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ON TRANSVERSELY FLAT CONFORMAL FOLIATIONS
WITH GOOD MEASURES

TARO ASUKE

ABSTRACT. Transversely flat conformal foliations with good transverse invari-
ant measures are Riemannian in the C11TLP sense. In particular, transversely
similar foliations with good measures are transversely Riemannian as trans-
versely C'“-foliations.

INTRODUCTION

The study of foliations with some transverse structure has attracted many people,
and there are a lot of results for certain kinds of these foliations, such as Riemann-
ian foliations, transversely affine foliations, and so on. In particular, transversely
Riemannian foliations have been deeply studied, and we have the structure theorem
(Molino [10]).

As a natural generalization, we can consider the transversely conformal foliations,
which has been studied by Blumenthal [3], Vaisman [13], and others. This class is
known to be quite large, so that all codimension one or transversely holomorphic
foliations are transversely conformal.

Now we restrict our attention to foliations with transverse flat conformal struc-
tures. As is well-known, the flat conformal geometry appears as the geometry at
infinity of the hyperbolic geometry.

It is well-known that certain kinds of flat conformal manifolds admit a Riemann-
ian metric compatible with its flat conformal structure. This suggests that we may
expect that, under some conditions, there exists a transverse invariant Riemannian
metric for transversely flat conformal foliations, that is, the foliation is Riemannian.

In this paper we study transversely flat conformal foliations admitting non-
atomic, full-support transverse invariant measures, which we call good measures,
and obtain the following results.

Theorem A. Let (M,F) be a transversely flat conformal foliation of a closed man-
ifold M. Assume that there is a good measure p on M. Then there is a transverse
invariant Riemannian metric g of (M, F) which is of class C*TYP namely, of class
Ct with the Lipschitz derivative.

The proof of Theorem A proceeds as follows. First, in section 3, we use slightly
generalized versions of Ghys’ lemmas [6] to show that the leaf space M of the
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1940 TARO ASUKE

universal covering of M equipped with the lifted foliation of F is a Hausdorff
manifold. Then in section 4 we apply the theorem of Kulkarni-Pinkall [8] which
ensures the existence of a Riemannian metric of class C1*LP ynder the action of
the full group Conf(M) of conformal automorphisms as a Mébius manifold.

Remark. We do not know any example which satisfies all the assumptions of theo-
rem A but is not a Riemannian foliation as a transversely C“-foliation.

Now we assume that the foliation is of dimension one and all orbits are dense. For
any flows on a closed manifold, there is a non-trivial transverse invariant ergodic
measure . The support of p must be the whole manifold, and p is of course
non-atomic. Thus p is good. So the theorem applies, and we obtain the following.

Corollary B. If (M,F) is a transversely flat conformal flow of a closed manifold
with dense orbits, then (M,F) is transversely Riemannian in the C1T1P sense.

In section 3, we define the holonomy group of (M, F). If the holonomy group is
contained in Sim(R?), which is the case if the foliation is transversely similar, we
have stronger results.

Theorem C. Let (M,F) be a transversely flat conformal foliation of a closed
manifold M with a good measure. Assume that the holonomy group is contained in
Sim(RY). Then (M,F) is a Riemannian foliation as a transversely C* foliation.

In the paper [9] Matsumoto showed a similar result for flat conformal manifolds.
To show Theorem C, we will generalize the method of Fried [5] and Matsumoto [9]
to foliations under the existence of good measures. This step is done in section 5.

In Carriere [4] he showed the following theorem.

Theorem. Let (M,F) be a transversely Riemannian flow of a closed manifold with
dense orbits. We assume that M, F are orientable and that M,F, and the bundle-
like metric on M are of class C", r > 2. Then (M,F) is differentiably conjugate
to an irrational linear flow on the m-dimensional torus T™. That is, there is a
diffeomorphism from M to T™ which maps orbits to orbits.

Now let (M, F) be a transversely flat conformal flow of a closed manifold with
dense orbits. We assume that the holonomy group is contained in Sim(R?). Then
by the same argument as in the proof of Corollary B, Theorem C applies in this
case. Combining with the above theorem, we have the following.

Theorem D. Let (M, F) be a transversely flat conformal flow of a closed manifold
M with all orbits dense. Suppose that M,F are of class C", r > 2, and orientable,
and that the holonomy group is contained in Sim(R?). Then (M, F) is C"-conjugate
to an irrational linear flow on the n-dimensional torus T™ in the above sense.

In the paper [2], the author will classify the transversely flat conformal flows with
good measures, which will show that under the hypothesis of Theorem D, the flow
is in fact an (Isom(R?%),R?) flow. Notice that Theorem D is a complete analogue
to the theorem of Carriere and that Theorems C and D are partial extention of the
results by Nishimori [11] and Ghys [6].

Finally the author would like to express his gratitude to Professors T. Tsuboi
and S. Matsumoto for their helpful suggestions and encouragement.
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TRANSVERSELY FLAT CONFORMAL FOLIATIONS 1941

1. DEFINITIONS

Throughout this paper, we work in the C"-category, r > 1, unless otherwise
stated. In the following, R™ (= R™ U {co} = S™) denotes the one point compacti-
fication of R™, and R™T the positive real numbers.

Definition 1.1. We denote by Sim(RY) the group of similarity transformations of
R4, namely, the group of transformations of R? of the form = — r - Az 4+ v, where
re RT, A€ O(g), and v is a vector in R4, and we denote by Conf(f{\q) the group
of Mobius transformations of f{\% which is by definition the group generated by
Sim(RY) and the inversion J(z) = / ||z||* with respect to the unit sphere. Notice
that we can naturally consider Sim(R?) C Conf (f{\q)

Notice that any conformal automorphism of S? is a Mobius transformation.

Let M be an n-dimensional closed manifold and F a g-codimensional foliation
of M. We say (M, F) is transversely flat conformal if (M, F) is a (Conf(57), S?)
foliation, namely, if there are an open covering {U;};c; of M and a family {f; :
U; — S} of submersions such that

1) {(Us, fi)} defines F, ie., U; 2 O; x T; and F

O; is an open set in R"~9, T; = f;(U;), and

2) the transition functions v;; : fi(U; NU;) — f;(U; N Uj) are elements of

Conf(S7).

Here we may assume by decomposing the open set U; that T; # S, and that the
index set [ is a finite set because M is compact. Moreover we may assume that

3) Each T; is an open ball in RY.

So by changing f;, we may assume

4) The closures T, of T; are disjoint.

We say (M, F) is transversely similar if (M, F) is a (Sim(RY), R?) foliation.

v, = {0; x {p}; p € T;}, where

Remark. Any transversely flat conformal foliation is transversely of class C“ by
definition.

We now put 7' =I17;, and I" denotes the pseudogroup associated with T'. Since
M is compact, we can take concentric open balls T} in T; such that Tl’ is contained
in T; and the pseudogroup I'" associated with 7' = II'T} is equivalent to I'.

By definition, T and 7" are contained in R?, and at the same time, we may
regard them as submanifolds of M in the natural way.

Definition 1.2. A transverse invariant measure u of (M, F) is said to be good if
1 has the following properties.

a) supppu = M, and

b) p is non-atomic.
We also assume that p is a Borel measure, and that p is locally finite.

Notice that the required properties for measures are somehow natural, because
every Riemannian foliation has such a measure even if we do not assume the dif-
ferentiability.

Hereafter we always assume that (M, F) has a good measure, and that (M, F)
is oriented and transversely oriented for simplicity. Thus when we consider trans-
formation groups, we always assume that they consist of orientation preserving
elements.
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2. EXAMPLES

Example 2.1. Let M be a closed manifold of constant negative curvature and
F the geodesic flow on the unit tangent bundle UM of M. Then (UM, F) has a
dense orbit and a good measure but does not admit any transverse flat conformal
structure. It is never Riemannian.

Example 2.2. Consider S2, the unit sphere in R?, and define ; and 73 as follows.

First, let B be the unit ball in R? and put C; = BN {y = z = 0} and Cy =
Bn{zx =0and (y — v2)? + 22 = 1}. Then we consider the Poincaré model on
B and define v; and v, to be the irrational rotations whose axes are C7 and Cy,
respectively.

Now let X be a closed surface of genus two, I" the group generated by v and s,
and (M, F) the suspension of (S?,I") over ¥. Then all leaves of F are dense and
(M, F) is transversely flat conformal but does not admit any good measure. It is
easy to see that (M, F) cannot be Riemannian.

This example shows that Corollary B cannot be generalized to higher dimensional
foliations.

Example 2.3. Consider R? = C and the standard lattice Z? in C. We define
v:C — Chbyy(z,y) = (x+6,y+ ¢) and let I" be the group generated by ~. Here
we consider C/Z? = T?, the 2-dimensional torus.

Now we transport everything by the exponential map to C\ {0}, and consider the
suspension (M, F) of (T?,I') over S*. Then (M, F) satisfies all the assumptions
of Theorem C, and is transversely Riemannian; in fact, (M,F) is differentiably
conjugate to a linear flow on the flat torus.

In particular, for suitable choices of # and ¢, all orbits of v are dense in 72. Then
Theorem D applies, and again we can see the foliation is transversely Riemannian
as a transversely C* foliation.

Example 2.4. Consider the Hopf fibration S® — S? and let X be a vector field

tangent to the fibres. We choose X appropriately so that if we consider its 1-

parameter group ¢, then {¢,(z)}nez is dense in the fibre passing through «.
Now we put X = S3 x (0,00), and define ¢, 9 as follows,

(p(.%',t) = ((pl(w>77‘t> and ’Q/J(.’L',t) = ($72t>
Notice that if we consider S as the unit sphere in C2, then we have

801(217 z2> _ (6277‘/_—1921762”\/_—1922),
where 6 is an irrational number. Therefore ¢ is an orthogonal transformation.
Then we put N = X/ () and consider the suspension (M, F) of (N, f), where
f is the automorphism induced by .
It is clear that (M,F) is a (COT(4),R*\ {0}) flow, where CO*(4) = {h €
Sim(R*); h(0) = 0}. We equip R*\ {0} with the metric defined by the formula

1
Gz = _QQEv
]
where gg denotes the Euclidean metric and || - || denotes the Euclidean norm.

It is easy to see the action of CO™(4) preserves this metric, thus (M, F) is a
Riemannian flow.
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TRANSVERSELY FLAT CONFORMAL FOLIATIONS 1943

3. PRELIMINARIES

First of all, notice that since T and T" are contained in R?, we have a natural
Riemannian metric on 7" and also on T” induced by the Euclidean metric on RY.
We denote by D, (z) the open ball of radius 7 and centered at x, and by rad D the
radius of a ball D.

The following two lemmas appeared in Ghys [6].

Lemma 3.1. For any positive real number €, there is a positive real number n with
the following property:

If an element v € I is defined on D,(x) and satisfies yx € T’, where © € T,
then rad yDy(x) is less than e.

Proof. First we claim that for any positive real number §, there is a positive real
number 7 such that u(D,) < 6 holds for any D, C T satisfying D, N T # ¢.
For otherwise, we can find a positive real number § and a sequence {B,} of open
balls such that rad B,, = 1/n, B, N T’ # ¢, and u(B,,) > 6. Then we may assume
B,, converges to some point y in 7", and y is an atom of . This contradicts the
assumption that p is non-atomic.

Secondly we show that for any positive real number ¢, there is a positive real
number ¢ such that rad D < € holds for any open ball D in T satisfying u(D) < ¢
and DNT’ # ¢. For otherwise, we can find a positive real number € and a sequence
{B,} of open balls satisfying u(B,) < 1/n, B, NT" # ¢, and rad B,, = ¢. Now we
may assume ¢ is less than the half of the distance between OT and 97" in RY; then
we may also assume that B, converges to some open ball B in T. If we take an
open ball B’ such that B’ C B, then we have B’ C B, for sufficiently large n. So
we have p(B’) < u(B,) < 1/n, and hence p(B’) = 0 holds. This contradicts the
assumption that p is full-support.

Finally we show that for any positive real number e, there is a positive real
number 7 such that rad By < n implies rad By < € for any pair of open balls By
and By in T satisfying B; N T’ # ¢, i = 1,2, and u(B;) = u(Bs). For the given
positive real number €, choose 6 as in the second claim and choose 7 as in the first
claim for this 6. Then if rad By < n, we have u(Bz) = p(B1) < 6 and consequently
rad By < e.

Now we prove Lemma 3.1. Since v maps balls to balls, preserves p, and v Dy, (z)N
T’ 5 vz, by putting B; = D,)(x) and By = vD,,(z), the above assertion applies and
we complete the proof. O

Lemma 3.2. There is a positive real number 8y such that the germ .. of an element
of I at any point x in T’ extends to an element of I' defined on Ds,(z).

Proof. Let I'| denote the finite set of the natural generators of I/, and I denote
the composition of k elements of I']. Then there is a positive real number ¢ such
that for any « in 7”7 and the germ +,, of an element of I'] at z, . extends toy € I
defined on Ds(z). By Lemma 3.1, there is a positive real number §p < § such that
rad yDs,(z) < § holds for all v € I' defined on Dj, (z) with yz € T".

Now by the choice of 8y, Lemma 3.2 is true for I, so we assume that Lemma
3.2 is true for I3, and prove it for I7_ ;.

Let v € I}, and write v = 7172, where 71 € I'] and 7o € I};. By the induction
hypothesis, v, is defined on Ds,(x) and v2Ds,(x) C Ds(y22) holds. Since 7, is
defined on Dg(y22), ¥ = 712 is also defined on D, (x). O
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Now we consider the universal covering M of M and let F be the lift of F to
M. Then we have the holonomy homomorphism ¢ : 7 (M) — Conf(57) and the
developing map D : M — S%. We denote by H = ¢(m(M)) the holonomy group,
and let M = M /.7: We denote by p the natural projection from M to M.

Lemma 3.3. The leaf space Misa Hausdorff manifold of dimension q.

Proof. Tt is well-known that ]/\4\ is a possibly non Hausdorff manifold of dimension
g- So it suffices to show that M is Hausdorff. Suppose the _contrary; then there
are two points z and y of M belonging to distinct leaves of .7-' and two sequences
{zn} and {y,} of M such that z,, and y, belong to the same leaf for each n and
T, converges to z and y, converges to y. We choose lifts T; of T; and i-’ of T/
embedded in M , respectively, and we may assume that x,x, are in i-’ and y, yn
are in T’ for some integers i and j.

If we induce a metric to T from T for each i, then clearly the conclusions of
Lemmas 3.1 and 3.2 are true for the pseudogroups I and I of F associated with
TorT.

Now we may assume d(z,,z) < & for all n; then any element ¥ of I which
maps x1 to yp is defined on Ds,(x1), which contains x and x,, for any n. Noticing
that the developing map D is one to one on each T by definition, we see that y,, is
the only point which lies on the same leaf as x,,, or ¥(x,). Consequently we have
Yn = Y(x,) for each n, and hence y = F(x). This is a contradiction, because we
assumed that x and y are not in the same leaf. O

4. PROOF OF THEOREM A

We use the same notation as in the previous sections.

We have the action of m1 (M) on M which preserves the lifted foliation F of M.
So 71 (M) naturally acts on M. On the other hand, the developing map D obviously
projects down to a mapping A : M — SS9, which is a local homeomorphism.

Now we have the action of 71 (M) on S? via ¢. By definition of A, it is clear that
A is equivariant with respect to the action of 7 (M), i.e.,, A(y(x)) = ¢(7)(A(z))
holds for any = € M and ~ € w1 (M).

If we find a Riemannian metric on M which is invariant under the action of
m1 (M), then we have a transverse invariant metric on M which is invariant under the
action of 71 (M), and by projecting it down to M we obtain a transverse invariant
Riemannian metric on M. So our goal is to find an invariant metric on M.

We divide the study into the following three cases.

1) A is a homeomorphism onto S¢.

2) A is a homeomorphism onto RY.

3) Otherwise.

We will show in the rest of this section that (M, F) is transversely Riemannian
as a transversely C* foliation in cases 1) and 2), C1*HP in case 3).

Remark. We will show in the next section that (M,F) is a transversely C* Rie-
mannian foliation if H is contained in Sim(R?).

Notice that M inherits a locally finite measure g which is non-atomic and satisfies
supp /i = M, and is invariant under the action of 1 (M).
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First we treat case 1). We recall the notion of the limit sets of subgroups of

Conf(S7) and related facts. We consider S7 = R as the unit sphere in R9*1; then
Conf(S9) acts on the closed unit ball D! in R9™! in the standard way.

Definition 4.1. We define the limit set A(H) of H in the same way as for the
discrete groups, namely,

AH) ={z € 5% z = lim ~,(p) for some sequence {7,} of H},

where p is a point in D91, It is easy to see that this definition is independent of
the choice of the point p.

We say H is elementary if A consists of at most two points, non-elementary
otherwise.

We use the following lemmas.

Lemma 4.2 ([9, Proposition 5.12]). For a subgroup H of Conf(l/{\q), the following
conditions are equivalent.

1) H is precompact.

2) A(H) is empty. O

Lemma 4.3 ([9, Proposition 5.13]). If a subgroup H of Conf(S9) is precompact,
then H is conjugate to a subgroup of SO(q + 1) C Conf(S?) by an element of
Conf(S51?). O

We denote by L the closure of the set of fixed points of loxodromic elements of
H. Recall that we say an element h of Conf(S5?) is loxodromic if and only if h has
two fixed points in S9.

The following proposition is well-known.

Proposition 4.4. If A(H) consists of at least two points, then we have L = A(H).

Proof. See Theorem 5.15 and Lemma 5.6 of [9]. O
Now we have the following lemma.

Lemma 4.5. In case 1), H is conjugate to a subgroup of SO(q+1).

Proof. In this case, we can define a finite measure 7w on S? by projecting down
7. Then 7 is invariant under the action of H, non-atomic, and supppu = S9.
Consequently, any element of H is not loxodromic.

Now the above proposition shows that A(H) consists of at most one point. So we
assume that A(H) consists of a single point. Then we may assume A(H) = {oo},
and then H is contained in Sim(R?). Since H preserves the good measure i, any
element of H belongs to Isom(R?). Thus we can write any element h of H as

h(z) = Apx + vp, , where Aj, € SO(q) , and vy, € RY.

Now we consider the upper half space model. So we regard H as acting on " =

{x = (z1,...,244+1) € R 2z, > 0}. We write an element h of H as h when we
consider the action of H on H'"'. Then for z = (1,...,%q41) € ﬁq+1, we have
h(x1,. .. Tq1) = (Apz’ + v, Tgr1) , where 2’ = (z1,. .., z,).
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Since A(H) = {oo}, we can find a sequence {h;} of elements of H such that

lim h;(0,...,0,1) = 0o
holds. Then we have
lim h;(By) = {o0},

where B; denotes the open unit ball in R?. This implies oo is an atom of 1.
This is a contradiction, and we see that A(H) is empty. Then Lemmas 4.2 and
4.3 prove the lemma. O

Lemma 4.6. In case 2), H is contained in Isom(R7).

Proof. As in the first case, we can project down fi to R? and obtain a locally finite
measure ©r on R? which is invariant under the action of H.

Since every element of H fixes the point co, we see that H is a subgroup of
Sim(R?). Now 7 is non-atomic, so H is a subgroup of Isom(R?). O

Lemmas 4.5 and 4.6 show that the foliation is transversely Riemannian as a
transversely C* foliation in cases 1) and 2).

Now we assume case 3) holds and show that there is an invariant Riemannian
metric on M of class C1+LP. The only assumption we need is that M is a Hausdorff
manifold and A is neither a homeomorphism onto S? nor RY. In fact, we prove the
following theorem.

Theorem 4.7. Let (M,F) be a transversely flat conformal foliation of a closed
manifold M. Assume that the leaf space of the lifted foliation (M, JE), where M
denotes the universal covering, is a Hausdorff manifold. Assume also that the
mapping A from M to S? induced by the developing map D is a homeomorphism
onto neither ST nor RY. Then there is a transverse invariant Riemannian metric g
of (M, F) which is of class C*TVP . In particular the metric g is twice differentiable
almost everywhere with respect to the Lebesgue measure.

The above theorem is a direct consequence of the following.

Theorem 4.8 ([8, Theorem 5.9], see also [1]). Let M be a Mdbius manifold. Sup-
pose that M is neither a spherical space form nor a Fuclidean space form. Then

there is a complete Riemannian metric g on M compatible with the conformal struc-
ture of M and of class C1T1P,

We say a Riemannian metric g is compatible with the conformal structure if g
is invariant under the action of the full group of conformal automorphisms of M as
a Mobius manifold.

Notice that the Hopf-Rinow theorem holds for Riemannian metrics of class
C™UP and we can speak of the completeness of such metrics.

Proof of Theorem 4.7. Let M be as above. If M is a spherical space form, we have
the covering map
w: 81— M.

The composition Ao gives a developing map from S? to S?. The essential unique-
ness of the developing map shows that 7 is a diffeomorphism. The same argument
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shows that M is diffeomorphic to R? when M is a Euclidean space form. Therefore
M is neither a spherical space form nor a Euclidean space form.

Then Theorem 4.8 shows that there is a Riemannian metric g of M which is of
class C1*1P and invariant under the action of the full group of conformal trans-
formations of M as a Mobius manifold. Now it is clear that the natural action of
m1(M) on M preserves the conformal structure of M.

Thus the metric g is invariant under the action of w1 (M), and we complete the
proof. O

We have a good description of the mapping p : M — M.
Proposition 4.9. The mapping p : M — Misa locally trivial fibration.

Proof. First we fix a smooth Riemannian metric go on M and let gr denote the
invariant metric on M given in the proof of Theorem 4.7. Then the lift gy of g to
M defines an orthogonal distribution P of TF.

Noticing that p, gives an isomorphism from P to TM, we have a C1LP Rie-
mannian metric gr on P which projects down to the metric g7 on M. We denote
by |- ||5, the norm on P induced by §r and by || - |47 the norm on M induced by
. )

We define gz to be the restriction of go to TF and put g = gz @ gr; then g
projects down to a bundle-like metric g on M with respect to F. The metric g is
of class C1P and complete, hence g is also.

Now we fix a point xg in M and choose an open neighbourhood V' of zy such
that there is a positive real number R such that d(p,q) < R holds for any points p
and ¢ in V', where d is the distance function on M determined by gr-

Let « and y be points in V. We consider the geodesic o, : [0,1] — V with
respect to gr joining x and y. Now we fix a point Z in p~!(z) and consider the
horizontal lift o, ,(Z) of 05, starting at z. It is clear that such a lift is unique if it
exists. So we show the existence.

Since we can always find the lift locally, first we assume that o, ,(Z) is defined
on [0,s), s < 1. We then have that

0 dt g 0 dt gr
S d -
= / e [
o |l dt |
1
< daﬂ dt
< R.

Hence the image of o, ,(Z) is contained in K, where K is the closed ball centred at
zo and of radius R with respect to the metric §. Now the completeness of g implies
that K is compact.

Thus any horizontal lift o, ,(Z) of 0., stays in a fixed compact set K, and the
limit limy_.s 044 (7)(t) exists, say p. Then we can consider the horizontal lift of
O,y Near p, which must coincide with o, ,(Z) near p. So we can extend o, () to
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[0, s + €) for some positive real number e. This lift also stays in K, and hence we
can extend o, ,(7) to [0,1].

Finally notice that o, ,(Z) is a geodesic with respect to g, and we define a
mapping ¢ : p~H(z) x V — p~ (V) C M by

AT, y) = 044 (T)(1);

then ¢ is a continuous map. We show that ¢ is a homeomorphism. In fact, for
Z € p~ (V) we put z = p(Z) and consider 0.2. Then o, , lifts to a path o, ().
We put Z, = 0, ,(2)(1) and then obtain a mapping ¥ : p~*(V) — p~1(x) x V such
that U(Z) = (2, z). Clearly ¥ is continuous.

Now consider the path o, .(Z.). The uniqueness of the lift implies that this path
coincides with the path t — 0, »(2)(1 — t). Hence ¢ o U is the identity map.

On the other hand, we suppose that z = ¢(Z,y) = ¢(2',y’). This is equivalent
to saying 2z = 0,,4(Z)(1) = 04,,(2")(1). Since the definition of ¢ shows that we
have p o ¢(Z,y) = y, we have y = y'. Now we reverse the direction of both paths
02,y(Z) and 04 4(Z'). Then they are the horizontal lifts of o , starting at z. Again
the uniqueness shows that these paths coincide, in particular Z = 7’. Thus W o ¢ is
the identity.

Consequently ¥ gives a local triviality. O

As a corollary we have the following, which is shown for complete transversely
conformal foliations in Blumenthal [3].

Corollary 4.10. The leaves of (M, F) have the same universal covering. (]

In the paper [7] Heitsch and Hurder conjectured that if (M,F) admits a full
support measure. Then all the Godbillon-Vey classes [7] are zero. Related to this
conjecture, we have the following corollary.

Corollary 4.11. Let (M, F) be a transversely flat conformal foliation of a closed
manifold. Suppose that (M, F) admits a good measure, then all the Godbillon-Vey
classes of (M, F) vanish.

Proof. Since (M,F) is continuously Riemannian, there is a continuous distance
function on T which is invariant under the action of the holonomy pseudogroup.
Then Theorem 4.3 of [7] shows that all the Godbillon-Vey classes of (M,F) are
ZETO. O

One can ask how the regularity of the metric can be higher as the regularity of
the good measure p becomes higher. On this line, we have the following.

Recall that a good measure p defines a I'-invariant measure, denoted by ur,
on T'. For an integer r > 0, a good measure p is called a C"-volume form if we
have pur = f - A, where \ denotes the Lebesgue measure restricted to 7" and f is a
positive C"-function on 7.

Proposition 4.12. Let (M, F) be a transversely flat conformal foliation preserving
. Let p be a C"-volume form. Then we can find an invariant metric g, of class

cr.

Proof. First notice that we have

fon(z)-dety. = f(x)
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for any v € I' and z in the domain of 7. This is because f is continuous and the
above equation holds a.e. by virtue of the equation v*u = pu.
Now we denote by g” the Euclidean metric restricted to T and define

2
9o = f(z)1g",,

where ¢ is the codimension of F.
Notice that for an orientation preserving element «y of Conf(R?), v, is an element
of SO(gq) and we have

2
(7*9E>VCE = (det ’V*m) ngm'

Then we have

Thus g is invariant under the action of I'. O

In general the invariant metric g7 in Theorem 4.7 and g, in Proposition 4.12 need
not be the same. However, if there is a dense leaf, then gr and g, are essentially
the same.

Lemma 4.13. If (M,F) satisfies the conditions Proposition 4.12, and admits a
dense leaf, then there is a positive real number ¢ such that gr = c- g,..

Proof. We regard the metrics gr and g, as the metrics on 7" invariant under the
action of I'. Since there is a dense leaf, we can find a point xy in 7" such that I'xg
is dense in T'.

Let ¢ be the positive real number ¢ such that

(97)z0 = ¢ (9u)o

Then the invariance of the metrics implies that

(9T>ac =cC- (gu)m

for x € I'rg. Since both sides are continuous and I'zg is dense in T, the above
equation holds on T'. O

5. THE TRANSVERSELY SIMILAR CASE

In this section we deal with the case where the holonomy group H is contained
in Sim(RY). This is the case when the foliation is transversely similar. We prove
Theorem C in this section.

The case where the foliation is transversely similar and of codimension two has
already been treated in [6] without the assumption on measures, and there is noth-
ing to prove. But our assumption is slightly weaker than that of [6]. So we assume
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the codimension of the foliation is greater than one, and the foliation F has a good
measure p. We retain the same notation as in the previous sections.

Notice that that if A is a homeomorphism onto S? or R4, then we have already
shown the above theorem. So we assume that A is a homeomorphism onto neither
S nor RY.

The proof will proceed almost in the same way as in [9] or Fried [5]. But we
follow it again since it is the heart of the proof of Theorem C and the very base of
the classification of flows in [2].

Definition 5.1. We define

M(o0) = m(D~}(00)) = m(p~ AT} (00)),
M* = ]/\4\\]/\4\(00), and
M* = M\ M(co) =n(M\ D™} (c0)).

Lemma 5.2. M(o0) is a union of a finite number of compact leaves.

Proof. Suppose the contrary. Then there is a point p of M where the leaves {L;}
of M(o0) accumulate. (The set {L;} may consist of a single non-compact leaf.)
This shows that if we choose any lift {L;} of {L;}, then €, the orbit of {p(L;)}
by 71 (M), has an accumulating point. Since any element of H fixes infinity, € is

contained in M\(oo) On the other hand, M\(oo) is discrete because A is a local
homeomorphism. This yields a contradiction. (|

We write M (00) = Ui:l L;, where each L; is a compact leaf.

Definition 5.3. A domain U* of M* is called a copy of a domain U of RY if the
restriction of A to U* is a homeomorphism.

Definition 5.4. We say that a closed subset T of M* is a complete half line if for
any copy B* of an open ball B in ]\7*, the image of B*nl* by A is equal to BN,
where [ is a complete half line in R4.

A complete half line * is called short if [ = A(f*) is not a complete half line in
R9. We always parametrize [ and 1* as follows.

Let o and 3 be the endpoints of [ such that o € [ and 8 ¢ [. Then we define

U6 = (@ +19)

for t € [0,00), and parametrize I* so that A(I*()) = I(t) holds.
Lemma 5.5. For any short complete half line lA*, therA@ is a compact saturated
neighbourhood U of M (0o) which is disjoint from w(p~*(I*)).

Proof. For any leaf L; of M (00), there is a compact saturated neighbourhood U; of
L; which is disjoint from 7(p~17%(0)). For, if not, then 7(p~7*(0)) must accumulate
to L;. In other words, L; has a contracting holonomy. This is a contradiction
because we have already shown that (M, F) is continuously Riemannian.
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Now by shrinking U;, we may assume that U; is evenly covered by m, and for
each connected component EZ of p(m=1(U;)), A is a homeomorphism from EZ onto
Ey = E(ag, R;) = {|lx — ag| > Rx} U {OO}

Then we have I* N E;; = ¢. The reason is as follows. Suppose the contrary
then I N Ej is a half line starting at a point of OE}), where | = A(T*) Since I* is
short, p = lim; . I(t) exists. But for any copy B* of an open ball B centered at
p, its intersection with 7* cannot be mapped to BN I by A. This contradicts the
completeness of 1*.

So p~1(I*) Np~Y(E;) = ¢ for cach component E}, and consequently we have
m(p~1(1*)) NU; = ¢. Now we define U = |J'_, Us; then 7(p~(I*)) N U = ¢. O
Definition 5.6. For a point © € M*, we define r(Z) to be the maximum of the
radii of copies of balls centered at Z.

From now on we will denote by x the image of a point Z of M* under A.
Lemma 5.7. The function r is of finite value.

Proof. Suppose r(Z) = oo; then Z is contained in a copy P of RY. Since we assumed
that A is not a homeomorphism, we have M* #* P. So we can find a point 7 of oP
and a sequence {y,} of P converging to y.

Since A(%,,) tends to oo, we have D(g) = oo. Therefore there is a neighbourhood
Q of § which is mapped to E(0, R) by A for some positive real number R. Then A
is a homeomorphism from P U @ to S9. Since P U @ is open and closed in M\7 we
see that M = P U @. This contradicts our assumption. O

Lemma 5.8. The function r is continuous.

Proof. Let T be a point in M and let B be the open ball centred at Z, of radius
7(Z). We consider the Euclidean metric on B = A(B).

Let y be a point in B such that the distance between x and y is less than €. Then
the open ball centred at y and of radius r(Z) —e clearly has a copy, so r(y) > r(T)—e.
Conversely, the same argument shows that r(y) > r(Z) — e. O

Definition 5.9. We define a continuous Riemannian metric § on M* by

~ 1 “
gz = ’I”(L/E\)Q (A 90)17

where go denotes the Euclidean metric on RY.
Remark 1. g is, in a manner of speaking, the transverse Fried metric.

Remark 2. This definition is an analogue of Definition 5.2 of [8]. In the present
case the centres of balls are preserved under the action of 7 (M) or H, so we can
consider normal maximal balls centred at Z. By using this notion instead of normal
maximal balls, we obtain this metric.

The following lemma is clear from the definition.

Lemma 5.10. g is invariant under the action of w1 (M). O

Hence we have a transverse invariant metric g on M*.
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We define a function d = dAg M x M* =R by the formula

4

dt
dt ’

p

1
d(p, q) = inf /
0

g

where p : [0,1] — M* runs through piecewise smooth paths in M* such that
p(0) =pand p(1) =q. L

It is easy to see that d is of finite value on M* x M*, and is continuous. Since
we have J(Wp, vq) = A(p,q), we have a continuous function d on M* x M* which
locally coincides with d.

Hereafter we will describe g more explicitly and make it clear that g is of class
cv.
Proposition 5.11. Let B = Br(a) (@) be the maximal copy of an open ball. Then
there is a unique copy of a half space H which contains B.
Proof. First we show the existence. Without loss of genemli‘g7 we may assume that

r(a) =1and A(a) =e = (0,...,0,1). Since A restricted to B is a homeomorphism,
we may assume

[y

§|§ = T‘(ZL'\)2 (QO)Ea

where B is identified with B. R N R
Now by the maximality of B, we can find a radius {* of B which is a complete
half line. We may assume [ = A(l*) = {z1 =+ = 24-1 = 0,0 < 2y < 1}. Then

the parametrization of [ is
1
lt)y=10,...,0,—
(0= (00 57)
where t € [0, 00).

Let Z be a point in B. We define

— —
0(z) = arccos 1902007, 09)|
|l - llell

to be the angle of x = A(Z) and e considered as vectors, where o is the origin of
R4. Then we have following sublemmas.

Sublemma 5.12. We have

~

d(#,1,) > 0(z), forZ e B,

where lg ={x1=---=24,-1=0,0<z,<2} CB andlZ is the lift of I, to B.
Proof of Sublemma 5.12. We work in B, and it suffices to show that

d(x’ lq) Z 9(1’),

where d is the metric obtained from d by projecting by the homeomorphism A|z.
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Let 7 be a piecewise smooth path in B from z to a point in [,. So «y is a mapping
from [0,1] to B.

We denote by | - || the Euclidean metric. We write v(t) = ||v(¢)| ¢(t); then we
have

Dy = Dy + o) 2 o).

d
On the other hand, since ||¢(t)|| = 1, we have g (gp(t), —Sp(t)> = 0. So we have

lle @)1 + I (6)]?

2

(t) (t)

de
T (t)

g

2
[l
dt

dt

2
> ()]

Now we define

dy
P (t)

1
lengthz(v) = / dt,
0 g

where g denotes the metric obtained from g by projecting by A|z.

We claim that 7(y) < ||y|| holds for any § € B. Suppose the contrary; then the
origin of R? is contained in A = BU {z € RY; ||z — y|| < 7(¥)}, which has a copy
containing @. This contradicts the completeness of ZA*, since the projected image of
the intersection of [ and any copy of an open ball By C A centred at the origin is

not of the form I’ N By, where I’ is a complete half line in R?. Consequently we
have

N 1
9z = —=4o0-
[E4]
It follows that we have
dy
1 g(f)H
lengthz(v) > / —dt
LR A T
1
dy
> —(t)|| dt
[z
> 0(x).
This implies d(z,1,) > 0(x). O

Sublemma 5.13. Ify € M* is not contained in §, then there is a positive real

~T o~

number €y such that d(y,1*) > €y holds.
Proof of Sublemma 5.13. We identify B and B, and define
C, = {7 € B; 0(%) = ¢},

~ = |l= 4

B, ={Z=(21,...,24) € B; ex”=§,xq>1},
- ~ 4 — 5

B, ={Z=(21,...,24) € B; 3 < HewH < 37 %a > 1},
~ =~ = 5

Bn, ={z = (x1,...,24) € B; exH:§,xq>1},
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where e denotes the centre of B. By choosing ¢ sufficiently small, we may assume
that B, N Cy, # ¢ and By N Cy, # ¢.

Let v be a piecewise smooth path in M* from ¥ to a point in 1*. Since ¥ is not
contained in B , we have the following possibilities:

1) ~ intersects both B; and By, or

2) ~ intersects C,.
If we have case 2), then by Sublemma 5.12 we have length ;(v) > .

Now we assume that v does not intersect Cy,, so we have case 1). Since y does
not intersect Cy,, we may assume ~[to,t1] = ¥[0,1] N B,,. Recall that we have
() < |ly|l for any § € B; then

lengthz(v) > /t:l
Aol >' ]

2/
t()

,t05

dy
— (1)
dt |,

deH

dt

dt

\/

IV
OT.I —

If we put ¢g = Hlln{5,(p} then we have d(y,l ) > €. O

Now we return to prove Proposition 5.11. Notice that Zt = p‘lf*(t) is a single
leaf of F. By Lemma 5.5 we have a compact foliated manifold Mp = M \ Int U
which contains 7(p~1(I*)), where Int U denotes the interior of U. Since Mp is
compact, we can choose an increasing sequence {t;} of positive real numbers such
that if we choose points ¢; of Zti appropriately, then {m(c;)} converges to a point
cin Mg. Let L. be the leaf of F which contains ¢, and Z a lift of L.. Now we
assume d(m(c1), c) is small enough; then by Sublemma 5.13 we can find a . point
b € B which satisfies p(L.) € 1 (M)b. So we may assume that b = p(L.) € B.

Then there is a sequence {%} of m (M) such that d(b “1(1*(t;))) converges to
zero. Since 71 (M) acts on M* as an isometry, we see that d(% (b), 1*(t )) _converges
to zero. Then we may assume by virtue of Sublemma 5.13 that ~;(b (A)

Now we pass to the model B, and take elements f; = ¢(v;) of Slm(Rq) and
b= D(L.) € B. Then by passing to a subsequence if necessary, we have

1) filb) e B

2) 6(fi(b)) converges to 0.

3) fi(b) converges to 0 € RY.

For an element f of Sim(RY), we write f(z) = rAx + v, where r > 0, A € SO(q),
and v € RY. Then we define |f| = r, and P(f) = A. Now we may assume

4) P(f;) converges to an element Py of SO(q).

Noticing that
(fi®) _ IO
r(b r(b)

1fil =1

)

\/

we have
5) |fi| converges to 0.
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Furthermore we may assume, by taking ¢ and j sufficiently large, that (j > i > 1)
) P(fif _1) is sufficiently near the identity element id of SO(q).

|fj 1| = |f;1/1fil is sufficiently near 0.
—_—
Now by 2), 0f;(b) is almost parallel to e, and hence almost perpendicular to 0B.

Then by 6) and the fact that f; fj_1 is a Euclidean similarity transformation, we see
that

8) fifj_l(O)fi(b) is almost parallel to e and almost perpendicular to flf_l(aB)
Notice that since fzf_l(fj( ) € B, viv; ~1B* N B* is nonempty. Moreover, by the
similarity, f;f;” !B N B is connected, hence ViV, ~1B*N B* is a copy of f; Ii 'BnB.
S0 vi; ~1B* U B* is a copy of f; Ii 'BUB. Then the completeness of | shows that

9) fif;(0) & B, and
10) ff;1(B) #0.

We define 6; to be the Euclidean distance between f;(b) and 0B. Then condition
2) implies that 6;/[/f;(b)|| converges to 1. Notice that the open ball Ds,(f;(b))
centred at f;(b), of radius §;, is contained in B.

Let € be a positive real number less than 1. Then we may assume that we have
6i/ 1 fi(0)] > 1 —€/2, and || fi(D)[| <ee.

Now we claim that Hfifj_l(O)H < 3¢ holds for any integers i and j. Suppose the
contrary; then we can find integers 7 and j such that ||f¢fj_1(0)H > 3e. Then we
have

1851 ) £:0)|| [osis )|~ [|o 0
D

S 3e—¢€ _ 2¢
[orw] 15O

it 1|—‘

On the other hand, since Ds, (f;(b)) is contained in B, the ball
fif ;7 H(Ds, (f5(b))) = Dy 16, (fil0))

is contained in fifj_l(B).
Now we have, however,
|fif; 1] 6) > 26—

>2e(1 e) —2%—¢>e

15 ( )]l 2

This shows that the origin is contained in D|fz-f-’1|6j (fi(D)), because ||fi(b)|| < e.

Hence f; fj_l(B) contains the origin. This contradicts property 10). Thus the claim
is proved.
Consequently we may assume d(0, fifj_l(O)) is very small. Now 7), 8), 9), and

10) show that fif_l((?B) tends to the hyperplane {z € R%; z, = 0}. This shows
that for any x € {z, > 0}, we can find integers j > i > 1 such that f;f; 'B>u.
Thus the union UJ>>1>>1 fifj !B U B contains a half space H which contains B.
Since fif; !B U B has a copy containing @, H also has a copy H containing B.
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Now we show the uniqueness. Let H be a copy of a half space containing B.
It is clear that H = A(H) is tangent to A(B) = D,(q)(a) and the radius to the
point of the tangency is the developing image of a short complete line. That is,
there is a unique short complete line in M* which is contained in B. This shows
the uniqueness of H. O

Definition 5.14. We denote by (E) the unique copy of the half space as in
Proposition 5.11. We put H(a) = A(H(a)). Finally we denote by 7(a) the point
of tangency of H(a) and D, 4)(a).

Hereafter we use the same notations and conventions as in the proof of Proposi-
tion 5.11. Notice then that 7(a) = 0.

Since A is a local homeomorphism, it is injective on the closure H (@) of H(@) in
M*, and A(OH (a)) is an open set of 0H (a), the frontier of H(a) in RY.

Definition 5.15. We define L(d) = 0H (@) \ A(OH (a)).

Here we immediately see that « € L(a) if and only if there is a short complete
line I* such that I*(0) = @ and lim;—., {(t) = z. For any point y in 0H(a) \ L(a),
we denote by ¥ the unique point in 9H (a) such that A(y) =y

Lemma 5.16. For any point x in H(a) \ L(a), OH(Z) passes through 7(a), where
Z is the lift of x in H(@).

Proof. First we choose a point § near 2 contained in H(@). Then § € H(@)n H(z).
So H(a) U H(Z) has a copy in M*. Hence 7(a) & H(Z).

Now we suppose that 7(a) ¢ O0H(Z). We con81der the transformation f;f; ' =
(fif; ")~1. Recall that | f; f; "] is so small that f;f;" acts as a strong contraction;
then since the points f;(b), f;(b) and 7(a) are sufficiently near, it follows by the
contraction principle that f; fl-_1 has a fixed point near 7(a).

On the other hand, P(f;f;!) is sufficiently near the identity. Consequently
fif7'OH (%) is almost parallel to H (%) and nearer to 7(a).

Now we may assume that f;f; '(A(y)) € H(a), since P(f;jf; ') is near the
identity. Hence we see that H(@) N Yivi 'H(Z) # ¢. Therefore H(@) U H(Z) U
fif7 'H(Z) has a copy in M. This contradicts the fact that 7(Z) € L(Z). O

Lemma 5.17. L(a) is an Affine subspace of RA.

Proof. Let ,y in L(@). We can write z = 7(¢) for some ¢ € H(@), and y = 7(d).
Notice that L(a) = L(¢) = L(c/l\) Suppose that there is a point b on the line passing
through z and y and which does not belong to L(a). Since b is in H (a), we can
apply Lemma 5.16 to b and see that 0H (3) passes through 7(¢) = = and T(E) =y.
So 0H (E) must pass through b. This is absurd. O

Lemma 5.18. The correspondence a — L(a) is locally constant.
Proof. For any point bof H (@), Lemma 5.16 shows that O0H (3) passes through
7(a), and 7(a) € ( ). Since L(b) N H(a) = ¢ and 7(a) € L(b) N H(a), we have

A

L(b) c OH(@) N OH(b). Similarly we have L(@) C dH (@) N OH (b).
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Notice that H(@)UH (b) has a copy since b € H(a)NH (b). Now let z € L(@)\L(b);
then the fact that x € L(a) shows that = ¢ M*. On the other hand, the fact that
z & L(b) shows that = € M~

This is impossible, and hence L(a) C L(/l;) The same argument shows that

~

L(a) > L(b). Thus we obtain the result. O

Since M is connected, L(a) is independent of the choice of a € M. So we write
Lo = L(a). We may assume that L., is a vector subspace of RY.
Now we show that the image of A does not contain the point oco.

Proposition 5.19. The mapping A is a covering map onto a component of
R7\ L.

Proof. It is clear that the image of M by A is contained in RY \ Loo U {oo}. The
above lemmas show that Al : M* — RY \ L is & covering map. So it suffices
to show that A=1(c0) = ¢. This is clear in the case where dimgr Lo, > 0, because
00 € Loc.

Now suppose that dimg Lo, = 0, i.e. Lo = {0}, and A7 (00) # ¢. If ¢ > 2,
then R?\ {0} is simply connected and hence A|y;. is a homeomorphism. Thus M
is homeomorphic to R4 \ {0}. This contradicts our assumption.

We assume ¢ = 2; then M* is a covering of R2 \ {0} with covering degree n. If
n = 0, then the same argument shows that M=~ R?, which is a contradiction. If
we have n # 0, then it is clear that A cannot be a local homeomorphism near the
point oo. This is again a contradiction. O

Proof of Theorem C. Let dimg Lo, = go and consider R? = R% x R where
q1 = q — qo- When going down to R?, 7 is given by

Gy = — 590z, Where = (z1,22) € R x RT".

2|

This proves the theorem. ([
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