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Q-INVERSE LIMIT STABILITY THEOREM

HIROSHI IKEDA

Dedicated to the memory of my father

ABSTRACT. We prove that if an endomorphism f satisfies weak Axiom A and
the no-cycles condition then f is Q-inverse limit stable. This result is a gen-
eralization of Smale’s (2-stability theorem from diffeomorphisms to endomor-
phisms.

1. INTRODUCTION

In the theory of dynamical systems, research of orbit structure is one of main
subjects. The central role of this study is played by the topological conjugacy.
Two continuous maps f; : X; < of topological spaces X;, i=1,2, are topologically
conjugate if there exists a homeomorphism h : X; — X5 such that foh = hf;.
If h is only continuous surjective, then h is called a semiconjugacy. The image
of an fi-orbit by a semiconjugacy is an fs-orbit, while a topological conjugacy
sends fi-orbits to fe-orbits and preserves their topological properties. Let M be a
smooth compact connected boundaryless manifold and Dift" (M) (resp. End" (M))
the space of C" diffeomorphisms (resp. endomorphisms) of M endowed with the C”
topology, r > 1. We say that f € Diff" (M) (End"(M)) is C" structurally stable if
every g near f is topologically conjugate to f. Closely related to structural stability
is Q-stability. We say that f is Q-stable if every g near f, g|Q(g) is topologically
conjugate to f|Q(f). Here Q(f) denotes the set of nonwandering points (i.e. the
points « € M such that for every neighborhood V' of z there exists n > 0 satisfying
frv)nv #g).

From now on we restrict our attention to €2-stability for diffeomorphisms and en-
domorphisms. We shall outline the development of (2-stability for discrete systems
without giving precise definitions. Smale [13] proved that a diffeomorphism satis-
fying Axiom A and the no-cycles condition is {2-stable. Przytycki [9] obtained the
similar result for endomorphisms. Przytycki’s conditions for Q2-stability require that
the nonwandering set contains no singularities. Recall the definition of singularity:
x € M is a singularity of f € End" (M) if T, f is not injective. However, there is an
example of {2-stable endomorphisms whose nonwandering sets persistently contain
the singularities [7].

Recently we obtained that if an endomorphism f has a neighborhood ¢ such that
every g in U satisfies weak Axiom A then f is Q-stable [5]. The above sufficient
condition allows the existence of singularities in the nonwandering set. In fact
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our condition is weaker than Przytycki’s conditions: our condition plus Q(f) N
S(f) = ¢ is equivalent to Axiom A plus the no-cycles condition (that is, Przytycki’s
conditions). Here S(f) denotes the set of singularities of f € End"(M).

In the case of diffeomorphisms the following are equivalent:

(a) f € Diff"(M) satisfies Axiom A and the no-cycles condition;

(b) f € Diff" (M) has a neighborhood U of f in Diff" (M) such that every g in U
satisfies Axiom A.

Our sufficient condition for Q-stability of endomorphisms corresponds to (b)
above of diffeomorphisms. Hence our result is a natural generalization of Smale’s
Q-stability theorem from diffeomorphisms to endomorphisms. In the case of endo-
morphisms it is natural that we pose whether the following are equivalent:

(¢) f € End" (M) satisfies weak Axiom A and the no-cycles condition;

(d) f € End"(M) has a neighborhood U of f in End" (M) such that every g in
U satisfies weak Axiom A.

It is easy to see that (d) implies (c). However it is not known whether (¢) implies
(d). In this paper we show that (¢) implies a sort of Q-stability, i.e. “inverse limit
stability” on the nonwandering set.

Theorem. If f € End" (M) satisfies weak Aziom A and the no-cycles condition
then f is C" Q-inverse limit stable.

Inverse limit stability does not preserve the topological dynamics. However in-
verse limit stability gives the one-to-one correspondence between all bi-infinite or-
bits for any two endomorphisms near original one. In fact, inverse limit stability
is a generalization of structural stability. Because the two concepts coincide for
diffeomorphisms.

The concept of inverse limit stability was introduced by Mané and Pugh [7] and
Przytycki [8] in connection with nonsingular endomorphisms of compact manifolds.
Quandt [10] proved an extension of their results for Anosov maps by allowing sin-
gularities and Banach manifolds. For more detailed motivation and explanation in
this direction see Quandt [11].

The contents of this paper are as follows: In §2 we give some definitions and
theorems to develop endomorphism theory. In Subsection 2.1 we define prehyper-
bolic sets and weak Axiom A. Moreover we relate these notions with hyperbolic
sets and Axiom A for diffeomorphisms. In Subsection 2.2 we give the definition
of inverse limit stability and P-hyperbolic structure. In Subsection 2.3 we develop
the theory of stable and unstable sets for prehyperbolic sets. Moreover we show
that prehyperbolic sets with a local product structure have the similar properties
to those for hyperbolic sets with a local product structure, e.g., Shadowing Lemma,
local maximality. At last we introduce the no-cycles condition for a weak Axiom A
endomorphism and prove the filtration lemma. In §3 we prove the Theorem. In §4
we state some remarks on the relation between infinitesimal stability and Q-inverse
limit stability.
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2. PRELIMINARIES

In this section we give some definitions and theorems to develop endomorphism
theory.

2.1. Prehyperbolic sets.

Definition 1 ([6]). Let f € End" (M) and let A be a compact subset of M with
f(A) = A. We say that A is a prehyperbolic set for f if there exist a continuous
splitting TM|A = E®* @ E*, and a Riemannian norm | | on TM and constants

K >0, 0 < A <1 satistying:
(a) (Tf)E" C E*, (Tf)E" = E";

(b) (Tf)w| < KA"v| forxze A, veESn>0,

[(Tf)™| > KX™"|v| for z € A,v € E},n > 0;
(c) if 1 # 22 € A and f(21) = f(22) =y, B, = {0}.

Definition 2. We say that f € End" (M) satisfies weak Aziom A if
(a) the periodic points of f are dense in Q(f);
(b) Q(f) is prehyperbolic for f.

Condition (a) guarantees f-invariance of Q(f), i.e., f(Q(f)) = Q(f). Remark
that in general f(Q(f)) C Q(f).

Remark. If a weak Axiom A endomorphism f satisfies Q(f) N S(f) = ¢ then we
say that f satisfies Axiom A [6].

If a weak Axiom A endomorphism f is a diffeomorphism then f satisfies Smale’s
Axiom A [13]. That is, weak Axiom A for endomorphisms is a natural generalization
of Axiom A for diffeomorphisms.

We say that a periodic point « of f € End"(M) with period p is prehyperbolic if
TfP:T,M — T, M has no eigenvalues of absolute value 1. Then let E*(z) be the
subspace of T, M associated to the eigenvalues of T'fP : T, M « that have absolute
value > 1. We call dim M — dim E*(z) the stable index of  for f. Similarly if A is
a prehyperbolic set with dim E? = j for all x € A then we call j the stable index of
A for f. If a prehyperbolic set A has a positive stable index, then f restricted to
A is one to one by condition (c¢) of Definition 1. If it is further assumed that there
are no singularities in A, then A is hyperbolic in the sense of diffeomorphisms. Let
PFE"(M) be the interior of the set of all C" endomorphisms of M such that every
periodic point is prehyperbolic.

In the proof of the theorem we shall use the following results for prehyperbolic
sets.

Theorem 2.1. Let A be a prehyperbolic set for a C™ endomorphism f of M, r > 1.
There are numbers a« > 0, K > 0, k > 0, a neighborhood U of A in M and a
neighborhood V' of f in End" (M) with the following properties:

For any topological space X, any homeomorphism h of X, and any continuous
map © : X — U, if g belongs to V and d(ih,gi) < «, then there is a unique

continuous map j : X — M such that jh = gj and d(i,j) < k. In fact, we have the
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strong estimate that d(i,j) < Kd(ih,gi). Moreover, for fived i and h, j depends C°
continuously on g. Here d(i,j) = sup{p(i(z), j(z))|x € X}, where p is a metric on
M.

Theorem 2.2. Let A be a prehyperbolic set for f € End" (M), r > 1. There is a
neighborhood V' of f in End" (M) and a continuous function ® : V. — C°(A, M)
such that:

(1) ®(f) is the inclusion of A in M;

(2) ®(g)(A) is a P-hyperbolic g-invariant set for any g in V;

(3) ®(g) is a semiconjugacy of A onto ®(g)(A), that is,

go®(g)=2(g)of on A;
(4) There is a constant K > 0 such that
deo(D(g),inca) < Kdeo(f, ).

Theorem 2.1 is proved following the case of diffeomorphisms in Chapter 7 of [12].
(1), (3) and (4) of Theorem 2.2 are proved by the similar argument in [12] with
Theorem 2.1. (2) of Theorem 2.2 will be proved in §3.

2.2. Inverse limit stability. Let M be a compact connected smooth manifold
without boundary. With M# we denote the class of all maps from Z to M, and

choose
oo

d(v,w) = Z 27l d(v (i), w(i)) for v,w e M?
1=—00
as a metric on MZ, where d is a metric on M induced by a Riemannian metric.
This metric induces the product topology on M?Z. 3
Any endomorphism f: M — M induces a map f : M% — M?% through

(f)(@) = f(o(@) for veMZ,

which we call the lift of f to MZ.
Given a subset A of M with f(A) C A, we define

A(f) = {v e A?|f(v(i)) = v(i+1) forallie Z},
that is the set of all bi-infinite orbits of f contained in A, and

O(f) = {v e MZ|f(v(i)) = v(i+1) for allie Z},
that is the set of all bi-infinite orbits of f.

Moreover, we set  A(f) = (1,50 f"(M). We will say that a subset A of M is

w-invariant for f if f(A) C A.
Definition 3 ([10]). We say that two C" endomorphisms f and g of M are in-
verse limit conjugate if there exists a homeomorphism H : O(f) — O(g) such that
Hf =gH on O(f). A C" endomorphism f of M is called C" inverse limit stable if
there exists a neighborhood U of f in End"(M) such that for every ¢g in U, f and

g are inverse limit conjugate. Similarly, a C™ endomorphism f of M is called C”

Q-inverse limit stable if there exists a C" neighborhood U of f in End" (M) such
that for every g in U there is a homeomorphism H : Q(f) — Q(g) with Hf = gH

—_~ e~

on Q(f). Here Q(f) is the set of all bi-infinite orbits of f with values in Q(f).
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The concept of (£2-) inverse limit stability for endomorphisms is a natural exten-
sion of the concept of structural(€)-) stability for diffeomorphisms, i.e., for diffeo-
morphisms the two concepts coincide.

Definition 4 ([10]). We say that a C" endomorphism f of M has a P-hyperbolic
structure for an w-invariant set A if there are constants C' > 0, 0 < p < 1, a
Riemannian norm | | on T'M such that for every v € A(f), there exist a splitting
of U,cz TuiyM into a direct sum E® @ E satisfying:

(1) B° = U By and B = U2 _ EY

i=—o00 u( i=—00 (i)
(To(i ) Eyq C Ey and  (Toi)f)E,) = Ey
for all 2 € Z;

(2) (To@ f)"w| < Cu"|w| foralli€ Z,ne Z* and w € Ej ;)

i+1) i+1)

[(Tyoeiy f)"w| > C ' "w| forallie Z,ne Zt and w e By

Remark that the definition of P-hyperbolic structure dose not imply a contin-
uous splitting of the whole restricted tangent bundle of M over A. If f|A is a
homeomorphism of A onto itself then P-hyperbolicity of A implies prehyperbolicity
of A.

P-hyperbolic sets have a kind of inverse limit stability as follows:

Theorem 2.3 ([10]). Let I(f) be an w-invariant set for f € End"(M). Suppose
that f has a P-hyperbolic structure for I(f) and (o f"(I(f)) is compact in M.
Then there exists a C" neighborhood U of f in End" (M) such that for every g in
U there is an w-invariant J(g) for g such that there exists a homeomorphism H :

I(f) — J(g) with Hf = GH on I(f). By choosing the neighborhood U sufficiently
small we will have H arbitrarily close to the identity. Subject to this restriction,
the conjugacy is unique.

2.3. Stable and unstable sets for prehyperbolic sets. Let A be a prehyper-
bolic set for f € End"(M) with the stable index j > 0. Let d be the topological
metric on M induced by some Riemannian metric. For z € A, ¢ > 0, the local
stable and unstable sets are defined by

W:(:c)}= {y € Mld(f"(z), f"(y)) < e forn > 0 and d(f"(x), f"(y)) — 0 as
n — +ooy,

Wk(z) = {y € M] there exists a sequence {y_,| n > 0} such that yo = y,
fW-n) = Y—nt1 and d(y_p,2_p) < e for n > 0 and d(y—n,z_n) — 0 as n — 400,
where {x_,|n > 0} C A is a unique negative orbit of x contained in A}.

Note in the definition of unstable sets the existence and uniqueness of the above
negative orbit of x is guaranteed by the stable index of A > 0.

From the well-known results of [2], the following properties are obtained:
(a) W2 (z) is tangent to EJ for o = s, u;

(b) W#(z) is a j-dimensional C" disk;

(¢) W2(z) is a (dim M — j)-dimensional C" disk.
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The stable and unstable sets also satisfy the following:
(1) The embedding of W7 (z) varies continuously with x in A for o = s, u.
(2) For an adapted Riemannian metric which induces d,
d(f"(x), " (y)) < A"d(z,y) for y € Wi(z), n = 0;
A(Y—n,T—p) < XNd(z,y) for y € W*(z),n >0,
where 0 < X\ < 1 is such that ||[Tf|E%|| < X and ||(Tf|E*)7Y| < A
(3) W(z) = {y € Mld(f"(z), f"(y)) < e for all n > 0}.
W2(z) = {y € M| there is a unique negative orbit {y_,} of y such that yo =
Yy d(Y—n,x_p) < e for n > 0}.

(4) {WZ(z)|z € A} is locally f-invariant for o = s,u; for every x € A
W2 () c W2(f(x), W (f(x)) C fF(W(x)).

(5) {WZ(z)|x € A} is self-coherent for o = s,u, i.e. the interior of each pair of
its discs meet in a relatively open subset of each.

Local stable and unstable sets for prehyperbolic sets of endomorphisms have nice
properties and structures similar to those for local stable and unstable manifolds
for hyperbolic sets of diffeomorphisms.

Let us define the stable and unstable sets of x in A as

W3 (z) = U,50 Va(z), where V,,(z) is a connected component of the preimage of
WE(f™(x)) under f™ containing W2(x);
W(z) = U,so (W (z-n)) where {x_p|n > 0} is a unique negative orbit of x

contained in A.

Moreover we define more general objects,
We(z) ={y € M| d(f"(z), ["(y)) — 0 as n — +oo}

W“(m) = {y € M] there exists a sequence {y_n|n > 0} such that yo = v,
fWn) = Y—nt1 and d(y—n,z—n) — 0 as n — 400, where {z_,|n > 0} is the
above negative orbit of x contained in A}.

We call Ws(x) (W“(x)) the generalized stable (unstable) set of x in A. WS(A) =
Uzea Wo(2) is called the generalized stable set of A. Similarly for W"(A) =

UzeA Wu(x)

Let We(A) = {y € M|d(f"(y),A) — 0 as n — +o0} and W4(A) = {y € M|
there exists an infinitely negative orbit {y_} such that d(y_,, A) — 0 asn — +o0}.

We call ﬁ//s(A) (W(A)) the weakly stable (unstable) set of A.
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It is obvious that in general for o = s, u,

(a) We(z) C we ()  for every z in A;

(b)  W(A) C Wo(A) C o (A).

Definition 5 ([1, 12]). Let X be a metric space with a metric d and f a continu-
ous map of X to itself. We say that f is expansive on a subset Y of X if there is
a constant ¢ > 0 such that for any pair of bi-infinite orbits z and y with z C X,
y CY:if d(xn,yn) < e for all n € Z then z = y. For a > 0 an a-pseudo-orbit
for f is a sequence {z;| — 00 < a < i < b < 400} such that d(f(x;), zi+1) < « for
a<i<b-2.

Definition 6 ([1, 12]). Let X be a metric space with a metric d, and f a homeo-
morphism of X to itself. Let z = {z;|a < i < b} be an a-pseudo-orbit of f. One
say that a point 2’ 3-shadows z if d(f*(z'),z;) < 8 for a < i < b.

By the similar arguments to those for hyperbolic sets of diffeomorphisms [12],
we have the following properties of prehyperbolic sets:

Let A be a prehyperbolic set of f € End"(M), r > 1.

Property 1. For every small positive 1 there is a positive ¢ such that if z,y in A
satisfy d(x,y) < 6 then W, ()W, (y) = {p}, p is a point of transverse intersection
of Wy (x) and Wy'(y). We denote this point p by [z,y]; s

Property 2. f is expansive on A.

Property 3. If A has a dense subset of periodic points of f, A has a local product
structure, i.e. for small ¢ and 9,

[z,y]cs belongs to A whenever d(x,y) < é.

We shall prove that prehyperbolic sets with a local product structure have good
properties similar to those for hyperbolic sets with a local product structure. A
weak Axiom A endomorphism has a decomposition of the nonwandering set into
prehyperbolic sets with a local product structure. Hence the following propositions
are useful for weak Axiom A endomorphisms.

The following is the Shadowing Lemma. This is proved by the similar arguments
for diffeomorphisms. However endomorphisms case needs more estimates by the
self-coherence of unstable disk family.

Proposition 2.4 (Shadowing Lemma). Let A be a prehyperbolic set for f €
End"(M), r > 1. Suppose that A has a local product structure and the stable index
1> 0. For every small B > 0 there is an a > 0 such that every a-pseudo-orbit x in
A is B-shadowed by a point y of A.

Proof. First remark that h = f|A is a homeomorphism of A to itself. Moreover
h and h~! are uniformly continuous. Suppose that M has an adapted metric.
Choose ¢ as in the stable and unstable sets for A, and let 0 < A < 1 be the
constant of prehyperbolicity of A. Now choose a positive £; < (1 — X) min{e, 8}.
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Let n = e1/(1 — A) and let 6§ be a positive constant less than 8 — n for which

['s]er6 : Us(An) — A defines a local product structure. Since [-, -] is continuous, as
is W2(-), it makes sense to define o by requiring that whenever z and w in A are
a-close

[z, W3is(w) N A] € W5 (2).

Take first the a-pseudo-orbit z which has the form {zg,---,x,}. Set yo = o and
define yy inductively by yx = [zk, f(yr—1)] for 1 <k < n.

The above definition needs that y; belongs to Wg(zx) NA. For k = 1 it is
trivial. Suppose by induction that yx_1 belongs to W§(xk—1) N A. Then f(yx—1)
belongs to W3s(f(xx—1)) N A and hence yj belongs to W7 (xy), so our definition
is valid. Then we can take an orbit {go, -, Jn—1,Yn} such that g,_; belongs to
W(}j(yn_j) forall 1 < j <n where 6; = >/, Mep <np =g /(1-N). Itis
easy to see that gy G-shadows z [12]. However we do not know whether gy belongs
to A. Let ¢ be a positive constant such that [, ], ¢ is well-defined. Since h~! is
uniformly continuous, there is 0 < r < €1 such that if ,y in A satisfy d(z,y) <r
then d(h=1(x),h=(y)) < ¢. If necessary, we retake a such that d(f(yx_1),yx) <7
forall 1 <k <n.

Remark that we can take a independent of length n because A is compact and
[',]es,c is continuous. Then we claim that {Jo, - ,¥n—1,Yn} is contained in A.
Obviously y,, belongs to A. d(yn, f(yn—1)) < 7 implies d(h™(yn), yn-1) < ¢. If
h=Y(yn) # §n—1, then there is z € [yn—1,h " (Yn)]es,c. Then z € WE (yn—1) so
f(z) € Wi_ (f(yn-1)). On the other hand,

FOVE (™ (yn))) D W2 (Yn) 3 f(yn—1), f(2).
Hence f(2) € W2 (f(yn—1)) OWE (f(yn-1)) = {f(yn-1)} s0
h(z) = f(2) = f(Yn-1) = h(yn-1)-

By the injectivity of h, z = y,—1. Then h™'(yn), Gn-1 € WX (yn—1) by self-
coherence of the disk family {W* (-)}. Moreover y, = f(Jn-1) = f(h™(yn)). This
contradicts the injectivity of f|W* (y,—1). Therefore §,_1 = h™'(y,) € A. By the
above argument for a pair {yn_1, f(yn—2)} instead of {yn, f(yn—1)}, there exists
Uno = b (yn—1) € A such that 7,_y € W2 (yn—2) and d(Y,,_q, yn—2) < Ar < 7.
Since Jn—1 € Wit (Yn—1) and d(Gn-1,Yn-1) < Ar, d(h" (yn—1), A" (Gn-1)) <
¢. Hence d(¥,_o,h Y (Gn_1)) < ¢. If Y (§n_1) # Gn_2, then there is u €
[Tn—2,h" (Gn-1)]. Then u € W2 (7, o) so f(u) € W5_ (yn—1). On the other
hand,

FWVE (R (Gn-1))) D W (Fn-1) D Yn—1, f(u).
Hence f(u) = W (yn—-1) " W2 (Yyn-1) = {yn—1} s0 u = h™!(y,_1) because u, y,_1

€1
belong to A. Thus v = 7, 5 $0 A (Jn-1),Jn—2 € W'(Y,_2), and Jp_1 =
S(W Gn-1)) = f(Gn-2). Hence Jn_o = h™(§n—1) by injectivity of f|W2 (7, _).
By the similar argument, we obtain that g; belongs to A for 0 < i < n — 3.
The case of an arbitrary finite pseudo-orbit proceeds as above. Finally, if z is
an infinite pseudo-orbit, we can find ¥, in A which S-shadows a finite segment
{z_pn, - 2o, ,xn} of z and d(f"(yn),x0) < B. Since A is compact, {f™(yn)}
has a limit point y in A which g-shadows z. O
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Proposition 2.5. Let € be a constant of expansivity of f on A as in Proposition
2.4 and let v be a positive constant less than /2. Then

(a) A bi-infinite pseudo-orbit x is v-shadowed by at most one point y in A.

(b) There are a constant o and a neighborhood U of A such that every a-pseudo-
orbit x in U is vy-shadowed by a point y in A. If, moreover, x is bi-infinite, then y
1S UNIqUE.

Proof. (a) By Proposition 2.4 there is a point y in A which y-shadows z. Let z
be a bi-infinite orbit which shadows z. Then d(z,,h"(y)) < 2y < e for all n € Z,
where h = f|A is a homeomorphism. Hence z, = h"(y) for all n € Z so y and 2z
coincide.

(b) Let «a; correspond to the choice of 8 = /2 in Proposition 2.4. Choose a
neighborhood U of A and a constant « such that every a-pseudo-orbit z in U is
approximated to within /2 by an «j-pseudo-orbit 2’ in A. The a;-pseudo-orbit
2’ is y/2-shadowed by a point y of A, which also «y-shadows z. It follows from (a)
uniqueness of y for a bi-infinite a-pseudo-orbit z. O

Definition. Let f € End" (M), r > 1, and A be a compact f-invariant set. We
say that A is locally mazimal if there is a neighborhood U of A in M such that

ez I™(U) = A

Pseudo-orbits and Shadowing Lemma are very useful tools to prove that a pre-
hyperbolic set with a local product structure is locally maximal, as follows.

Proposition 2.6. Let A be a prehyperbolic set for f € End" (M), r > 1. Suppose
that A has a local product structure and the stable index ¢ > 0. Then there are
neighborhoods U of A in M and V of f in End"(M) such that:

(1) A=,z ["(U) 5
(2) The set (g)A given by Theorem 2.2 for g in V, is equal to (), o, g™(U).

Proof. (1) Let v be a positive constant less than £/2, where ¢ is a constant of
expansivity of f on A. Let  and U be a constant and a neighborhood of A in M
corresponding to 7 in Proposition 2.5. If z belongs to [, , f"(U), then there exists
a bi-infinite f-orbit {z;} such that zg = 2, z; € U for all i € Z. By Proposition
2.5(b) there is a unique point y in A, which y-shadows {z;}. Hence d(h'(y), z;) <
v <e forallie Z, where h = f|A is a homeomorphism. Expansivity of f on A
implies y = zp. Therefore (), ., f™(U) C A. It is obvious that A C [, f™(U).

(2) Let U be a neighborhood of A as in (1). Let V be a very small neighborhood
of f where the map ® of Theorem 2.2 is defined and, furthermore, for all g in
V, sup,en d(g(z), f(z)) < @ < a, where « is as in Proposition 2.4. By (1) we
shrink V" if necessary so that if z belongs to (1, ., g™(U), there exists a bi-infinite
g-orbit {z;} which is a bi-infinite o/-pseudo-orbit of f, contained in U, and satisfies
20 = z. By Proposition 2.4, {z;} is y-shadowed by a unique point z in A. That is,
d(h™(x),z,) < forall n € Z. We claim that ®(g)(z) = z. Set y,, = ®(g)(h"(x))
for all n € Z, where h = f|A is a homeomorphism of A onto itself. Then by taking
V small enough, {y,} is a bi-infinite g-orbit such that

d(yn, " (x)) = d(®(g)(h" (x)), h" (x)) < d(®(g),id) <~ forall ne Z.
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Next, consider the diagram
Ul ' gl , where i(n) =h"(z) and o(n)=n+1.
zZz —— M
3
Theorem 2.1 guarantees that for V' sufficiently small, there is a unique continuous
map j : Z — M such that jo = gj and d(i,5) < 7. Then it is easy to see that
{j(n)In € Z} is a unique bi-infinite g-orbit such that

(a) d(h™(z),j(n)) <~ forall ne Z.

By uniqueness of bi-infinite g-orbit satisfying (a), if 7 is small enough (that is, V'
is small enough), {z,} = {j(n)}. Hence z = z9 = j(0) = ®(g)(z). Therefore
Nhez 9" (U) C ®(g)(A). By the continuity of ®, we can take a small neighborhood
V such that ®(g)(A) is contained in U for all g in V. Then ®(g)(A) C (,c; 9" (U).

O

Proposition 2.7. Let A be a prehyperbolic set for f € End" (M), r > 1. Suppose
that A has a local product structure and the stable index > 0. We have

We(A) = [ We(@) = We(A) and We(A) = | J Wh(z) = WH(A).
TEA zEA

Proof. By Proposition 2.5, if we are given a sufficiently small 6, we can find a
neighborhood U of A and a a > 0 such that every a-pseudo-orbit of f in U is

6-shadowed by a point of A. For an arbitrary y in ﬁ//S(A) there is a positive integer
N so large that

fMy)eU foral n>N.

Now the set y = {yily; = [ (y),i > 0} is a positive orbit of f¥(y) in U, and is
therefore §-shadowed by some z in A, that is,
d(fi(z), f™N(y)) < 6 forall i>0.

If § is small enough so that the local stable set W (z) is defined, fV(y) must belong
to Wg(x), soy € W#(h=N(z)), where h = f|A is a homeomorphism. Hence

we(A) c | W),
TEA

It is obvious that ﬁ//S(A) D Ugen ﬁ//s(x)

For z in W(A) there is a positive integer L so large that z_, € U for all
n > L, where {z_,} is an infinitely negative orbit of z. Now the set a = {a_;|a—; =
z_r—i, ©>0}is anegative orbit of z_r, in U, and is therefore §-shadowed by some
b in A, that is,

d(h™(b),a_;) < & forall i>0.

If 6 is small enough so that the local unstable set W (b) is defined, z_j must
belong to W(b), so 2z € W(fL(b)). Hence WH(A) C Uzen W¥(z). Obviously

Unea WH(x) € WH(A). O
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By the above result we will adopt W#(A) and W*(A) for the definition of the
no-cycles condition of weak Axiom A endomorphisms. If f is a weak Axiom A
endomorphism, Q(f) has a unique decomposition Q(f) = Ag UA; U--- U Ay into
disjoint f-invariant compact sets. Here each A; is a prehyperbolic set such that

every point in Per(f) N A; has same stable index. We may define a preorder > on
the Ai7S by AZ > Aj iff

(W (A:) = M) V(W (Ay) — Aj) # o
We say that the preorder has an r-cycle if there is a sequence A;; > --- > A; | =
A;,. We say that f satisfies the no-cycles condition if the preorder has no r-cycles

for all 1 < r < k+ 1. Remark that a diffeomorphism satisfying Axiom A has no
1-cycles [12].

In the case of endomorphisms we cannot directly use the abstract theory of fil-
trations for diffeomorphisms or homeomorphisms in Chapters 2, 3 of [12]. However,
using the following arguments we can prove the filtration lemma for a weak Axiom
A endomorphism with the no-cycles condition.

Lemma 2.8. Let f € End" (M), r > 1, satisfy weak Aziom A. Let A;, A; be
prehyperbolic sets in the decomposition of Q(f). If Wu(A;)) NA; # ¢, i #j, then
W) 0 (We(A;) — Ag) # ¢

Proof. Choose small compact sets Uy, which contain the Ay’s in their interior with
the property that f(Uy)NU,, = ¢ for k # m. If W"(A;)NA; # ¢ then it is obvious
that  (W™(A;) —A;)N (W;(A]) —A;) # ¢. So we suppose that W*(A;) NA; = ¢.
Case 1. there is a point  in W*(A;)—(A;UA; ) such that { f"(z)|n > 0} has a limit
point in Aj. Then there is a constant N > 0 such that f"(z) € U; forall n > N.
Hence d(f"(x),A;) =0 as n — oco. By Proposition 2.7, z € W?(Aj) —Aj.

Case 2. there is no point such as in Case 1. Then we can choose a sequence of points
of distinct orbits x, in W*(A;) — A; converging to A;. It is no loss of generality to
choose them in Int(U;). Now the definition of W*"(A;) allows us to find, for each
Tp, a point y, in W¥(A;) — A;, a least positive integer k,, with f*~(y,) = z,, and
Yn ¢ Int(U;). Let = be a limit point of the sequence {y,} and notice x € W4 (A;).

Subcase A. k, — oo as n — co. We claim that f™(x) is in U; for all m > 0.
If this claim holds then we find = € /W;(Aj) — A;. Now we have that z is not in
Int(Uj) and f(x) € U;. If there is a positive integer m > 2 with f™(z) in M — U;
and f™~!(z) € Uj, then there is an y,, near  with k, > m so f™(y,) € M — Uj.
This is a contradiction to the minimality of k.

Subcase B. {ky} is bounded. Then we can suppose that f*(y,) = z,, for all n > 0,
where k is some positive integer. Hence f¥(z) = lim, oo fF(yn) = lim, oo Tn.
Therefore f*(z) € Aj so x € Ws(A;) — A;. O

Proposition 2.9. If f € End" (M), r > 1, satisfies weak Aziom A and the no-
cycles condition, then for any family of compact neighborhoods U; of A; there exists
an adapted filtration, i.e. there exists a finite sequence of compact sets My, - - , M
such that
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(1)p=MyC M, C---CM=M;
(2) f( )Clnt( i) for every i ;
(B) Ai =22 o fM(M; — M) C U;.

Proof. Since f satisfies weak Axiom A then Q(f) has a unique decomposition
Q(f) = Ao UA; U--- UAy into disjoint compact sets. Here each A; is a prehy-
perbolic set. Remark that Per(f) N A; is dense in A; for 0 < ¢ < k. Moreover,
all points in Per(f) N A; have same stable index. Hence each A; has a local prod-
uct structure. By the no-cycles condition there is 0 < j < k such that A; is an
attractor, i.e., there is a neighborhood U of A; with (1, f™(U) = A;. In other
words W*(A;) = A;j. Then there exists a compact neighborhood M of A; such
that .0 f™(M1) = Aj, f(My) C Int(My) and My 0 (U2, <, As) = 6 [9], [13].
Since there are no cycles and {A;} is finite, there exists 0 < j; < k, j; # j such
that Aj, > Aj; but A B A; forall 0 <¢ <k, 7# j. We claim that

Ayuwed)n | | M| =0

17717

It is obvious that A; N (|J A;) = ¢. So we suppose that

i#J1,J

Wu(A;, ) NA; # ¢ for some [ # j1,j.

By Lemma 2.8, Wu(A;,)N (Ws(A))—A)) # ¢. Let x € We(Aj;)N (W3 (A)—Ay).

By the selection of ji, ¢ W"(A;,). Hence we have only possibility as in
Case 2 in the proof of Lemma 2.8. Then x € W4(A;,) is a limit point of z,, in
W™(Aj;,) — Aj,. Remark that each x, has an infinitely negative orbit. So x has an
infinitely negative orbit {z,,} in W4(A;,) but not in W*(A;,). Then a({z,}) C
Q(f), where a({zm}) = {y € M| there is a decreasing sequence m, of negative
integers such that limg 4o 2m, = y}. It is easy to see that a({z,}) C A, for
some p # j,j1. Hence z € (W™(Ap) —Ap) N N (Ws(A;) — Ay) so Ap > A Now
notice that x € W*(A;,) N (W*(Ap) —Ap) and a({zm}) C W“(A ). Therefore
Wu(Ajl) N Ap % .

Repeating the above argument using Lemma 2.8 we construct a sequence - - - >
A > o> A, > A Since {A;} is finite, we have a cycle. This contradicts to
the no-cycles condition. We can take a compact neighborhood @2 of Aj UW¥(A;,)
such that

AjUWe(A;) € () f™(Q2) and  Qan | |J Ai] =¢

m>0 i#5,51

We shall show that A; UTW™(Aj,) =(,,>0 f"(Q2). Let x € 50 f"(Q2). Then
there is an infinitely negative orbit {z_,|n > 0} C Q with 29 = z. Hence
a({z_n}) C Q2. Here we shall prove that x € A;UW™“(A;, ). Since a({z_,}) C Q2,
a({z_n}) C AjUA;,. Then it is easy to see that a({z_,}) C A; ora({z_n}) C Aj,.
It follows from Proposition 2.7 that « € Aj UW™"(A;,). Then there exists a com-
pact neighborhood My of A; UW™(A;,) such that ﬂm>0 [ (M2) = Aj UWH(A,),
My C M, f(MQ) C I?’Lt(Mg) and Ms N 017’5]1 g = ¢.
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Proceeding inductively we produce a nest sequence {M;} satisfying (1), (2). For
simplicity reindex so that

Finally we check that A,y = (e, f™ ( jr1—M;). fx e (N, cp f™ ( M;i1—M;),
there exists an infinitely negative orbit {z_,|n > 0} such that g = z, xz_,, €
M1 — M; for all n > 0. Then a({z_,}) C Cl(M;j+1 — M;). Hence a({x_n}) C

Any so x € W¥(A,(;)). Similarly w(z) C Ay, ;) so x € W5(A,j)). Therefore

r € W'(Apgy) N ﬁ//s(An(j)). Since there are no 1-cycles, x € A, ;. This proves
(3). O

Proposition 2.10. Let f € End" (M), r > 1, satisfy weak Aziom A and the no-
cycles condition. Let (Mg, -, My) be a filtration adapted to f. Then there exist
a neighborhood N of f in End" (M) and a family of compact neighborhoods {U;}
such that for each g in N,

(1) Npez 9™ (Us) is locally mazimal with respect to U; ;

(2) g(Mz) C I?’Lt(Ml) )

(3) Qu(g) = Qg) N (M; = Mi—1) = (e 2 9™ (Vi)
Proof. Let Q(f) = AgUA1U---UAi_1 be a unique decomposition as in Proposition
2.9 such that A; C M;11 — M; for all 0 < i < k. By Proposition 2.6, for each
0 <4 < k there exist neighborhoods U; of A; in M and U; of f in End"(M) such
that every ¢ in U; satisfies (1), (2). Let U C ﬂl 0 ' U; be small enough so that every
g in U satisfies (1), (2) for each 0 < ¢ < k. It remains only to show (3). First notice
that each A; is the maximal f-invariant subset in M;;1 — M;. On the other hand
for each g in U ®(g)(A;) is g-invariant subset in M, — M; for each 0 < i < k. Tt
is easy to see that <I>( )(A) C Qi(g) = Q(g) N (M;4+1 — M;). Remark that

=A= () f"W0) = () F™(Mig2 — M),
meZ meZ
So we can choose a positive integer N such that
ﬂ f™(Mig1 — M;) C Int(U;) foreachi=0,1,--- k—1.
—N<m<N
Also for g sufficiently C” close to f, we have

ﬂ gm(Mi_H — MZ) C Int(Ui),
—N<m<N

() 9" (M1 = M) = [ g™ (Ui) = D(g)(As).

meZ meZ

SO

That is, ®(g)(A;) is the maximal g-invariant subset in M;;q — M; for each i =
0,1,---,k — 1. Since ®(g)(A;) C 2;(g) we only need to prove that Q;(g) is g-
invariant. Suppose that g(€i(g)) # Qi(g). Then there is z € Q;(g) such that
g 1 (z) N Q(g) = ¢. Since x € Q(g), there exists a sequence of g-orbits {{zF}|k =

2,- -} such that:

(a) {2,251, , 24} 1s a negative orbit of 2§ for each k € N

(b) limg— 400 n(k) = —oo;

(¢) limg— 100 zé“ = limg_ 100 zﬁ(k) =x.
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From the above sequence {{zF}|k = 1,2,---} we can get an infinitely negative
orbit of z, {x,}. Since ¢g"(x) € Q;(g) for n > 0, g"(x) € M;41 — M; for all n > 0.
Hence there is a negative integer ¢ such that z, ¢ M, ;. Therefore there exists a
positive integer p such that z£ ¢ M;, 2! (p € Mi and n(p) < ¢q. This contradicts
(2). O

3. PROOF OF THEOREM

Let A be a prehyperbolic set for f € End" (M), r > 1. By Theorem 2.1 there are
numbers a > 0, K > 0, k > 0, a neighborhood U of A in M and a neighborhood V'
of f in End"(M). For X = A, h = f|A, i = inclusion map of A into M in Theorem
2.1,if g € V and d(f, g) < « then there is a unique continuous map ®(g) : A — M
such that ®(g) o f = go ®(g) and d(i, ®(g)) < Kd(f,g) and d(i, ®(g)) < k.

Claim. There exists a C" neighborhood U of f in End" (M) such that ®(g)(A) is
P-hyperbolic for every g in U.

Note that the above Claim is property (2) in Theorem 2.2.

Proof. If the stable index of A is zero then f|A is a (quasi-) expanding map. Then
it is easy to see that there exist neighborhoods Uy of A and U° of f such that
if g belongs to U° then there is a homeomorphism ®y(g) from A onto its image
satisfying ®o(g) o f = g o ®o(g) [9]. Moreover g|Po(g)(A) is (quasi-) expanding for
each g in U°. Suppose that the stable index of A =i # 0, i.e. 0 < i < dim M.
Then there exist a continuous splitting TM|A = E* ¢ E*, and a Riemannian norm
| -] on TM, and constants K > 0, 0 < A < 1 satisfying:

(a) (Tf)Es C E* , (Tf)E"=E"Y
(b) (Tf)w| < KA™v| forve E:, z €A, n>0,

[(Tf)"v| > KX ™| for ve EY, z€A, n>0;

(c) f]A is a homeomorphism from A to itself.
Moreover we can take an adapted Riemannian norm on T'M such that the above
K = 1. First we continuously extend the bundle E*® E* over A to bundles F*, E*
over an open neighborhood W. If 2 € W f~Y(W) we can write T'f : ES & E¥ —

E;(m) @ E}L(Jc) as a block matrix
A, B,
C. D, )

Let 6 > 0 be a sufficiently small constant such that A + 28 < 1. Let U; be a
neighborhood of A such that

5 5 5 5
U € WAl < A+ 5, 11Boll < 5. 1ICull < 5. IDF I < A+ 5 forall 2 € Un.

Moreover let Us be a neighborhood of A with compact closure such that U U f(Us)
CU;. If g is C” close to f, the neighborhood U; will contain g(Uz) and the linear

map Ty, : ES & E* — E;(Jc) o E"

o) T € Ua, has the matrix ( 4: By ) with

C, D,

Al < A+ 6, |[Ball <6, Call <6, D] < A+6.
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Take a neighborhood U C V of f in End"(M) such that
D,(9)(A) c Uy forall gel.
For x € Uy, € > 0, let
S2(@) = {(v1,v2) € B3 @ EX| v <efenl},
St(x) = {(v1,v2) € E; ® EY| |v1| < efunf}

where | - | is the adapted Riemannian norm in 7, M. Then if necessary shrinking
U, Us, there exists a constant 0 < p < 1 such that each g € U satisfies: for every

x € Uy
~ 3 ~
I(TgIE <A+ 56 <p <1, [(Tg)v| > o] for v e Ey.

If € > 0 is small enough and if necessary shrinking U, U we can take p < 1 < 1
such that for all z € Uy, all g € U, v € S¥(x), w € SZ(x) satisty:

1) [(Tg)w| < fijw]

(2) [(Tg)vl = gl

3) (Tgz)(5:(x)) C S (9())
(1) (Tga)~"(S2(9(2))) C Sjc(2).-

For each g € U let 7\9 = g:(g/)(A) be the set of all bi-infinite orbits contained in
®;(9)(A). We define the following relation ~ on /~ng for z, y in /NXg, z ~y if
flz) = y or fvl(g) = gz for some integer [ > 0.

Let (x) be an equivalent class containing z. Let Ag be the set of all equivalent
classes. For each (z) in A, set

E; ((z),n) = (T9) ™(E; ). Ei((@)n)=(T9"(EL_ )

T4l T—_n+l

for every n € Z*, where () is a representative of (z).
By Tychonoff’s theorem there exist an increasing sequence {n;|j € Z*} C Z*

and a sequence {E,, ((z))|l € Z} such that

S

By, (@) = Jim B ((z),n;) and B, ((2) © T, M
for every [ € Z.
Observe that for each [ € Z
(Tg)E,, () € lim (Tg)~" "1 E; and
j—+oo

Tnj+1

(Tg)"™H ES  C S%(x141).

Tnj+1

Hence (Tg)E), ((z)) C S (x141) and by (1), (4)

|(Tg)v| < plv| forallve B, ((z)), leZ.
By the iteration of the same argument

(5) |(Tg)™v| < p™|v| forallve Eil(@}), leZ, neZt.
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By the similar argument for le(@},n) there exists a sequence {EZL(@M leZ}
such that EZL ({z)) is a subspace of T, M for every | € Z and

(6) (Tg)"w| > g~ "|w| forall we le(@}), leZ, neZ".

It is easy to see that Eil ((Q)EBEZL ((z)) = Ty, M and dimEil(@)) = ¢ = the stable
index of A for f for all [ € Z. Then it is obvious that

(Tgz)E,,((z)) C B, ({z)) and

Ti41
(T9:)Ey,((2) = By, (@) forall L€ 2.
Hence ®(g)(A) is P-hyperbolic for g in U. O

Proposition 3.1. If f € End" (M), r > 1, satisfies weak Aziom A and the no-
cycles condition then there exists a neighborhood U of f in End" (M) such that for

every g in U there is a homeomorphism Hy : f/l_(\f/) — ®(g)(QUS)) = Qg) such

—_— —

that H,f =gH, on Q(f), where ®(g)(Qf)) is the set of bi-infinite orbits of
g contained in ®(g)(2(f)).

Proof. Since f satisfies weak Axiom A, Q(f) has a decomposition Ag(f) U--- U
Agim m(f) into disjoint prehyperbolic sets. Here each A;(f) is a prehyperbolic set
such that the periodic points in A;(f) are dense in A;(f) and have the stable index
i. Then there exist a continuous splitting TM|Q(f) = E* ® E*, and a Riemannian
norm | | on T'M, and constants K > 0, 0 < A < 1 satisfying:

(a) (Tf)E® C E5, (Tf)E* = E".

(b) (T )| < KA™v| forwve ES, ze€Q(f),n>0.

() (THv| > KX™v| forve EY xe€Q(f),n>0.

(d) if 21 # 22 € Q(f) and f(x1) = f(2x2) =y, then E, = {0}.

We can take an adapted Riemannian metric | | on TM such that K = 1. We
take a family of neighborhoods {W;} such that W; is a neighborhood of A;(f)
for every 0 < ¢ < dimM and W; N W; = ¢ if i # j. By Claim for each A;(f)
there is a neighborhood U; of f in End" (M) such that ®;(g)(A;(f)) is P-hyperbolic
for g in Ui. Let U = NI2MY,. Let U' € U be such that if g € U' then
Kd(f,g) < min{a;|0 < i < dim M} = &, where each «; is given by Theorem 2.1
for A;(f). Since ®;(g)(Ai(f)) is P-hyperbolic for g in U*, the periodic points of
g in ®;(g9)(A;(f)) are prehyperbolic and have the stable index i. Hence it follows
from Proposition 2.10 that P;(g) € ®;(9)(A:(f)) and Cl[P;(g)] = ®;(g)(Ai(f))
for every 0 < i < dim M, where P;(g) is the set of periodic points of g with stable

—_~—

index i. For g in U* define a map H; from A;(f) into ®;(g)(A:(f)) as follows:

—_~—

Hi(z) = (®i(g)zn) for z = (zn) € Ai(f).

Then H;(Ai(f)) € ®:(g)(Ai(f)) and GH; = H;f on Ai(f), where ®;(g)(Ai(f)) is
the set of bi-infinite orbits of ¢ contained in ®;(g)(A;(f)). Moreover it is obvious
that H; is continuous and near the inclusion map I;, that is,

d(H;, I;) = sup{d(Hi(z),z)|z € Ai(f)} < a.
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Using the expansiveness of f on A;(f), we obtain that H; is injective provided

the C° distance of H; from the inclusion map I; : A;(f) — M?Z is less than %Ei,
where ¢; is a constant of expansiveness on A;(f). Thus, H; is a homeomorphism

—_~—

from A;(f) into ®;(g)(A;(f)). Furthermore it is easy to see that U C PF"(M)
[5]. Here PF"(M) denotes the interior of the set of f € End"(M) such that every
periodic point of f is prehyperbolic. Therefore ®;(g)|P;(f) : Pi(f) — Pi(g9) C
®;(g)(Ai(f)) is bijective for every g in U'. ®;(g)(A;(f)) is a compact g-invariant
P-hyperbolic set for g such that the periodic points of g with stable index i are
dense in ®;(g)(A;(f)). By Theorem 2.2, there exists an w-invariant set J;(f) for

f such that there is a homeomorphism H; from ®;(g)(A;(f)) onto jl_(\f/) satisfying

H;§ = fH; on %(Az(f)) Let /Cvl[@Z(g)(Pl(f))] be the set of all bi-infinite
orbits of ¢ contained in Cl1[®;(g)(P;(f))]. Since

—~— — —_~—

Cl@i(9)(Fi(f)] = ClUPi(9)(Pi(f)] = Pi(g)(Ai (),

—_~— —_~— P

Hi(®i(9)(Mi(£))) = CUH(@i(9)(Pi()))] = CIUP(f)].

Hence J;(f) = poHi(®i(9)(Ai(f))) = CUP(f)] = Mi(f),

where pg : M% — M denotes the 0-th projection. Therefore H; H is a home-
omorphism from A; (f) to itself with HH;f = fH;H; on Al(f) For ¢
sufficiently C" near f , Hil H,H; is the 1dent1ty map. Hence H; is onto so H; is a
homeomorphism from A; (f) onto ®; ( )(Ai(f)). For each 0 < i < dim M we take a
neighborhood U, U of f in End" (M) such that for every ¢ in U; there exists a

End” (M
homeomorphlsm H; : A ( ) ( Y(A(f)) with H; Hif = gH;. Let U = N Mg,
(9

—

and H, Q(f) Q(g) =A ( )UA1 U UAdlmM(g) a map defined by

—_~—

Hy|A Z(f -(f)—»AZ-(g) for every 0 <i < dim M,

) =
where A-( ) = 1(9)( Z( f )) Then for each g in U there exists a homeomorphism
Hy : Q(f) = Q(g) = ®(9)(f)) with H,f = gH, on Q(f), where ®(g) : Q(f) —

U?LIBM D;(g)(Ai(f)) is a map with  ®(g)|A;(f) = ®i(g) for each 0 < i < dim M.
O

4. CONCLUDING REMARKS

In this section we state the relation between infinitesimal stability and -inverse
limit stability. By the result of [5] we now know that if f € End" (M), r > 1,
belongs to the interior of the set of C" infinitesimally stable endomorphisms of M
then f is -stable. Combining the Theorem with the result of [4] we also obtain
the following result.

Corollary. If f € End" (M), r > 1, is infinitesimally stable then f is Q-inverse
limat stable.

As a conclusion, it is not known whether an endomorphism f on the boundary
of the set of infinitesimally stable endomorphisms is {2-stable. However an endo-
morphism f on the boundary of the set of infinitesimally stable endomorphisms is
Q-inverse limit stable.
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