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LINEAR ADDITIVE FUNCTIONALS OF
SUPERDIFFUSIONS AND RELATED NONLINEAR P.D.E.

E. B. DYNKIN AND S. E. KUZNETSOV

ABSTRACT. Let L be a second order elliptic differential operator in a bounded
smooth domain D in R% and let 1 < a < 2. We get necessary and sufficient
conditions on measures 7, ¥ under which there exists a positive solution of the
boundary value problem

—Lv+v*=n in D,
v=v ondD.

*)

The conditions are stated both analytically (in terms of capacities related to
the Green’s and Poisson kernels) and probabilistically (in terms of branching
measure-valued processes called (L, a)-superdiffusions).

We also investigate a closely related subject — linear additive functionals
of superdiffusions. For a superdiffusion in an arbitrary domain E in R%, we
establish a 1-1 correspondence between a class of such functionals and a class
of L-excessive functions h (which we describe in terms of their Martin integral
representation). The Laplace transform of A satisfies an integral equation
which can be considered as a substitute for (*).

1. INTRODUCTION

1.1. Boundary value problem with measures. We start from a differential
operator

4, %

(V,; stands for the partial derivative with respect to ;) in a bounded smooth domain
D of R? with coefficients subject to conditions:
1.1.A. (Uniform ellipticity) There exists a constant sc > 0 such that

D aihid; ==Y N forall z € D, \,...,\q €R,
i.j i

1.1.B. aij € C27A(D>, b; € Cl’/\(D).l
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1960 E. B. DYNKIN AND S. E. KUZNETSOV

The classical boundary value problem

—Lv+v*=p inD,
(1.2) v=0c ondD

(with Holder continuous p and continuous o) is equivalent to an integral equation
(13 o)+ [ alw)ot)*dy = hw)

where

(149 ) = [ ooy + | kepowala)

g(x,y) is Green’s function, k(z,y) is the Poisson kernel of L in D and a(dy) is the
surface area on 9D. We interpret v as a (generalized) solution of the problem

—Lv+v*=n onD,
(1.5) v=v ondD

involving two measures 1 and v if the equation (1.3) holds with

(16) h(x) = /D oz, yn(dy) + /6  Kaydy).

In Theorem 1.1, we establish sufficient conditions on 1 and v under which problem
(1.5) has a solution. Necessary conditions are established in Theorem 1.2. The
equivalence of both sets of conditions follows from results in [17]. [Theorems 1.1
and 1.2 are still valid if D is not smooth. However, in general, the equivalence of
conditions imposed on v in the two theorems is not proved.]

Particular cases of problem (1.5) have been studied before. The case v = 0 was
treated in [2] and the case n = 0 was considered in [18]. Even earlier, Gmira and
Véron [22] have investigated a class of functions ¢ such that the problem

Av =1(v) on D,
v=v on 0D

has a solution for every finite measure v. This class contains ¢ (v) = v® with
(a+1)/(a—1) >d.

1.2. [L-diffusions. Suppose D is a bounded smooth domain and that L satis-
fies conditions 1.1.A,B. Then there exists? a strictly positive function p(x,y),t >
0,z,y € D such that:

1.2.A. If f is a continuous function on D with compact support and if

(L7 () = /D pe(y) f(y)d,

2This is proved (under weaker conditions on L) in Chapter 1 of [19].
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ADDITIVE FUNCTIONALS AND NONLINEAR P.D.E. 1961

then
Ouy
(1.8 uaix) = Luy(x),
(1.9 ug(z) — f(x) ast—0
and
(1.10) u(x) =0 asxz — z€0D.

(All partial derivatives of p which appear in (1.8) are continuous in (¢, x,y).)
Function p¢(x,y) has the following properties:
1.2.B. For all s,t > 0,z,2 € D,

/ ps(xvy>dypt(ya Z) = p5+t($, Z)
D

1.2.C. Forallt >0,z € D,

/ pe(z,y)dy < 1.
D

Therefore p;(z, dy) = pi(z,y)dy is a Markov transition function. It is well-known
(see, e.g., [6]) that there exists a continuous Markov process & = (&, II,) in D with
this transition function. We call it an L-diffusion. If { is the life time of £, then
&c— belongs to OD. By setting & = &— for t > (, we define an L-diffusion stopped
at the exit from D. Note that ( can be interpreted as the first exit time of this
process from D; often we use the notation 7 for it.

Now suppose that E is an arbitrary domain in R? and that L is a differential
operator in E which satisfies conditions 1.1.A, B in each bounded domain D with
D c E. Consider a sequence of bounded smooth domains D,, such that D, C Dyt
and |JD,, = E. The corresponding functions p}(z,y) increase monotonically and
they tend to a limit p;(z,y) which does not depend on the choice of D,, (this
follows from [19, Ch. 1]). There exists a continuous Markov process { in E with the
transition function p.(z,dy) = pi(x,y)dy (see, e.g., [6]). We call it an L-diffusion
in E.

1.3. G-equation. Markov semigroup, Green’s function g and Green’s operator G
for an L-diffusion £ are defined by the formulae

(111) T,f(x) = /E P, dy) (),

(1.12) g(z,y) = /OOO pi(, y)dt

and

(113 Gf(z) = / L ()t = [E o(e,9) 1 (9)dy.
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1962 E. B. DYNKIN AND S. E. KUZNETSOV

A positive Borel function h is called excessive if, for all x € E, Tih(z) < h(z)
and T;h(x) — h(xz) as t — 0. The case h(x) = oo for all = is excluded. Since
pe(x,y) > 0, the set {z : h(x) = oo} has the Lebesgue measure 0. There exist only
two possibilities: either g(x,y) = oo for all z,y € E or g(z,y) < oo for x # y. In
the first case, constants are the only excessive functions and all problems treated
in this paper are trivial. Therefore we concentrate on the second case.

Let 1 < a < 2. One of our goals is to find for which excessive functions h the
equation

(1.14) v+ G®) =h

(we call it G-equation) has a solution.® Note that if (1.14) holds almost everywhere,
then

h—G(v™ h < oo},
(1.15) b= { (v%) on {h < oo}

00 on {h = oo}
satisfies (1.14) everywhere.

Fix an arbitrary point ¢ € F and put

o) = 250 ity 2

(1.16) =0 otherwise.

There exist [see, e.g., [7]] a continuous injective mapping from F to a compact
metrizable space E and an extension of k(z,y) to E x E such that:

1.3.A. For every z € E, k(z,y) — k(z,2) asy — z € E\ E.

1.3.B. If k(-,y1) = k(-,y2), then y1 = ya.

We call E the Martin space. The set F = E \ E is called the Martin boundary.
For every y € E, h(x) = g(w,y) is an extremal excessive function.* We denote by
E* the set of all y € OF such that h(z) = k(x,y) is an extremal excessive function.
(E™* is a Borel subset of OF.) Every excessive function h has a unique representation

(1.17) h=Gn+ Kv

where 7 is a o-finite measure on F, v is a finite measure on E* and
(118) Gifw) = [ gtammidn), Kviw) = [ bty

(cf. (1.6)). Note that n(I') < oo for every compact I' C E. Indeed, if h(zg) < oo,
then an(T') < Gn(xg) < oo where a = ig?g(il)o, y) > 0.
y

Function f = Kv is L-harmonic, that is it satisfies equation L f = 0. L-harmonic
functions can be also characterized by the following mean value property: for every
bounded open set D such that D C E,

(1.19) I, f (&) = f(z) forall z e FE

where 7 is the first exit time from D.

3(Cf. (1.3).) When speaking about solutions of G-equation, we always mean positive solutions.
4This means if h = hy + ha and if hi1, ho are excessive, then hi, ho are proportional to h.
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ADDITIVE FUNCTIONALS AND NONLINEAR P.D.E. 1963

We fix a € (1,2]. Green’s capacity CG is defined on compact subsets of F by
the formula

(120 C6m) =su(n(r): [ gle.ada [ / g(x,y>n<dy>rg1}.

Analogously, the Martin capacity CK is defined on compact subsets of JF by the
formula

(121)  CK(T) = sup{w(T) : /E g(c z)dz { /F k(x,y)y(dy)r <1}

[By a Choquet theorem [3], CG and CK can be extended to all analytic subsets of
E and E*.] If n is a measure on E, then writing n < CG means that n(I') = 0 if
CG(T) = 0. Writing ¥ < CK has an analogous meaning.

It follows from the results in Sections 2 and 3 that:

Theorem 1.1. If h = Gn+ Kv and if
(1.22) n<CG, v<CK,

then G-equation (1.14) has a solution v which is defined uniquely on the set E(h) =
{h < x0}.

1.4. Operators G and K. Let £ be an L-diffusion in a bounded smooth domain
D stopped at the first exit time 7 from D. We introduce operators G and K acting
on functions with the domain S = Ry x E by the formulae

1.23 = d s(z,d —s,y) =11, ” —5,&s)ds,
(123  Gf(t.x) /Os/Dp@c DIt - 51) / F(t— s,€.)ds
and®

(1.249) Kf(t,x) =T, f(t —T1,&).

If f(t,z) = f(x) does not depend on ¢, then

Gf(t,x) =TI, / f(€)ds — Gf (),
KF(t ) = o f(€)Lrey — K f(2)

(1.25)

as t — oo. Here G is defined by (1.13) and®

5We extend each function to R x E by setting it equal to zero for negative t.

6Operator (1.26) is a particular case of the operator K defined by (1.18): if E = D is a bounded
smooth domain, then E* = 9D and I, f(é-) = [ k(z, y)v(dy) for v(dy) = f(y)a(dy) where k
is the Poisson kernel and a is the surface area on dD. Writing the same letter for both operators
should cause no confusion since one operator is applied only in the context of a smooth domain
D and the second one only in the context of the Martin boundary of E.
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1964 E. B. DYNKIN AND S. E. KUZNETSOV

The boundary of a cylinder @ = Ry x D consists of the side surface A =
(0,00) x OD and the bottom B = {0} x D. Besides the boundary value problem
(1.2), we consider also a boundary value problem for a parabolic equation

%—Lu—kuo‘:p in Q,
(1.27) u=o0 onA,

u=0 onB.
If p and o are Holder continuous, then (1.27) is equivalent to the integral equation
(1.28) u+G(u®) =Gp+ Ko.

1.5. Superdiffusions. Let £ = (&,II,) be a Markov process in a measurable
space (E, B) and let M = M(E) be the space of all finite measures on B. A (&, a)-
superprocess is a Markov process X = (X, P,) in M which satisfies the condition:
for every u € M and every positive B-measurable function f,

P, exp(—f, X¢) = exp(—us, 1),

(1.29) ut(x)—kﬂm/o o (£)%ds = TL (&),

We say that X is an (L, «)-superdiffusion if X is a right process and & is an L-
diffusion. The existence of such processes for 1 < a < 2 is proved, for instance,
in [13] (we refer to [8] and [9] for the history of this subject starting from the
pioneering work of Watanabe and Dawson).

In the theory of diffusion, a fundamental role is played by random points &,
corresponding to the first exit times from open sets D. An analogous role in the
theory of superdiffusion is played by exit measures Xp. In contrast to & which
can be defined through &, it is impossible, in general, to define Xp in terms of X;.
The probability distribution of Xp is defined by formulae similar to (1.29):

P, exp(—f, Xp) = exp (—u, u),
(1.30) u(z) +H$/ w(€s)ds = TL, f(£,).
0

The joint probability distribution of Xy, ,..., X, is determined by (1.29) and
the Markov property of X. Analogously, the joint probability distribution of
Xp,,-..,Xp, can be evaluated by using (1.30) and the following Markov prop-
erty: for every positive F5p-measurable Y,

(1.31) PAY|Fcp} =Px,Y
where Fcp is the o-algebra generated by Xpr with D’ C D and F~p the o-algebra
generated by Xp~» with D" D D.

We need even a wider class of exit measures [for instance, measures corresponding
to the exit from D before time t]. We introduce a random measure (Xq, P,) for
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ADDITIVE FUNCTIONALS AND NONLINEAR P.D.E. 1965

an arbitrary open set @ in S = Ry x E and an arbitrary finite measure p on the
Borel o-algebra in S. Its probability distribution is defined by the formulae

P, exp(—f, Xq) = exp (~u, ),

T

(1.32) ra) + T | " (s, €)% ds = T, [ £0e)
where
(1.33) T =inf{t:t > (t,&) ¢ Q}

is the first, after r, exit time of £ from @ and II,. ;Y = II,6_,Y describes a Markov
process with transition function p:(z, dy) which starts at time 7 from point . The
joint probability distribution of Xg,,...,Xq, is determined by (1.33) and by the
property: for every positive F5g-measurable Y,

(1.34) PAY|Fcq} = Px,Y

where Fcq is the o-algebra generated by X¢/ with Q" C @ and F5¢ the o-algebra
generated by Xo» with Q" D Q.

The existence of a family (X¢, P,) subject to conditions (1.32) and (1.34) is
proved in [8].

Formula j,.(z) = (r,z) defines a mapping from E to S. If y is a measure on E,
then j,.(u) is a measure on S concentrated on {r} x E. We set Pj (,) = Pr . It
follows from (1.32) that

P, exp(~f. Xq) = exp {— [ utr x)u(dx)} ,
E
(1.35) u(r, x) + Hm/ u(s +1,&)%ds = U, f (1 +1,&7).
0

Formulae (1.29) and (1.30) can be considered as special cases of (1.35) if we identify
X and Xp with the exit measures from S<; = [0,¢) x E and from R x D, projected
on E.

If 7 is the first exit time from D, then 7(¢t) = 7 At is the first exit time from Q; =
[0,t) x D. We call the process X, = Xq, an (L, a)-superdiffusion stopped at the exit
from D. If f(t,z) = f(x) vanishes outside D and if v;(z) = — log P, exp(—f, X}),
then v, (x) = —log P, exp(—f, X¢,) and (1.35) implies

PIL eXp<_f7 Xt> = €exp <_Ut7 :u>7

T(t)
(1.36) o) + 10, /0 Vi a(€)ds = L, f (£, ).

Formula (1.36) can be obtained from (1.29) by replacing { with an L-diffusion
stopped at the exit from D.

The shift operators 8; of a time-homogeneous process ¢ induce analogous opera-
tors for X (see [14, Section 1.12]). We have X, (0iw) = Xs1+(w) and, if @ = Ry x D,
then Xg(Ow,T') = Xg, (w,T+t) where Q; = S« U{7(Q)} with v, (r,z) = (r+t, z).
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1966 E. B. DYNKIN AND S. E. KUZNETSOV

It follows from (1.35) that
(1.37 P [ fls.)Xolds.do) = [ (oL (r,6.)
Q

[it is sufficient to apply (1.35) to Af and to take the derivative with respect to A at
A=0].

The following result (see Theorem I.1.8 in [8]) provides a link between superpro-
cesses and the G-equation.

Theorem A. Suppose that X is an (L, )-superdiffusion stopped at the exit from

D, p is a positive Borel function on D vanishing on 0D and o is a positive Borel
function on 0D. Then

(1.38) v(z) = —log P, exp {— {/ (p, X, )dt + (o, XD>] }
0
is a solution of the G-equation (1.14) where G is Green’s operator for L-diffusion
in D, K is given by (1.26) and”
(1.39) h=Gp+ Ko.

Moreover, for every u € M(D),

(1.40) P, exp {— [/OOO@, X,)dt + (o, XD>] } = e (vm)

We also need another implication of Theorem I1.1.8 in [8] [c¢f. Theorem 1.1 in
[16]].

Theorem B. Let X, D and p be the same as in Theorem A and let o be a positive
Borel function on D vanishing on D. Then

(1.41) u(t,z) = —log P, exp {— Uot<p, X,)ds + (o, XQ} }

is a solution of the equation (1.28). Moreover, for every u € M(D),3

(1.42) P, exp {— Uotg), X,)ds + (o, 5@] } — exp(—ut, ).

The range R of a superprocess X is the smallest closed subset of E which sup-
ports all measures X; (it supports, a.s., every exit measure Xp). We denote by R*
the minimal closed subset of the Martin space F which supports all measures X;.
A set I' C E is called R-polar if P,{RNT # 0} =0 for all z ¢ T'. A subset I' of
the Martin boundary OF is called R*-polar if P,{R*NT # 0} =0 for all z € E.°

We prove in Section 4:

"For x € D, u(z) = h(z) = o(z).

8We set ut(x) = u(t, z).
9R*-polarity is introduced only on F because R* NT' = R NT for every compact I' C E.
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Theorem 1.2. If h = Gn+ Kv and if the G-equation (1.14) has a solution, then
1 does not charge R-polar sets and v does not charge R*-polar sets.

We say that I' C E is G-polar if CG(I") = 0 and that T' C JF is K-polar if
CK(T') =0. By Theorem 1.1 in [17] [cf. Theorem 1.6 in [12]], the classes R-polar
and G-polar sets coincide. Theorems 1.1 and 1.2 imply:

1.5.A. All R*-polar sets are K-polar.

Indeed, if " is compact and if CK(T") > 0, then by (1.21), there exists a measure
v # 0 concentrated on I' such that

[E g, 2)da { / k(x,y)u(dy)} T

which implies

[ ste.ayaz | [ k(x,y)u(dy)r “x

for every B. Hence v(B) = 0 for all K-polar sets B. By Theorems 1.1 and 1.2,
v(B) = 0 for all R*-polar sets B. Therefore I' is not R*-polar.

If ¢ is an L-diffusion in a bounded smooth domain of R?, then a stronger result
than 1.5.A follows from Theorem 1.2 in [17]:

1.5.B. The classes of R*-polar and K-polar sets coincide.

It remains an open problem if 1.5.B holds in the general case. If it holds for
a diffusion £ and if X is the corresponding superdiffusion, then each of Theorems
1.1-1.2 gives necessary and sufficient conditions on A for the existence of a solution
of (1.14).

1.6. Additive functionals. Let X be a superdiffusion. We denote by F; the
o-algebra in {2 generated by the exit measures Xg for all  C S<;. A function
Ai(w) from [0, 00] x Q to [0,00] is called an additive functional of X if:

1.6.A. For every w, A; is monotone increasing in t.

1.6.B. A; is measurable with respect to the completion of F; with respect to all
measures P,, pp € M(E).

1.6.C. For every w, A; is left continuous in .

1.6.D. Agyy = As + 0, A; for all pairs s,t and all w.!?

All these conditions hold for

(1.43) Ay = /Ot<p, Xs)ds

where p is an arbitrary positive Borel function. By a limit procedure, we construct,
starting from (1.43), a class of functionals for which a weaker form of condition
1.6.D holds.

We say that a set A is &-polar if 1, {&; ¢ A for allt > 0} = 1 for all z. All &-polar
sets have the Lebesgue measure 0. A subset N of M(E) is called exzceptional if the
set {z : 6, € N'} is &polar and if, for all stopped superdiffusions X and for every
p¢N, P{X; ¢ N forall t} = 1.

10Let B(w) = sup{t : A¢(w) < oo}. Then there exists a unique measure A(w,dt) on [0, B(w))
such that A[0,¢) = A; for all t < 3.
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1968 E. B. DYNKIN AND S. E. KUZNETSOV

If h is an arbitrary excessive function, then the set A(h) = {x : h(z) = oo} is
&-polar and the set N(h) = {u: (h, ) = 0o} is exceptional.

We say that A is an additive functional with an exceptional set N if A satisfies
1.6.A, B, C and:

1.6.D*. Ay = As + 054, for all s,t,w € Qo and P,(Qo) =1 for all p ¢ N.

Two additive functionals A and A are called equivalent if there exists an excep-
tional set A" such that P,{A; = A; for all t} =1 for all u ¢ N.

Let h be an excessive function. An additive functional A with an exceptional set
N is called a linear additive functional with potential h if, for every pu & N,

(1.44) PuA = (h, p).

If Gp(z) < oo for some x, then the additive functional (1.43) is linear with
potential Gp (condition (1.44) holds for every p).

Theorem 1.3. Ifh=Gn+ Kv and if n < CG, v < CK, then h is the potential
of a linear additive functional A of X with an exceptional set N'. For every p ¢ N,

(1.45) PeAx = e~ (m)

where v is a solution of the G-equation (1.14).

Theorem 1.3 is proved in Section 3. Theorem 1.1 follows immediately from
Theorem 1.3 and a uniqueness Theorem 2.1.

Remark. The construction of A in Section 3 implies that A depends linearly on h.
More precisely, if A* corresponds to h?, then, for every ci,cs > 0, the functional A
corresponding to c1h! + coh? is equivalent to c; A 4+ c3A%. Therefore, if h, h and
h — h are excessive functions and if v, ¥ are the solutions of (1.14) corresponding to
h and h, then & < v outside a &-polar set.

In Section 4 we establish:

Theorem 1.4. If h is the potential of a linear additive functional with an excep-
tional set N, then h = Gn+Kv with n vanishing on all R-polar sets and v vanishing
on all R*-polar sets.

Linear additive functionals of superprocesses have been introduced in [11] (in a
time-inhomogeneous setting). There a linear additive functional corresponding to
a bounded excessive function h was constructed for a (&, 2)-superprocess where ¢ is
an arbitrary right Markov process. (No exceptional set is needed in this case.)

The case of an (L, a)-superdiffusion with an arbitrary o € (1, 2] was investigated
in [15]. For h = Gn with n < CG, a functional A was constructed, subject to
conditions 1.6.A, B with the property, for every u € MO,

1.6.D**. A1y = As + 0,A; Py-as. for all s,t.

Here MY is the set of measures of the form p(dz) = p(x)dz with [ p(x)® dz < oo
where o/ = a/(a — 1). Condition (1.44) was proved also only for u € M°. (Note
that M? is not the complement of an exceptional set!)

Recent results of Le Gall [23] on additive functionals of the Brownian snake can
be translated into our language as follows: if h = Kv with v < CK, then there
exists a functional of an (A, 2)-superdiffusion which satisfies conditions 1.6.A, B,
C, (1.44) and 1.6.D** for P, for almost all x.
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Additive functionals with an exceptional set have been introduced, in a different
context, by Fukushima [20]. In his setting, X is a symmetric Markov process
associated with a Dirichlet form and an exceptional set is a polar subset of the
state space (in the sense of theory of Dirichlet spaces).

1.7. We have the following logical implications: 4 = B = C = D where:
A: h=Gn+ Kv with n < CG,v < CK;
B : his the potential of a linear additive functional A with an exceptional set N
Moreover for every u ¢ N,

Pue_Aoo — €_<v7u>

where v is a solution of the G-equation (1.14).

C : h is the potential of a linear additive functional A.

D: h = Gn+ Kv with n vanishing on all R-polar sets and v vanishing on all
R*-polar sets.

We get A = B by Theorem 1.3 and C = D by Theorem 1.4. The implication
B = C is trivial.

If 1.5.B holds for a diffusion £ and if X is the corresponding superdiffusion, then
D — A and all four statements A, B,C and D are equivalent. In particular, this is
true if £ is an L-diffusion in a bounded smooth domain D. This also is true for an
arbitrary domain E if we consider only excessive functions h = G7 (in other words
if we set v = 0).

Acknowledgments. The authors are greatly indebted to N. V. Krylov. The
first author, during his visit to the University of Minnesota in January 1995, had
a number of stimulating conversations with Krylov on the subject of quasi-linear
PDEs. A result of these discussions was a considerable simplification of proofs in
Theorems 2.1 and 2.2.

2. G-EQUATION
2.1. Monotonicity and uniqueness.

Theorem 2.1. Let & be an L-diffusion stopped at the first exit time T from an open
set D, and let G, K be given by (1.13),(1.26). Suppose that 1 is a measure on D,
w, U, 0 > 0 and, for almost all x,

(2.1) G+ GUY) =u+GuY) +Gn+ Ko < .

Then @ > u at every point of the set (2.1). If n =0 and o = 0, then 4 = u on the
same set.

An analogous result holds for the G-equation. For every measure n on S we put

(2.2) Gn(t,z) = / /D Pr—a(,y)n(ds, dy)

(cf. (1.23)). If n(ds, dy) = dsn(dy), then

(2.3) n(t, x) /ds/psxy (dy) — Gn(x)

as t — oo.
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Theorem 2.1*. Let £ be the same as in Theorem 2.1 and let G,K be given by
(2.2),(1.24). Suppose that n is a measure on S, u, 4,0 > 0 and, for almost all t,z,

(2.4) U+ G(aY) =u+Gu*)+Gn+ Ko < .

Then @ > u at every point of the set (2.4). If n =0 and 0 =0, then G = u on the
same set.

We use as a tool a process (&, [14Y) with z,y € D. Its finite-dimensional distri-
butions are given by the formula

LY &, €dyr,.... &, €dyn,tn <t <T}
(2.5) = pi, (2, dy1)Pry—t, (W1, dy2) - Pro—tn s Yn—1, AYn)Dt—t,, 1 (Yn, Y)

forall 0 < t1 < --- < t, <t. (Here p,(z,dy) is the transition function and p;(z,y)
is the transition density of the part of £ in D.)!!
Let f be a positive Borel function. Formula

20 (o) = { e - [ t o))}

defines the transition density of a Markov process obtained from £ by killing with
rate f(x) at point .
Operator G, corresponding to p? by (2.2) can be expressed by formula

S

@1 Gt =t [ dspi—sg)en{- [ ott—rer).

We prove Theorem 2.1*. (Proof of Theorem 2.1 is similar but simpler.) We need
two lemmas.

Lemma 2.1. 2 (i) Let p be a Borel function on S. Equation

(2-8) Gp — g«pp = g«p (‘ng)

holds on the set {G|p| < oo}.
(i) If n is @ measure on S, then

(2.9) Gn — Gon = Gp(vGn)

on the set {Gn < oo}.
(iii) For every positive Borel o, equation

(2.10) Ko — Kyo =G, (pKo)
holds on the set {Ko < co}.

11 Normalized measure I1Y can be obtained by conditioning the diffusion £ started from point
x to come at point y at time ¢.
12Cf. [5]. This result can be interpreted as the resolvent form of the Feynman-Kac formula.
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Proof. 1°. It is sufficient to check (2.8) for p > 0. We use (1.23) and (2.7), the
Markov property of £, Fubini’s theorem and relation

/daYaexp{—/ Yrdr}—l—exp{—/ Y,ﬂdr}
0 0 0

which we apply to Ys = p(t — s,&s).

2°. Put
(2.11) pa(w)z/l)pa(w,y)n(dy)-
Note that
(212 Goota) = [ at [ i)

We get (2.9) by applying (2.8) to p. and by passing to the limit as e — 0.
3°. Formula (2.10) can be proved in the same way as (2.8).

Lemma 2.2. Suppose that p,0 > 0 and that, for almost all t,x,

(2.13) Gn+ Ko + Glpw| < oo
and

(2.14) w + G(pw) = Gn + Ko.
Then

(2.15) w=Gyn+ Kyo

at every point (t,x) where (2.13) and (2.14) hold.

Proof. We have

(2.16) Gy (pw) + GolpG (pw)] = Gy (Gn) + Gy (pKo).

On the set defined by (2.13) and (2.14), the left side in (2.16) is equal to G(pw)
by (2.8) and, the right side is equal to Gn + Ko — G,n — K,0 by (2.8) and (2.10).
Therefore G(pw) = Gn + Ko — G,n — Kyo and (2.15) follows from (2.14).

Proof of Theorem 2.1%. Denote by S the set defined by (2.4). Put w =4 —u on S
and w =0 on E\ S. There exists a function ¢ > 0 such that 4% — u® = gw a.e.
Equation (2.4) implies (2.14). Since G|pw| < G(u®) + G(4*) < oo on S, Theorem
2.1* follows from Lemma 2.2.
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2.2. Properties of G and G. In this subsection we deal with operators corre-

sponding to an L-diffusion £ in a bounded smooth domain D. We denote by |lul|
the norm of u in L!(D). For a function f on S =Ry x D and for b € R, we set

ﬁb(f)—/ob/D|f(r,x)|drd:c.

We need the following results.
2.2.A. There is a constant C' such that

/ g(x,y)de < C for all y € D.
D
2.2.A*. For every b > 0, there exists a constant C' such that
/pt(x,y)dng forall ye D,0<t<h.
D

2.2.B. If f, is a sequence of functions such that ¢,(f,) are bounded for every
b, then the sequence G f, contains a subsequence which converges a.e. (relative to

drdx).
2.2.C. Let
6 = sup ¢*(x)
€D
where
d d

(217) C>k = Z ViVjaZ—j — szbz

ij=1 i=1
Then
(2.18) / FsignGfdz > —0||Gf|

D

for all f € LY(D).
Properties 2.2.A and 2.2.A* follow from well-known bounds for g(x,y) ([24,
Chapter 3]) and pi(z,y) ([19, Chapter 1]).

Proof of 2.2.B. Denote by s a function equal to 0 for |¢| < §/2, equal to 1 for
[t| > 6 and linear on [—6, —¢/2] and on [6/2, 6]. Formula

Gsf(t,x;8,y) = ps(t — s)pi—s(x,y)

defines a continuous kernel on S, = [0,b] x D. The corresponding operator Gs is
compact in L'(S}) because functions Gsf,, are equicontinuous for every sequence
fn bounded in L(Sp).

By 2.2.A* and Fubini’s theorem,

(G — Gof) = /S didz /3 (1= @s(t — 8)lpr—s(, ) f (s, )| dsdy

(s+86)Nb
< / dsdylf(s,y)| / dideps—.(z,y) < CSE(S).
Sp s
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Therefore G is a compact operator in L(S,). We get 2.2.B by the diagonal proce-
dure.

Proof of 2.2.C. 1°. Suppose that ¢ is a bounded increasing continuously differen-
tiable function on R such that ¢(0) = 0. Suppose that

(2.19) u € C*(D), u=0 on 0D.

Put ®(t fo ©(s)ds. By integration by parts, we get

_/D o(u Ludx_/ [Za”@ VuVu+Z 3" Viai; + bi)p(u)Viu|de

J

(2.20) / Zaljtp )WViuVju — c*®(u)]dx
and therefore
(2.21) —/Ddxgp(u)LuZ —9/D O (u)dz.

2°. Suppose u = Gf with f € C2. Then u satisfies (2.19) and Lu = —f. By
(2.21),

(2.22) /D o(u) fdz > —0 /D ®

An arbitrary f € L'(D) is the strong limit of a sequence f,, € L'(D) N C?%. Let
Up = Gfn,u=Gf. We have

23 [ o) [ olun)fuds = [ o) = fa)do+ [ (otu) = plun)fde

By 2.2.A, u,, — u in L}(D). Therefore a subsequence u,, converges to u a.e. and
the second term in the right side of (2.23) converges to 0 along this subsequence.
The first term also converges to 0. Since (2.22) holds for f,, it holds also for f.

3°. By applying (2.22) to a sequence of functions ¢, which converge boundedly
to signu and by passing to the limit, we get

/f81gnu dx > 9/ |u|dx

which is equivalent to (2.18).

2.3. Existence. Suppose that £ is an L-diffusion stopped at the first exit time 7
from a bounded smooth domain D, L satisfies conditions 1.1.A-B, p is defined by
condition 1.2.A and g is the corresponding Green’s function defined by (1.12). We
consider a function in D defined by the formula

(2.24) h=Gn+ Ko

where 7 is a finite measure on D and o is a positive bounded Borel function on
dD. Put D(h) = {h < oo}, D(h,a) = {h 4+ G(h*) < oo} and N(h,a) = {p :
(h+ G(h*), u) = oo}. Note that D(h, «) is either empty or is the complement of a
&-polar set. Let Q(h) =R4 x D(h) and Q(h,a) = R4 x D(h, ).
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Theorem 2.2. Suppose that D(h,«) is nonempty. Then there exists v > 0 such
that

(2.25) v+ GY)=h on D(h,a).
Equation (2.25) determines v uniquely on D(h,a). We have
(2.26) [ < 2Cn(D) + Ci(0)

where C'is defined in 2.2.A and Cy(0) does not depend on 1. Let X be an (L, a)-
superdiffusion stopped at exit from D and let

(2.27) ve(x) = — log P, exp {— Uom<p€,)2t>dt (o, XD>] } ,

(2.28) u.(t,z) = —log Py exp {— [/Ot@s, Xs)ds + (o, XQ} }

where o =0 in D, p. is given by (2.11) in D and it is equal to 0 on D .
We have

(2.29) Eh_I% ve(x) =v(x) on D(h,a),
(2.30) i% ue(t,z) =u(t,x) on Q(h,a)

where v is the solution of (2.25) and u is the solution of the equation
(2.31) u+Gu*)=3Gn+Ko onQ(h,a).

Moreover, if u & N(h,a), then

(2.32) (ve, ) — (v, )
and
(2.33) (ug, p) — (u', p)
for all t.
Pinally,
(2.34) ut,z) Tv(x) as t—oo onQh,a).

Proof. By Theorems 2.1 and 2.1*%, each of the equations (2.25) and (2.31) has no
more than one solution. We split the proof of Theorem 2.2 into three steps. First,
we establish a bound for ||v¢||. Then we use this bound to prove formulae (2.30)
and (2.33). Finally, we establish (2.34), (2.29), (2.32), (2.25), (2.31) and (2.26).
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1°. Tt follows from (2.12) that
(2.35) he <h and h.Th as e€—0

where h, = Gp:. + Ko. By Theorem A and (1.19), v. given by (2.27) satisfies
equation

(2.36) ve + G([ve]®) = he
and
(2.37) w(x) = —log P, exp{— {0, Xp)}

satisfies equation
(2.38) w+ G(w) = Ko.

Note that functions p.,w and Ko are bounded and

(2.39) ve —w = G(Fy)
where

(2.40) F.=p. —vd +w”.
By 2.2.C,

/FE sign(ve — w)dx = /FE sign GF.dx > —0||v. — w||
and, since sign(v® — w®) = sign(v. — w), we have
(2.41) [ —w?| = /(W? —w*)sign(v? — w*)dzx < ||pcl + 0l|ve — wl|.
By 2.2.A* and (2.11),
(2.42) llp=|| < Cn(D).
Note that, if a > 1, then for every 6 > 0, there exists a constant Cs such that
(2.43) |b—a| < 616% —a®| + Cs
for all reals a,b. It follows from (2.41), (2.42) and (2.43) that
(2.44) |[vg — w|| < 06||ve — w|| + Cn(D) + 6Cs.
If 660 < 1/2, then

(2.45) [0 — w®|| < 2C3(D) + 20Cs.
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Since w < Ko and o is bounded, (2.45) implies
(2.46) [0l < 2Cn(D) + Ci(o)

where Cy (o) = 20Cs + || (Ko)“||.
2°. By (1.23), (2.12) and (2.24),

(2.47) Gp: + Ko < Gp. + Ko < h.
By Theorem B,
(2.48) e + G(ud) = Gpe + Ko

and -
W (t,z) = —log Py exp{—(c, Xt}

is a solution of the equation

W + G[We] = Ko.

We have

(2.49) u. — W = G(F;)
where

(2.50) F. =pe —ug +W*.

By (2.28) and (2.27),

(2.51) ue(t, z) < ve(x) for all ¢, z.
For every b, by (2.46) and (2.51),

(2.52) b~ [(ue)?] < [v2 |l < 20n(D) + Ci(0).

It follows from (2.11) and 1.2.B that

t
253 Goettn) = [ ds [ puGoomta) < o)
and therefore
(2.54) Gp: —Gn as e —0 on D(h).
For every b, {,(F.) are bounded by (2.50), (2.42) and (2.52). By (2.49) and
2.2.B, every sequence u,., contains a subsequence which converges, a.e., to a limit

u. Suppose u., — u a.e. By (2.48) and (2.47), u. < h. It follows from (1.23) and
the dominated convergence theorem that

(2.55) 9l(ue, )] = Gl(w)*]  on Q(h; ).
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By (2.55) and (2.48), u satisfies (2.31) a.s. Formula (2.30) holds because, otherwise,
|te, —u| > & for some (r,z) € Q(h,a),6 > 0 and for some sequence ¢, — 0. By
applying once more the dominated convergence theorem, we get (2.33).

3°. Tt is clear from (2.28) that u.(¢,x) is monotone increasing in ¢. Therefore
for every x € D(h, ), u(t,z) is also monotone increasing in ¢. By the monotone
convergence theorem, v(z) = tlg& u(t, z) satisfies (2.25). Formula (2.26) follows

from (2.52) and (2.34).
Note that u. < ve and, by (2.30) and (2.34), lim iglf ve > v on D(h,a). On the
E—
other hand, it follows from (1.25) and (1.13) that G(u%) < G(v2) < G(vZ) and, by
(2.48), (2.36), (2.12), (2.53), (1.25) and (1.26),

0<v —ut < / ds / pe(a,y)0(dy) + T (€ )Ly
t+e D

and therefore lim sup ve < v on D(h, «). Clearly, this implies (2.29). Formula (2.32)

e—0
can be deduced from (2.33) in an analogous way.

3. PROOF OF THEOREM 1.3

3.1. We use several times a property of exit measures which will be established in
Lemma 3.1. We start from a functional

(3.1) Bt(s):/o (pe, Xo)ds + Cy

where p. is given by (2.11) and C is a left continuous modification of (o, X;) which
we define in Lemma 3.2. Put

(3.2 B, = lirl? med By (1/k) forall t>0

where lim med is Mokobodzki’s medial limit. It is defined for every sequence a,, €
[0,00] and it takes values in [0, 00]. We need the following properties of this limit
(see, e.g., [4, X.56, X.57]):

3.1.A. liminf a, <limmeda, <limsupa,;

3.1.B. limmed(a, + b,) = limmed a,, + lim med b,,;

3.1.C. If a,, <b, for all n, then limmed a,, < limmedb,;

3.1.D. Let Z,, be measurable mappings from a measurable space (9, F) to
[0,00]. Then Z(w) = limmed Z, (w) is measurable with respect to the
universal completion of F. If P is a probability measure on (§2, F) and
if Z,, — Y in P-probability, then Y = Z P-a.s.

In Theorem 3.1, we construct a functional B of an (L,a)-superdiffusion X
stopped at the exit from a bounded smooth domain D which satisfies conditions
1.6.A, B and the following condition:

(3.3) Bsyy < Bs+60:B; as. for every s,t.
Moreover, for every p ¢ N (h, a):

(3.4 B, = i% Byi(e) in P,-probability for all ¢ € Ry
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and
(3.5) —log Pye™ Bt = (uf, )

where u satisfies (2.31).

The next step is a passage to the limit from bounded smooth domains to an
arbitrary domain E. We assume that h is given by (1.17) and that E(h,a) = {h <
00, G(h*) < oo} is nonempty. We consider a sequence of bounded smooth domains
D,, which approximate F and we denote by G", K™ the Green and Poisson operators
corresponding to the L-diffusion stopped at the exit from Dy,. Put o, = 1p\p, Kv
and denote by B™ the function corresponding to

(3.6) i) = / g™z, y)n(dy) + Kon(z)

n

by Theorem 3.1. By 3.1.C, D, function

(3.7) B; = limmed B}

n—oo

satisfies 1.6.A, B. We show that, for every u ¢ N (h,a) and every t,

(3.8 B, = nhlrolo B} P, —as.
Function A; = B;_ satisfies 1.6.A-C and 1.6.D** with ' = A/(h, a).

At the final stage, we use Lemma 3.3 to decompose measures 7, v, subject
to condition (1.22), into series of measures 7,,v, for which E(h,,a) # 0 (here
hn = Gn, + Kv,). The functional corresponding to 7, v is defined as the sum of
functionals corresponding to 7y, V.

This way we obtain a functional of X, subject to conditions 1.6.A, B, C, for
which 1.6.D** and (1.45) hold for all p outside of an exceptional set N. Then
we refer to a result in [4] to prove the existence of an equivalent functional which
satisfies 1.6.D*.

3.2. A property of exit measures.

Lemma 3.1. Suppose that Q1 D Q2 are open subsets of S and TN Q1 = (. Then
X, (D) = Xg,(T) as.

Proof. For every v € M(E), P,{Xq,(T') > v(I')} = 1. Indeed, I, ,{7" =r} =1

for every (r,x) ¢ @1 and, by (1.32), for every A > 0,

Pe e — g=(vaw)

with vy = Alp on I'. Hence,

(3.9) P Mar(l) < oA,

Put Y = Xg,(T) — v(T). By (3.9), P,e=*¥ <1 for all A > 0 and therefore Y > 0
P,-a.e.

It follows from (1.34) that, for every positive measurable f, P,f(Xq,,Xqg,) =
P,F(Xq,) where F(v) = P,f(v,Xq,). If f(vi,12) = 1,,(r)<w, (1), then F(v) =
PAv(I) < Xq, ()} = L.
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3.3. Regularization of (o, X;).

Lemma 3.2. Let X be an (L, )-superdiffusion stopped at the exit from a bounded
smooth domain D and let o be a positive Borel function on D which vanishes on
D. There ezists a function Cy subject to conditions 1.6.A—C such that, for everyt,

(3.10) Cy={0,X;) as.

Proof. Put Y; = (0, X;). Recall (see Section 1.5) that X; = Xg, where Q; =
[0,¢) x D. It follows from Lemma 3.1 that X,(T') < X (T') a.s. if r < s and
I'NnQ@s = 0. Since 0 = 01in Qs, Y, <Y, a.s. Denote by Q the set of positive
rationals. The set

Q={Y, <Y, forallr <se€QinN[0,t)}

belongs to F; and P,{Q:} =1 for all 4 € M(D). Function

lim Y on {2,
C, = sTt,s€Qy

00 otherwise
satisfies conditions 1.6.A—C. It remains to prove that Y; = C; a.s. By Theorem B,
(3.11) —log Pye™t = (u', )
where u is a solution of the equation
(3.12) u+ G[u®] = Ko.

By (3.11), u(t,z) is monotone increasing in ¢. Put u_(¢,x) = u(t—,x). Since
I, {7 = ¢} = 0 for all ¢, function Ko is continuous in ¢. By passing to the limit in
(3.12), we get

u_ + Gut] = Ko.

By (1.25), functions Ko < Ko are bounded and, by Theorem 2.1* u_ = u. By
(3.11), P,e=Yt = P,e~%. Since V; < C4, this implies (3.10).

3.4.

Lemma 3.3. Letn and v satisfy condition (1.22). Then there exist measures ny,, vy,
such that

and
(3.13) G(hi)(c) < o0

where hy, = G, + Kvy, and c is the same as in formula (1.16).

Proof. Since (4£2)* < 1(a® +b®) for all o, a,b > 0, we can assume that n = 0 or
v = 0. We refer to [18, Theorem 2.2] in the first case and [2, Lemma 4.2] in the
second case.
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3.5.

Theorem 3.1. Let X be an (L, )-superdiffusion stopped at the exit from a bounded
smooth domain D and let h,n, p. and o be as in Theorem 2.2. If Bi(e) is defined
by (3.1), then function By given by (3.2) satisfies conditions 1.6.A, B, (3.3), (3.4)
and (3.5).

Proof. Properties 1.6.A, B follow from 3.1.C, D. By Theorem B,
1

(3.14) use(t,x) = —log P, exp{—i(Bt(é) + Bi(e))}

satisfies the equation

1
Use + g[u?a‘] = §(gp5 + gpa) + Ko.

The same arguments as in the proof of Theorem 2.2 show that, for all u ¢ N (h, a)
and all ¢,

(3.15) (upe, p) — (u',p) as 6,6 —0

where u is the unique solution of (2.31).
By Theorem B,

(3.16) P, [emBu@/2 _ o=Bu®/2]" _ o= (utom) 4 o=(ubsm) _ 9o (b
for every p € M(D). If u ¢ N(h, ), then, by (3.15), the right side in (3.16) tends
to 0 as 6, — 0. Hence e~ Pt(¥) converges in L?(P,) as € — 0 which implies that
By (g) converges in P,-probability to a limit B}'. It follows from 3.1.D that B; = B
P,-a.s. which implies (3.4). To prove (3.?1), we note that X; = Xq(y) where Q(t) =
[0,%) x D. Therefore (see Section 1.5)) 0 X; = X¢(,,+) where Q(s,t) = S<,UQ(s+1)
and, by Lemma 3.1, <p6,€th> > (pe, Xope) and (0,0,X,) > (0, Xoy) a.s. Clearly,

restrictions of measures X, and X4 to [0,s) x 0D coincide, and, by (3.1),
(3.17) Bs(e) + 0sBi(e) > Bsyi(e)  aus.

and (3.3) follows from (3.2).
Let u ¢ N(h,a). By (1.42),

—log Pe™ P = (ul, )

where u, is given by (2.28). By (3.4) and (2.33), this implies (3.5).

3.6. The next step in the program outlined in Section 3.1 is a passage to the limit
from bounded smooth domains to an arbitrary domain E. Recall that, according to
Section 1.2, L-diffusion £ in E can be constructed by using a sequence of bounded
smooth domains D,, such that D,, C D,+1 and E = |JD,,: the transition density
pe(x,y) of € is the limit of monotone increasing sequence py*(z,y) defined in 1.2.A (it
is convenient to set pi'(x,y) =0 if x ¢ D,, or y ¢ D,,). Green’s functions ¢"(z,y),
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g(x,y) and Green’s operators G™, G corresponding to p™, p are determined by (1.12)
and (1.13). Operators K™ correspond by (1.26) to the first exit times 7, from D,,.

Let X be an (L, a)-superdiffusion in F and let X™ be an (L, a)-superdiffusion
stopped at the exit from D,,. Denote by Y;" the restriction of X;* to D,,. By Lemma
3.1, for every t and every n,

(3.18) Y <YM as.

By (1.37),

PuYt”(B)Z/u(dw)/p?(w,y)dyT/u(dw)/pt(%y)dy:PMXt(B)
E B E B

and therefore

(3.19) Y"1 X: as.

3.7. Let h be given by (1.17) with finite measures 7 and v. Suppose that E(h, a) #
0. Put f = Kv. By (1.19) and (1.26),

f(z) = Uyon(§r,) = Ko ()

where 0, = 1p\p, f. We define B" and B as in Section 3.1. By 3.1.D, to prove
formula (3.8), we need only show that B}* converges P,-a.s. as n — co. Put

(3:20 ACENRVRAIE

By 3.1.B,
B =7+ C}
where

zZ = lirglmed ZM(1/k).

For every n, p"*t! > p? and, by (3.20) and (3.18), Z}*(¢) is, a.s., monotone increasing
in n. By 3.1.C, sequence Z;* has the same property and therefore it converges P,,-
a.s.

On the other hand, since f is L-harmonic, it follows from the Markov property
(1.34) that the sequence W, = (f, X;") is a martingale with respect to P,,. Therefore
C}* also converges a.s.

3.8. Put S(h,a) =Ry x E(h,a). By Theorem 2.2, for every u ¢ N(h,a),
—log P,e™ B = / U (t, ) p(dx)

where u,, satisfies the equation

(3.21) un(t,x)—i—/o ds/D Py (x,y)un(s,y)%dy = Hp(t,z) on S(h,a)
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with
t

(3.22) Ho(t7) = / ds / o (@ y)n(dy) + T F(En ) 1r 1.
O n

Moreover, by (2.28), (2.30) and (3.20),

(3.23) un (b, ) = — HH(IJ log Py exp{—B;'(e)} on S(h,a).
E—
By (3.4),
un(t,z) = —log Pre™ 5" on S(h,a).
By (3.8),
(3.29) un(t, ) — u(t,z) = —log Pre Bt on S(h,a).
Note that

wa(grn)l‘rn<t = f((.E) - Hmf(gt)l‘rnZt

and therefore H,, converges to

(3.25) H(t,z) = /0 ds/Ept—s(:c,y)n(dy) + F(t,x)
where
(3.26) F(t,z) = f(z) — I f(&).

By (3.21), (3.22) and (1.17), u,, < h. The second term in (3.21) converges to G[u®]
by (2.2) and the dominated convergence theorem. Hence, (3.21) implies

(3.27) u+Gu*l=H on S(h,a).

3.9. Note that u(t,z) increases in ¢ by (3.24) and 1.6.A. Put u_(¢,z) = u(t—, z).
An L-excessive function f has a representation

f = fO +/ @st
0
where Ti fo = fo and Tips = sy for all £, s (see [10, Section 2.8]). Therefore

H(t,z) = / ds| /E pa(z, 9)0(dy) + 4]

is increasing and continuous in ¢. By passing to the limit in (3.24) and (3.27), we
get

(3.28) u_(t,z) = —log Pye Bt
u-+Gu®]=H onS(h,a).
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By Theorem 2.1*, this implies u_ = w. Since B,— < By, (3.24) and (3.28) yield
B;_ = B; a.s. Function A; = B,_ satisfies conditions 1.6.A—C.

We claim that 1.6.D** holds for N = N(h, «). Indeed, if u ¢ N (h, @), then
B(e) = Z7(e) + Cp
converges in P,-probability to By by (3.4). By the Markov property (1.34),
P,e B = p, [e—B:«s) pysne—Bt"(E)}
for all s,¢ > 0. This implies
P,Le_B:“ =P, {e_ :Pysne_Bfn]

and therefore
(3.29) |P,e~ B — P, [B_B:PXSB_BZL} | < Py|Pyne B — Py e B
By (3.5), the right side is equal to

Plem @Y _ g hoXe)

where v!, (z) = u! (0, ). By (3.7), v, < h and therefore (3.29) does not exceed

Pl — e=(hXem¥2)),

By (3.19), this tends to 0 and we conclude from (3.29) and the Markov property of
X that

(3.30) Pue Pt = Py PPy e Pt = Pyem(Bet0: B0,

By (3.1), Byt < B, + 0,B; and (3.30) implies 1.6.D**.
We get (1.45) by passing to the limit in (3.5) and (3.27) as t — cc.

3.10. Let h be an arbitrary function of the form (1.17) with 1 and v subject to
conditions (1.22). Consider measures 7, and v, defined in Lemma 3.3. Denote by
A™ the functional of X corresponding to h,(z) = Gn, + Kv, by Section 3.9 and
put

A=A+ +A,+--.

Clearly, conditions 1.6.A,B,C and 1.6.D** hold for A. Formula (1.45) holds if
w &N =N (h,,a) and v satisfies (1.14) on E = () E(hy, «). Function o defined
by (1.15) is a solution of (1.14) everywhere. It also satisfies (1.45).

Formula (1.44) can be obtained from (1.45) in the same way as (1.37) was de-
duced from (1.35).

By the “perfection” theorem [4, 15.8], there exists a functional equivalent to A
which satisfies 1.6.D*. (In [4] functionals without an exceptional set are considered,
but the proof is applicable without any change to our case.)
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4. PROOF OF THEOREMS 1.2 AND 1.4
4.1.
Lemma 4.1. Let an excessive function be given by formula (1.17). If there exists
u such that
(4.1 u+ Gu®) =h,

then there exists v such that

(4.2) v+ G) = K.

Proof. Let D,,, G™ and K™ have the same meaning as in Section 3.6. By the strong
Markov property of £, (4.1) implies

(4.3) u+G"(u*) =G+ K"u on D,.

By Theorem A,

vp(x) = —log Pe(wXpn)

satisfies the equation

(4.4) vy, +G" (V) = K"u on D,,.

We use again the strong Markov property of € to get from here that, for each m > n,
(4.5) U + G (v0) = K"vy,  on D,

We conclude from Theorem 2.1, by comparing (4.3) and (4.4), that v, < w in
D,NE(h), and, by comparing (4.4) and (4.5), that v, < v, in D,NE(h). Therefore
there exists a limit

v= lim v, on E(h).

n—oo

It follows from (4.3) by monotone convergence theorem that
u+ G(u®) = Gn + lim K"u.

In combination with (4.1), this yields lim K"u = Kv on E(h). By (4.1), G(u®) <
oo on E(h) and, by the dominated convergence theorem, lim G"(v%) = G(v%).
Therefore (4.4) implies that (4.2) holds on E(h). It holds everywhere for a function
v modified by formula (1.15).

4.2. Proof of Theorem 1.2. Suppose that u is a solution of (4.1). By Lemma
4.1, equation (4.2) has a solution and v does not charge R*-polar sets by Theorem
3.1 in [18].

It remains to prove that n(I') = 0 for R-polar sets I'. We can assume that T’
is compact. Let D be a bounded smooth domain such that I' ¢ D and D C E.
Equation (4.1) implies

(4.6) u+ Gp(u®) =Gpn+ Kpu in D
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(cf. (4.3)). By Theorem E° in [17], Cap, , (I') = 0. We use the following fact (see
Lemma 4.1 in [2]): a signed measure y does not charge sets I' with Cap, ,,(I') =0
if
/ o(2)7(dz) < const.|pllae  forall e C(D)
D

(here ||¢o||2.o- is the norm of ¢ in the Sobolev space W2 (D)).
By Lemma 4.1, there exists v > 0 such that

(4.7) v+ Gp(v*) = Kpu in D.

By Theorem 2.1, w = u— v > 0. There exists a function ¢ > 0 such that u®* —v® =
qw a.e. (cf. proof of Theorem 2.1%). Tt follows from (4.6) and (4.7) that

(4.8 w+ Gp(qw) = Gpn.

Let v(dz) = n(dz) — (qw)(x)dx and ¢ € C§°(D). Put » = —L*¢. Note that
[¥llar < llpll2,0r and

py) = /D dzy(x)gp (2, y)-
By (4.8), Gpy = w and therefore

/D () (dz) = /D dmul)gn(ay)ldy) = /D w(@)p(a)de

< lwllalldllar < lwllallellzar
If h(c) < oo, then G(u®)(c) < oo by (4.1) and u € L¥(D) because irj:l)fg(c, y) > 0.

We have 0 < w < u and therefore w € L*(D). Hence v(I') = 0. Since Cap, ,/(I') =
0 implies that the Lebesgue measure of T" is equal to 0, we get n(I") = 0.

4.3. Localization. To prove Theorem 1.4, we need some preparations. Suppose
that h is the potential of a linear additive functional A with exceptional set N and
let n,v correspond to h by (1.17). For every positive bounded continuous function
pon EUE* we put h?(x) = G(n¥) + K(v¥) where n?(dx) = ¢(x)n(dx),v?(dz) =
p(z)v(dx). Tt follows from 1.6.D*, the strong Markov property of X and (1.44)
that

<h,XT> = Pp{Aoolj:T} - AT Pu-a.s.

for every Fi-stopping time T and for every p ¢ N. It is easy to see from here
that (h, X;) is a supermartingale of class (D) relative to P, (cf. [4, V.15]). Since
(h?, X¢) < const(h, X;), the same is true for (h?, X;). By [4, Th. XV.6] or [25, Th.
38.1]'3, there exists a natural additive functional A®'* such that:

4.3.A. P A% = (h?,p) for all p ¢ N.

We call it the p-localization of A. In the same way as in Theorem 3.3 of [17], we
establish:

4.3.B. If 1 < o, then A¥* < A®2 P, -a.s. for all u ¢ N.

4.3.C. If p = 0 on D, then {49 = 0} D {R C D} P,-as. and {4 =0} D
{R* C D} P,-as. forall p ¢ N.

13 As in the case of “perfection”, these theorems can be easily extended to functionals with an
exceptional set.

M An additive functional A is natural if the process A is predictable (cf. [4,IV.61] or the
Appendix to [9]). We believe that functional A constructed in Theorem 1.3 is natural but this is
not proved in the present paper.
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4.4. Proof of Theorem 1.4. This proof is similar to that of Theorem 3.3 in [18].
Let, for instance, I' C E be a compact R-polar set. Put

Dn:{xEE:d(x,F)>%}

where d is the distance in the Martin space E. Bounded positive continuous func-
tions

pn(z) = (1 —nd(z,T))+

vanish on D,,. Consider the corresponding localizations A¥~. For every u ¢ N,
Al > AP > > AP > Pu-a.s.

by 4.3.B and
{R cC D,} c {AZ» =0}, P,-as.

by 4.3.C. Let p(I') = 0. Since I' is R-polar, 1gcp, T 1 P,-a.s. and therefore
A% — 0 P,-a.s. By the dominated convergence theorem,

(4.9) lim P, A" = 0

On the other hand, by 4.3.A,
Pz = [ uldo) [E 9z, ) () dy)
+ [ utda) [ utde) [ weaenvian | [ o) [ atoopnn)

In combination with (4.9), this implies n(I') = 0. The case of R*-polar set I C E*
can be treated in a similar way.
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