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THE BERGMAN KERNEL FUNCTION OF
SOME REINHARDT DOMAINS

SHENG GONG AND XUEAN ZHENG

ABSTRACT. The boundary behavior of the Bergman Kernel function of some
Reinhardt domains is studied. Upper and lower bounds for the Bergman kernel
function are found at the diagonal points (z,Z). Let D be the Reinhardt
domain

n
D={zeC |zl = |z <1
j=1
where a; >0, j =1,2,...,n; and let K(z,w) be the Bergman kernel function

of D. Then there exist two positive constants m and M and a function F' such
that

mF(z,2) < K(z,2) < MF(z,%)
holds for every z € D. Here

F(z2) = (=) " [ [(or(e) + 120y e
j=1

and 7(z) = ||z]|la — 1 is the defining function for D. The constants m and M
depend only on o = (a1, ...,an) and n, not on z.

1. INTRODUCTION

The Bergman kernel function K(z,@),z,w € Q for a domain  C C™ is the
kernel of the Bergman projection operator, the operator projecting L?(Q2) onto its
holomorphic subspace. In this paper, we consider the Reinhardt domain

n
(1) D=3:eC[alla = |5 <1
j=1
where a; > 0, j =1,2,...,n. The purpose of this paper is to give an estimate of the

kernel function K(z,%) of D in a “small constant-large constant” sense. Precisely,
we prove the following

Theorem 1. There exist two positive constants m and M, which only depend on
n and oy, j=1,2,...,n, such that

(2) mF(z,2) < K(z,z2) < MF(z,2)
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1772 SHENG GONG AND XUEAN ZHENG

holds for every z € D, where
3) F(z,2) = (=r(2) "7 [[(=r(2) + |z 09) 7o
j=1

and 7(z) = ||z]|la — 1 is the defining function for D.

The study of the boundary behavior of Kq(z,w) for a domain Q C C™ is quite
old, going back to the original inquires of Bergman [1]. Both Fefferman [6] and
later, Boutet de Monvel and Sjostrand [2] obtained the asymptotic expansion of
Kq(z,w), when Q € C™ is strongly pseudo-convex. For domains in C?, Catlin [3]
has given a precise description of the behavior of Kq(z,z) near finite-type points
in 9. Sharp estimates for Kq(z,w) for this class of domains were obtained by
McNeal [7] and Nagel et al. [9]. For a “decoupled” class of Q € C”, McNeal [§]
described the exact estimates on Kq(z, @) for z near a point of finite type in 9.
For the Reinhardt domain (1), D’Angelo [4] gives the series form of the Bergman
kernel function K (z,w) as

K(z,w) = (a1ag -+ apm™) !

(4) Z F(Z?:l aj(mj +1)+1)

X
Tlagmy + 1) - - Tlapm, + an)

Zl’lf)l)ml e (ann)m" .
mi,ma,...,mp >0

We will use equation (4) to obtain the estimate of K(z,z) given in inequalities (2).
It should be noted that D’Angelo [4, 5] has studied K (z,Z) for certain domains.

He showed
—l—1+kp

I+1 l l p n
K(z2)=> a|1-> |z (1—Z|2j|2> - > Iyl
k=0 j=1 J=1

j=l+1

—n+l—k

when the domain is Q = {z € C"| Zé-:l 12517 + (X741 1251%)P < 1}, where
1 <1 < n, pis a positive real number, and the constants c¢; depend on k,[l,n and
p only.

The sketch of the proof is now indicated. We will informally use the word
“comparable” to mean the two functions or sequences of coeflicients are related by
inequalities such as those between K and F given in inequalities (2). The proof can
be outlined as follows: We start with the expansion of the Bergman kernel function
in (4). Then we show that the coefficients are comparable to certain coefficients
A that are more tractable. The Main Lemma shows that these coefficients A are
comparable to certain coefficients B. It follows that the coefficients in equation
(4) are comparable to the coefficients B. Multiplying by the powers of z and
summing, we find that the kernel function is comparable to a function F' which has
an expansion with the coefficients B.

Most of the lemmas are combinatorial. The Main Lemma which relates the
coefficients A and B is stated in section 3. Its proof is carried out in sections 4 and
5. The proof of the Theorem is given in sections 6 and 7.

2. PRELIMINARY LEMMAS

We start with some combinatorial lemmas proved using generating function. The
routine proofs are not included.
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Let R? denote the set of vectors = (x1,...,2,) in R", such that all the
components z;,j = 1,2,...,n, are non-negative, and let o(z) = Y | ;. As usual
we let e; denote the unit vector of the j-th coordinate in R", and let z(j) =
(@15 @j=1,0,2541, ., Tn), 0(2(f) = D, i o= (21, ., 20).

Let a,t be real numbers, |¢| < 1, and

(5) (1-t)"2= ib(a, k)t
=0
Lemma 1.
(6) b(a, k) = Lk +a) when a # 0, a > —1;

I(a)T(k+1)
and b(0,0) = 1,b(0, k) = 0 when k # 0.

Let u = (u1,...,un) € RY, o(u) =>1"  u; < 1, and

(7) (1—o()™= > Cla,mpu™
mezy
where m = (mq,...,my),u™ = ui™* - -ul'.

Lemma 2.
B I'(a+ o(m))
) ) = @ T, T+ m,)

and C(0,0) =1, C(0,m) =0 when m #0=(0,...,0).

when a #0, a > —1;

Lemma 3. Letaj, j=1,...,s, be real numbers, k € Z_, then
(9) bay+ -+ as k) = Y blay,l1)bag,l2) -~ b(as, )
o(l)=k

where b(a, k) is defined by (5), 1 = (I, ...,ls) € Z%, and o(l) = >7_, ;.

Lemma 4. Letaj, j=1,...,s, be real numbers, [ € Z}, then
(10) Clar + -+ +asl) = Z C(a1,m)C(az,p) - C(as,q)
m4p+--+q=I

where C(a,l) is defined by (7) and l,m,...,q € Z.

Lemma 5. If a > —1, m = (m1,...,my) € Z%, p = (p1,...,pn) € Z%},q =
(q1s--5qn) €EZY and m =p+q,pjq; =0 for j =1,2,...,n, then

(11) C(a,m) = C(a,p)C(a+o(p),q)
where C(a,l) is defined by (8).

Consider the special case that

p=m(j) = (my,...,mj—1,0,mj41,...,My),
qg=mje; =(0,...,0,m;,0,...,0).

Then (11) becomes

C(a,m) = C(a,m(j))C(a+ a(m(j)), mje;) = C(a,m(j))b(a + a(m(j)), m;)
since

Cla+a(m(j)),mje;) = bla + o(m(7)), m;).
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If we take p = mje;, ¢ =m(j), then (11) becomes
C(a,m) = bla,m;)C(a + mj,m(j)).
Thus we have
(12)  Cla,m) = Cla,m(j))bla + o(m(j)), m;) = Cla +m;, m(j))b(a, m;).
In particular, if j = n, then (12) becomes
(13)  C(a,m) = C(a,m(n))b(a + o(m(n)),m,) = C(a + myu, m(n))b(a,m,).

Lemma 6. If a,m are two real numbers, m > 1, and m + a > 0, then there exist
two positive numbers ¢ and C, which are independent of m, and only depend on a,
such that

(14) c'(m)m®* <T'(m+a) < CT(m)m

Proof. When m is a positive integer, then (14) is just the consequence of Euler-
Gauss formula

12 (m-1)
Fla)= lim m a-(a+1)---(a+m)

When m is not a positive integer, we may prove it by using the Stirling’s formula:
For real z > 0,

F(l’) _ /2ﬂ_$m—1/26—w€0(m)/12m
with 0 < 6(z) < 1. Using the Stirling formula, we have
I'(m+a) a\mta=1/2 O1(m+a)  O2(m)
_\mTa) _ (4 _> a _
T'(m)me ( * m ¢ { 12(m+a) 12m

where 0 < #; < 1,0 < 63 < 1. It is easy to verify that the right hand side of the
previous equality is bounded above by exp{l — a + m} max|1, (1 4 a)*~1/2],

and bounded below by exp{—= — a} min[1, e min[1, (14 a)?~/?]. Thus we prove
(14).

Actually, we have lim,,_ R(ﬁ;ﬁf 2 = 1, for any positive real number sequence
{m}. |

3. THE MAIN LEMMA

Lemma 7 (Main Lemma). Let u = (uy,...,un) € R}, 0(u) <1, a >0, ¢ =
(e1,€2,...,6n) € R", g5 > =1, 5 =1,2,...,n. Further, if all e;, j = 1,2,...,n,
are non-positive, we assume that a+2?:1 e; > 1. If some of thee;, j =1,2,...,n,

are non-negative and the others are non-positive, then we assume that a—i—Z?:l €5 >
Z?Zl{ej} +1, where {;} means the least integer which is equal to or greater than

Ej- Let

(15) Fie(u) = (1 —o(u) ™ [JQ +u — o(w) ™,
j=1

and let the Taylor expansion of F%¢(u) be

(16) Fpf(u) = ) Binu®
sEZY
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where s = (s1,82,...,8,) € L}, u® = ui'---ul", then there exist two positive
constants m,, and M,,, which are independent of s, and depend on a, n, and € only,
such that

(17) mnAl;,’fz < B(sl,f; < MnAZfL

where

(18) A%s — L(a+o(e) 4+ 0(s)) ~ Cla+o(e),s)

T(a+o(e) o T +5;)(1+s5)5  T[_y(1+s5)%"
and o(e) = Z?:l gj, o(s) = Z?:l 85

We prove the Main Lemma by induction for n.
When n =1,

Fla)a(u) =(1-w)*= Zb(avml)uTlv
that is, B,%} = b(a,m1), (m = my); and

I(a+ep +m)
Tla+e)T(1+m1)(1+mq)er

AZ”fl = = b(a, m1)11

where
I'(a+e1 +my)l'(a)
T(a+e)T(a+mq)(1+mq)sr’

Obviously (17) is true when my = 0. If my # 0, then by Lemma 6, there exist ¢
and C', which depends only on a and €, such that

I <O L(a) ( T ) < C—F(F(a)

I =

(a+e1) \1+my a+er)
if e1 > 0; and
_ I'(a)
L <O ————
L= F(a+€1)
if £7 < 0. Similarly,
I'(a)
L >c———
L7 Tlater)
if 1 < 0; and
—e, I(a)
I > 5 ————
L= I(a+e1)

if &7 > 0. We have proved (17) in the case n = 1.
In order to complete the induction process, we will need the following lemmas.

Lemma 8. The assumptions are as in the Main Lemma. Moreover, we assume for
a fizredk, 1 <k <mn, e, >0, then

(19)  Boi= Y. Clernk)bla+o(e(k)) +o(l(k), s) By oy
1(k)+n(k)=s(k)

if we assume €, = 0, then

(20) B2 =bla+0(2) + o(s(k)), k) BE s
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wherel = (1, ..., ln) €ZY, n=(m,...,0) €LY, (51,...,8,) €LY andB:(’Zgiz_l

is the coefficient of the Taylor expansion of the function

a,e(k —a e

(21) EP (k) = (1= o(u(k) ™ TTQ = o(u(k)) +u;) =
i#k
Lemma 9. The assumptions are as in the Main Lemma. Fiz any k, 1 < k < n,
then
Bg:fi = Z b(ak7€k)c(a‘k + e+ €k7€(k>>
(22) I+€=s
x b(a — ay, + o (e(k)) + o(U(k)), k) By

where a = a1 + az + -+ - + ap, such that a; >0, a; +¢; >0, 7 =1,2,...,n, and

L= (il ., 1n) € 20,6 = (&,&,...,6n) € 25 s = (s1,52,...,8,) € 2T} and

Bla(;)a . ’f(lk) is the coefficient of the Taylor expansion of the function

Fuzi ™ (k) = (1 - o(ulk) ™~ [T — olulk)) +uj)~=.
Jj#k

Lemma 10. Assumptions are as in the Main Lemma, then all the coefficients By
in (16) are non-negative.

Proof of Lemma 8. In the case e > 0, we can expand each factor in (15) by power
series, then

Fyf(u) = Z C(a,m)C(e1,B(1))---

Clen—1,7(n —1))C(en, §(n))u™ P ++6n)
= Z Z C(a,m)C(e1, B(1)) - Clen, 6(n))u’.

sEZi m~+pB(1)++y(n—1)+6(n)=s

Comparing with (16), we get

B = > Cla,m)C(er, B(1)) - - Clen, 6(n)).

M)+ 6(n)=s

Using Lemma 5, we can decompose each factor (except the factor C(eg, £(k))) on
the right-hand side of this equality as
C(a,m) = C(a,m(k))b(a + o(m(k)), mx),
C(Ela 6(1» = C'(‘(517 ﬁ(17 k>>b(‘€1 + U(ﬁ(:[? k>>7 ﬁk)a

C(en,6(n)) = Clen, 6(k,n))b(e, + o(6(k,n)), k).
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Then we have

Bii= ) Clewtk)Cla,m(k))Cler, B(1,K)) -
m~+B(1)+-+6(n)=s
[Cler, &(k, k)] - - Clen, 6(k,n))b(a + o(m(k)), mk)
x b(er +o(B(1,k)), Be) - - [bler + o (§(k, k), Br)] - - - blen + o (6(k, ), 6n)
= Y Clenék) > C(a,m(k))
L(k)+&(k)=s(k) m(k)+B(1,k)+--+6(k,n)=l(k)
x Ce1, B(1,k)) -+ [Cler, &(k, k)] - - - Clen, 6(k,m))
x > bla+a(m(k)), me)b(er + o (B(1, k), Br) - -+

Mg +Pr+-+0r =5k

[b(ex + a(&(k, k), Bk)] - - - blen + a(6(k, 1)), 6n).

where [ ] means that the term inside [ ] is deleted from the product. By Lemma 3, the
last sum of the right hand side of this equality is equal to b(a+a(e(k))+o(l(k)), sk),
and the second sum is just the coefficient Bf(,f)(k) , of the Taylor expansion of the

function (21).
In the case e, = 0, we have

B = > Cla,m)C(e1, 5(1)) - - [Cler, &(K))] - - - Clen, 6(n)),

M A1)+ 8(n) =5

and
BSr = > C(a,m(k))C(e1, B(1, k)) -
m(k)+B(1,k)+-+6(k,n)=1(k)
[Cler, E(k, K))] - - Clen, 6(k, n))
X > b(a + o(m(k)), mi)b(er + o(B(1, k), Br) - - -
my+Pr+-+6p=sk

[b(er + o (§(k, k), &k)] - - - b(en + 0 (6(k, n)), bn).

We get (20).

We have proved Lemma 8. O

Proof of Lemma 9. We can express F»(u) as

n

(23) Fpe =TI = o)™ (1 = o(u()))~=].

j=1
Since o(u) = o(u(j)) + u;, we get

(I —o(w) (1 —-o(u ())) N
= (1 —u(1—o(uz) ™
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and
(1= o(w)™ (1= o(u(j) ™% =Y blaj, k)ub(1 — o(u(j)) "% *
k=0
(24) = ib(aj, kub > Clej +aj + k,m(j)um™?)
k=0 m(j)EZY
= D blaj,m;)Cla; + &5+ my,m(j)u"

mGZi

where Zm(j)GZi means the sum taking for all lattice points in Z7}, where the jth

coordinate is zero.
Thus we can expand every factor in (23) by (24) as

Fyf(u)= Y bla,f1)Clar +e1+ 61, B(1) -

ByYse-6MELT

b(an7 nn>c(an +éen+ Nns n(n))uﬁ+’7+"'+5+n
- Z Z blay, 51)C(a; +e1 + B1,8(1)) - -

SEZY Bty+-+o+n=s
b(an; 0 )C(an + &n + nn,n(n))u’.

Comparing this formula with (16), we get

B, = Z bla1,$1)C(ar +e1 + B1, B(1)) -
(25) B+ +5+n=s
b(an, Nn)C(an +en + 1mn,n(n)).

Let

6(17k) = (07627'"7ﬁk—1707ﬁk+17"'7ﬁn>7
7(27k> = (71707737"'7’yk—1707’7k+17"'77n)7

etc., then we may decompose C(a; + €1 + 51, 8(1)), etc., by Lemma 5 as,

Clar +e1+ 41, 8(1)) = Clar +e1 + B1, B(1, k))blar + &1+ a(B(k)), Br),
Clag +e2 +72,7(2)) = Claz +e2 + (2, k))blag + 2 + o (v(k)), 1),

Clan +en +1mm,n(n)) = Clan + & + 1, n(k,n))b(an + < +o(n(k)), nx)

except the term C(ay + ek + &, £(K)).
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Substituting the above equalities into (25), and let I = s — £, we get
Boi =" blan, &)Clak +ex + & E(k) D> blay, Br)

I+&=s BAv+--+n=l
x Clar +e1 + B, B(1, k))blaz, 72)C(az + €2 + v2,7(2,k)) - -«
[b(ak7§k)c(ak + ek + &k, f(k7 k))] e 'b(am nn)c(an +&n + N,y 77(’67 n))
x blay + &1+ o(B(k)), Br)b(az + € + a(y(k)), &)
- [blak + ek + 0 (€(k)), &)] - - - blan + en + a(n(k)), i)

= > blak, &)Clar + ek + &, E(k))b(a — ar + o(e(k)) + o (1(k)), Ik)
l+&=s
X > b(a1, $1)Clar + e+ Br, B(L,k)) -

B(k)+y (k) +--+n(k)=1(k)

[blak, §k)Clak + ek + &k, E(ky k)] -+ - blak, ni)Can + en + nn, n(k, 1))

by Lemma 3, where [ | means that the term inside [ ] is deleted from the product.

The last sum of the right-hand side of the previous equality is just the coefficient

Bla(;)a v ’f(lk) of the Taylor expansion of the function

Fzie® = (1~ o(u(k)) ™~ T +u; — o(u(k))) ==
J#k

o a—ay,e(k) 1(k
= Z Bl(k),’:zfl u'®.
(k)€

We have proved Lemma 9. O

Proof of Lemma 10. By the assumptions of the Main Lemma, we may choose a; >
0,7=1,2,...,n,suchthat a =a; +---+an,and a; +¢; >0, j =1,2,...,n, then
By, > 0 for all s follows by (25). O

4. PROOF OF THE MAIN LEMMA, PART 1

Fix s = (s1,52,...,8n) € Z, and let s, = maxi<j<y 5;. We may assume s, > 1,
otherwise s = 0, then the Main Lemma is true obviously. For that k, there are three
possibilities of ex: (1) &; > 0; (2) ¢, = 0 and (3) e < 0.

In this section, we prove the Main Lemma in the cases (1) €5 > 0 holds or (2)
er = 0 holds.

If e, > 0, by the conditions of the Main Lemma, all the factors in the right-hand
side of (19) are non-negative.

The induction process is as follows: to prove (17) is true if we assume

mn—l(j)Aa)E(j) < Ba7 (])

s a, ()
SOy < By 1 < Mo ()AL

s(j),n—1
is true for j = 1,2,...,n where m,_1(j) and M,,_1(j) are two positive constants
which are independent of s(j), and only dependent on a and ¢, and

A9 = Cla+ o)) 1) [T+ 1)~
p#£]

Let Mmp—_1 = HlinlSan mn_l(j) and Mn—l = mMaXji<;j<n Mn—l(j), then

a.c0) a.5(h) a.c0)
M1 4Gy S By < M 4Gyt
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In particular, if we take j = k, we have

mn—lA?(7li)(,er—1 < B?()ks)(,];)—l B Mn—lA?(}i)(,ku—v
where
(26) A= Cla+o(e(k) 1(k) [T +1).

J#k
Let
= N Clern(k)bla+a(e(k) + o (1K), se) Ay,
1(k)+n(k)=s(k)
then
M 1 I9F < BEE < My, 1 19F

by (19).

We estimate 13°.
Fix ;.. We define the set E as

FE= {l(k)z (l17...,lk_l,o,lk+1,...,ln> S ZT_,'L_, OSZJ SSJ‘, j;’ék}

We define the mapping ¢ : E — FE as

d(1(k) =1(k) = (s oy lie1,0,lka 1y -+ -5 1)

Yvhere l_j = lj, if %Sj < lj < Sj;l_j = 8 — lj, if 0 < lj < %Sj; and define 77(/{) as

I(k) +n(k) = U(k) + n(k) = s(k).
It is easily verified that

(27) [[ra+a)ra+5) =TT +n)ra+1).
#k #k
Consider

Cler 1(R)b(a + o(e(k)) + o(1(R)), s) ALY

1 a,c(k)
Cler,n(k))b(a + o(e(k)) + o (l(k)), k) Ay 1

By (26) and (27), we have

Dex + o (k)T (a + o(e(
Lexr +o(n(k)T(a + o(e(

O
| =
S— | —
S— | —
+ [+
Q|9
==
==
S— | —
S— | —
+ |+
w | ®
> | =
S— | —
<.
=
7N
—_
+
-~
~_—
m

Ifalll; =1, 7 # k, then I = 1. If at least one ofl; # l;, then d = o(I(k))—a(l(k)) =
o(n(k)) —o(n(k)) > 1. Let dj = l; — I, j # k, then
I:ﬁa+a(£(k))+8k+a(l(k))+u 1 < 141, )
ex +o(f(k)) +v 1+1+d;)

v=0 J#k
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The reciprocal of the first product in the previous equality is

£k + a(n(k)) +v
H +o(e(k)) + sk +o(l(k)) +v

ex +o(i(k)) —a—o(e(k)) — sk — o(l(k))
(1 + a+o(e(k))+ sk +o(l(k)+v )

&

er +o(f(k)) —a—o(e(k)) — s, — o(I(k))
“Ieo }

Q..T
)—AO

a+o(e(k))+ sk +o(lk)+v

since e* > 1 + x when x > —1. Then

I2 e (Z @+ o(e(k) + 34 + o(1(k)) — o(n(k) — ) (e

)Ej
J

a+o(e(k)) + sk +o(l(k)+v 14+10;+d

v=0

1781

When ¢ is given and sx = maxi<;<n 55, there are only a finite number of s € Z7}
such that s < 2¢,. In this situation, we only have a finite number of B " and

Agy,, thus we just need to take
a,e a,g

BS,77I . BS)

M, = max —, Mp = min =

Sp=max s;,5, <2€p AS n Sp=max s;,5, <2€p As’n

It only remains for us to consider the case s; > 2¢y.

From the definition of the mapping ¢, we know 7; < I;, j # k, and hence

o(l(k)) > o(7(k)). Then
a+o(e(k)) + sk +o(l(k) —o(i(k)) —er
a+o(e(k)) + sk + a(l(k)) v
st + o(U(k)) — (k) - Ls,
” st o((k) + v - > vt o(l(k) + v

since s, > 2e,. We have

e {3 s H(i)
P = 2(sk + o(l(k)) +v) o 1+1i4+d;)

=0
thus
d—1 lejl
Sk 1
I
” eXp{E_% 25k + o (1K) + 1) } 1] (1 +dj) !
v= j#k
since

( 141 )ff‘>< 1 )
1+1i4+d;) ~—\1+d; )

Moreover, since 0 < a(l(k)) < o(s(k)) < (n — 1)sg,
I

v<d<o(l(k) —o(l(k) <o(l(k) < (s(k)) < (n—1)sg,

we have
Sk = Sk - 1
2(sp +o(l(k) +v) = 2(sp+ (n—1)sg + (n—1)sg)  4n—2°
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Therefore, we obtain

1 () e () = o)

The function f(d) takes the minimum value at d = (4n —2) 3, [;] — 1, hence

—Z#k les]
I>et (4n—2)2|5j| = ayp,
7k

where aq is a constant which only depends on € and n. From the definition of I,
the following inequality

Clew, n(k))bla + o(e(k)) + o (1(k)), se) A"

)

< ag ' Clew, (k)bla + o (e(k)) + o (l(k)), i) AT

holds. According to the definition of the set £/ and the mapping ¢, at most gn—l
different (k) map to the same I(k) by ¢. Let E = ¢(E), and

J= > Cew,n(k))bla + o(e(k)) + o(1(k)), k) Afgry oy
1(k)+n(k)=s(k),l(k)EE
then
J < Ig;‘;,
and
Ime= > Clernlk)bla+o(e(k) + o(1(k), se) A
I(k)+n(k)=s(k)
<2 lgg! > Clexk,n(k))
1(k)+n(k)=s(k),l(k)€EE
x b+ o(e(k) + o (1(k)), s) Affe e,

= 2"_1a0_1J.

Thus

J<I%E <2 g

Hence, we only need to estimate J.
Since [ € E, %Sj <l; <sj4, 7 #k, we have

(28) 2715l (1 4 55) 7% < (L +1;)7% < 2lol(1+55)7%
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for j # k. By (26) and (12),

J= > Cleg,n(k))b(a+ a(e(k)) + o(I(k)), sx)
1(k)+n(k)=s(k),l(k)EE
x Cla+o(e(k),1(k) [J(1 +1;)~*
J#k
= > Cler, n(k)Ca + ale(k)) + sk, 1(k))
1(k)+n(k)=s(k),l(k)€EE

x b(a+ o(z(k)), sk) [ +1;)%
itk
By (28), we get 2~ 2k il g, <J< 221# IE"IL, where
L=b(a+ o(e(k)), sk) H(l +55)7%
J#k
X Z C(ek,n(k))C(a+ a(e(k)) + sk, l(k)).
1(k)+n(k)=s(k),l(k)EE
Using Lemma 4, we have
L< H (1+s;) % b(a+o(e(k)), sk)Cla+ o(e) + sk, s(k)).
J#k
Using Lemma 6, we have
bla+ o(e(k)), sk)(1 4 si)*
bla+ o(e), sk)

_ Dla+oa(e(k) + su)l(a + o(e(k)) +ex) (L + sx)™
I'(a+o(e(k)(a+o(e(k)) +er+ sk)

SC a+ae)) ( 1+sk )
)~

Ta+o(e(k))) \a+o(e)+ sk
I'(a+o0())
— Dla+o(e(k)))

Of course, the constant C; depends only on a and €. Thus

#)y=C

max(1, (a + o(e

J < QZ#’C ‘Ej‘Cl ﬁ(l +5;) 9 C(a+o(e) + sk, s(k))bla+ o(e), sk)

Jj=1

= 22#1«‘ J‘C Cla+o(e H (14s5)7% = 22#’“ ‘EjlclAZfL
j=1

by (12) and (18)
We have proved the right-hand inequality of (17) when ¢ > 0.
Now we are going to prove the left-hand inequality of (17) when g > 0.

From the definition of I,
1+0;\ %
I=1 — 7
0 H <1 + lj)

i#k
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1784 SHENG GONG AND XUEAN ZHENG

where [ is equal to
Cer, (k))b(a + o(e(k)) + a(U(k)), 58)Cla + o (e(k)), (k)
Cleg,n(k))bla+ o(e(k)) + a(l(k)), sk)C(a + o 1(k))

)

™
—~

)y
N
~—

Then
I = L(ex + o(i(k)))(a + o(e(k)) + o (I(k)))
L(er +oa(n(k))T(a+ o(e(k)) + sk + o(l(k)))
B gﬁ a+o(e(k)) + sk +o(l(k)) +v
B pr er +o(n(k)) +v

S a+o(e(k) + sp + o(l(k) — o(7(k) — e
- exp{z a+o(e(k)) + sk +a(l(k)) +v }

v=0

d—1
Sk d
> —>1
= &xXp {; 2k + o (k) + 1) } TR

since s, > 2 and e < (1 —2)~! when 1 > 2 > 0.
Applying this inequality to the J, we obtain
J= > Cler,n(k))C(a+ a(e(k)) + sg, (k)
(k) +n(k)=s(k),l(k)eE
x b(a+o(e(k)),sk) [ +1)7%
J#k
> 97 L] 3 Cler,n(k))
(k) +n(k)=s(k),l(k)€E
x b(a+ o(e(k)) + o((k)), s5)Cla + o(e(k)), 1(k) [ (1 +s;)~
J#k
> '™ 2 5 T (1 + 5)~7b(a + o (=(k)), 1)
J#k
x> Clern(k)Cla+ o(e(k)) + sk, U(k))
U(k)+n(k)=s(k)
= 2 T X S T (14 5,) " b(a + o (e(k)), )
J#k
x C(a+o(e) + sk, s(k))
by Lemma 4.
Using Lemma 6, we have
bla+ o(e(k)), sk)(1 + sp)°*
bla + o(e), sk)
_ D(a+o(e(k)) +ex)l(a+ o(e(k)) + s1)(1 + 51)
T(a+ o(e(k))(a+ o(e(k)) + ek + sk)

aii"éii (Jﬁisk)
)
)
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since s > 2¢p, and ¢ is a constant which only depends on a and €. Thus
T > 2t i okl [T +s) 5 Cla+a(e) + s, s(k)bla+ o(e), 1)
j:

n
PR DI Cla+o(e H 1+ s;)7%
j=1

1—-n— . £
9 2 JIClAZsz

by (12) and (18).
We have proved the left-hand inequality of (17) when g5 > 0.
We now consider the case 2) €, = 0. The proof of (17) is easy. By (20), we know

B2 = bla+o(e(k) + o (s(k)), sx) By .-

By induction hypothesis, there exist two constants m,_; and M, _1, which are
independent of s, such that

m”_lAZ&?)];)z—l SBS{ZSC) < M- 1Aa€ -1
Thus
Bl < Myibla+o(e(k)) + o(s(k), s) ALG)
= M, _1b(a+ o(e(k)) + o(s(k)), s£)Cla+ a(e(k)), s(k) [[(1+s;)7
i#k
=M,_1C(a+o(e ﬁ1+s )75 = M, 1 AS,

since € = 0.
. . a,e a,g
Similarly, we can prove Bgy, > my_1A4%;,.

5. PROOF OF THE MAIN LEMMA, PART 2

In this section we prove the Main Lemma in the final case 3) g5 < 0.

We take ar, = —e, at (22). By Lemma 10, we know Bla(k)ak (k) > 0. All the
factors in each term of the right-hand side of the equality (22) are non-negative.

The induction process is as follows: to prove (17) is true if we assume

-\ pa—ak,e(F) a—a ,s(]) a—ay,e(7)
m;—l(])Al(j),Z—l < Bl(j) e <M, 1(*7>Al(j)>fl—1
is true for j = 1,2,...,n, where m),_,(j) and M/ _,(j) are two positive constants,

which are independent of s(j), and only depend on a and £(j), and

Ay = Cla—ag +o(=()), 1)) JTA+15)

i#k
Let
/ . ! .
= M, | = M,
My 121271"1 ~10); -1 1I£1Ja<x ~109),
then

a—aj,e(j) a—ay,e(g) a—aj,e(j)
My 1 Aoy < Byt < My AL
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1786 SHENG GONG AND XUEAN ZHENG

In particular, if we take j = k, then

a—ay,e(k) a—ay,e(k) a—a e(k)
m;l—lAl(k),Zil < Bz<k>,2f1 < M7/1—1Al(k),n—1 :

Let
P =3 C(&k &(k))blak, &)bla — ax + o(e(k)) + o (1(k)), 1) Af s,
l+&=s
then

/ a,e a,e / a,e
my,_1Pg" < By, < M, P

n—1

hold by (22).
We estimate P3°.
Partition the sum P3¢ into two parts,

Ry - ¥ %

I+€=s  lp+&p=sk,lr>3s, L(k)+E(k)=s(k)

+ > > =P+Ph

le+Ep=sk,lk<3si U(k)+E(k)=s(k)
Let

Q¢ = C(&r, E(k))bla — ax + o(2(k)) + o (U(k)), 1) Af =,

B

then
1 = C&r, E(k)bla — ar + a(e(k) + o (U(k)), 1) Cla — ay, + o(e(k)), L(k))
x [T +1)7% = O €(k)Cla — ar + oe(k)). 1) TL 0 +1,)
i#k J#k
by (12), and

P =Y blag, &)Q)E = Pi+ Pa.
I+&é=s

Let
E():{l:(ll,...,ln)EZi,OSZjSSJ', j:l,...,n},

and define the mapping ¢o: Eo — Ep, to ¢o(l) = I = (Iy,...,ln) where [ =1y,
l_f %Sj < lj < Sj;,lj = Sj —lj, if 0 < lj < %Sj, 7 =1...,m and define § as
E+1=E6+1=s5, By = ¢o(Eo).

Consider

Qe _ Clén&RCla = ax+o(e(k). D) 1 (154"
s = - I H( ) '

Qe Cl&k,E(K)Cla — ak + o(e(k)),

When [, > %sk, we have I, = I, fk = &k, and then

G- L(o(&)T(a—ax + a(e(k)) +o(l)) <1+l_j)€j
T(e(€))'(a—ar +o(e(k)) + o)) it 1+1;

G:

SRR
Ul

(29)

_ o a—ap+oek)+ol)+v 141 &
I (i)

€ +v 141 +d;

where d = o (I(k)) — o(I(k)), d; =1; — 1, j # k.
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By the definition of ¢y, we have o(I(k)) > o(£(k)), and I, — & > $si since
lp, > %sk. By the hypothesis of the Main Lemma and ax + ¢ = 0, we have
a — ag + o(e(k)) > 0. The first product in the right-hand side of (29) is equal to

T a—atoek) o) —o(d) LT Ly
Vr_[0<1+ o(@) +v >>VUO<1+U(5)+V)

since a — ax, + o(e(k)) > 0, and
o(l)—o(§) =l — &+ o(l(k)) — o(E(k) > Ui — & = S5k

Moreover,
o(&)+v<nsg+ (n—1)s, < (2n — 1)sg
and

1+ \¥ e e
- J > 1+d ‘6]|> 1+d lesl
(1 lj d]) —( J) 7( ) ’

hence

\%

d—1 lejl
dn —1 1 !
a=11 <4n—2) H <1+d)
J#k

v=0

Cfan— 1\ 1 \ Dl
_<4n—2> <1+d) =/

Then function f take its minimum value at d = (log $2=1)~" > jzk l€5] — 1, thus

dn—1y)-1_

<4n _ 1>Zj;ék IEJI(IOg( In—2

G >
4dn — 2

_ eyl
dn — 1\ 2o 1591 21 /
x | log i3 Z|£j| = q

7k

> lejl #0;and G > 1,0 37, |ej] = 0. Let aj = min(1, ap), then G > aj.
Obviously, af is a constant which only depends on a and e.
Using the inequality G > a} and (29), we have

P = > S blaw &)QLE
le+€r=sk,lk>3 s, U(k)+E(k)=5(k)
2n—1

< o > > bak, &k)Q)% -

letép=sk,lk>3 s U(k)+E(k)=s(k),l€Eo

By the definition of Qfg, and we observe (28) holds true if I € Ey. Then
2 Zj¢k |€j|QO < Qi? < 2Zj¢k \aj\QO

where

Qo = C(&, £(k))Cla — a + o (e(k)), 1) [T (1 + ;).
itk
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The right-hand inequality implies
P <Gy > > b(a, &k)C(En, £(K))
Leter=sk,lk>3ss, 1(k)+E(R)=s(k),l€Eo

x C(a — ax, + o(e(k)),1) H(l +55)7%

Jj#k
<G [J+s)7% Y blar, &)C(&, E(K)Cla — ax + o(e(k)), 1)
i#k I+&=s
= (5 H(l +55)7 % Z blak, &k)b(a — a, + o(e(k)), lx)
Jj#k I +Ep=sk

x Y, O ER)C(a —ap +o(e(k) + I, U(R))
(k) +€(k)=s(k)
= (5 H(l +55)7 % Z blak,&k)b(a — a, + o(e(k)), lx)
J#k I +E=>5k
x C(a+o(e) + sk, s(k))
=0y H(l +5;) % bla+ o(e(k)), sk)Cla+ o(e) + si, s(k))
7k
where Cy = 9" |5j|/a’1.
Using Lemma 6, and a similar process as we used in section 4, we may prove
bla+ o(e(k)), sk)(1 + sp)°*

b(a+ (), 5r) <G

where (5 is a constant, which only depends on a and €. So we have

Py < CoCs [ [+ 5;)"9b(a + 0(e), sk)C(a + o(e) + sk, s(k))

= CQCgA(;Z

Now we estimate the upper bound of Ps.
P, is defined as

P, = Z Z b(ak, &k)C &k, E(K))
x Cla—ap +o(e(k), ) [T +1;)7%.
#k
It is equal to

Z C (&, E(k)

)
clag + &k, E(K)) ba = ar+o(e(h)) + o(i(k)), )

le+Ep=sk,lx<3sp U(Kk)+E(k)=s(k)

X blak + o (£(K)), &) C (ar, £(k))Cla — ax + o (=(k)), 1(k)) [T + 1)~
itk

blak, §k)C(ak + &k, E(k)) = blak + a(§(k)), &) Clak, £(k))
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by (12). Let r; = {¢;}, j = 1,...,n, where {} means the least integer X, such
that X > z, and r = (r1,...,7,),&; = ¢; — {¢;}, then —1 < &; <0, j # k, and
&L = €k since —1 < g, <0.
Using Lemma 6, we have
PA+G+r)d+1+r)% <C A+ 4+ )™
TA+1)(1+1)5  — Y (1+1;)"

T+ +r\7
:C4j (#) §C4j7

1+
and
(141 + ) (L + 1 +7;)% 1+1 4715\
> 33\ T 1, 71
1+1;

FA+1)(1+ 1)
> c3;(1+15)7 = cy
where Cy;, c3; and c4; are constants, which only depend on €;. Let

04 = maXx C4j, Cq = min Cy4j-
J#k J#k

Thus we have
. T+ .
ca(L+1 +rj) ]ﬁﬁ(l—Flﬂ
J J
_& I'(1+1;
§C4(1+lj+’l”j) ]ﬁ
J J

Let ¢ =1+, then
Cla—ax+o(e(k),) [Ja+1)"

Jj#k

T(a+o(e)+0o(l) (1+gq;)~%

<O e U rar g
— 05 F(a‘ + U(E) + G(q) - U(T)) ) H(l + qj)—éj

T(at o) o) T +4) 11

= CsC(a+o(e) = o(r),q) [T(1 +45)7

itk
and
(30) Cla+o(e),l) H(l +1;)7% > ¢sCla+o(e) —o(r),q) H(l +qj)%
itk itk
where
I'la+o(e) —o(r I'la+o(e) —o(r
0= 01 I‘(a—(l—)a(a))( %=t I‘(a—(I—)a(s))( :

Define the mapping ¢*: £ — E by (k) — I(k) = ¢*(I(k)), where I; = I;, if
$(sj—r)) <lj<sjandl;j =s; —1;,if 0< g%(sj—Tj)
=¢*()and [+ & =1+¢& = s.

Let E* = ¢*(E). Deﬁne{land{byl+£—s,

Consider
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_ Clag,§)Cla+0(e), 1) 141\
R = Clax,§)C(a+o(e),l) H ( ) .

ik 1+ lj
Then
ps & Clan§Clat oe) — o(r).q) <1+%>%
Cs Clar, O)Ca+o(e) —alr), ) L1 \ T+,
where

J+l=q+E=l+r+=s+r=I01+r+¢

By the definition of ¢* and g, we have g; < g;, hence

— —&j
mG=3) =

Ak N T
and
Clar,§)Cla+o(e) —a(r),q)
2 % G a, ©)Ca + 0(e) — o). 0)

_ CﬁF cr(f_ +ap)l(a+o(e) —o(r) +0(q))

L(o(§) +ax)l(a+a(e) —o(r) +a(q))
>%FWQ+%DNa+d@—dﬂ+U@»
— I +ar)l(a+oa(e) —o(r) +o(q))
 Hatoe) —olr) tola) +v
_CGE ar +0(€) +v =

since o(q) > o(€) and a + o(e) > o(r) + ax, where ¢ = ¢5/Cs. Thus

Py < cgtontpt > > blag, &)

le+€p=sk,lk<3sp L(k)+&(k)=s(k),l(k)EE~
x b(a+ () + o(I(k)), k) C(& £(k)Cla+ o(e),1(k) [ +1;)~
J#k
where
0 < by < C(&, &(K))(Clar + &, E(R) ! < 1.

Since (k) € E*, s; > l; > 3(s; —r;), we can find a constant p; > 0, which only
depends on ¢;, such that (14 1[;)7% < pljgjl(l + 5;)~% hold for all but a finite
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number of values of s;. Therefore,

Py, < Cg H(1+Sj)_6j Z Z b(ar, k)

Jj#k Uo+Er =51l <35, L(k)+E(k)=s(k),l(k)€E*
X bla+ o () + o (1(k)), b)C(x, E(R))Ca + o(e), 1(k)
< Cy H(1+5j)_5f Z Z blak, &k)b(a + o(e)
J#k let+&r=sk L(k)+E(k)=s(k)
+ o (U(k), l)C (&, §(K))Cla + a(e), (k)
=Cs H(l"’Sj)_Ej Z Z b(ak, &)
J#k let+&k=sk L(k)+E(k)=s(k)
x Cla+o(e) + Uy, 1(k))b(a+ o(e), k) C (&, E(k))
=Co [J+s)™ > blan,&)bla+o(e),li)
J#k l+&k=sk
x Cla+o(e) + sk, s(k))
=Cs H(l +55) "% b(a+ o(e(k)), sk)C(a + o(e) + sk, s(k))
J#k
< CCs H(l +55) " %b(a+ o(e), sk)Cla+ o(e) + s, s(k))

j=1
_ a,e
= CsC3AY;

where Cg = cg 2" b, H#kp‘jaj‘.

We have proved the right-hand inequality of (17) when ¢, < 0.

Now we are going to prove the left-hand inequality of (17) when e < 0. We just
need to estimate the lower bound of P{»® when e < 0.

We already know

P =" blak, &)QE
l+&=s
=YY ban&)CE )
le+Ep=sr L(k)+&(k)=s(k)
x Cla+o(e),) [J(A+1;)"=
Jj#k
> Z Z blak, §k)C (ks E(K))

le+&r=sk I(k)+&(k)=s(k),l(k)EE

x Cla+o(e),) J[JA+1;)"=
ik

where £ = ¢(E), and ¢, E are defined in section 4. If we use inequality (28) and
the equality

Cla+o(e),l) =bla+0(e),lk)Cla+o(e) + Ik, I(k)),
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we have
pee > L P T (45)0 3 b
J#k I +E=>5k
x b(a+ o(e), lk) > C(&, (k) Ca + a(e) + I, 1(k)).

1(k)+&(k)=s(k),l(k)EE
Let [(k) = ¢(I(k)), (k) + £(k) = 1(k) + £(k) = s(k), and consider
C (&, E(k))C(a+a(e), 1)
C (& £(F))Cla +a(e), 1)

= )
T+ o)
)

where d = o(I(k)) — o(I(k)). Then H > 1 since a + o(¢) > 0, and o(l) > o(£).
Hence
PeE e [T+ Y. blak, &)
Jj#k I +E=5k
xbla+o() ) > ClEk)C(a+a(e) + I, 1(k))

1(k)+€£ (k) =s(k)

=c7 H(l +55)7% Z bak, &)
Jj#k I +E=5k
x b(a+ 0(g),lx)C(a + o(e) + sk, s(k))
=c7 H(l +55) " %b(a+ o(e(k)), sk)C(a+ o(e) + sk, s(k))
J#k

> creq H(l +55) " %b(a+ o(e), sk)C(a+ o(e) + sk, s(k))
j=1
= C701AZ;€n

where c; = 21—"—21-# 531 and c; is defined in section 4.
We have proved the left-hand inequality of (17) when g < 0. O

6. PROOF OF THE THEOREM, PART 1

Let D be defined as in (1), and its Bergman kernel function be

K(z,w) = Z Cpzma™

mezy
where m = (my,...,my),z = (21,...,2,) € D,w = (wy,...,w,) € D, 2™ =
z{t -2 and w™ = witt - - win. We know
a o = b o) ot
m (Hj:l ;) Hj:l I'(ajm; + o)
by (4).
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Lemma 11. There exist two constants cg and Cg, which are independent of m,
and depend only on o and n, such that

et T (Lo solenh)” ¢,

[am],n ot 1+ [ajmj
< CyB Lol <1+U(a)+0([am]))sj
[am]m 1+ [ajmy]

j=1
where [x] means the largest integer X, such that X < xz, €; = aym; — [oym;], and
o(lam]) =377 [aym;], and hence 0 < ¢; < 1.

Proof. By Lemma 6, there exist cg,cq, Cg and C¥, which are independent of m,
and only depend on a and n, such that

(o ([am]) + o(a) + 1)(a([am]) + o(a) +1)7)
<I(o([am]) + o(e) +o(a) +1)
< Gy (o([am]) + o(a) + 1)(o([am]) + o(a) +1)7);
and
g T([agmy] + 1)([agmy] + 1) F %=1 <T(jaymy] + €5 + o)
< C{T([aymy] + 1) (Jaymy] + 1)t

Thus we have

¢ 1 T(o(lam]) +o(@) + D(o(lam]) + o(a) + )7 _
¥ m(Ila ) T Dllagmy] + D(fagm,] + ¥t = 7"
Ci 1 T(o(jam o(lam]) + o(a) +1)7)

a )+ ole) +1)
T g (= o) Tl T(feymy] +1

By the Main Lemma, we know

(
)Ty, + 5T

An+1a 1 Bn+1a 1 <M An-i—loz 1

[am],n [am],n [am],n 2
where a = 1 = (a; — 1,...,0, — 1), m,, and M,, are two constants, which are
independent of m, and only depend on a,n. According to the definition (18),
et _ L(o([am]) +o(a) +1)
omln DA+ o(a)) Ty T+ [agmy]) (1 + [agmy])os =t
we have
L(o([am)) +o(a) +1)(o([am]) + o(a) +1)7©)
L1+ o(a)) H T+ [ ‘])(1 + lagm])eitei=t
< Bn+10¢ 1 1 [am]) K
ol o
<M F(Cf([ ]) a(@) +1)(o([am]) + o(a) +1)7© .
=T+ (@) T2 T+ [agmy]) (1 + [agmy]) (1 + [agmy])+es =1
Thus we prove the lemma. O
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Lemma 12. If 6 = (61,...,6,), 6; =0 or 1,j = 1,2,...,n, then there exist two
positive constants cg and Cg, which are independent of m, and only depend on «
and n, such that

6.
co B Lo L +o(a)+o([am])\"” < prila-its
[am],n 1 1+ [ajmj] [am],n

< CoBI Lol <1+a(a)+g([?m])>@

[amm].n J=1 1+ [Oljmj

where a — 1+ 6= (a1 — 1+ 61,...,an — 1+ 6,).
Proof. By the Main Lemma, there exist two positive constants ¢f and Cj, which
are independent of m and 6, and only depend on « and n, such that

/An+1a 146 < Bn+1a 146 < CgAn+1a 1+6

[am],n [am],n [am],
According to the definition (18),

Artasis _ (1 +o(a) +o([am]) +0(6))
[am],n T+ o(a)+a(6)) H?Zl (1 + [oymy]) (1 + [ojmy]) s =148

where o(6) = Z?Zl 6;. By Lemma 6, there exist two positive constants ¢y and C{,
which are independent of m and ¢, and only depend on « and n, such that

o [(o([am]) + o(a) + 1)(o(Jam]) + o(a) + 1)7©®)
YT+ 0(@)(1 +0(8))® [T, T+ [ogmy)) (1 + [agmy )1+

<An+1a 1+6

[am],n
< [(o([am]) 4+ o(a) + 1)(o(Jam]) + o(a) + 1)7©®)
T T (@) + o) ® [, T+ gy )L+ fagmg )17

j=1
That is
5.
1 J
Bk (a([afn]‘)fa(ocl)+ ) (1 + 0(a)) @) < Amte- 146
j=1 a]m.]] +
5.
1 J
< C BE’;—:]Q 1 <0'([047[fn]) +0'(041) + ) (1 +0’(CY))_0(5).
et a;m;] +
Thus we have proved the lemma. O
From (4), we know
-5 aule
Z€ZY
where C,, is given by (31), and |z|?™ = |22 - |2,[?™". Let u; = |z;|¥/,

i=12 0 l2le =20 |2j|#/, then D = {z € C"||z]la < 1} and

K(z,2) = Z Cpu™

mia

where ™ = uy U

MnpOn
n .

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE BERGMAN KERNEL FUNCTION OF SOME REINHARDT DOMAINS 1795

Let Kq(u) = ZmGZi Crpu™*, then

= 3 Gl lenmalys g

n
mGZ"

where ¢; = a;m; — [a;m;] and hence 1 < &; > 0. By Lemma 11,

n €;

u) < Oy Z Bn—i—l,a—l 1+ U(a) + cr([ozm]) Ui u[lalml] . u[anmn]
[am],n 1+ [a;m;] J n

mezn j=1 VAR

—|— 1 a1m
< Cs Z B[r;i]a 1 1 o(a) ‘a(‘[am])uj lerml Ly fonma]
1+ [aymy]
mezy j=1 1

sincel+z>2%ifz>0and 0 <a<1.
Let

where 6 = (61,...,6,), 6;j =00r 1, j=1,2,...,n, and @Q is a set of lattice points
in R, which contains all the lattice points whose components are only 0 or 1, then

< CS Z Bn+1 ,a—1 [Oz1m1] . 'u[anmn]

[am],n n
mezy
8
ZH<1+01 ([am])> ubi
5eQ j=1 + ajmj]

By Lemma 12, we have

8 n+1l,a—1+6 [Otl’ﬂh] [anmn]
B D S e S

6eqQ mezn
where u® = uf* - uln.
Let h = (hi,...,h,) € Z7 be given. Then as an equation of mj;, [a;m;] = h; at
most has {al—]} solutions, j = 1,2,...,n, where {x} means the least integer X such

that + < X. Thus

mw<CfH S S e

=1 5€Q  hezl
By the definition of F, (15) and (16), we have

1 146 —
S0 BTl e = FheT ()
hGZ"

=(1- a'(u))—n—l H(l oy — O,(u))—aj—kl—éj'
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Since o < 1 and ¢; =0 or 1, we have

Uj
14uj—of(

Kq(u) < Cho Z ub Frtba=148(y,)
5€Q

6eQ

x [T +wu; —o(u)=>
j=1
n ” b
=Cio )  F " (u) <7J)
% 11;[1 14+u; —o(u)
< 2"010F]f+17°‘_1(u) = 2"010F(Z, 5)
where
Cs v [ 1
Cro = —> II {—} .
Co j=1 Qi
We have proved the right-hand inequality of (2).
7. PROOF OF THEOREM, PART 2

The proof of the left-hand inequality of (2) is little bit difficult.
For any 6 = (61,...,6,) € Q, we define
¢s(m) = (¢s5,1(m1), ..., Psn(1mn))

as ¢s,;(m;) = [mja;] when ¢6; = 1; and ¢s;(m;) = {mja;} when §; = 0; j =
1,2,...,n; where @ is defined in section 6.

For any h € Z't, m € Z7}, and ¢ € Q, we define Ns(m, h) = 1, if h = ¢s(m); and
Ns(m,h) =0 if h # ¢s(m), then we have

(1) for a fixed m € Z7,

(32) S Ny(m.h) = 1;
heZ?
(2) for a fixed h € Z7,
7,1
< — R
0< 3 Nt k)= No) < [T1 )
meZy Jj=1
since each of the equations [a;m;] = h; and {a;m;} = h; has at most {1/a;}

integer solutions for m;.
For any m € Z7 and ¢ € (), we may decompose am as

am = (a1mq, ..., Q,my)
= (¢571(m1> + €1 (617m1>7 R 7¢5,n(mn> + En(6n7 mn))7
where
gj(65,mj) = aymj — ¢sj(m;) = aymy — [omy]
if 6; =1; and

g;(05,m;) = aymy — ¢s j(my) = aym; — {am;}
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ifo; =0, 7=1,2,...,n
Let ¢57j(mj) = hj,Ej = Ej((Sj,’fij), then
aym; = ¢sj(m;) +€5(65,m;) = hj + ;.
We may extend Lemma 11 as

Lemma 13. If ¢s(h) = m, then there exist two positive constants c1; and Ciy,
which are independent of m and 6, and only depend on o and n, such that

Clan+1a 1 1+o(a) +o(h)\~ <o,
i hj—|-1 -

1+o(a) +a(h)\”
<C Bn+1a 1 )
. jl—[l< hj—|-1

Since the proof of Lemma 13 is similar to that of Lemma 11, we omit it.
By (32), we have

Ko (u) = Z Z Ns(m, h)Copul* -yt ousn,
mGZi hGZi
Using Lemma 13, we find that

K, > c1; Z Ngs(m, h) "+10‘ 1 (W) ul

m,hezn j=1 hj +1
holds for any 6 € (). Since the total number of lattice points in @ is 2", we have

— n+l,a—1 h
Kq(u) > 2 "¢y Z By, U
hezn 8€Q

n a) +1 &5 (65,mj)
X Z N5 ’ITL h H (h—_HUJJ)
mGZ" J=1
We consider the last bracket on the right-hand side of the previous inequality. For
a fixed h € Z%, and a fixed § € @, as an equation in m, ¢s(m) = h may have
solutions, that means, h € ¢5(Z7 ); or may not have a solution, that means, h does
not belong to ¢s(Z%). We define Ns(h) as the characteristic function of ¢s(Z7)
when 6 is fixed, that is, Ns(h) = 1if h € ¢5(Z’); and Ns(h) = 0, otherwise, Then

Lot a) +1 €5 (85,h5)
K >2 C11 Z Bn+ T ZN H <h—HuJ>

hezZy 6eQ Jj=1

where €;(8;, h;) = €;(6;,m;) if m; is a solution of hj = ¢s j(m;), j =1,2,...,n

Obviously, ¢(Z" ) has the following properties:

(1) Ifhe ¢5(ZT-§L-)7 then h’(]) = (h'17 ceey h’j—17 0) h’j+17 RS hn) € ¢5(Z7-il-)a

(2) If h € ¢5(Z7), then there exists an integer k;, 1 < k; < {«;}, such that
h+ kjej S (f)g(zg_)

Fix h(1) € ¢s(Z’ ), then there exists an integer sequence

n1,0:O<n1,1<n172<~'<n17k<~~, /{:0,1,2,...,

which is independent of the choice of h(1), such that h(1) + nirer € ¢5(Z7),
and 1 < nq g1 —nixe < {a1}. Moreover, if ny g41 > n1 i + 2 holds, then h(1) +
(n1,x + s)e1r does not belong to ¢s(Z7), when 1 < s <nypyq —nyp — 1.
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Fix 6 € Q, and consider a subset D,(6) C Z} as
Dy(8) = {h(1) + kes € Z", for all h(1) € ¢5(Z"), k=0,1,...},
then D;(6) D ¢s(Z7}), and
i (85:h5)
-n n+1 a=1,h o(h) +o(a) +1 “
§€Q heD1(6) Jj=1

Let X = h(1)+n1,kel S ¢§(Zi>; T = h(1)+n1,k+161 S ¢§(ZT_{'_) and [ = N1 k+1—N1,k,
1<s<nigy1 —nirp—1=1-1if 1> 2, then

(33)
n 1 €5 (85,75)
s || (MW)

n i (85,%5)
L= $ nitant o) Fo(a)+1 T
R R || P
> (B;wrrll,a—l)s/z(B;Tll,a—l)(z—s)/zu(r+a(57f))s/l+(X+a(5,x))<l*5>/s

y ﬁ O'(T)+O’(a)+1 s/lej (65,15) U(X)+U(O¢)—|—1 (I—s)/sej(65,x5)

)

j=1

since the arithmetic mean is greater or equal to the geometric mean.
According to the Main Lemma, there exist two constants c¢12 and C12, which are
independent of 7 and x, and only depend on n and «, such that

Cle?,J{Ll’a_l < szl’a_l < 01214?,—;1’&_17
and

01214;;1’0‘_1 < B;}}l’a—l < 01214?21’0‘_1-
Let hy = nqx + s, then

Llo(@) +o(h(1) + n1ks1+1)

AnJ;Ll,afl —
" L(o(a) + )]y T+ k)1 +hj)* T 41 k1) (1 +ng gg1)@1 =1
- T(o(a) +o(h) +1—s+1)
" I(o(a) +1) D(1+hj)(1 4+ k)% 0(h1 +1— s+ 1)(h1 +1 — s + 1)1 —1
_ gntla-t (o’(oc) + U(h) +1)-(o(@) +oh) +1—s)(1+h)* "
h,n (hi+1)---(hi+l—s)(h1+l—s+1)1-1 ’
and
qntla—t _ Plo(a) +o(h(1)) + n1k +1)
o [(o(a) +1) H?:z T(1+hy)(1+hj)* D1+ 11 5) (1 +ng )21~

T'(o(a) + o(h) + 1)
Plo(a) +1) H;L:Q (14 hy)(1+ hj)* 7 T(1 4+ ha) (1 + ny )11
« (I+mn1) - (s+mn1k)
(o(e) +o(h(1)) + n1k +1) -+ (o(a) + o(h(1)) + 11,5 + )
(I+n1k) - (s+n1e)(d+h)*r 7!
(o(a) + o(h(1)) + n1 g +1) - (o(@) + o (h(1) + 11k + 8) (1 + 71 )11

— An+1,a71
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Thus
(A:lel,afl)s/l(Azil,afl)(lfs)/l _ AZ;17Q71(1 + hl)a171

o ()t o) + 1) (@) tolh) +1—s) |
(hi+1)--(hi+l—5)(h1i+1—s+ 1)t

% < (1+n1e) - (s+nik) )(l—s)/l
(o(e) +o(h(1)) + nk + 1)+ (9(a) + o (A1) +nax +5)(1+nL) ™!

+1,a—1
= At L DT,

where
I . (1 + hl)al—l
F (1= s+ 1)1 (hy — s + 1)U/ D1
I, = ((oc(a@)+a(h)+1)---(o(a) + o(h)+1— S))S/l
((c(a) +o(h) —s+1)---(o(a) + (k)=
and

(hl(hl — 1) cee (hl — s+ 1))(l_5)/l
((hy +1)--(hy +1—s))s/
Obviously, I, > and I3 are bounded above and below since | < {a;} and s <

I —1<{a1} — 1. Thus there exist two positive constants c14 and C14, which are
independent of 7,y and h, and only depend on « and n, such that

n+l,a—1 1,a—1\s/l 1,a—1\(1—s)/1 n+1,a—1
CMma S(B;L)i a )s/ (B;L,tz a )( s)/ SCMB;L’”

Iy =

where 1 < s <mnqpy1 —nip — 1
Moreover, we have

l— l—
T? + XTS = (h(l) + n17k+1€1)§ + (h(l) + nl,kel)

=h(1)+ (n1x + s)er = h,

and
o(r)+o(a)+1  oh)+o(a)+1+1—s

Tj—|—1 hj—|-1

if j # 1, then there exist two positive constants ¢} and C15, which are independent
of h, and only depend on « and n, such that

C,15cr(h) +o(a)+1 < o(t) +o(a) +1 oh)+o(a)+1
hy+ 1 7+l hj +1
when j # 1, since 1 <1 —s < {a1} — 1. When j =1, we have
o(r)+o(a)+1  nip1+o(h(l))+o(a)+1  o(h)+o(a)+14+1—5
m+1 ni g1+ 1 hi+1+4+1—s

<O

)

then there exist two positive constants cf5 and Cf5, which are independent of h
and 7, and only depend on « and n, such that
s, oh)+o(a)+1  o(r)+o(a)+1 , o(h)+o(a)+1
C15 S S 15 31 4 -
hi+1 m+1 hi+1

Thus
oh)+o(a)+1  o(r)+ola)+1 oh)+o(a)+1
< <Cps——F—7—
h; +1 T +1 h; +1

C15
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hold for j = 1,2,...,n, where ¢15 = min(cj5,cf5), and Ci5 = max(Cis5, Cls).
Similarly, the inequalities

oh)+o(a)+1 < o(x)+o(a)+1 <C oh)+o(a)+1
hy+1 = xj+1 S T |

C16

holds for j = 1,2,...,n, where c14 and C1g are two positive constants, which are
independent of h, and only depend on « and n.
Combining all these results, we get the right-hand side of (33) is not less than

n+l,a—1_h U(h) + U(a) +1 € (85,h;)
017B U —
hj +1
j=2

(o) Fo(@) 41 O
hi1+1 b

where C17 = 0140140?6 R and 6/1 (61, hl) = %61(61,7'1) + “7561(61, X1>'

Let
N 01, )7
O (G e
where y = 7, x or h. Then
2 <21
T(r)+T00) = 7= 2 76T + = s)T()
s=1
1 1 = L
= 5T +T() + 7 (T(7) + T(x) l =) Z 7T (I=3)T(x))
> L)+ T(0) + §(T() + T(0)
ci7 = olh)+o(a)+1 c1(Gnha)—ea(8,h)
ST SZT(}‘) ( hi+1 “1)
1 +o +1 &1 (61,h1)—e1(61,h1)
> §(T( ™) + )+ c1s ZT <hl—+(1)ul>

where ¢13 = min(4, W) Thus, we have

Ka(u) > 2711018 Z Z N&(l,h)BZ:;l’a_luh
6eQ hEZi

XH o) +ole) +1, NTED) (o) +ofe) 1, NN
h; +1 J hi+1 1

where Ns(1,h) is the characteristic function of D;(6), that is, Ns(1,h) = 1, if
h € Dy; Ns(1,h) = 0, if h does not belong to D;.

If 6, = 1, then there exist two positive integers m; and m/, such that [oym)] =
N1 k+1, and [eymi] = ny k. Hence

(34)

e1(l, 1) = arm) — [aam!] = cam)| — ng k41 >0,
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and
e1(L,x1) = cqmy — [army] = aymq —ny g > 0.

Since by the definition of €],

s l—s
8/1(51,h1)=781(51771)+ €1(61, x1)s

we have £/ (1, h1) > 0. Similarly, we can prove that £1(0,hq) < 0.
Fix h(2) € D;(6), then there exists a sequence of integers

n2,0:O<n2,1<~~<n27k<~~,

which is independent of the choice of h(2) € D;(6), such that h(2)+ng rea € D1(9),
and 1 < ng g1 —nok < {ao} and h(2) + (n2x + s) does not belong to D1 (6) when
1<s<nggs1 —nok—1and ngpi1 > nop + 2.

Define Dy = D5(6) by

Da(6) = {h(2) + key € Z", for all h(2) € Dy(6), k=0,1,2,...}.
Then
D2(6> D) Dl((S) D ¢5(Zi),

and D2 (8) has the following properties:

(1) h(j) € D2(6), 3 =1,2,...,nif h € Dy(6), in particular, h(1,2) € Ds(6);

(2) h(1,2) + key + sez € D2(6), k,s=0,1,2,...,if h(1,2) € D2(6);

(3) If h € D2(6), then there exists k;, 1 < k; < {a;}, such that h+k;e; € D2(6),
7=34,...,n

Using the same method as we used to prove (34), we can prove

)>ec Z ZN (2, h) Byttt oth) +ofe) +1 Pt
19 5 H h—|—1 U

8€Q heZn
(e rat) 1 NEO (o) tola) £1 \EO
hi+1 ! ho + 1 2

where c19 is a positive constant, which only depends on o and n, and Ns(2,h) is
the characteristic function of D2 (8), that is, Ns(2,h) = 1 if h € Da; Ns(2,h) = 0 if
h does not belong to Ds; and €4(62, ha) has the following property:

eh(1,hy) >0, &5(0,hy) <O0.

We can repeat this process again and again, finally, we have

>CQOZ ZN&nh n+1a1h

5€Q heZ™

n +1 6;(6]‘,}7,]‘)
H < h + 1 uj)

where ¢y is a positive constant, which only depends on a and n, and Ng(n, h) is the
characteristic function of D,,(8), by the definition of D;(6), j = 1,2,...,n, we have
Dy, (6) = 2, thus Ng(n, h) = 1, when h € Z1; and €}(6;, h;) has the properties:
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e5(1,hj) >0, €5(0,h;) <0, i=1,2,...,n.

Thus
/'(5j7h‘j)
n+1 a—1 h, (Oé) + 1 &
K > C20 Z B Z H (h——Huj .
hEZ” sEQ j=1
For a fixed h € Z'}, we may take 6 = (61,...,6,) € Q, such that

a(h)—l—o(a)—i—lu‘ <1
hj—|-1 T=7
oh)+o(a)+1

5;=0 if

6]‘:1 if h+1 Uj21;
J
then
b (o(h) Fo(a) 41 \TO)
(=7 21,
=1 ’
and hence

n e} éjvhj
1 (U(h)—i-o(a)—i-lu‘) i >>1
e Ty .

Finally we obtain

Ko (u) > e Z Bn+1 b = CQOF::_H?O‘_I(U) = 20k (2, 2).
hezZn

We have completed the proof of the Theorem. O
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