TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 348, Number 5, May 1996

NONCOMPLETE LINEAR SYSTEMS ON ABELIAN VARIETIES

CHRISTINA BIRKENHAKE

ABSTRACT. Let X be a smooth projective variety. Every embedding X — Py
is the linear projection of an embedding defined by a complete linear system.
In this paper the geometry of such not necessarily complete embeddings is
investigated in the special case of abelian varieites. To be more precise, the
properties N;, of complete embeddings are extended to arbitrary embeddings,
and criteria for these properties to be satisfied are elaborated. These results
are applied to abelian varieties. The main result is: Let (X, L) be a general
polarized abelian variety of type (di,...,dg) and p > 1, n > 2p + 2 such that
ndg > 6 is even, and ¢ < n9~L. The general subvector space V. C H°(L™) of
codimension c satisfies the property Np.

Let X be a nonsingular projective variety defined over an algebraically closed
field K. Every projective embedding X — Py is of the following form: There is a
very ample line bundle L on X. Its associated complete linear system |L| defines
the complete embedding

or: X = P(H(L)*), 2~ {oc H(L)|o(z)=0}.

An arbitrary embedding ¢ : X — Py is a linear projection of a complete embed-
ding. In other words ¢ factorizes as follows:

PL

X = P(HO(L)Y)
(*) o\ Ip
Py

(with a linear projection p). ¢ defines a subvector space V. C H°(L) such that ¢ is
the embedding induced by the linear system |V| C |L|:

=9y : X >Py=P(V"), z— {oce€V]|o(x)=0}

If V is a proper subvector space of H%(L), the morphism ¢y is called a noncomplete
embedding and |V| is a noncomplete linear system. Given an embedding ¢ : X —
Py, the main problems are:

1) Find equations for X in Py. A strategy for solving this problem could be:

a) determine the smallest integer k such that the homogeneous ideal Ix/p, =
69122 I, of X in Py is generated by forms of degree < k,
b) determine bases for I, ..., I.
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1886 CHRISTINA BIRKENHAKE

2) Describe the syzygies of X in Px: Let S be the homogeneous coordinate ring of
Py and

0— P S == B P S(—j)r = M —0
i i

a minimal free resolution of the graded S—module M = S/Ix p(go(ry+). The syzygy
modules imyp; reflect subtle information about the intrinsic geometry of X. A first
step in determining the syzygy modules is to compute the graded Betti numbers
bij.

Green, Lazarsfeld, Ein and many others studied these problems using Koszul
cohomology. However, their methods required the embedding in question to be
projectively normal, and projectively normal embeddings are necessarily complete.
In order to adjust the Koszul cohomology methods to noncomplete embeddings
py : X — Py the first step is to modify the notion of projective normality: the
subvector space V. C HY(L) is called k—normal, if the canonical map

Sk‘v N HO(Lk)
is surjective. In these terms ¢y : X — Py is projectively normal if and only if
V is k-normal for k& > 1. In particular, V. = H°(L). For the investigation of
noncomplete linear systems |V| C |L| it turns out to be convenient to replace the

condition of projective normality by k—normality for £ > 2. Furthermore we replace
the S—module M in 2) by the graded S—module

K if v=0,
R=@R, with R,:={ V if v=1,
v>0 HO(LY) if v>2.

Notice that for projectively normal embeddings R = M. The next step is to modify
the properties IV, introduced by M. Green: Let

0= DS = = DS = R0
J J

be a minimal free resolution. For an integer p > 0 the subvector space V' is said to
satisfy the property N, if

1307_,» = { (1) ftfle;vxg)i;e, and I;ij =0forl1<i<pandj>i+l.
In these terms ]Vo is equivalent to V being k-normal for k£ > 2,]3[1 means that
the ideal Ix/p, of X in P(V*) = Py is generated by quadrics, No means that
the syzygies of the quadric generators of Ix/p, admit only linear polynomials as
coefficients, etc. Notice also that in the case of a complete linear system |V| = ||
the properties Np and N, coincide. If we use this setup similarly as in the case of
complete embeddings, Koszul cohomology methods apply. However, there is one
obstruction. There is no cohomological criterion for 2-normality.

The 2-normality of a linear system has to be checked separately. The first
observation is that one can only expect to prove 2-normality for a general subvector
space V. C HO(L), since certainly there exist linear projections p : P(H°(L)*) ———
P(V*) leading for example to singularities of the image of X in P(V*). On the
other hand there seems to be no general criterium for 2—normality. The methods
for proving 2-normality depend intrinsically on the variety X as well as the linear
system L. So far the author has studied 2-normality and the property N, of linear
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NONCOMPLETE LINEAR SYSTEMS ON ABELIAN VARIETIES 1887

systems on curves, projective spaces and abelian varieties. In this paper the results
corresponding to abelian varieties are presented.

The paper is organized as follows: In Sections 1 and 2 Koszul cohomology meth-
ods are applied to prove a cohomological criterion for the property N, for noncom-
plete linear systems. In Section 3 we study the homogeneous ideal Ix/p,. The
second part of the paper, Sections 4 to 7, deals with noncomplete linear systems
on complex abelian varieties. Let (X, L) be a general polarized abelian variety. In
Section 4 we apply the Theta Multiplication Formula to study 2-normality of sub-
vector spaces V. C HY(L). According to a theorem of Kempf (see [K]) the complete
linear system |L"| satisfies property Np, p > 1, if n > 2p + 2. The main theorem
of Section 6 is an analogon of Kempf’s theorem for noncomplete linear systems
(see Corollary 6.2). In Section 7 again we use the Theta Multiplication Formula to
determine explicit equations for abelian varieties in Py.

1. k-NORMALITY

Let X be a closed subvariety of the projective space Py defined over an alge-
braically closed field K. For projectively normal embeddings X <— Py there are
methods to study the homogeneous ideal of X in Py (see for example [G1], [G2],
[L1]). But projectively normal subvarieties of Py are necessarily completely embed-
ded. In order to study noncompletely embedded varieties it turns out to be useful
to extend slightly the notion of projective normality. For this we start studying
k—normal linear systems.

Let L be an ample line bundle on the projective variety X. A subvector space
V C HY(L) as well as its associated sublinear system |V| C |L| is called base point
free (respectively (very) ample), if |V| is base point free (respectively (very) ample).
For a base point free subvector space V' C H°(L) denote by ¢y the morphism
defined by |V|:

oy : X — Py =P(V"), 2+ {0 € V]o(z) =0},

where P(V*) is the projective space of hyperplanes in V. Let k be an integer > 1
and denote by S¥V the k-th symmetric product of V. Recall that V is k—normal, if
the canonical map S*V — HOY(L*) is surjective. Via the canonical identifications
SkV = SFHO(Op, (1)) = H°(Op, (k)), k-normality of V is equivalent to surjec-
tivity of the restriction map H°(Op, (k)) — H°(X, L¥), i.e. the hypersurfaces of
degree k cut out the complete linear system |L¥| on X. In particular, a normal
subvariety X of Py is projectively normal if and only if it is k—normal for & > 1.

(1.1) Proposition. Let V. C H°(L) be a subvector space. Suppose for some k > 1
V is k-normal and L* is very ample. Then V is very ample as well.

Proof. The hypothesis implies that V' is base point free, so ¢y : X — P(V*)
is a morphism. Denote by ¢;» : X < P(H°(L¥)*) the embedding defined by
|L*|, and by o : P(V*) — P(S*¥V*) the Veronese embedding. By assumption v :
P(HO(LF)*) — P(S*V*) is an embedding. Then the following diagram commutes:

X =L PV
Prkl la
P(HO(LY)) < B(SHV7),
and thus ¢y is an embedding. O
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1888 CHRISTINA BIRKENHAKE

(1.2) Remark. The same proof shows also:
Ifv C HO(L) is k—normal and L* is base point free for some k£ > 1, then V is
base point free.

Consider the trivial vector bundle V ® x Ox on X. V being base point free,
the evaluation map V ® x Ox — L is surjective. Hence its kernel My is a vector
bundle of rank dim V' — 1, and there is a short exact sequence of vector bundles on
X

(1) 0 — My —- VK Ox — L —0.

The vector bundle My enables one to check k—normality in terms of vanishings of
certain cohomology groups.

(1.3) Lemma. Suppose V.C H°(L) is a 2-normal subvector space and ko > 2 an
integer.

a) [f HY(My®L*) =0 for 2<k<ko—1, thenV is k-normal for 2 < k < k.

b) Suppose HY(L?) = 0 for 2 < i < ko — 1. Then the following two conditions
are equivalent:

1) V is k—normal for 2 < k < ko,

i) HY(My @ LF) =0 for 2 <k < ko — 1.

Proof. Tt suffices to consider the canonical maps V&% — H(LF) instead of S¥V —
HO(L*), the natural projections V®* — S*V being surjective for k > 1. Consider
the following factorization of VE¥ — HO(L*):

V®k ﬁ) V®(k—2) ® HO(L2> _ V®(k—3) ® HO(L3>
— ... = Ve H(L*Y — HY(LF).
Here ps is surjective, V being 2-normal. As for a) and b) ii) = i): It remains to
show that V @ HO(L') — HO(L**") is surjective for 2 < i < ko — 1. Consider the
long exact cohomology sequence associated to (1) tensored with L*:
— Ve H (LY - HY(L'™) - H'(My ® L") - V@ HY(L") — .

Hence H'(My ® L*) = 0 implies the surjectivity of V ® H°(L!) — HO(L*1).
As for b) i) = ii): It suffices to notice that, since H'(L?) =0 for 2 <i < ko—1,
HY(My ® L*) = 0 if and only if V @ H(L*) — H°(L**!) is surjective. O

Under weak hypotheses base point free, 2-normal subvector spaces V C H°(L)
are always k-normal for £ > dim X. This is a consequence of the generalized
Castelnuovo Lemma for noncomplete linear systems.

(1.4) Proposition (Gene_ralized Castelnuovo Lemma). Suppose F is a coherent
sheaf on X satisfying H'(F ® L™") = 0 for i > 1. Then for every base point
free subvector space V- C H°(L)

H' My @ FRL)=0  for i>0.

See [M], Theorem 2, for the version for complete linear systems, i.e. V = H°(L).
The proof is a slight modification of the proof in [M]: it suffices to choose the
section s € HY(L) within V.

Applying Proposition 1.4 to the sheaf F = L3™X+1 giyes
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(1.5) Corollary. Suppose V. C HY(L) is base point free and H'(L?) = 0 for
i,5 > 1. Then

H' My ®@LF)=0  for k>dimX.
An immediate consequence is

(1.6) Corollary. Suppose L is a nonspecial line bundle on a curve C. FEvery base
point free, 2-normal subvector space V.C H°(L) is k-normal for k > 2.

2. THE PROPERTY ]Vp

Mark Green introduced in [G1] the property N, for complete linear systems.
The aim of this section is to generalize this property to arbitrary (not necessarily
complete) base point free linear systems. The extended version of the property N,
will be denoted by J\pr. The main result of this section is Theorem 2.4, a sufficient
criterion for the property Np.

Suppose L is an ample line bundle on a projective variety X of dimension n,
and V C HY(L) a base point free subvector space with associated morphism ¢y :
X — Py. The symmetric algebra S = @p>0 SPV is the homogeneous coordinate
ring of P. Define the graded S—module

K, if p=0,
R := @Rp, where R,=4¢ V if p=1,
p>0 HO(LP) if p>2.

Denote by I = Ix/py = €,>5 Iy the homogeneous ideal of X in Py, ie. I, =
ker(SPV — R,,). Choose a minimal free resolution of R

M) =P = = DS ~ DS — R0,

The integers Bij, the so—called graded Betti numbers, are uniquely determined by
R.

(2.1) Definition. The subvector space V is said to satisfy the property ]\70, if

;o [1 i =0,
%= 0 otherwise.

For p > 1 we say that V satisfies the property Np, if ]Vp_l holds and
by; =0 for j > p+ 1.

In other words, V' satisfies the property Np, if R admits a minimal free resolution
of the form

= P S(=j)rr = S(=p— D
jzp+2

= 5(=3)b» — §(-2)"2 - § - R — 0.
Thus for p > 1 the properties ]\pr lead to the same geometric interpretation as the
properties N, in the complete case:

No <= V is k-normal for k > 2,
N1 <= Ny holds and the ideal Ix/p, of X in Py is generated by quadrics,
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1890 CHRISTINA BIRKENHAKE

]Vg = 1\71 holds and the module of syzygies among the quadratic
generators Q; of I is generated by linear relations
> £iQ; = 0 with linear polynomials ¢;, etc.
The property ]\7,, can be characterized by the vanishing of certain Koszul cohomol-
ogy groups. For this consider the Koszul complex associated with V:
Ke=K(V),:

p+1 P p—1
—>/\ V®KS(—p—1)—>/\V®KS(—p)—>/\ VokS(—p+1)—...

and the homogeneous degree (p + ¢)—part of the twisted complex

p+1 D p—1
dP sq— dqu
(Ke®R)pyg:-.. >\ VOxk Rer "5 AVOR, 23\ VOR 1 — ... .

Define the Koszul cohomology group Kp 4(V, R) to be the p-th cohomology group
of the complex (K¢ ® R)pqq :

kerd, 4

Kp.o(V, R) = imdpy1,9g-1 '

(2.2) Proposition. Forp > 0 the following two conditions are equivalent:
i) V satisfies the property Np,
ii) i g(V,R) =0 for 0<i<pandq>2.

The proof is an immediate modification of the corresponding proof for complete
linear systems (see [G2]). If the codimension of X in Py is sufficiently large, one
can improve the above criterion. In fact it suffices to check the vanishing of the
”highest” Koszul cohomology group (see also [G-L] for the corresponding statement
for complete linear systems).

(2.3) Proposition. For 0 < p < codim(X,P(V*)) the following conditions are
equivalent: N

i) V satisfies the property Np,

il) Kp,q(V,R) =0 for ¢ > 2.
Proof. It suffices to show: If & < p and Ky q(V,R) = 0 for all ¢ > 2, then
Kr-1,4(V,R) = 0 for all ¢ > 2. Taking into account that dim/C; ;(V, R) = b; ;i
(see [G1], Theorem 1.b.4), equivalently it suffices to show:
(%) if k<p and l;kJ:O for all j>k+2,then I;k_Lj:O for all >k + 1.

First we show that Ext%(R,S) =0 for k < codim(X,P(V*)).

For this recall that by definition Ext%(R, S) = 0 for k < depth(ann (R)), where
ann(R) denotes the annihilator of R in S. Certainly ann(R) = Ix/p,, and thus
depth Ix/p, = codim I(V) = codim(X,P(V*)) (see [Ma]). This proves the claim.

It follows that dualizing the minimal free resolution (1) of R yields an exact
sequence

0= R - @G — ... - @S G S @S G —T -0
J J J

for £ < p < codim(X,P(V*)) with T' = cokerd. Obviously this is a minimal free

resolution of T', implying

max{j[bg—1,; # 0} < max{jlby; # 0}.
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By assumption the right-hand side of this inequality is < k + 1, hence l;k_l)j =0
for j > k + 1, which proves (x). O

The next aim is to describe the properties Np cohomogically. For this recall the
vector bundle My, defined in Section 1.

(2.4) Theorem. Suppose V. C H°(L) is a 2-normal subvector space and p is an
integer > 0. Then

a) Ile(/\i My ®@LF) =0 for1 <i<p+1andk > 1, then V satisfies property
N,

b) If p < codim(X,P(V*)) and H (N’ My @ L*¥) = 0 for k > 1, then V.
satisfies property ]\~fp.

For the proof recall the following well known lemma on exterior products of short
exact sequences of vector bundles.

(2.5) Lemma. Let0 — E — F — L — 0 be an ezact sequence of vector bundles E
and F and a line bundle L on X. Then for i > 1 the following sequence is exact:

i i i1
0-ANE-A\F—- A\NE®L-0
For a proof see [Hi], Theorem 4.1.3, p. 56.

Proof of Theorem 2.4. Applying Lemma 2.5 to the exact sequence 1(1) defining
My yields

0— AT My @LFt - NV @ L A" My @ LF — 0.

Consider the following diagram with exact rows and columns

0
!
i+1
H(\ My @ LF71)
i+1 :
AV eHY (LM 0
el N . !
0— HO(;\ My ® LF) — ;\V®HO(Lk) _ HO(Z/\ My ® L¥+1)
L N
it i
Hl(/\ Mv®Lk—1) /\ V®HO(Lk+1).

For k > 3, the diagonal is a section of the Koszul complex (Ko ® R);1;. By
assumption ¢ is surjective for 0 < i < p and k > 2. Hence the diagonal sequence is
exact in \'V @ HO(L*) = \'V ® Ry, i.e.

Kix(V,R)=0 for0<i<pandk>3.

Now suppose k = 2. As before, the assumption implies that ¢ is surjective and
hence the sequence

ANV @ HOL) - N'V @ HO(L?) 255 N7V @ HO(L?)
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is exact. By definition of the Koszul sequence the homomorphism « factorizes as
follows:

1+1
A\ Ve HL)

o\ ey
AV @ HO(L?).

Y®id oy
—

AV@V@HO(L)

Here 7 : _/\iJrl V — A"V @V is the dual to the canonical homomorphism A’ V* @
VF - ATV and g V@ HOY(L) — HO(L?) is the multiplication map. Certainly
imu|V @V =imp = H°(L?), since V is 2-normal, hence im_oz|/\z+1 VeV =
ima = ker 4. In particular, A" V@V — A\'V @ HO(L?) — A" 'V @ HO(L3) is
exact, implying

Ki2(V,R)=0 for 0<i<p.
Finally, Propositions 2.2 and 2.3 imply assertions a) and b) respectively. |

(2.6) Corollary. Suppose X = C is a curve, and V € HY(L) is a 2-normal sub-
vector space. If for some p > 0

Hl(ca/\in@JL) =0 for 1<i<p+1,
then V' satisfies property ]Vp.

Proof. Let D € |L|. Restricting \' My ® L¥ to D gives the exact cohomology
sequence

HY(C,\'My @ LF-1) = HY(C, \'My @ L*) — H'(D, \'My @ L*|D) = 0.

So inductively the vanishing of H( /\z My ® L) yields the vanishings

HY (C,\N'My @ L¥F) =0 for k > 2.
0

(2.7) Remark. The proof of Theorem 2.4 shows the stronger statement:

A 2-normal subvector space V. C H°(X, L) satisfies property ]Vp if and only if
the homomorphisms H*(\'My @ L¥) — N'V @ HY(LF) for 1 < i < p+1 and
k > 1 are injective.

3. THE IDEAL OF X IN Py

As before, let X be a projective variety defined over an algebraically closed field
K, L an ample line bundle on X and V C H°(L) a subvector space. Suppose V/
satisfies property ]\70. Then according to Proposition 1.1 V' defines an embedding
py : X — Ppx. The aim of this section is to give a criterium for the homogeneous
ideal I = Ixp, of X in Py to be generated by forms of degree < k.

With the notation as in the previous section, there is an exact sequence of S—
modules

0—-I—-S—R—0.
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In fact, by definition I is the kernel of the canonical map S — R, and surjectivity
follows from the assumption that V satisfies Ny. Combining this with the minimal
free resolution 2(1) of R, one obtains a resolution of the graded S-module I

0— @S’(—j)i’” — ... @S’(—j)i’” —1—0.
J J

For an integer k > 2 the ideal [ is said to be generated by forms of degree < k,
if by; = 0 for j > k + 1, i.e. there exists a surjective homomorphism of graded
S—modules

S(—j)t — I — 0.

-

||
N

J

(3.1) Theorem. Suppose V C H°(L) is a subvector space satisfying property NO.
If ' My ® L) =0 for 3 >k —1, then the ideal Ix/p, is generated by forms
/PN
of degree < k.
Proof. Since dimK; ;(V,R) = b; iy, it suffices to show that K ;(V,R) = 0 for
j > k. Consider the following diagram:
0
|
2
HOY(A\ My ® Li~1)
|
2
AV@HY(LI7YY —VeHY L) — HY(L/TY) —0
wl | I
0— HO(My ® L) - Ve HY(I’) — HY(L’tY) —0
!
2 .
HY N\ My @ Li~1)

For j > 3 the upper horizontal sequence is the Koszul complex (Ko ® R)14;. The
lower sequence is the exact cohomology sequence of 0 — My ® L/ — V @ L7 —
L7+ — 0. By assumption 1 is surjective for 5 > k. Thus the Koszul sequence
is exact at V @ H(L?), i.e. Ky1,;(V,R) =0, for j > max(k,3). This proves the
assertion for k£ > 3. Now suppose j = k = 2. As in the proof of Theorem 2.4,
the 2—normality property of V implies that the sequence /\2 QR —V ® Ry — Rs3
— 0 is exact, i.e. K1 2(V,R) =0. O

The same proof yields

(3.2) Remark. The ideal Ix/p, is generated by forms of degree < k if and only if
the maps H'(\* My @ L7) — AV ® H'(L?) are injective for all j > k — 1.
In the following 4 sections the results presented so far will be applied for non-

complete linear systems on complex abelian varieties.

4. 2-NORMAL LINEAR SYSTEMS ON ELLIPTIC CURVES
AND GENERAL ABELIAN VARIETIES

Throughout the following 4 sections, dealing with linear systems on abelian
varieties, the field of definition will be exclusively the field of complex numbers
C.
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Let (X, M) be a polarized elliptic curve. The vector space H°(M) is an irre-
ducible representation of the theta group G(M) associated with the line bundle
M. The aim of this section is to study 2-normality of those subvector spaces
V C H°(M) admitting a G(M)-action. By semicontinuity one obtains in this way
results on 2-normality for a general subvector space of H°(M ) of small codimension.

Suppose the line bundle M is of degree d. Associated with M is an isogeny

¢M:X—>)?, T ttMe M

where X denotes the dual elliptic curve and t, the translation map y — = + y on
X. The kernel of M is

K(M)~7/dZ x Z,/dZ.
The theta group G(M) is a central extension of K (M) by C*:
0—-C*— Q(M) L>I((]\4) — 0.

Its commutator map is a nondegenerate, alternating bilinear form e : K (M) x
K(M) — C*. Choose a decomposition

(1) K(M):K1@K2

into cyclic subgroups K; ~ Z/dZ with respect to e (see [CAV], Theorem 6.3.4).
Let G2 C G(M) be a section over Ky, i.e. a subgroup of G(M) isomorphic to K» via
7. G being abelian, the Go—module H°(M) splits into one—dimensional eigenspaces

HO(M) = @ Ux
X€EG3
with G5 = Hom(Go, C*), the character group of Go. Notice that ord G5 = ord Ky =

d = h°(M), and that G ~ Kj ~ K;, according to loc. cit. In the sequel Gj and
K1 will be identified. For a subset S C K7 denote

Vs =P U. c H'(M).
zeS

Obviously the vector spaces Vs are exactly the subvector spaces of H(M) invariant
with respect to the action of Go. The aim of this section is to prove the following.
(4.1) Theorem. Suppose M = L? is the square of an ample line bundle L on X
and S C K1 is a subset satisfying

(*) for all y € K there exists an x € (y — 25) N (2S5 — y) different

*

from zy, the non—trivial 2—division point of K.
Then Vg 1s 2—normal.

It can easily be checked that the condition (k) is fulfilled if d = degM > 6
is even and S = K; — {0}. Since moreover 2-normality is an open condition
for the subvector spaces of H°(M) of codimension 1, this implies, together with
Corollary 1.6:

(4.2) Corollary. Suppose X is an elliptic curve and M € Pic(X) a line bundle of
degree 2n > 6. The general subvector space V' of H°(M) of codimension 1 satisfies

property No.

For general polarized abelian varieties this yields
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(4.3) Corollary. Suppose (X,L) is a general polarized abelian variety of type
(dq,. ..dg). Let n > 3 be an integer such that ndg > 6 is even, and let ¢ < nd—1,
Then the general subvector space V.C H°(L™) of codimension c is 2-normal.

Proof. By semicontinuity it suffices to consider the case (X, L) = (X1, L1) x (X2, L2)
with a polarized abelian variety (Xi,L1) of type (di,...,dg—1) and a polarized
elliptic curve X» of type (d;). According to Corollary 4.2, H%(X5, L%) contains a
2-normal subvector space V5 of codimension 1. Then the space
V= pk, HO(X1, LY) @ pk, Vo © HY(X, L")
is of codimension
RO(L™)

= >nd~ L
ndg "
By [CAV], Theorem 7.3.1, H°(X, L}) is 2-normal. Hence by the Kiinneth isomor-
phism V is 2-normal as well. As above, this implies the assertion. O

The idea of the proof of Theorem 4.1 is to restrict the Theta Multiplication
Formula to the subspaces Vs. For this we need some notation: Suppose X = C /A
with a lattice A C C. In the proofs we do not distinguish between points on X and
their representatives in C. Consider the sections of line bundles on X as canonical
theta functions on C (see [CAV], Section 3.2). For all € X the following diagram
is commutative:

HO(M) @ H°(M) —  HO(M?)
T2 ®Tx| b
HO(t:M)® HO(t:M) — HO(t:M?)

where 7, denotes the homomorphism induced by the translation ¢, (see [CAV],
Corollary 3.2.9). Hence without loss of generality we may assume that the line
bundle M is of characteristic 0 with respect to the decomposition (1) (in the sense
of [CAV], Section 3.1), and [CAV], Theorem 3.2.7, yields a basis

{9M)2z € K1} c HY(M).
In particular,
Vs = span{vM|z € S}.
Recall that the group K(M?) = ker ¢ys2 satisfies 2K (M?) = K(M). Let
K(M?) = K(M?)1 & K (M?),
be a decomposition compatible with (1), i.e. 2K (M?); = K; for i = 1,2, and let
{02 |z € K(M?),} € HO(M?)

be the corresponding basis. Denote by Z := K7 N Xa = {0, 29} the subgroup of
2-division points of Ki, and Zy = Hom(Z3,C™) its character group. Then the
canonical theta functions

Hgl)mz))p =Y ez, PR)ON L @Y, (z1,20) € Ki,p € Zo,

2 2 =
9;{/\74/) = 22622 p(Z)ﬂ%_Z, yEK(MQ)lvaZQa

generate the vector spaces HY(M) @ H°(M) and H®(M?) respectively (see [CAV],
Section 7.1). In terms of these theta functions the multiplication map p : H°(M)®
H(M) — H°(M?) gives
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(4.4) Lemma. For all x1,72 € Ky and y1,y2 € K(M?); satisfying y1 + y2 = 71
and y1 — yo = x2, and for all p € Zs,

u(eé\gl,mg),p) = eM (O)HM

Y2,p Y1,p°

For a proof see [CAV], Corollary 7.1.4. For y € K, define the set S, :=
ﬂ s (z—=8)N (2 —y+S5). An immediate consequence of Lemma 4.4 is
2€Z>

(4.5) Lemma. If for ally € K(M?); and p € Z, there exists an x € Say C K
such that

6. (0) #0,

y+x,p
then Vs is 2-normal.

Proof. According to Lemma 4.4, u(0(3,,, ) ,) = Gg/fm)p(()) . 9%,2. Hence 0%,2 €

im{Vs ® Vs — HO(M?)}, if 6347, ,(0) # O and 0} . € Vs® Vs. The latter
)

condition certainly holds if x € (z—S)N(z—2y+S5) for all z € Z5, i.e. z € Sy,,. O

For y € K(M?); and p € Z, define the subvector space

Hy,,:= span{ﬁ%;ph € Sgy} C HO(M?).

If S5, # 0, Soy is invariant with respect to translations by elements of Z» and
dim Hy)p == #Sgy/Zg

The decomposition (1) induces a decomposition K (L); & K (L) of K(L) = 2K (M).
Let {9L | z € K(L)1} C H°(L) be the associated basis. The subvector space

W, = span {95, |z € Sa,} € H(L).

is of the same dimension as H, ,. For all y € K(M?) there are isomorphisms
2765, L ~ 132" ~ M?. Hence the holomorphic map t2y 02 : X — X induces an
embedding 2*7o, : H°(L) — H°(M?).

(4.6) Lemma. For p € Zy define s € K(M?)y by p = e’ (s,-). Then for all
y € K(M?)

2" To(y15)Wy = Hy,p.
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Proof. Let x € Ky, and let H = ¢1(L) be the hermitian form associated with L.
2 Toyr) 0%, = 2°[e(=20H (y +5) = 2mH (y + 5,y + 5))05, (- + 2(y + 5))]
(by [CAV], Corollary 3.2.9)

= e(—ATH(y+s) = 2nH(y+ s,y +5) Y M (- +y+s)
2'€Zo

(by the Isogeny Theorem, [CAV], p. 160)

=e(2rH(y+ s,y +s))[1,—y — 9] Z 19m+z,
2'€Z5

(by [CAV} 6.4(1), since c;(M?) = 4H)

=e(2rH(y+ s,y + s))apr=(—y — s,0)~ Z e x—i—z +y,— )ﬁi\{fzury
2'€Z>

(by [CAV], Proposition 6.4.2)

=k Z 19%% +y T 9%_21/ p
z'€Z>
with some constant k # 0. This shows that 2*7o(, 1505, € H, s if and only if
x € Szy. Since dim Hy s = dim W, and 2%75(,,) is injective, this implies the
assertion. O

Proof of Theorem 4.1. According to Lemmas 4.5 and 4.6 it suffices to show that
2 =

for all y € K(M?); and p = M (s,-) € Z the point 2y + 25 is no base point of the

subvector space W, C H°(L). The assumption (*) says that

(2) 255, +2y = 2y —25)N (25 — 2y) #0 and # {20}

In particular, Sa, # 0; hence W, # 0 and it suffices to show that 9%, (2y + 2s) # 0
for some z € Sy, or equivalently 9§ (2z + 2y + 2s) # 0 (see [CAV], 3.2(4)). Let
m and n by generators of K(M); ~ Z/dZ and K(M )y ~ Z/dZ respectively. The
theta function 9§ € H(E, L) is the pull-back of the canonical theta function of
characteristic 0 via the degree %fisogeny m:E — F:=FE/(2n). The corresponding
divisor on F (of degree 1) has support m(4m + n) = m(zo +n) € F (notice that d
is even, since L2 = M). Hence the support of the divisor defined by ¥ on E is

supp(¥9§) = {(20 +n), (20 +3n),... , (20 + (d — 1)n)}.
Hence it suffices to show that for all y and s as above
(%) {22+ 2y + 2s|x € So,} ¢ supp (V).
But by (2) there exists an « € Sy, with 2z + 2y # 2. This shows (x). O

5. THE IDEAL OF AN ABELIAN SURFACE IN Py

Let A be an abelian surface and L an ample line bundle on A. In this section
we will study the property Ny for 2-normal subvector spaces of H°(L). Moreover
we give a criterion for the ideal of A in Py to be generated by quadrics and cubics.
This result seems to be new even in the case of complete linear systems.
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(5.1) Theorem. Suppose V C HY(L) is a 2-normal, base point free subvector space
of codimension c. If

RO(L) > 3¢+ 8,
then V' satisfies property ]VO,
For the proof we need the following well-known lemma.

(5.2) Lemma. Let X C Py be a nondegenerate, irreducible, reduced proper subva-
riety of dimension n > 1. The general (N —n)-secant (N —n — 1)-plane of X is
no multisecant.

For n = 1 and N < 3, see [Ha], IV 3. The general case follows by induction
using central projections and Bertini’s theorem.

Proof of Theorem 5.1. The polarized abelian surface (A, L) is not the polarized
product of elliptic curves, V' (and hence also L) being base point free (see [CAV],
Lemma 10.1.1). According to [CAV], Lemma 10.1.2 and Theorem 4.5.5, L? is very
ample and thus oy : A — Py = P(V*), with N = h°(L) — ¢ — 1, is an embedding
by Proposition 1.1. According to Lemma 1.3 and Corollary 1.5 it suffices to show

that

(1) HY(My ® L*) =0.

Choose points p1,... ,pny—2 € A C Py in general position. According to the above
lemma we may assume that the (N — 3)-plane Py_3 = span{p1,... ,pn—2} C Py

is no multisecant of A. To Pn_3 C P(V*) corresponds a 3—dimensional subvector
space W1 C V. Denote by

f12Y1—>A

the blow—up of A in the points p1,... ,py_2 and by F1,... , Exy_o the exceptional
divisors. The evaluation map W7 ® Oy, — f{L(— Z;\f:—12 Ej;) is surjective, Py_3
being no multisecant. Consider the following commutative diagram with exact rows
and columns and a rank 2 vector bundle F on Y7:

(2)

0 0 0
! ! !
N-2
0— F - WieOy, — fiL(=) E) —0
j=1
| | !
0— JiMy — V ® Oy, — fiL —0
! ! !
N-2 N-2
0— @ Oyl(—Ej) — V/Wl ® 0y, — OEj —0
Jj=1 j=1
| | !
0 0 0

Choose a general (N — 2)-plane Py_o C Py containing Py_3. Py_go intersects the
abelian surface A in § := degp, A = 2h°(L) distinct points p1, ... ,PN—2,PN—1,--- ;
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ps. Let Wo C Wi be the 2—-dimensional subvector space corresponding to Py_o.
Moreover, denote by

forYa—=N1

the blow up of Y7 in the §— N 42 points f; ' (pn—1),--. , f{ *(ps), and by Ex_1,. .. ,
Es the exceptional divisors. By abuse of notation denote by Ei,...,En_o the
preimages of the exceptional divisors of f; as well. Setting f := f1 o fo as above,
we see that the evaluation map We ® Oy, — f*L(— 2521 Ej;) is surjective and the
following diagram is commutative with exact rows and columns:

0 0 0
1 1 !
6 6
0— f*L_l(ZEj) - W0y, — f*L(_ZEj) —0
j=1 Jj=1
1 1 |
N—2
(3 0-— 3F — Wi@0y, — [fL(=) Ej) —0
7j=1
! ! !
§ 6
0— Oy Z E;) — Oy, — @ Og, -0
j=N-1 Jj=N-1
1 1 l
0 0 0

Using the left-hand vertical sequences in (2) and (3), the vanishing (1) follows from
the following 3 vanishings:

a) W' (ffL*(—E;))=0for 1 <j <N —2,

. s
b) W1 (f*L(¥j-, Ej)) =0, and
« s

) W (f*L*(= 3 -n_1 Ej) =0.

As for a), denoting by I, the ideal sheaf of p; on A, the projection formula
implies h'(f{L*(—E;)) = h'(L* ® I,,). Since L? is base point free, H°(L?) —
HO(L?|p;) is surjective and hence h*(L? ® I,,) < h*(L?) = 0.

As for b), Serre duality and the projection formula imply

5
HY(f*L(Y_Ej)) = HN(f L@wy,) = H(f*L™") = H'(L™") = 0.

7j=1
As for c), denote Z = {pn_1,...,ps}. It suffices to show that h'(L? @ I;) = 0,

or equivalently that H°(L?) — HY(L?|Z) = h°(Oy) is surjective. Consider the
following commutative diagram:

HO(OPNfz (2>)
/ N
HO(Opy (2)) — H%(Oz)

I
HO(L?) . HO(L?|2).

It suffices to show that r is surjective. Castelnuovo’s lemma implies that 2n + 1
points in general position impose independent conditions on quadrics in P,,. Hence
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r is surjective if #7 (= 2h°(L) — N +2) < 2(N —2) + 1 or equivalently if h°(L) >
3c+ 8. (]

Using the same methods one can derive a numerical condition for the ideal I(V)
of A in Py to be generated by forms of degree < 3.
(5.3) Theorem. Suppose V. C HY(L) is a subvector space of codimension ¢ satis-
fying property Ny. If

hO(L) > 3¢+ 9,

then the ideal I(V') is generated by quadrics and cubics.

For the proof we need the following well-known result on exterior products of
exact sequences of vector bundles.

(5.4) Proposition. Suppose 0 — E — F — G — 0 is an exact sequence of vector
bundles on a projective variety X. Then there exists a vector bundle H on X fitting
into the following exact sequences:

0 - N°E - H — E®G — 0,
0 - H — ANF — NG — o
Proof of Theorem 5.3. According to Theorem 3.1 it suffices to show that
H' (\N’My ® LF) =0
for k > 2. Let the notation be as in the proof of Theorem 5.1. Applying Proposi-
tion 5.4 to the left-hand vertical sequence of diagram (2) yields

(4) 0— /\2.7: —-H—-FQ® (@;v:_12 Oyl(—Ej)> — 0,
(5) 0—H— N\ fiMy = N (D)5 O (~Ej)) =0
with a vector bundle H on A. Moreover, recall the exact sequence
I 5 X 5
(6) 0— f*L 1(2_7:1 Ej) — f3F — Oy, (_Zj:N—l Ej) —0

of diagram (3). It suffices to show that (for all k£ > 2)
a) H'(A'(@)5°0x, (< Ej) @ fi L¥)) = 0,

b) HY(A\* F @ fiLF) =0,
c) HY(&N5320y,(—E) ® f*L*1(X5_, E;)) =0,
d) HY(@N320y, (—E;) ® f*L* (- Y0y 1 Ej) =0.

As for a), for 1 <i< j < N —2 we have
H'(f1L*(~E; — E;)) = H'(L* ® I),+p,) = coker(H°(L*) — H°(L*

pitp; ))
Since L is very ample the right-hand side is 0, and this implies a).
As for b), sequence (6), the projection formula and Serre duality imply

HY(N* F & f{LF)= BN f5F @ f1LF) = H (L0 (2057 By )
= H'(ffLF ' @wy,) = H'(ff L'™%) = HY(L'%) = 0.
Statement c) is a consequence of
HY(f* LAY (0, By — B)= HY(f*L*Y(~E;) @ wy,)
_ Hl(f*Ll—k(Ei )= Hl(Ll—k> =0
for1<i< N —2.
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As for d), it suffices to show that for all k > 2
X h)
HY(f*LM—Ei = 32y Ey) = H'(LF @ 12) =0

with1 <i< N-2and Z = {p;,pN—1,-..,ps}. With the same reasoning as in the
proof of Theorem 5.1 the above cohomology group vanishes if #7 < 2(N —2)+1
or, equivalently, h%(L) > 3¢+ 9. O

6. THE PROPERTY N, FOR LINEAR SYSTEMS
ON GENERAL ABELIAN VARIETIES

Let (X, L) be a general abelian variety of dimension g and V' C H°(L) a general
subvector space. The aim of this section is to prove a criterion for V' to satisfy the

property N,. For this it is convenient to consider L as a power of an ample line
bundle M on X, ie. L = M™ for some n > 1. If M is of type (di,... ,dy), then
we have

(6.1) Theorem. Suppose V C H°(L) is a general subvector space of codimension c
and p is an integer > 0. If the integers dg,n and c satisfy the following 3 numerical
conditions

a) n > max(ko(p+ 1),3) with ko = max(2, [4/d4]),

b) ndy > 6 and is even,

c) c<nI L,
then V' satisfies property ]Vp.

(Here [x] denotes the least integer > z.)
An immediate consequence is the following analogue to Kempf’s result on com-
plete linear systems on abelian varieties (see [K]).

(6.2) Corollary. Let (X,L) be a general polarized abelian variety of type
(dv,...,dg),dg > 2. For integers p > 1,n > 2p + 2 with ndy, = 0 (mod 2),
and ¢ < n971 the general subvector space V. C H°(L) of codimension c satisfies
property ]\~fp.

(6.3) Remark. In the following version of Theorem 6.1 the assumption ”general”
for V' can be omitted:

Under the hypotheses 6.1 a), b), and c) any 2-normal subvector space V. C
HO(L) of codimension c satisfying

H{(My @ M* @ P) =0
fori>1,k> ko and P € Pic’(X) satisfies property ]\~fp.
For the proofs of Theorem 6.1 and Remark 6.3 we need the following lemmas.

(6.4) Lemma. Let (E, M) be a polarized elliptic curve with d = deg M. Suppose
n > 1 such that nd > 6 is even. There exists a subvector space W C HO(E, M™) of

codimension 1 satisfying Np, such that the canonical map
W® H'(M*® P) — (M"*" g P)

is surjective, for all k with dk > 3 and all P € Pic"(E).
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Proof. According to Corollary 4.2 there exists a subvector space W C H°(E, M"™)
of codimension 1 satisfying Ny. It suffices to show that

H'(Mwy @ M* @ P) =0

with My the vector bundle on E associated with W. According to Proposition 1.1
W is very ample, i.e. W defines an embedding ¢w : £ — Py, N = nd—2. Choose
points p1,... ,pn—1 € E C Py in general position. According to Lemma 5.2 we may
assume that the (N —2)-plane Py_s = span{pi, ... ,pn—1} C Py is no multisecant
of E. Hence, denoting by U C W the 2—-dimensional subvector space defined by
Pn_oy C P(W*), the evaluation map U ® O — M"(— Z;V:_ll pj) is surjective.
Consider the following commutative diagram with exact rows and columns:

0 0 0
N-1 : N-1
! ! !
0— My - W0 — M™ —0 .
N—1 ' l N-1
0— @, Oe(-p)) — WU®0s — @, 0  —0
|
0 0 0

The left-hand vertical column yields the exact sequence

0— M= (SN p) @ P — My @ M P — @Y M*(—p;) @ P — 0.

j=1
By assumption

deg M*"(Y N pj) @ P=d(k—n)+ N —1=dk—3>0

and
deg M*(—p;) @ P=dk —1 >0,
and thus
W (MR ()5 py) @ P) = HY(M*(—p;) ® P) = 0.
This implies the assertion. O

(6.5) Remark. The same proof yields

Suppose (E, M) is a polarized elliptic curve and W C H°(E,M*), n > 1, a
2-normal subvector space of codimension c. Then for all P € Pic’(E) and integers
k such that kdeg M > ¢ + 3 the canonical map

W ®H'(M*® P)— H(M""* g P)
s surjective.

(6.6) Proposition. Letn be an integer > 3 such that ndg is even > 6 and ¢ < nd—t,
The general subvector space V- C H°(L) of codimension c is 2-normal, and for every
integer k > max(2, =) and P € Pic’(X) the canonical map

g

pp: Vo HY(M*® P) — H' (M @ P)
is surjective. FEquivalently,

H(My@M*@P)=0  for i>1.
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Proof. By semicontinuity it suffices to consider the case that (X, M) ~ (X1, M7) X
(E, M) with E an elliptic curve and degM> = d, and a polarized abelian variety
(X1, M) of type (d1, ... ,dg—1). Furthermore it suffices to establish the existence
of a subvector space V' C H?(M™) of codimension ¢ > n9~! satisfying the above
stated properties.

Let W C H(E, M%) be a 1-codimensional subvector space as in Lemma 6.4.
Then

V= px, H (X1, M) @ ppW € H(M*) = H°(L)

is a subvector space of codimension ¢ := h°(L)/nd, > n9=1.

HO(Xy, M?") is 2-normal, since M7 is normally generated (see [CAV], Theorem
7.3.1), and W is 2-normal by assumption. The Kiinneth isomorphism implies that
the following diagram is commutative:

VeV £, HO(L?)
|~ |~
[HO(M}) @ HY (M) @ [W @ W] e HO(MP") @ HO(M3").
By what we have said above, u; and uo are surjective. Hence V' is 2-—normal. Again
by Kiinneth’s theorem the following diagram commutes:

V ® HY(X, M* @ P) L2, HY(X, M @ P)
|~ |~
[HO(X1, M{") © HO(X1, M{ ® Py)] HO(X1, M+ @ Pr)
® — ®
W ® HO(E, M¥ @ Py)] HO(E, M} @ Py)
for all k and P; € Pic’(X1), P; € Pic”(E) such that P = py, Py @ ppPa. Ik > 1,

then
W ® H(E,M} ® P) — H(E, My*" @ P»)
is surjective according to Lemma 6.4. Moreover, [CAV], Proposition 7.3.4 implies
the surjectivity of
HO (X, M) @ HY (X1, M{ @ P) — H(X,, M{"™" @ P,)

since n > 3 and k > 2. This shows that up is surjective as well. Finally, the exact
cohomology sequence of 0 — My @ M*®@ P - V@ MF® P — M"* @ P — 0 and
the fact that H*(M*® P) = H'(M"** @ P) = 0 for i > 1 imply that the vanishings
Hi{(My ® M* @ P) = 0 for i > 1 are equivalent to the surjectivity of the maps
wp- O

We need the following result due to Lazarsfeld (see [L2], Proposition 4.3.2):

(6.7) Lemma. Let N be an ample line bundle and E a vector bundle on X satis-
fying
H(E®P)=H(E®N®P)=0

for alli > 1 and P € Pic®(X). Then the canonical map

S HN@P)@HYE® P — HYE®N)
PEPicO(X)

18 surjective.
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Proof of Theorem 6.1 [respectively Remark 6.3]. The hypotheses of Proposition 6.6
are fulfilled; hence V' is 2—normal and according to Theorem 2.4 it suffices to show
that

(1) HY N\ My @ L™) =0

for 1 < j <p+1andm > 1. Since the ground field is C the vector bundle
N My @ L™ is a direct summand of M’ ® L™ and thus H' (M3’ @ L™) = 0 for
1<j<p+1, and m > 1 implies (1). Here the following even stronger result will
be proven.

Under the numerical conditions of Theorem 6.1

(%) H(M @ M™ @ P)=0

fori,j >1,m>koj and all P € Pic’(X).

The proof of (x) proceeds by induction on j. Suppose first j = 1: Since n > 3 and
m > ko, Proposition 6.6 implies H'(My @ M™®P) = 0 fori > 1, and P € Pic’(X).
(This is just the hypothesis of Remark 6.3.)

Now suppose (*) holds for some j > 1. Let m > ko(j + 1) and P € Pic?(X).
The exact cohomology sequence associated with 0 — M‘Q? U oMmeP Ve
MY @ M™ @ P — M3’ @ M™" @ P — 0 implies together with the induction
hypothesis that

H{(MEUT @ M™ @ P) =0
for i > 2 and that the following sequence is exact:
Ve H (MY @ Mm@P) -~ HO(MY @ M™"® P)
N Hl(Mg(J‘H) QMM ® P) —~0.

Hence it suffices to show that p is surjective. For this consider the following com-
mutative diagram:

Z ( Ve H (M@ P®Q) )
0 ®H0(M§j ® Mm—Fko ® Q—l)
b L

Z ( HO(M" o @ P® Q)
RHO(M{ @ Mm—Fko @ Q1)

Ve H(MS @ M™ @ P)
QEPic®

) 2, HO(MY @ M7t @ P).
QEPicO(X)

The map p; is surjective according to Proposition 6.6. On the other hand, by the
induction hypothesis

H(MY @ M™% @ P) = H(MY @ M™*" @ P) =0
for all P € Pic’(X), since m +n > m — ko > ko(j + 1) — ko = koj. Hence uy (and

thus p as well) is surjective according to Lemma 6.7 (applied to E = M‘Q?j ® Mm™ ko
and N = M"tko @ P). O
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7. EQUATIONS FOR ABELIAN VARIETIES IN Py

Let (X, M) be a polarized abelian variety of type (di, ... ,dy) such that L = M"
is very ample for n > 2. The line bundle L defines an embedding ¢y, : X — Pyy1 =
P(HY(L)*), the image of which is invariant with respect to the Heisenberg group
associated with L. In [CAV], §§7.5 and 7.6, this action of the Heisenberg group
is used to develop quadratic and cubic equations for X in Py4;. The aim of this
section is to apply these methods to noncomplete linear systems. For simplicity we
consider here only the case of sublinear systems of codimension 1.

Let

(1) K(L):K1€BK2

be a decomposition into isotropic subgroups K; ~ Z/nd1Z X ... x Z/ndyZ. Let
P € Py41 be a Ky-invariant point. The linear projection

prip(X) — X C Py

with center P is Ky—equivariant. We will develop quadratic and cubic equations
for X. Moreover we will discuss when these equations generate the homogeneous
ideal of X in Py.

Let Go C G(L) be a section of the theta group of L over Ky and H°(L) =
@XGQ; U, the decomposition into eigenspaces (as in Section 4). The projection

pr defines a subvector space V' C H°(L) of codimension 1 such that the following
diagram commutes:

x & or(X) CPypr
e\, lopr
X CP(V*) =Py

In particular, V' is invariant with respect to the action of the group G,. Hence
(eventually translating the line bundle L) we may assume that L is of characteristic

0 with respect to (1) and
v= P U.

x€G;—{0}

Quadratic and cubic equations for X are the elements of the vector spaces I(V); =
ker{SV — HOY(L%)},i = 2,3. Obviously I(V); is a subvector space of I(L); =
ker{S'H°(L) — H°(L")}, and by elimination theory I(V); is the intersection of
I(L); with SV C S*H°(L). The generators of I(L)s and I(L)s are the classical
Riemann Theta relations and the cubic Theta relations, respectively (see [CAV],
Sections 7.5 and 7.6).

We need some further notation: For v = 2,3 and 6 let K(L") = K(L")1®K (L")2
be decompositions into isotropic subgroups compatible with (1), i.e. vK(L"); = K;
for i =1,2. Let {9L"|z € K(L");} € H°(L") be bases of canonical theta functions
in the sense of [CAV], Theorem 3.2.7, and denote

2
9.7!7P = Z p(z)ﬁé—l-z € HO(LQ)a
zeK1NXo . ,
Y1,Y2),0 = Z U(z>19L ® 1951—3z € HO(L6> ® HO(L2>

9( y1—2
2€K(L5)1NXe

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1906 CHRISTINA BIRKENHAKE

with elements y,y2 € K(L?)1,91 € K(L5)1,p € Hom(K; N X5,C*), and o €
Hom(K(L5); N X4,C*). (Here X,, = {x € X|nz = 0}). For x € K; denote
by X, the coordinate function of P(H°(L)*) = Py, (respectively of P(V*) if
x # 0) corresponding to the basis element 9L € H°(L). With this notation pr :
Pxny1 ——— Pu is the projection defined by eliminating Xj.

(7.1) Proposition. a)  Suppose L = M", and n > 4 is even. The quadratic
equations

0y,,0(0) Z P(2) Xytyst 2 Xy—yotz
zeK1NX2

= 0y,,0(0) Z P(2) Xytys+2Xy—yi+2
zeK1NXa
fory,y1,y2 € K(L?); satisfying y+y; € K1 —(K1NX2) and p € Hom(K;NX5,C*)
generate the vector space I(V)s.
b)  Suppose L = M?3* k > 1. The cubic equations

0(91>y2)>0(0) E U(Z)Xy’l+y;+y3+2ZXy1—y;+y3+2ZX—2y'1+y3+2z
z€K(L%)1NXg

= o(y;,y;)p(o) E U(Z>Xy1+y2+y3+2sz1—y2+y3+2zX—2y1+y3+2z
z€K(L%)1NXs

foryi,y1 € K(L)1,y0,95 € K(L*)1,y3 € K(L®)1 satisfying y1 £ yo + Yz, v T yb +
Y3, 291 — ¥3,2y) —ys € K1 — (K1 N X3) and 0 € Hom(K (L®); N X4,C*) generate
the vector space I(V)s.

Proof. The above equations are exactly those Riemann (respectively cubic) equa-
tions, not containing the variable Xj. O

Finally we investigate when the above equations generate the ideal I(V') of X in
P(V*). With the notation as above we have

(7.2) Proposition. Suppose (X, L) is a general polarized abelian variety. Ifd, > 2
andn > 4 is even, then V = @X#) U, C HO(L) satisfies property N1, i.e. the ideal
I(V) is generated by the quadratic equations 9.1 (a).
Proof. According to Remark 6.3 it suffices to show that

a) V' is 2-normal, and

b) H'(My @ M*® P) =0
fori>1,k>2and P e PiCO(X).

By semicontinuity it suffices to consider the case (X, M) = (X1, M;) x (E, M>)
with a polarized abelian variety (X1, M1) of type (d1, ... ,dg—1) and an elliptic curve

E with a line bundle M, of degree d,. Choose a decomposition of K(M3) C E
compatible with (1),

K(MP) = A, & Ao,

ie. A; C K, and A; ~ Z/ndyZ for i = 1,2. Consider the corresponding decompo-
sition of HY(E, M) into eigenspaces

H(E, M3) = P W,.
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Here the sum runs over all characters x of a section Ay C G(E, M3') over Ay. The
subvector space

W =P W, c H'(E,My)
x7#0
is of codimension 1 and is 2-—normal according to Theorem 4.1. By Remark 6.5 the
canonical map

W& HY(E,M§ ® P,) —» H(M"* @ P,)
is surjective for k > 2 and P, € PicO(E). On the other hand,
HO(Xy, M) @ HY (X1, M @ P) — H(X,, M7"™* @ P))

is surjective for k > 2 (and even for n > 3), and P; € PicO(Xl) by [CAV], Proposi-
tion 7.3.4. For k = n and P; = 0 this implies that
(pi, HO(X1, M) @ plsW)®2 — piy, HO(Xy, M2") @ piy HO(E, M2") ~ HO(X < L?)
is surjective. Since p%;, HO(X1, M?) @ pyW C V, the vector space V is 2-normal.
Similarly, Kiinneth’s isomorphism yields the surjectivity of

V@ H)(X, x E,M* @ P) — H(X, x E,M"** @ P)
for k>2and P € PiCO(X 1 X E). Now the exact cohomology sequence of

0—-MyoMe@P—-VeMe@P—MT™eP—0
implies b). |

If X is an abelian surface, i.e. g = 2, this gives

(7.3) Proposition. Suppose n > 3 and ndy > 6 is even. Then the ideal I(V') is
generated by quadrics and cubics.

Proof. As in the proof above, one sees that V' = €P, Uy is 2-normal. Since
RY(L) = n?dydy > 18 > 3 +9,
V' satisfies ]\70 by Theorem 5.1, and Theorem 5.3 yields the assertion. O
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