1, . . . , δn) ∈ Q, such that

δj = 0 if
σ(h) + σ(α) + 1

hj + 1
uj ≤ 1;

δj = 1 if
σ(h) + σ(α) + 1

hj + 1
uj ≥ 1;

then

n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1
uj

)ε′j(δj ,hj)
≥ 1,

and hence ∑
δ∈Q

n∏
j=1

(
σ(h) + σ(α) + 1

hj + 1
uj

)ε′j(δj ,hj)
≥ 1.

Finally we obtain

Kα(u) > c20

∑
h∈Zn

+

Bn+1,α−1
h,n uh = c20F

n+1,α−1
n (u) = c20F (z, z̄).

We have completed the proof of the Theorem.
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