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HIGHER LEFSCHETZ TRACES AND
SPHERICAL EULER CHARACTERISTICS

ROSS GEOGHEGAN, ANDREW NICAS AND JOHN OPREA

ABSTRACT. Higher analogs of the Euler characteristic and Lefschetz number
are introduced. It is shown that they possess a variety of properties generaliz-
ing known features of those classical invariants. Applications are then given.
In particular, it is shown that the higher Euler characteristics are obstructions
to homotopy properties such as the TNCZ condition, and to a manifold being
homologically Kéhler.

The Lefschetz number of a self-map f: X — X of a space X with finitely gener-
ated homology,

L(f) =Y (=1)Ftrace (fi: Hi(X;Z)/torsion — Hg(X;Z)/torsion) € Z,
k>0

is a useful and well known invariant in algebraic topology. In case f = id, the
identity map of X, L(id) = x(X) = > ,~o(—1)* rank Hx(X;Z) is the Euler char-
acteristic of X. When X is a finite complex, the Lefschetz number has a geometric
interpretation in terms of fixed point theory; it is a “homological count” of the
fixed points of f. One consequence is the celebrated Lefschetz Fixed Point Theo-
rem which asserts that if L(f) # 0 then f has a fixed point.

In this paper we study “higher” analogs of the Lefschetz number and the Euler
characteristic. Let F be a field of coefficients and let X be a space with finite
dimensional homology over F. Given amap F': Y x X — X, where Y is an arbitrary
parameter space, define a degree 0 homomorphism L(F): H.(Y;F) — H.(X;TF) by:

Bk

L(F)(u) =Y (=13 "0k 0 Fu(u x bf)

k>0 j=1

where u € H,(Y;F) and for each k >0 {b} | j =1,..., B} is a basis for Hi(X;F)
with corresponding dual basis {b% | j = 1,..., 8} for H*(X;F). Here, we use
Spanier’s sign conventions [Sp] for the cap product and homology cross product.
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This definition of L(F) (up to sign conventions and placement of the parameter
space on the left) is due to R. J. Knill, [Kn], so we call it the Knill trace. When
Y = 8™ with n > 0, the n—sphere, we can evaluate L(F) on the fundamental
homology class of S™, [S™] € H,(S™;F), to obtain L(F)([S™]) € H,(X;F). This
yields a map A, (f;F): m,(XX, f) — H,(X;F) which we call the n'" spherical
Lefschetz characteristic based at f: X — X (see Definition 5.1), where 7, (XX, f) is
the n'" homotopy group of the function space X of self-maps of X and f € XX isa
basepoint. In case f = idx, the identity map of X, we write x,,(X;F) = A, (idx; F)
and call x,(X;F) the n'® spherical Euler characteristic of X. Our definitions of
An(f;F) and x,,(X;F) also make sense in case n = 0 with [S°] € Hy(S%;F) chosen
appropriately. The pointed set 7 (X*, f) is the set of homotopy classes of maps
g: X — X with f representing the distinguished basepoint. For X path connected,
Ao(f;F)([9])) = L(g)[zo] where L(g) is the Lefschetz number of g: X — X and
[xo] is the zero-dimensional homology class represented by a basepoint zg € X; in
particular, xo(X; F)([g]) = L(g)[zo]-

In [GN], the invariant x1(X;F) was studied extensively, with applications to
group theory, and its analogy to the classical Euler characteristic was elaborated.

When X is a finite complex, L(F') is closely related to the fixed point theory of
F:Y x X — X. The fized point set of F is the set

Fix(F) ={(y,z) €Y x X | F(y,z) = z}.

Suppose X C R™ is a compact polyhedron, M is a regular neighborhood of X
and r: M — X a strong deformation retraction. Let F': Y x M — M be F' =
Fo(idy xr). Clearly, Fix(F’) = Fix(F') and F” has no fixed points on Y x 9M. Let
[M] € H,,,(M,0M;F) be the fundamental class of M and let [R™] be the generator
of H,,(R™ R™ — {0};F) determined by the standard orientation of R". Define

®: (Y x M,Y x M — Fix(F)) — M x (R™,R™ — {0})
by ® = (F',;iop —io F') where p: Y x M — M is projection and i: M < R™ is
inclusion. Following [Le] and [D;], Knill [Kn] defines the intersection class of F to

be the degree 0 homomorphism I(F): H.(Y;F) — H.(X;TF) given in degree n by
the composite:

Hoy(v;F) 2L g (Y % (M, OM);F) — Hypy (Y x M,Y x M — Fix(F); F)

‘g*_’ n+m(M>< (RmaRm_{O});F) iHn(leF) i’I{n()(vF)

where Hp4m (M % (R™, R™—{0});F) N H, (M;F) is the inverse of the isomorphism
Ho(M;F) = Hpyyn(M x (R™ R™ — {0});F), B+ 8 x [R™].

Let S: H.(Y;F) — H.(Y;F) be the isomorphism S(8) = (—1)"g for 8 € H,(Y;F).
Knill shows [Kn, Theorem 1]:

I(F)=L(F)oS&.

In particular, if L(F) # 0 then I(F) # 0 and consequently Fix(F) # (.
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The homomorphism / (F) also has a description in terms of the transfer maps of
[BG], [Dg]. Let F: Y x X — Y x X be F(y,z) = (y, F(y, z)) where X is a compact

polyhedron. Consider the trivial fibration X — Y x X L, Y. Since F is a fiber map,

i.e. p=po F, there is an S—map XY, (5, ¥°°(Y x X)4. Here, the subscript
“+” indicates union with a disjoint basepoint and “>°°” denotes the suspension
spectrum of a space. The S-map 7(F) induces a homomorphism in homology
7(F)e: H(Y;F) — H, (Y x X;F). Composition of 7(F). with the homomorphism
ps: Ho (Y x X;F) — H.(X;F) induced by projection p: ¥ x X — X is I(F); see
[Do, (3.3)] and [BG, §9].

The first part of this paper, §§1-5, consists of generalizations to the Knill trace,
L(F), (and, in particular, to our spherical Lefschetz and Euler characteristics)
of familiar properties of the classical Lefschetz number and Euler characteristic.
We prove a “higher” algebraic analog of the Hopf trace formula (Theorem 3.1)
and apply it to give a chain level formula for the Knill trace when X is a finite
simplicial complex (Proposition 3.4). Theorem 4.1 is a “Sum Theorem” for L(F)
generalizing the formula x(X) = x(A) + x(X, A) for a topological pair (X, A).
Theorem 4.3 is a “Product Theorem” for L(F') in case X is the total space of a
Serre fibration K — X — B where F': Y x X — X is fiber preserving, B is a
finite complex and K has finite dimensional homology over F. This generalizes the
formula x(X) = x(K)x(B). Another kind of product formula is given in Theorem
4.5.

The remainder of the paper is concerned with some applications. Let E: XX x
X — X be the evaluation map, let h: m, (XX, f) — H,(X*;F) be the Hurewicz

map over F, and let H,(X*;F) @ HI(XX x X;F) A, H?7™(X;TF) be the slant
product. For & € 7, (X, f) define a derivation \s: H*(X;F) — H* "(X;F) by
the formula s (z) = h(&)\E*(x). Given a basepoint zo € X, let ae = evy (@) €
Tn(X, f(x0)) where ev: X¥ — X is evaluation at zo. For each k > 0, let {b¥} be
a basis for Hy(X;F) with corresponding dual basis {b¥} for H*(X;F).
Proposition 6.8. Ifn >0 then A, (f;F)(&) = Zkzo(_l)k > )\d(l_)f) N b?. O
The definition of A, (f;F) leads to a different formula for A, (f;F) in terms of

Aa (Proposition 6.9). Comparison of the two yields an interesting formula which
does not involve our new invariants:

Theorem 6.10. For X path connected and n > 0,

L(f)h(as) = (d=L) | S(=1" 3 a0t | . O

k>0 J
In particular, this implies:

Corollary 6.12. Ifn >0, f.: H,(X;F) — H,(X;TF) is the identity and L(f) # 0
mod p, where p > 0 is the characteristic of F, then the composite

(XX, f) 22 1 (X, f(20)) 2 H,(X;F)

1S zero. O

The special case of Corollary 6.12 in which f = id, so that L(f) = x(X), was
proved in [Gog].
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When f = id, the derivation \4 is more familiar. In that case & € 7, (XX ,idx),
where n > 0, may be viewed as a clutching map along the equator of S™*! which
constructs a “Wang fibration” X - E — S™*! (see §6). Such a fibration has a
long exact Wang sequence associated to it:

- HY(E;F) 5 HI(X;F) 2 H"(X;F) — HIH(E;F) — -

and the homomorphism A appearing in this sequence coincides with A4 above. The
exactness of the Wang sequence tells us that Ay = 0 if and only if the fibration
X — E — S"His totally non-cohomologous to zero (see §6) and so our formula for
Xn(X;F) in terms of A4 (Proposition 6.8) permits us to conclude:

Theorem 7.3. Let & € 7, (XX ,idx) wheren > 0. If the associated Wang fibration
X — E — S" s totally noncohomologous to zero, then x,(X;F)(&) = 0. O

Using this, we can show that spherical Euler characteristics are obstructions to
interesting geometric properties of manifolds. Leaving definitions and details until
87, we simply state:

Corollary 7.5. If X is a closed symplectic manifold and & € 7 (XX,idx) corre-
sponds to a Hamiltonian S*-action, then x1(X;Q)(&) = 0.2

Proposition 7.7. If X is homologically Kdhler and simply connected then
xn(X;Q)(&) =0 forall & € 7, (XX,idx) andn>1. O

For example, this proposition applies to the complex manifold CP™ which is
Kahler and simply connected.

Conventions and Notation. Throughout this paper we use singular homology and
cohomology; furthermore, all homology and cohomology groups will have coeffi-
cients in a field F unless otherwise indicated, i.e. the groups H,(X) and H*(X) are
understood to have coefficients in F, H,(X; R) and H*(X; R) indicate coefficients
in a commutative ring R. We use Spanier’s sign conventions [Sp] for cross, cup, cap
and slant products. We work in a suitable category of spaces so that the “expo-
nential rule” identifying the space of continuous maps Y x X — X with the space
of continuous maps ¥ — XX is valid. Typically in this paper, X will be a space
whose homology H,(X) is finite dimensional over F; in particular, we usually do
not require X to be a finite complex.

Acknowledgment. We thank Albrecht Dold for some very helpful comments.

1. TRACES

Let Vi be a finite dimensional graded vector space over a field F. The dual of V,
is the graded vector space, V*, given by V* = Homp(V;,F). Let C, be another (not
necessarily finite dimensional) graded vector space over F. Suppose we are given
a cap product with values in C,, i.e. a collection of homomorphisms V" ® Vj EIN
Cs_r. Let (-,-): V2 ® V; — F denote the natural dual pairing. There is a natural
isomorphism ¥: V¥ ® Vjy,, — Homp(Vi, Viyn) given by ¥ (g ® x)(y) = (g, y)z for
2 € Vign, g € VFand y € Vi.

2See note added in proof.
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Definition 1.1. The trace of a homomorphism f € Homp(Vy, Vitr) is the vector:

trace(f;N) =No U (f) € C,.

As the notation suggests, trace(f;N) depends on the cap product as well as on
f-
Proposition 1.2. Let {b},... bk } be a basis for Vi and {b%,... bk, } the cor-
responding dual basis for V*. Then trace(f;N) = Y7 b 0 f(bF).

Jj=1"J
Proof. Let {by*™", ... bE+" } be a basis for Viyn. We can write
f=2 fi v @bt
,J

where fi; € F. It follows that f(b%) ==, f;;68". Then

trace(f;N) = No U I(f) = Zfijl;? noy
iJ

=> bkn (Z fz-jbf“) =y bknfeh). O
J @ J

Definition 1.3. Let V. be a finite dimensional graded vector space equipped with
a cap product taking values in the graded vector space C,. Let 6: V, — V, a be
homomorphism of degree n. Then the Lefschetz class of 8, L,(0) € C,, is the
alternating sum of traces:

L,(0) = Z(—l)k“‘ trace(fx; N).
k

Remark 1.4. Suppose that there is ¢g € Cp such that z Ny = (x,y)cy for all k,
x € V¥ and y € V. Then, in this case, for a degree 0 homomorphism 6: V, — V,
we have trace(y; N) = trace(fx)co and so Lo(0) = L(6)co where L(0) is the classical
Lefschetz number.

There is an obvious “dual” formulation of the preceding theory which we now
outline.

There is natural isomorphism ¥: V*~" ® V;, — Homgp(V*, V*=") given by
V(g x)(y) = (y,z)g for g€ V" x €V} and y € V¥,

Definition 1.5. The trace of a homomorphism f € Homp(V*, V*~") is the vector:

trace(f;N) = No UL(f) € C,.

Just as in Proposition 1.2, it is easy to show:

Proposition 1.6. Let {b},... ,b% } be a basis for Vi and {b%,... bk, } the cor-
responding dual basis for V¥. Then trace(f;N) = i F(bE) Nbk. O
Definition 1.7. Let V. be a finite dimensional graded vector space equipped with
a cap product taking values in the graded vector space C,. Let 6: V* — V* a be

homomorphism of degree —n. Then the Lefschetz class of 8, L,(0) € C,, is the
alternating sum of traces: L,(0) = >, (—1)*"" trace(6*; N).
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2. TRACES AND PARAMETRIZED MAPS

Let (X, A) be a topological pair such that H,(X, A) is finite dimensional over
F. Given a continuous map F:Y x (X,A) — (X, A) of pairs, where Y is a
parameter space, and v € H,(Y), let F,: H.(X,A) — H.(X,A) be the de-
gree n homomorphism given by F,(x) = Fi(u x ). We use the cap product
HI(X,A)® Hj1n(X, A) 2, H,(X) to define the Lefschetz classes Ly, (F,) € H,(X)
(see Definition 1.3).

The following definition of L(F), up to sign conventions and placement of the
parameter space on the left, is essentially due to R. J. Knill, [Kn].

Definition 2.1. The Knill trace of F: Y x (X, A) — (X, A) is the degree 0 ho-
momorphism L(F): H.(Y) — H.(X) given by L(F)(u) = L,(F,) € H,(X) where
u € H,(Y).

Clearly, L(F') depends only on the homotopy class of F as a map of pairs.
By Proposition 1.2,

B
L(F)(u) =Y (=13 "0k 0 Fu(u x bf)

k>0 j=1

where u € H,(Y) and for each k > 0 {b¥ | j =1,..., B} is a basis for Hx(X, A)
with corresponding dual basis {b% | j =1,..., 8} for H*(X, A).

Remark 2.2. Let yo € Y. Define f: (X, A) — (X, A) by f = F(yo,-). Suppose X
is path connected and z¢ € X. Then, by Remark 1.4, L(F)([yo]) = L(f)[xo] where
L(f) is the classical Lefschetz number of f and [yo] € Ho(Y) and [zo] € Ho(X)
have the obvious meaning.

Example 2.3. The Knill trace may be calculated quite easily for the multipli-
cation map pu: G X G — G of a compact Lie group in the case where F is of
characteristic zero and the cohomology and homology are dual exterior algebras
(e.g. U(n),Sp(n),SU(n) [W, pp. 343-345]). Taking all cohomology and homology
with coefficients in F, we write

H*(G) = A1, ..., %), Ho(G) = Az, . .., a0)

where Z; is Kronecker dual to x;. The monomials x; = x;, x4, - - - T, With 47 <2 <
-+ < i form an additive basis for homology and similarly for ; in cohomology.
Now,

0 forInJ#0,

EJQM*(ZEIX:EJ)_{xI forINJ =10

since p.(xy X x5) = xy Ay is the exterior product. (The cap product may be
computed by Kronecker duality as in [W, p. 343].) Therefore, for a monomial 7,
the only nonzero terms in L(u)(xzr) occur for monomials z; with J disjoint from
I. These x;’s come from a sub-exterior algebra A = A(xj,,...,z;,) generated by
the z; which do not appear in 7. Thus, for 27 # 1 or z (where z is the top class
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X1 A+ Axy), we have

L(u)(wr) =Y (1S " 2y 0 (e x ag)
k>0 |J|=k
= (=D (=1)kz; - dim A,

k>0
= (=) - x(R)

where x(A) = 3", +,(—1)F dim Ay, is the Euler characteristic of the exterior algebra
A. But, it is well known and easy to see that this Euler characteristic is zero.
Hence, L(u)(x;) = 0.

If 27 = 1 € Hy(G), then clearly L(u)(1) = x(G) = 0 as well. Since L(u)
is a homomorphism, only the case x; = z remains. For dimensional reasons,
we(z x x7) = 0 for all z; except x5 = 1. In that case 1 N p.(z x 1) = z.
Note that z =x1 A--- Ay, so |J| =n =dimG. Thus, for y € H,,(G),

0 for m < dim G,
(-=1)dmGy  for m = dimG.

LG = {
This example generalizes [GN, Example 3.1] where it was shown that the spherical
Euler characteristic of the generator U € H;(S!) is —U.

Example 2.4. Knill traces of maps F: Y x SV — SV also lend themselves to
calculation. For instance, consider the action A: S3 x S? — S? given by regarding
S? as the homogeneous space S3/S* arising from the Hopf principal bundle S* —
S$3 — 2. As usual L(A)(1) = x(5%) =2 for 1 € Ho(S?). If U € H3(S?), however,
L(A)(U) = 0 for dimensional reasons. Hence, the Knill trace is only nontrivial in
degree 0.

Example 2.5. Similarly, the principal bundle SU(n) — SU(n + 1) — S§?nt!
induces an action A: SU(n+1)xS$*" T — §27+1 Now, over a field of characteristic
zero, the map on homology A|: H.(SU(n+1)) — H.(S?"*1)is A(z3, x5, ... ,Tant1)
— AU), z; — 0 for i < 2n+ 1 and 2,41 — U. For these reasons, as well as
dimensional considerations, it is easy to see that

0 for I # {2n + 1},

L(A)(z) = { ~U for I ={2n+1}.

We can make a similar analysis for the U(n + 1) action on S?"*1, but this will
be a consequence of the following naturality property of the Knill trace:

Theorem 2.6 (Naturality). Let F: Y x (X, 4) — (X, A), F": V' x (X", A) —
(X" A), g: Y =Y and h: (X, A) — (X', A") be maps such that the diagram

Y x (X,4) —2— (X,A)

- A

Yix (XA —E L (x, A
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induces a commutative diagram in relative homology. Suppose h induces an iso-
morphism in relative homology. Then for y € H (YY),

ha(L(F)(y)) = L(F")(g+(y))-

Proof. For k > 0, let {bf} be a basis for H,(X, A) with corresponding dual basis
{Bf} for H.(X, A). Since h, is an isomorphism {h*(bf)} is a basis for H. (X', A")
with dual basis h.(b¥) = (h*)~'(bF). By hypothesis, F. = (h.)"'F/(g x h). and so
for y € Hy(Y)

ha (b N Fy(y x b5)) = ha (08 0 (he) TV FL(g x h)(y x BF))
ha ((Ra) ~H((R)7H0F) N FL(g(y) x 7 (65))))

«(05) N Fl(g(y) x ha(b)).

Il
>

Using this expression, we have:

h(LE)) = he | (D S BN By x b))

k>0 i

= > (DH Y S h (0 Fly x b))

k>0 J

= D (DM YR (B) N F () x ha ()

k>0 J

= L(F)(g«(y)). O

Example 2.7. Suppose K is a closed subgroup of the compact Lie group G with
dim K < dim G and the map fi: K x G — G is the restriction of G’s multiplication.
Since L(u) is zero except for the top class z € Hyimc(G) (see Example 2.3 above)
and dim K < dim G, Theorem 2.6 implies L(f1) = 0 identically.

Let E: X* x X — X be the evaluation map, i.e. E(f,z) = f(x).

Definition 2.8. The evaluation trace, £: H.(XX) — H,(X), is the degree 0 ho-
momorphism given by the Knill trace of the evaluation map, i.e. £ = L(E).

The evaluation trace is the “universal example” of the Knill trace in the following
sense. Given any map F:Y x X — X with adjoint F: Y — XX defined by
F(y)(x) = F(y,x) we can write F' = F o (F' x id) and so by Theorem 2.6:

Proposition 2.9. L(F) =E£o F,. O

The evaluation trace can be expressed in terms of cohomology as follows. De-
fine a degree 0 homomorphism \: H,(X*X) — Hom(H*(X), H*(X)) by A(8)(z) =

B\E*(z) where 8 € Hn(XX), z € H*(X) and H,(XX)@ H*(XX x X) - HF"(X)

is the slant product (see [Sp, p. 351]). Observe that A(8): H*(X) — H*(X) has

degree —n so that we may apply Definition 1.7 to obtain L, (A(8)) € H,(X).
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Theorem 2.10. For 3 € H,(XX), £(B) = (=1)"L,(\(B)).

Proof. For k > 0, let {bf} be a basis for Hy(X) and {13;“} the corresponding dual
basis for H*(X). Let 8 € H,(X*X). Then for any z € H*(X)

(B\E*(2), by ™) = (E*(2),8 x by™") = (2, E.(B x b;™™))

and consequently

MB)(2) =Y _(A(B)(2), by ~™by ™" = D (B\E" (=), b~y ™"
£

14

= (2, B.(Bx by )b
£

Using this expression for A(3), we obtain:

Z)\ BICHIESY <Z<B§,E*(ﬁ X b;f—"»l‘)’g—") nok

j ¢
=D 0 | Y Bk EL(B x b0k
4 J

=> b NEL(Bx b
14

Thus
(=D)"La(A(B) = D=1 D MB)E) N =D (- Y BT NEL(B x b).
E>0 j k>0 ¢
Since b} ™" = 0 if k < n, we can put s = k — n yielding:
> (-1 Zb E.(Bxb™") =Y (1) BN BB x b)) = E£(B). O
k>0 s>0 4

Combining Theorem 2.10 with Proposition 2.9 yields the following cohomological
formula for the Knill trace of a map F: ¥ x X — X:

Proposition 2.11. Fory € H,(Y), L(F)(y) = (=1)"L,(A(Fx(y))). O

3. A HiGHER HoPF TRACE FORMULA

Let (Vi,d) be a finite dimensional chain complex over a field F. This means
V. is a graded vector space over F, . dim V" < oo and 9: Vi, — Vi, is a degree
—1 homomorphism such that 92 = 0. The dual of (Vi,d) is the cochain complex,
(V*,d), defined as follows: V? = Homp(V;,F) and the degree 1 homomorphism
d: V* — V* is the transpose of 9, i.e. (dx,y) = (z,0y) for x € V? and y € V;y1.
Let (Cy, d’) be another (not necessarily finite dimensional) chain complex. Suppose
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V. has a cap product taking values in C, (see §1). We say that this cap product is
compatible if the differential @’ has the following derivation property:

dxny)=zndy + (-DYV1=ldzny

where | - | denotes the degree of a homogeneous element of V, or V*. It is straight-
forward to verify that a compatible cap product induces a cap product H"(V*) ®
HS(V*) - HS—T(C*)'

Recall that a degree n homomorphism 6: V, — V, is a chain map if 00 = (—1)"00
in which case 6 induces a homomorphism of degree n on homology which we denote
by H.(0): H.(Vi) — H.(Vi).

Theorem 3.1 (Higher Hopf Trace Formula). Let (Vi,0) be a finite dimen-
sional chain complex over F with a given compatible cap product taking values in
(Cy,0"). Let 0:V, — V, be a degree n chain map. Then L, (0) € C,, is a cycle
representing the homology class L., (H., (9)) € H,(Cy).

Proof. For each k choose vectors ef,... ek €V and ff,..., fF €V so that
1 {9ef™, ... 0ekt! }is a basis for By = Im(9: Vip1 — Vi),
2. {9kt .. ,Oeptt L fF, ... R} is a basis for Zj = ker(9: Vi — Vio1),
3. {0 Beﬁi‘;il,f{“, o fE el ek s a basis for V.

By Proposition 1.2, we have

ME+1

La(@)=>" (1) [ 3 9eET 1 g(9ekH! +kame - Ze né(e
j=1

i
Let y = e?"’l. Note that d(dy) = y. We have

@y Noy) =dynaod(y) + (—1)FHT=kq@y)no(y)
= (=1)"dy N ody) + (-1)" "y na(y)
= (=1)" Oy N O(dy) — yNo(y)).

Using this identity in the above expression for L, (), we obtain

Ln(0) =) (=1)*" if_fﬁ 0(f)) + u

k

where u € Cyq1. Now 8’(f_}C N H(fj’?)) = f_J’»C N 89(]2’9) + (—1)"df_;C N H(ff). Since
Bf]’»“ =0, (’“)9(]3’»“) = (—1)"9(8f]’?) and dfjlC = 0, we conclude 8(]?]’»“ N G(fjk)) =0 and
s0 Ly (0) is a cycle. Observe that for each k, {ff,..., fF } projects to a basis for
Hy(V.) = Zi,/By. Using this basis for H,(V,) and applying Proposition 1.2 to the
computation L, (H,(6)), the conclusion of the theorem easily follows. O

Remark. Suppose n = 0 and that the cap product is as in Remark 1.4. If F has
characteristic 0 and ¢ is a cycle projecting to a non-zero homology class in Hy(C\),
then Theorem 3.1 recovers the classical Hopf trace formula.

The following “dual” version of Theorem 3.1 is proved similarly:
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Theorem 3.2. Let (Vi,0) be a finite dimensional chain complex over F with a
given compatible cap product taking values in (Cyx,d"). Let 0: V* — V* be a degree
—n cochain map. Then L,(0) € C, is a cycle representing the homology class
L,(H*(9)) € H,(C,). O

The Lefschetz number of a cellular map f: X — X of a finite CW complex can
be calculated using cellular chains: L(f) = >.o,(—1)" trace(fi: Ci(X) — C;(X))
where C;(X) is the free abelian group of cellular i-chains and f;: C;(X) — C;(X)
is the homomorphism induced by f. The Knill trace can also be computed using
chains although one must employ simplicial chains because of the need for a chain
level cap product.

Let K be an ordered simplicial complex (i.e. there is given a partial order
of the vertex set, Kp, such that each simplex is totally ordered). Serving as a
ring of coefficients, let R be a principal ideal domain. Define the chain complex
(CL(K;R),d) as follows: CJ, (K, R) is the free R—module generated by n + 1-tuples
(vo,...,Upn) € K{J’H such that {vg,...,v,} spans a simplex of K and vy < v1 <

. < v, in the given ordering. The boundary operator is defined in the usual
way by & (vo,...,vn) = > i o(=1)"(vo,... ,i,... ,v,) where “0;” indicates that
v; is omitted. For nonempty K, this chain complex is always of infinite rank
over R. Let D, C CL(K;R) be generated by the degenerate simplices, i.e. n—
tuples of the form (vg,...,v,) € C)(K; R) where v; = v;11 for some i. It is easy
to check that D, is a subcomplex. Define C,(K;R) to be the quotient complex
C/(K;R)/D.. Then C,(K;R) is a free R-module of rank equal to the number
of (nondegenerate) n—simplices of K. Given two ordered simplicial complexes L
and K, their product L x K is the ordered simplicial complex defined as follows.
The vertex set of L x K is Ly x Ky equipped with the left-to-right lexicographic
ordering (i.e. (a,b) < (¢,d) if and only if @ < ¢ or a = ¢ and b < d). Distinct

vertices (vg, wg), ... , (Un,wn) € Lo X Ko with (vg, wo) < (v1,w1) <« < (Vp, Wy)
span an n—simplex of L x K if

1. {wo,...,v,} spans a simplex of L and vg < vy -+ < v,

2. {wo,... ,w,} spans a simplex of K and wy < wy -+ < wy,.

The shuffle product (see [M, p. 243]) provides a natural chain equivalence

C.(L;R)® C.(K; R) > C.(L x K; R)

from which we obtain a natural chain map

C.(L: R) S Hom(C.(K; R), Cu(L x K; R)).

Now suppose that K is finite and F': |L|x|K| — |K]| is a continuous map where “| |”
denotes geometric realization. There is a natural homeomorphism |L| X | K| 2 | L x
K|. Let F': (L x K)' — K be a simplicial approximation to F where (L x K)' is a
subdivision of L x K. Let F!': C,(Lx K; R) — C.(K; R) be the composite of a sub-
division chain map sd: C,(Lx K; R) — C.((Lx K)’; R) and the induced chain map
F!: C.((L x K)';R) — C.(K;R). Let u: Cu(L; R) — Hom(C«(K; R),Cix(K; R))
be the composite of S: C(L; R) — Hom(C,(K; R), C.(L x K;R)) and the chain
map
Hom(C\(K;R),Cy(L x K;R)) — Hom(C\(K;R),C.(K;R))
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induced by F}'. Define C*(K; R) = Homg(C\(K; R), R). The cap product
CH (I R) @ Cui (K R) = Co (K R)
is given explicitly by

flvo, . o s Vngr] = f([vns -+ Vktn]) [0, - - - 5 Un)

where we use the notation [wo, . .. , wy,] for the image in C, (K; R) of (wo, ... , W)
€ C (K; R). The theory of §1 is clearly valid for free modules over R (in place of
vector spaces over a field F) and so we make the following definition.

Definition 3.3. The chain level Knill trace of F': (L x K)' — K is the degree
0 homomorphism L(F"): Ci(L; R) — C.(K; R) given by L(F')(z) = L,(u(z)) for
z € Cp(L; R).

It is straightforward to verify that L(F”) is a chain map. If R =T is a field, the
Higher Hopf Trace Formula (Theorem 3.1) yields:

Proposition 3.4. The chain level Knill trace L(F"): C.(L;F) — C.(K;TF) induces
the Knill trace L(F): H.(|L|) — H.(|K]). O

Remark. One can think of F as being induced by a cellular map F"': |L| x |K| —
| K| and of the chain level Knill trace as “L(F")”.

4. SuM AND ProDUCT THEOREMS

Consider a topological pair (X, A) such that H.(A) and H,(X) are both finite
dimensional over F. Using the homology long exact sequence for the pair (X, A),
we see that H, (X, A) is necessarily finite dimensional. Let F': ¥ x (X, A) — (X, 4)
be a map of pairs. Write Fy for F regarded as a map Y x (X,0) — (X,0), Fx, a
for F regarded as a map Y x (X, A) — (X, A), and F4 for the restriction of F to
Y x A regarded as a map Y X (A,0) — (A,0). Let i: A <— X be the inclusion. We
have the following additivity property of the Knill trace.

Theorem 4.1 (Sum Theorem). L(Fx) =.(L(Fa))+ L(Fx,a).

Proof. Let j: (X,0) — (X, A) be the inclusion. Let 9: H.(X, A) — H,.(A) denote
the degree —1 boundary operator. Using the homology long exact sequence for the

pair (X, A), for k > 0 choose linearly independent sets of vectors: df,... d~ €
Hi(A), fF,... fF € Hp(X) and of,... ,vf € Hp(X, A) so that for each k > 0:
our L ,81}5;‘;11, di,...,d~ is a basis for Hi(A),

i (df), ... ia(dl, ), fF..., fF is a basis for Hp(X) and

Go(fE)s o G (FR), ob, ... vk is a basis for Hy(X, A).
Notation. Given a basis wi,... ,w,, for a homology group, let wy,... ,w,, de-
note the dual basis for the corresponding cohomology group, i.e. (Wy,we) = k¢
(Kronecker delta).

Let u € H,(Y). Then by Proposition 1.2:

L(Fx)(u) =) (=1)**" (Zi*(df) N (Fx)+(u X i(df))
{=1

k>0

F3F O (B (u x fé“)) |
/=1
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L(F4)(u) = Z 1)k+n (f QvE TN (Fa).(u x Oup™h)

k>0

+ D df N (Fa)e(ux df)) ;

{=1

L(Fx,a)(u) = Y _(=1)**" (Z] (fE) N (Fx,a)(u x 3 (f7))

k>0

Note that jFx = Fx 4 o (id xj). We have:

G (FEY N (Fx,a)w(w X 3 (FF)) = e (FF) 0 G (Fx ) (u X fF)
= 7 (FF) 0 (Fx)u(u X f7)
JE 0 (Fx)u(u x ff).

)
)

Note that iFy = Fx o (id x7). We have:

() N (P () = 1 (dF) M (Fa)o e x df)

The naturality of the homology long exact sequence of a pair implies
(Fa)s(u x 0z) = (=1)"0(Fx,4)«(u x x) for all x € H.(X,A). Let d: H*(4) —
H*(X, A) denote the degree 1 coboundary operator; it has the properties: (dz,w) =
(z,0w) for all z € H*(X) and w € Hiy1(X, A), and d(i*(2) UB) = (=1)*2Udg for
all z € H*(X) and 3 € H*(A) (see [Sp, 5.6.12]). For all z € H"(X) we have:

(2, 10 (@0 O (Fa)a(u x 00 T1) = (<1)" (2, i(0uf T 0 O(Fx,a)a(u x 0f+1)
= (=)™ (2) U AL, O(Fx,a)a(u x vf )

(=1)™(d(i*(2) U v ), (Fxoa)a(u x oY)

()" (=)™ (zUd(@f ™), (Fxa)e(ux of™)

=

= (2

zUD k+1 , (Fx,4)« (uxvéf“))

N (Fx.a)x(ux v™h)).

It follows that i, (v ™ N (Fa)x(u x dvi ™)) = o™ N (Fx a)«(u x vf ™).
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Combining the above identities, we have:
ix(L(Fa))(u) + L(Fx a)(u)

= Z(—l)k“’ (f i (00T N (Fa)u(u x OuETh) + gk:i*(cf? N (Fa)s(u x d’g)))

>0 =
+ ;;J(_ yhtn (Zy* FEY 0 (Fx a)«(ux 4. (f7)) + sz (Fx.a)- uxv?))
- ;(_1)’“" Cil oyt N (Fx,a)(u x vty + ?;i*(df)ﬁ (Fx )« (u x i*(d'e“))>
i ;O(_ Jtn <Zfe (Fx)a(ux fF) + ;vg (Fx,a)x (uxvf)>
= Y (~1)ktn (%W (Fx)«(u x i.(df)) + ng (ux f ))
- If(;x)(u). ZE

Let X be a space with a finite filtration ) = X_; € Xo C -+ C X,, = X such
that for each 0 < j <m, H,(X;, X;_1) is finite dimensional. Suppose F:YxX—
X is filtration preserving, i.e. F(Y x X;) C X;. Let F};_; denote the restriction
of F to Y x X regarded as a map of pairs Y X (X;,X;-1) — (X;,X;-1) and
let i;: X; — X be the inclusion. Then repeated application of the Sum Theorem
(Theorem 4.1) yields:

Corollary 4.2. L(F) =377 (ij)«(L(Fj-1))- O

Let F: Y x X — X and p: X — B be maps. We say F is a fiber map if
poF = poyp where p': Y x X — X is projection. We also say B is homology
equivalent over F to a finite complex if there is a map B’ — B, where B’ is a finite
CW complex, inducing an isomorphism on homology with F coefficients. As an
application of Corollary 4.2, we prove the following product theorem for L(F).

Theorem 4.3 (Product Theorem). Let K L X 2 B be an orientable Serre
fibration where B is homology equivalent over F to a finite complex and H.(K) is
finite dimensional. Let F:' Y x X — X be a fiber map. Then

L(F) = x(B)is(L(Flyxx))

where x(B) = Zizo(_l)i dim H;(B) is the Euler characteristic of B.
Note that the hypotheses of the theorem imply that H,.(X) is finite dimensional.

Proof. By pulling back the fibration p via a map B’ — B, where B’ is a finite CW
complex, inducing an isomorphism on homology with F coefficients, we can assume
without loss of generality that B is a finite CW complex. Define a finite filtration
of X by Xy = p~!(By) where By, is the k—skeleton of B. Since F is a fiber map, it
preserves the filtration {Xy}. By Corollary 4.2, L(F) = ;5 ()«(L(Fj,j-1))-
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From the construction of the Serre spectral sequence (e.g. [W]), there is an
isomorphism H*(X;, X;_1) & H*J(K) ® C7(B), where C?(B) denotes the vector
space with basis the j-cells of B. Moreover, because F' is a fiber map over 1p :
B — B, Fj 1, = Fo. ® 1¢i(p), where Fy = Flyx . For j fixed, let {77 x 13{} be
a basis for H™"7(X;, X;_1), where the v’s and b’s are bases for H"(K) and C?(B)
respectively For y € H,(Y) we have

B X B Ny (y x (7 x b)) =3 X BN Fouly x 7)< b
= (-1 )(k NG- J)'Yf J N Fy. (y % 'Yf J) « bf ﬂbf
=7 N Py x 7)< L.
Since this is true for each l_){ , we obtain

S A X B Ny x (F T x b))

Ik(X5,X5-1)
= > ANFu.lyxqfT) dimC(B)
Ik (X5, X5-1)
and
L(F;-0)(y) =Y (DM 3" 38 x b nFyyoa, (y < (7 x b))
k>0 Jr(X5,X5-1)
=S DR ST A N Ry x A7) - dim ¢ (B).
k>0 Je—j(K)

Finally, using L(F) = 3~ ,54(i5)«(L(F},j—1)) and noting that the isomorphism above
identifies (1) (L(Fy 1)) with 1o(So0(— 1M 5,0 0 7577 0 Fouly x 4F7) -
dim C7(B), we have

=SS0 ST (B N Ry x A7) - dim €Y (B)

7>0 k>0 i (K)

=S (1) dim GI(B) S (1R ST i (35 0 By x AF )
7>0 k>0 Jr—j (K)

= Z 1)’dim C7(B) Z (=1)k—i+n Z (T N Fouly x 777))
§>0 k—j>0 Jr—; (K)

since nonzero terms occur only for k — j > 0;

=X(B) - ixL(Fy)

= X(B) Z*L(FlyXK) [l
Remark 4.4. Suppose that, in the above theorem, F' : Y x X — X lies over f :
B — B. Then the proof given above goes through with a slight change in the first
equality

'Yz I x bJ NFjj-1, (y x ('Yk 7 x bJ)) :ﬁ/f_J Xl—’? N Fo.(y X'Yf_J) X f*(b{)
The only effect this has on the calculations is to introduce terms such as B{ N fs (b{ )
in place of 1. But it is easy to see that these terms produce the Lefschetz number
of B instead of the Euler characteristic. Hence, for F' : ¥ x X — X lying over
f: B — B, we have the formula L(F) = L(f) - i.L(F|y xx)-
We also have the following general product theorem:
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Theorem 4.5. Let Y7 and Ys be parameter spaces. Let X1 and X5 be spaces with
finite dimensional homology over F. For any maps F1: YY) x X1 — X3, Fs: Yo X
Xy — X5 there is a commutative diagram:

H. (Vi xYy) RO g (X x Xo)

I I

H.(Y1)® Ho(Ys) ZUEMR) g () @ Ho(Xo).
where C': Y1 X Yo x X1 X Xo — Y] X X7 X Y5 X X is the map which interchanges
the middle factors and the vertical arrows are given by the Kunneth isomorphism.

Proof. We must show L((Fy x F») o C)(u x v) = L(Fy)(u) x L(F3)(v) where u €
H,(Y1) and v € Hy(Y2). For each k > 0, let bf, ... ,bF, De a basis for H;(X1) and

let b, ... ,cﬁk be a basis for Hy(X7). The corresponding dual bases for cohomology
will be denoted by bf,... ,b% ande},... ¢k respectively. Then {b; x c;?_s [0<

s<k, 1<i<m, 1<j5< nkts} is a basis for Hp(X; x X2); the corresponding
dual basis for H*(X; x X5) is {b3 x E;“_S}. We have:

L((Fl X Fg) o C)(u X ’U)
=) (=)0 x ) N (Fy x F) 0 O)u((u x v) x (b5 x E7))

k>0 5,0,
= DD (1P 0] x & 0) N ((FL)(ux 57) % (Fa) (v x %))
k>0 8,1,7
= D (1FR ST (1) (1) (B 0 (F)(u % b))
k>0 8,4,J

X (E?_S N (F2)x(v x cf_s))

PP SUIENCEL)

k>0

X Z(—l)k"’q ZE? N (F2)«(v x cé“)

k>0 i

= L(F)(u) x L(F)(v). O

5. SPHERICAL LEFSCHETZ AND EULER CHARACTERISTICS

For a space X and a selfmap f: X — X, consider the homotopy groups
(XX, f), n > 0, and the pointed set my(X ", f). The evaluation map ev: XX —
X, g — g(xo), induces ev,,: m, (XX, f) — m (X, f(x0)). We define, for n > 1, the
higher Jiang group J,(X, f) C mo(X, f(x0)) to be the image of ev,,: m, (XX, f) —
(X, f(z0)). When f =id we write G,,(X) for J,(X, f) and note that this is the
nth Gottlieb group of X.

For n > 0, choose the generator of H,,(S™;Z) = Z corresponding to the “stan-
dard” orientation of S™; more precisely, an ordered basis {b1, ... , b, } for the tangent
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space of S C R"*! at the point v € S™ is positively oriented if {e,b1,... ,b,} is a
positively oriented basis for the tangent space at v of R"*! where e is an outward
unit normal vector and R™*! has the orientation determined by the standard ba-
sis. Let U € H,(S™) be the image of this standard generator under the coefficient
homomorphism H,(S";Z) — H,(S™). In case n = 0, S = {-1,1} C R and we
choose 1 € S° as the basepoint and define U € Hy(S°) =2 F®F to be the homology
class represented by —1 € S° The class U € H,(S™), denoted by [S"] in the
introduction, is called the fundamental homology class of S™.

Definition 5.1. Suppose H,(X) is finite dimensional. The n'" spherical Lefschetz
characteristic of X based at f: X — X is the function A, (f;F): m, (X, f) —
H,(X) given by A, (f;F)([#]) = L(7)(U) where 4: S* — XX determines y: S™ x
X — X via §(s)(x) = v(s,z). In case f = idx, the identity map of X, we write
Xn(X;F) = A, (idx; F) and call x,,(X;F) the n't spherical Euler characteristic of
X.

By Proposition 1.2, A, (f;F)([4]) is given by the formula:

Bk

An(fE)AD = D (=1 Y b N (U x b))

k>0 j=1

where for each k > 0, {béc |7=1,...,0k)} is a basis for H,(X) with corresponding
dual basis {b% | j =1,..., 8} for H¥(X).

The pointed set 7o (XX, f) is just the set of homotopy classes of maps g: X — X
with f representing the distinguished basepoint. For X path connected,

Ao(f;F)([9]) = L(g)[xo]

where L(g) is the Lefschetz number of g: X — X and [zg] € Ho(X) is represented
by any point g € X (see Remark 2.2).

The invariant x1(X;F) was extensively studied in [GN] where applications to
group theory were given.

Let h: m, (XX, f) — H,(X%X) be the composite of the Hurewicz map 7, (XX, f)
— H,(X*;7Z) and the coefficient homomorphism H,,(XX;Z) — H,(XX). We call
h the Hurewicz map over F. Note that h is a homomorphism when n > 0.

Recall that the evaluation trace £: H.(X*X) — H,(X) was defined to be the Knill
trace of the evaluation map E: X* x X — X (see Definition 2.8). Proposition 2.9
implies:

Proposition 5.2. The n'* spherical Lefschetz characteristic is the composite of
the Hurewicz map over F and the evaluation trace, i.e. A, (f;F) =Eoh. ([

Corollary 5.3. Forn >0, A,(f;F): m, (X%, f) — H,(X) is a homomorphism.0J
The product theorems of §4 (see Theorems 4.3 and 4.5) immediately yield:

Theorem 5.4 (Product Theorem for A,). Let K = X £ B be an orientable
Serre fibration where B is homology equivalent over F to a finite complex and H,(K)
is finite dimensional. Lety: 8" x X — X be a fiber map with v|qyyxx = f and let
y € mo (XX, f) be the associated homotopy element. Let i € m,(K¥, f|x) be the
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homotopy element corresponding to the restriction, y|gnxx: S™ X K — K, of v to
the fiber. Then, if x(B) is the Euler characteristic of B,

An(f3F)(5) = X(B) ix(An(flr, F) (k).

If, in addition, the fibration p is trivial (i.e. p is fiber homotopy equivalent to the
projection K x B — B) then the hypothesis on B can be weakened to the assumption
that H.(B) is finite dimensional. O

In case f = idx, the conclusion of Theorem 5.4 is:

Corollary 5.5. x,(X;F)(%) = x(B)ix(xn(K;F)(K))- 0

6. THE As-INVARIANT AND A, (f;F)

In [LOJ], a new homotopy invariant was defined to mimic certain obstructions
arising in symplectic geometry. This invariant, denoted by A4, is closely related to
the spherical Lefschetz and Euler characteristic. In this section, we first recall the
definition of A4 as well as several of its important properties, and then show that the
spherical Lefschetz characteristic may be written in terms of A4 (see Propositions
6.8 and 6.9). In particular, we show that A4 is a homomorphism of negative degree
whose trace (as in Definition 1.5) is the spherical Lefschetz characteristic. Using
this, we will show in §7 how the 15" spherical Euler characteristic (also called the
first order Euler characteristic in [GN]) may be applied in symplectic geometry.

(A) The \s-invariant.

Choose basepoints v € S™ and 29 € X. An element of 7, (XX, f) is repre-
sented by a map &: (S",v) — (XX, f). We abuse notation by also denoting by
& the corresponding element in 7, (XX, f). By the exponential law (which holds
by assumption), there is a map a: S™ x X — X given by &(s)(z) = a(s,x). Let
ae: (S™,v) — (X, f(zo)) be defined by ae(u) = a(u,zo). Then ev,(&) = ae where
ev: XX — X is evaluation at the basepoint. Note that this notation differs from
that of [LO], but is consistent with our notation in §2.

We define a homomorphism As: HY(X) — H? "(X), using the Kiinneth For-
mula, by:

(6.1) a*(y) =1 x f*(y) +U x Aa(y),

where y € HY(X), U € H"(S™) is the generator such that (U,U) = 1 and U €
H,(S™) is the fundamental homology class (see §5).
Since a* preserves cup products, we easily conclude:

Proposition 6.2. Ifn > 0 then A4 is a derivation of the graded algebra H*(X) of
degree —n, i.e. Aa(zUy) = Aa(x) Uy + (=1)"=lz U Xa (y). O

In particular, A4 is a degree —n homomorphism, H*(X) — H*(X) and thus has
a trace as in Definition 1.5.
Next, we express A\g in terms of the homomorphism

A H (X™) — Hom(H*(X), H*(X))
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of §2. There is a commutative diagram:

gnox x Xdx X o x
Jl di
X f— X

where F: XX x X — X is the evaluation map.
Proposition 6.3. Ifn >0 and y € HY(X) then

Xa(y) = h(G)\E* (y) = M(&))(y)

where H, (X*)® HI(XX x X) 5, HY="(X) is the slant product and h: 7,(XX, f)

— H,(X*X) is the Hurewicz map over F.
Proof. Let y € H1(X;7Z). By definition, A(h(&))(y) = h(&@)\E*(y). Since degU =
n >0, U\(1 x f*(y)) =0 and so, by (6.1),

U\a*(y) = U\(1 x f*(y)) + U\(U x Aa(y)) = 0+ (U, U)Aa(y) = Xa(y)
and thus:
Aa(y) = U\ (y) = U\(& x idx)*E*(y) = & (U)\E*(y) = h(&)\E*(y). O

Essentially the same calculation in the case f = idx appears in [Gos, (10.3)].
One immediate consequence is:

Corollary 6.4. Suppose n > 0 and F has characteristic 0. If & € m,(XX, f) has
finite order then \s = 0. O

Since A is a homomorphism, we have:

Corollary 6.5. Forn > 0, the function \: m,(X*, f) — Hom(H*(X), H* (X)),
a — Mg, 1S a homomorphism. O

Consider the special case f = idx with & € 7,(X*X,idx) where n > 0. Following
[Gog], the associated map « or, equivalently, the element & € m, (X*,idx) may be
viewed as a clutching map [Sp, p. 455] along the equator of S"*! which constructs
a fibration _

X5 E— st

with ae = 9x(1) € im(9g: mp415™™ — 71, X). Such a fibration has a Wang
sequence associated to it:

= HYE) 5 HY(X) 2% (X)) — HIYYE) — -

and the homomorphism A4 appearing in this sequence coincides with the A4-
invariant above. By Proposition 6.2, the homomorphism A4 is a derivation on
H*(X). In the above context, X — E — S"*! is called the Wang fibration associ-
ated to & and )4 is called the Wang derivation.

Another way to think of this is as follows. There is a classifying space B Aut(X)
for fibrations with fiber X which obeys ;11 B Aut(X) = m;(XX,idx). Therefore,
& € m, (XX, idx) corresponds to an element in m,,; 1 B Aut(X) represented by a map
S+l — B Aut(X). The fibration X — E — S™*! above is simply the pullback
via this map of the classifying fibration over B Aut(X).

Exactness of the Wang sequence gives:
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Proposition 6.6. Forw € H1(X), Aa(w) = 0 if and only if there exists w € H1(E)
with i*w = w. O

Of particular interest is the case where Ay vanishes. Recall that a fibration
K — Z — B is totally non-cohomologous to zero (or TNCZ) over a field F if any
of the following three equivalent conditions holds:

1. The Serre spectral sequence associated to the fibration collapses to the Fs-

term.

2. H*(Z) — H*(K) is surjective (or, equivalently, H,(K) — H.(Z) is injective).

3. H(Z)~ H*(K)® H*(B) as H*(B)-modules.

The equivalence of the first two conditions follows from an examination of the
edge homomorphism H*(Z) — H*(K) together with the derivation property of
differentials in the Serre spectral sequence ([Me, p. 138]). The third condition is
a straightforward modification of the Leray-Hirsch theorem. The TNCZ condition
has proven especially important in the subject of transformation groups ([Bo, §XII],
[Br]). Indeed, we relate our spherical Euler characteristic to the TNCZ condition
by displaying the former as an obstruction to the latter in the case of a compact
Lie group action. The exactness of the Wang sequence allows us to formulate

a global version of Proposition 6.6: For a Wang fibration X - E — S+ if
H*(F) — H*(X) is surjective, then As = 0 identically since it is the “boundary”
homomorphism in the Wang sequence. Clearly, the converse holds as well. We
record this observation as:

Corollary 6.7. A5 = 0 if and only if the Wang fibration associated to & is TNCZ.O]

(B) Cohomological computation of A, (f;F).

We now establish the relationship between the spherical Lefschetz characteristic
An(f;TF) of §5 and the Ag-invariant of §6(A).

Let & € 1, (X, f) with associated maps a: S™ x X — X and ae: S™ — X.

Proposition 6.8. Ifn >0 then A,(f;F)(&) = (=1)"L,(Aa).

Proof. By Proposition 2.11, A, (f;F)(&) = L(a)(U) = (—=1)"L,(A(h(&))) and by
Proposition 6.3 A(h(&)) = A4 O

Another formula for A, (f;F) is given by:
Proposition 6.9. Suppose X is path connected and n > 0. Then

(=D)"An(f;F)(@) = L(f)P(as) + fi(Ln(Aa))-

Proof. Let {b;“} be a basis for Hy(X) with corresponding dual basis {B;“}for HF(X).
From (6.1), a*(z) = 1 x f*(x) + U x A\s(x). We have

a* (D) MU x b = (1 x f* )N (U x b)) + U x Aa(bF) N (U x bh)
=Ux f*®hndk + (=)= @ nU) x (A (05) Nbh)
= U x (f*(B5), b)lwo] + (=1)"[0] x (Aa(Bf) M)

where [v] € Ho(S™) and [zo] € Ho(X) are the classes represented by the basepoints.
Now, a,(U X [x0]) = h(ae) and a.([v] X y) = f«(y). Thus

b Mo (U xb) = au (" (BN)NU x bF) = (f*(0F), 05 h(ca) + fu((=1)"(Aa(b])NB])).
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Taking an alternating sum over k and invoking Proposition 1.6 yields the conclu-
sion. O

Assume X is path connected. Combining Propositions 6.8 and 6.9, we obtain a
result of some interest:

Theorem 6.10. Ifn > 0 then L(f)h(ae) = (id —fi)(Ln(Xa)). O

Corollary 6.11. Let & € 7, (XX, f) with evaluation image evy (&) = ae € T,(X)
where n > 0. If fu(L,(A\a)) = Ln(Aa), then cither ae is in the kernel of the
Hurewicz map over F or L(f) =0 mod p where p > 0 is the characteristic of F.OI

In particular, we obtain:

Corollary 6.12. If n > 0, f.: H,(X) — H,(X) is the identity and L(f) # 0
mod p then J, (X, f) C ker(h), i.e. the composite

evy

(XX, ) T (X, f(20)) 2 Ha(X)

s zero. g
The special case in which f = id, so that L(f) = x(X) and J,,(X, f) = G,(X), is
a result of Gottlieb, [Goz, Theorem 4.4].

7. SOME COMPUTATIONS OF X, (X;F)

The description of x,(X;F)(&) in terms of A4 (Proposition 6.8) allows us to
calculate the former in cases where the latter is known.

Example 7.1. By [Goa, Theorem 5.4], the Gottlieb groups of spheres (in their
dimensions) are: Go,(S?) = 0 and Go,41(S* ) = 2Z C Z = moni1(S?" 1)
except for the cases Gy (S) = Z, G5(S3) = Z, G7(S7) = Z. If & € m,, (8™ | idgm)
and U € H™(S™;F) is dual to the fundamental homology class, then (as shown in
[LOJ), -
Aa(U) = (U, h(cw))
0

where ae = evy (&) as above. Since h(a,) = 0 for all even dimensional spheres,
Xgn(52n;F) =0.
For odd dimensional spheres (excluding S!,5% and S7),

Xon41(S*HH F) (&) = —2U,

where ae = evy(a) generates Gany1(S?" ) = 2Z, U € Hopt1(S*THF) is the
fundamental homology class and h(ae) = 2U. If 2n4+1=1,3,7, then

Xont1(S*" L F) (&) = —U.

This last calculation generalizes [GN, Example 3.1].

Corollary 5.5 and the above calculation yield:
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Example 7.2. Let X = S™ x Y, where n is an odd number. If n # 1,3,7,
then x,,(X;F)(&) = —x(Y)h(ae) = —2x(Y)U, where «, generates G, (S™) = 27Z
and U € H,(S™;F) is the fundamental homology class. If n = 1,3,7, then
Xn(X;F) (&) = —x(Y)U, where a, generates G,,(S™) = Z.

Combining Proposition 6.8 (in the case f = idx) with Corollary 6.7, we obtain:

Theorem 7.3. Let & € 7,(XX,idx) wheren > 0. If the associated Wang fibration
X — E — S"*tL s totally noncohomologous to zero (TNCZ), then xn(X;F)(&) =
0. (]

This observation can be applied to group actions. Suppose G x X — X is an
action of a compact Lie group on X. Let S™ — G represent a nontrivial element
of m,(G), n > 0, and form the composition S — G — (XX, idx). Denote the
class of this map by & € m,(X*,idx). Now, m,(G) = m,41(BG), so we obtain a

pullback of the Borel fibration X - EG x¢ X — BG associated to the action,

X — EGxe X —— BG

H d I

X E — gntl

The fibration X — E — S™+1 is precisely that associated to &, so the associated
Wang derivation is A\g. By the commutativity of the diagram, if the Borel fibration
is TNCZ, then so is the Wang fibration. From Theorem 7.3 we then obtain:

Corollary 7.4. If n > 0 and the Borel fibration of the action is TNCZ, then
Ya (X F)(@) = 0. O

A particularly important case where a group action has a TNCZ Borel fibration
(over Q) is when X is a closed symplectic manifold with a Hamiltonian circle action
(see [Kir]). Recall that X2" is symplectic if there is a closed 2—form w on X with
the property that the wedge product w™ is a volume form for X. An S'-action on
X is Hamiltonian if the 1-form iyw is exact where Y is the fundamental vector
field associated to the action and iyw is defined by iyw(Z) = w(Y, Z). Thus,

Corollary 7.5. If X is a closed symplectic manifold and & € 7 (XX,idx) corre-
sponds to a Hamiltonian S'—action, then x1(X;Q)(&) = 0.3 O

In [LO] it was shown that the 1-form iyw is exact if and only if As(w) = 0
(where we use w here to denote the cohomology class). In fact, any S'-action on a
cohomologically symplectic manifold X (i.e. X is a closed 2n—dimensional manifold
with a class w € H%(X; Q) such that w™ # 0) is said to be c-Hamiltonian if \a (w) =
0. It was also shown in [LO] that the condition A4 (w) = 0 implies that Aa |z (x:0) =
0. Indeed, these two conditions are equivalent if X is “homologically Kéhler”.
Recall that X?2" is homologically Kdhler if it is cohomologically symplectic and
w € H*(X;Q) has the “Hard Lefschetz Property”: for 5 < n the homomorphism
HI(X;Q) — H*J(X;Q) given by multiplication by w7 is an isomorphism. For
homologically Kahler spaces, it is known (see [B]) that any cohomology derivation
of negative degree which is zero on H'(X;Q) is identically zero. By Propositions
6.2 and 6.8,

3See note added in proof.
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Proposition 7.6. Suppose X is homologically Kdhler. If & € m (XX, idx) is c-
Hamiltonian (i.e. s (w) = 0), then x1(X;Q)(&) = 0. In particular, if an S*-action
on X (with associated &) is c-Hamiltonian, then x1(X;Q)(&) = 0. O

If X is simply connected and homologically Kihler then H'(X;Q) = 0 and so
any derivation of H*(X;Q) of negative degree is trivial. By Propositions 6.2 and
6.8,

Proposition 7.7. If X is homologically Kdhler and simply connected then

Xn(X;Q) =0 foralln>1. O

Example 7.8. Let X = CP™. The complex manifold CP" is K&hler and simply
connected. By Proposition 7.7, x,(CP™;Q) =0 for all n > 1.

From these results, we see that the spherical Euler characteristics may be thought
of as obstructions to homotopy properties such as the TNCZ condition, and to a
manifold being homologically Kéahler.

Added in proof. In a forthcoming paper and using different methods the first two
authors have obtained the conclusion of Corollary 7.5 for any smooth circle action
on any even-dimensional closed manifold. This also holds with integer coefficients.
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