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Ω-INVERSE LIMIT STABILITY THEOREM

HIROSHI IKEDA

Dedicated to the memory of my father

Abstract. We prove that if an endomorphism f satisfies weak Axiom A and
the no-cycles condition then f is Ω-inverse limit stable. This result is a gen-
eralization of Smale’s Ω-stability theorem from diffeomorphisms to endomor-
phisms.

1. Introduction

In the theory of dynamical systems, research of orbit structure is one of main
subjects. The central role of this study is played by the topological conjugacy.
Two continuous maps fi : Xi ←↩ of topological spaces Xi, i=1,2, are topologically
conjugate if there exists a homeomorphism h : X1 → X2 such that f2h = hf1.
If h is only continuous surjective, then h is called a semiconjugacy. The image
of an f1-orbit by a semiconjugacy is an f2-orbit, while a topological conjugacy
sends f1-orbits to f2-orbits and preserves their topological properties. Let M be a
smooth compact connected boundaryless manifold and Diffr(M) (resp. Endr(M))
the space of Cr diffeomorphisms (resp. endomorphisms) of M endowed with the Cr

topology, r ≥ 1. We say that f ∈ Diffr(M) (Endr(M)) is Cr structurally stable if
every g near f is topologically conjugate to f . Closely related to structural stability
is Ω-stability. We say that f is Ω-stable if every g near f , g|Ω(g) is topologically
conjugate to f |Ω(f). Here Ω(f) denotes the set of nonwandering points (i.e. the
points x ∈M such that for every neighborhood V of x there exists n > 0 satisfying
fn(V ) ∩ V 6= φ).

From now on we restrict our attention to Ω-stability for diffeomorphisms and en-
domorphisms. We shall outline the development of Ω-stability for discrete systems
without giving precise definitions. Smale [13] proved that a diffeomorphism satis-
fying Axiom A and the no-cycles condition is Ω-stable. Przytycki [9] obtained the
similar result for endomorphisms. Przytycki’s conditions for Ω-stability require that
the nonwandering set contains no singularities. Recall the definition of singularity:
x ∈M is a singularity of f ∈ Endr(M) if Txf is not injective. However, there is an
example of Ω-stable endomorphisms whose nonwandering sets persistently contain
the singularities [7].

Recently we obtained that if an endomorphism f has a neighborhood U such that
every g in U satisfies weak Axiom A then f is Ω-stable [5]. The above sufficient
condition allows the existence of singularities in the nonwandering set. In fact
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our condition is weaker than Przytycki’s conditions: our condition plus Ω(f) ∩
S(f) = φ is equivalent to Axiom A plus the no-cycles condition (that is, Przytycki’s
conditions). Here S(f) denotes the set of singularities of f ∈ Endr(M).

In the case of diffeomorphisms the following are equivalent:
(a) f ∈ Diffr(M) satisfies Axiom A and the no-cycles condition;
(b) f ∈ Diffr(M) has a neighborhood U of f in Diffr(M) such that every g in U

satisfies Axiom A.

Our sufficient condition for Ω-stability of endomorphisms corresponds to (b)
above of diffeomorphisms. Hence our result is a natural generalization of Smale’s
Ω-stability theorem from diffeomorphisms to endomorphisms. In the case of endo-
morphisms it is natural that we pose whether the following are equivalent:

(c) f ∈ Endr(M) satisfies weak Axiom A and the no-cycles condition;
(d) f ∈ Endr(M) has a neighborhood U of f in Endr(M) such that every g in

U satisfies weak Axiom A.

It is easy to see that (d) implies (c). However it is not known whether (c) implies
(d). In this paper we show that (c) implies a sort of Ω-stability, i.e. “inverse limit
stability” on the nonwandering set.

Theorem. If f ∈ Endr(M) satisfies weak Axiom A and the no-cycles condition
then f is Cr Ω-inverse limit stable.

Inverse limit stability does not preserve the topological dynamics. However in-
verse limit stability gives the one-to-one correspondence between all bi-infinite or-
bits for any two endomorphisms near original one. In fact, inverse limit stability
is a generalization of structural stability. Because the two concepts coincide for
diffeomorphisms.

The concept of inverse limit stability was introduced by Mañé and Pugh [7] and
Przytycki [8] in connection with nonsingular endomorphisms of compact manifolds.
Quandt [10] proved an extension of their results for Anosov maps by allowing sin-
gularities and Banach manifolds. For more detailed motivation and explanation in
this direction see Quandt [11].

The contents of this paper are as follows: In §2 we give some definitions and
theorems to develop endomorphism theory. In Subsection 2.1 we define prehyper-
bolic sets and weak Axiom A. Moreover we relate these notions with hyperbolic
sets and Axiom A for diffeomorphisms. In Subsection 2.2 we give the definition
of inverse limit stability and P-hyperbolic structure. In Subsection 2.3 we develop
the theory of stable and unstable sets for prehyperbolic sets. Moreover we show
that prehyperbolic sets with a local product structure have the similar properties
to those for hyperbolic sets with a local product structure, e.g., Shadowing Lemma,
local maximality. At last we introduce the no-cycles condition for a weak Axiom A
endomorphism and prove the filtration lemma. In §3 we prove the Theorem. In §4
we state some remarks on the relation between infinitesimal stability and Ω-inverse
limit stability.
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2. Preliminaries

In this section we give some definitions and theorems to develop endomorphism
theory.

2.1. Prehyperbolic sets.

Definition 1 ([6]). Let f ∈ Endr(M) and let Λ be a compact subset of M with
f(Λ) = Λ. We say that Λ is a prehyperbolic set for f if there exist a continuous
splitting TM |Λ = Es ⊕ Eu, and a Riemannian norm | | on TM and constants

K > 0, 0 < λ < 1 satisfying:
(a) (Tf)Es ⊂ Es, (Tf)Eu = Eu;

(b) |(Tf)nv| ≤ Kλn|v| for x ∈ Λ, v ∈ Esx, n > 0,

|(Tf)nv| ≥ Kλ−n|v| for x ∈ Λ, v ∈ Eux , n > 0;

(c) if x1 6= x2 ∈ Λ and f(x1) = f(x2) = y, Esy = {0}.

Definition 2. We say that f ∈ Endr(M) satisfies weak Axiom A if
(a) the periodic points of f are dense in Ω(f);
(b) Ω(f) is prehyperbolic for f .

Condition (a) guarantees f -invariance of Ω(f), i.e., f(Ω(f)) = Ω(f). Remark
that in general f(Ω(f)) ⊂ Ω(f).

Remark. If a weak Axiom A endomorphism f satisfies Ω(f) ∩ S(f) = φ then we
say that f satisfies Axiom A [6].

If a weak Axiom A endomorphism f is a diffeomorphism then f satisfies Smale’s
Axiom A [13]. That is, weak Axiom A for endomorphisms is a natural generalization
of Axiom A for diffeomorphisms.

We say that a periodic point x of f ∈ Endr(M) with period p is prehyperbolic if
Tfp : TxM → TxM has no eigenvalues of absolute value 1. Then let Eu(x) be the
subspace of TxM associated to the eigenvalues of Tfp : TxM ←↩ that have absolute
value > 1. We call dimM − dimEu(x) the stable index of x for f . Similarly if Λ is
a prehyperbolic set with dimEsx = j for all x ∈ Λ then we call j the stable index of
Λ for f . If a prehyperbolic set Λ has a positive stable index, then f restricted to
Λ is one to one by condition (c) of Definition 1. If it is further assumed that there
are no singularities in Λ, then Λ is hyperbolic in the sense of diffeomorphisms. Let
PF r(M) be the interior of the set of all Cr endomorphisms of M such that every
periodic point is prehyperbolic.

In the proof of the theorem we shall use the following results for prehyperbolic
sets.

Theorem 2.1. Let Λ be a prehyperbolic set for a Cr endomorphism f of M , r ≥ 1.
There are numbers α > 0, K > 0, k > 0, a neighborhood U of Λ in M and a
neighborhood V of f in Endr(M) with the following properties:

For any topological space X, any homeomorphism h of X, and any continuous
map i : X → U , if g belongs to V and d(ih, gi) ≤ α, then there is a unique
continuous map j : X →M such that jh = gj and d(i, j) ≤ k. In fact, we have the
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strong estimate that d(i, j) ≤ Kd(ih, gi). Moreover, for fixed i and h, j depends C0

continuously on g. Here d(i, j) = sup{ρ(i(x), j(x))|x ∈ X}, where ρ is a metric on
M .

Theorem 2.2. Let Λ be a prehyperbolic set for f ∈ Endr(M), r ≥ 1. There is a
neighborhood V of f in Endr(M) and a continuous function Φ : V → C0(Λ,M)
such that:

(1) Φ(f) is the inclusion of Λ in M ;
(2) Φ(g)(Λ) is a P-hyperbolic g-invariant set for any g in V ;
(3) Φ(g) is a semiconjugacy of Λ onto Φ(g)(Λ), that is,

g ◦ Φ(g) = Φ(g) ◦ f on Λ ;

(4) There is a constant K > 0 such that

dC0(Φ(g), incΛ) ≤ KdC0(f, g).

Theorem 2.1 is proved following the case of diffeomorphisms in Chapter 7 of [12].
(1), (3) and (4) of Theorem 2.2 are proved by the similar argument in [12] with
Theorem 2.1. (2) of Theorem 2.2 will be proved in §3.

2.2. Inverse limit stability. Let M be a compact connected smooth manifold
without boundary. With MZ we denote the class of all maps from Z to M , and
choose

d̃(v, w) =
∞∑

i=−∞
2−|i|d(v(i), w(i)) for v, w ∈MZ

as a metric on MZ , where d is a metric on M induced by a Riemannian metric.
This metric induces the product topology on MZ .

Any endomorphism f : M →M induces a map f̃ : MZ →MZ through

(f̃(v))(i) = f(v(i)) for v ∈MZ ,

which we call the lift of f to MZ .
Given a subset Λ of M with f(Λ) ⊂ Λ, we define

Λ̃(f) = {v ∈ ΛZ |f(v(i)) = v(i+ 1) for all i ∈ Z},
that is the set of all bi-infinite orbits of f contained in Λ, and

Õ(f) = {v ∈MZ |f(v(i)) = v(i+ 1) for all i ∈ Z},
that is the set of all bi-infinite orbits of f .

Moreover, we set A(f) =
⋂
n≥0 f

n(M). We will say that a subset Λ of M is

ω-invariant for f if f(Λ) ⊆ Λ.

Definition 3 ([10]). We say that two Cr endomorphisms f and g of M are in-

verse limit conjugate if there exists a homeomorphism H : Õ(f)→ Õ(g) such that

Hf̃ = g̃H on Õ(f). A Cr endomorphism f of M is called Cr inverse limit stable if
there exists a neighborhood U of f in Endr(M) such that for every g in U , f and
g are inverse limit conjugate. Similarly, a Cr endomorphism f of M is called Cr

Ω-inverse limit stable if there exists a Cr neighborhood U of f in Endr(M) such

that for every g in U there is a homeomorphism H : Ω̃(f) → Ω̃(g) with Hf̃ = g̃H

on Ω̃(f). Here Ω̃(f) is the set of all bi-infinite orbits of f with values in Ω(f).
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The concept of (Ω-) inverse limit stability for endomorphisms is a natural exten-
sion of the concept of structural(Ω-) stability for diffeomorphisms, i.e., for diffeo-
morphisms the two concepts coincide.

Definition 4 ([10]). We say that a Cr endomorphism f of M has a P-hyperbolic
structure for an ω-invariant set Λ if there are constants C > 0, 0 < µ < 1, a

Riemannian norm | | on TM such that for every v ∈ Λ̃(f), there exist a splitting
of
⋃
i∈Z Tv(i)M into a direct sum Es ⊕Eu satisfying:

(1) Es =
⋃∞
i=−∞ Esv(i) and Eu =

⋃∞
i=−∞E

u
v(i)

(Tv(i)f)Esv(i) ⊂ Esv(i+1) and (Tv(i)f)Euv(i) = Euv(i+1)

for all i ∈ Z;

(2) |(Tv(i)f)nw| ≤ Cµn|w| for all i ∈ Z, n ∈ Z+ and w ∈ Esv(i)

|(Tv(i)f)nw| ≥ C−1µ−n|w| for all i ∈ Z, n ∈ Z+ and w ∈ Euv(i).

Remark that the definition of P-hyperbolic structure dose not imply a contin-
uous splitting of the whole restricted tangent bundle of M over Λ. If f |Λ is a
homeomorphism of Λ onto itself then P-hyperbolicity of Λ implies prehyperbolicity
of Λ.

P-hyperbolic sets have a kind of inverse limit stability as follows:

Theorem 2.3 ([10]). Let I(f) be an ω-invariant set for f ∈ Endr(M). Suppose
that f has a P-hyperbolic structure for I(f) and

⋂
n≥0 f

n(I(f)) is compact in M .

Then there exists a Cr neighborhood U of f in Endr(M) such that for every g in
U there is an ω-invariant J(g) for g such that there exists a homeomorphism H :

Ĩ(f) → J̃(g) with Hf̃ = g̃H on Ĩ(f). By choosing the neighborhood U sufficiently
small we will have H arbitrarily close to the identity. Subject to this restriction,
the conjugacy is unique.

2.3. Stable and unstable sets for prehyperbolic sets. Let Λ be a prehyper-
bolic set for f ∈ Endr(M) with the stable index j > 0. Let d be the topological
metric on M induced by some Riemannian metric. For x ∈ Λ, ε > 0, the local
stable and unstable sets are defined by

W s
ε (x) = {y ∈ M |d(fn(x), fn(y)) ≤ ε for n ≥ 0 and d(fn(x), fn(y)) → 0 as

n→ +∞},

Wu
ε (x) = {y ∈ M | there exists a sequence {y−n| n ≥ 0} such that y0 = y,

f(y−n) = y−n+1 and d(y−n, x−n) ≤ ε for n ≥ 0 and d(y−n, x−n)→ 0 as n→ +∞,
where {x−n|n ≥ 0} ⊂ Λ is a unique negative orbit of x contained in Λ}.

Note in the definition of unstable sets the existence and uniqueness of the above
negative orbit of x is guaranteed by the stable index of Λ > 0.

From the well-known results of [2], the following properties are obtained:
(a) Wσ

ε (x) is tangent to Eσx for σ = s, u;
(b) W s

ε (x) is a j-dimensional Cr disk;
(c) Wu

ε (x) is a (dimM − j)-dimensional Cr disk.
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The stable and unstable sets also satisfy the following:

(1) The embedding of Wσ
ε (x) varies continuously with x in Λ for σ = s, u.

(2) For an adapted Riemannian metric which induces d,

d(fn(x), fn(y)) ≤ λnd(x, y) for y ∈W s
ε (x), n ≥ 0;

d(y−n, x−n) ≤ λnd(x, y) for y ∈Wu
ε (x), n ≥ 0,

where 0 < λ < 1 is such that ||Tf |Es|| < λ and ||(Tf |Eu)−1|| < λ.

(3) W s
ε (x) = {y ∈M |d(fn(x), fn(y)) ≤ ε for all n ≥ 0}.

Wu
ε (x) = {y ∈M | there is a unique negative orbit {y−n} of y such that y0 =

y, d(y−n, x−n) ≤ ε for n ≥ 0}.

(4) {Wσ
ε (x)|x ∈ Λ} is locally f -invariant for σ = s, u; for every x ∈ Λ

f(W s
ε (x)) ⊂W s

ε (f(x)), Wu
ε (f(x)) ⊂ f(Wu

ε (x)).

(5) {Wσ
ε (x)|x ∈ Λ} is self-coherent for σ = s, u, i.e. the interior of each pair of

its discs meet in a relatively open subset of each.

Local stable and unstable sets for prehyperbolic sets of endomorphisms have nice
properties and structures similar to those for local stable and unstable manifolds
for hyperbolic sets of diffeomorphisms.

Let us define the stable and unstable sets of x in Λ as

W s(x) =
⋃
n≥0 Vn(x), where Vn(x) is a connected component of the preimage of

W s
ε (fn(x)) under fn containing W s

ε (x);

Wu(x) =
⋃
n≥0 f

n(Wu
ε (x−n)) where {x−n|n ≥ 0} is a unique negative orbit of x

contained in Λ.

Moreover we define more general objects,

W̃ s(x) = {y ∈M | d(fn(x), fn(y))→ 0 as n→ +∞}

W̃u(x) = {y ∈ M | there exists a sequence {y−n|n ≥ 0} such that y0 = y,
f(yn) = y−n+1 and d(y−n, x−n) → 0 as n → +∞, where {x−n|n ≥ 0} is the
above negative orbit of x contained in Λ}.

We call W̃ s(x) (W̃u(x)) the generalized stable (unstable) set of x in Λ. W̃ s(Λ) =⋃
x∈Λ W̃

s(x) is called the generalized stable set of Λ. Similarly for W̃u(Λ) =⋃
x∈Λ W̃

u(x).

Let
˜̃
W s(Λ) = {y ∈ M |d(fn(y),Λ) → 0 as n → +∞} and

˜̃
Wu(Λ) = {y ∈ M |

there exists an infinitely negative orbit {y−n} such that d(y−n,Λ)→ 0 as n→ +∞}.

We call
˜̃
W s(Λ) (

˜̃
Wu(Λ)) the weakly stable (unstable) set of Λ.
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It is obvious that in general for σ = s, u,

(a) Wσ(x) ⊂ W̃σ(x) for every x in Λ;

(b) Wσ(Λ) ⊂ W̃σ(Λ) ⊂ ˜̃Wσ(Λ).

Definition 5 ([1, 12]). Let X be a metric space with a metric d and f a continu-
ous map of X to itself. We say that f is expansive on a subset Y of X if there is
a constant ε > 0 such that for any pair of bi-infinite orbits x and y with x ⊂ X ,
y ⊂ Y : if d(xn, yn) < ε for all n ∈ Z then x = y. For α > 0 an α-pseudo-orbit
for f is a sequence {xi| −∞ ≤ a < i < b ≤ +∞} such that d(f(xi), xi+1) < α for
a < i < b− 2.

Definition 6 ([1, 12]). Let X be a metric space with a metric d, and f a homeo-
morphism of X to itself. Let x = {xi|a < i < b} be an α-pseudo-orbit of f . One
say that a point x′ β-shadows x if d(f i(x′), xi) < β for a < i < b.

By the similar arguments to those for hyperbolic sets of diffeomorphisms [12],
we have the following properties of prehyperbolic sets:

Let Λ be a prehyperbolic set of f ∈ Endr(M), r ≥ 1.

Property 1. For every small positive η there is a positive δ such that if x, y in Λ
satisfy d(x, y) < δ then W s

η (x)∩Wu
η (y) = {p}, p is a point of transverse intersection

of W s
η (x) and Wu

η (y). We denote this point p by [x, y]η,δ.

Property 2. f is expansive on Λ.

Property 3. If Λ has a dense subset of periodic points of f , Λ has a local product
structure, i.e. for small ε and δ,

[x, y]ε,δ belongs to Λ whenever d(x, y) < δ.

We shall prove that prehyperbolic sets with a local product structure have good
properties similar to those for hyperbolic sets with a local product structure. A
weak Axiom A endomorphism has a decomposition of the nonwandering set into
prehyperbolic sets with a local product structure. Hence the following propositions
are useful for weak Axiom A endomorphisms.

The following is the Shadowing Lemma. This is proved by the similar arguments
for diffeomorphisms. However endomorphisms case needs more estimates by the
self-coherence of unstable disk family.

Proposition 2.4 (Shadowing Lemma). Let Λ be a prehyperbolic set for f ∈
Endr(M), r ≥ 1. Suppose that Λ has a local product structure and the stable index
i > 0. For every small β > 0 there is an α > 0 such that every α-pseudo-orbit x in
Λ is β-shadowed by a point y of Λ.

Proof. First remark that h = f |Λ is a homeomorphism of Λ to itself. Moreover
h and h−1 are uniformly continuous. Suppose that M has an adapted metric.
Choose ε as in the stable and unstable sets for Λ, and let 0 < λ < 1 be the
constant of prehyperbolicity of Λ. Now choose a positive ε1 < (1 − λ) min{ε, β}.
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Let η = ε1/(1 − λ) and let δ be a positive constant less than β − η for which
[·, ·]ε1,δ : Uδ(∆Λ)→ Λ defines a local product structure. Since [·, ·] is continuous, as
is W s

ε (·), it makes sense to define α by requiring that whenever z and w in Λ are
α-close

[z,W s
λδ(w) ∩ Λ] ⊂W s

δ (z).

Take first the α-pseudo-orbit x which has the form {x0, · · · , xn}. Set y0 = x0 and
define yk inductively by yk = [xk, f(yk−1)] for 1 ≤ k ≤ n.

The above definition needs that yk belongs to W s
δ (xk) ∩ Λ. For k = 1 it is

trivial. Suppose by induction that yk−1 belongs to W s
δ (xk−1) ∩ Λ. Then f(yk−1)

belongs to W s
λδ(f(xk−1)) ∩ Λ and hence yk belongs to W s

δ (xk), so our definition
is valid. Then we can take an orbit {ỹ0, · · · , ỹn−1, yn} such that ỹn−j belongs to

Wu
θj

(yn−j) for all 1 ≤ j ≤ n where θj =
∑j
i=1 λ

jε1 ≤ η = ε1/(1 − λ). It is

easy to see that ỹ0 β-shadows x [12]. However we do not know whether ỹ0 belongs
to Λ. Let ζ be a positive constant such that [·, ·]ε1,ζ is well-defined. Since h−1 is
uniformly continuous, there is 0 < r < ε1 such that if x, y in Λ satisfy d(x, y) < r
then d(h−1(x), h−1(y)) < ζ. If necessary, we retake α such that d(f(yk−1), yk) < r
for all 1 ≤ k ≤ n.

Remark that we can take α independent of length n because Λ is compact and
[·, ·]ε1,ζ is continuous. Then we claim that {ỹ0, · · · , ỹn−1, yn} is contained in Λ.
Obviously yn belongs to Λ. d(yn, f(yn−1)) < r implies d(h−1(yn), yn−1) < ζ. If
h−1(yn) 6= ỹn−1, then there is z ∈ [yn−1, h

−1(yn)]ε1,ζ . Then z ∈ W s
ε1(yn−1) so

f(z) ∈W s
λε1

(f(yn−1)). On the other hand,

f(Wu
ε1(h−1(yn))) ⊃Wu

ε1(yn) 3 f(yn−1), f(z).

Hence f(z) ∈Wu
ε1(f(yn−1)) ∩W s

ε1(f(yn−1)) = {f(yn−1)} so

h(z) = f(z) = f(yn−1) = h(yn−1).

By the injectivity of h, z = yn−1. Then h−1(yn), ỹn−1 ∈ Wu
ε1(yn−1) by self-

coherence of the disk family {Wu
ε1(·)}. Moreover yn = f(ỹn−1) = f(h−1(yn)). This

contradicts the injectivity of f |Wu
ε1(yn−1). Therefore ỹn−1 = h−1(yn) ∈ Λ. By the

above argument for a pair {yn−1, f(yn−2)} instead of {yn, f(yn−1)}, there exists
yn−2 = h−1(yn−1) ∈ Λ such that yn−2 ∈ Wu

ε1(yn−2) and d(yn−2, yn−2) < λr < r.
Since ỹn−1 ∈ Wu

λε1
(yn−1) and d(ỹn−1, yn−1) < λr, d(h−1(yn−1), h−1(ỹn−1)) <

ζ. Hence d(yn−2, h
−1(ỹn−1)) < ζ. If h−1(ỹn−1) 6= ỹn−2, then there is u ∈

[yn−2, h
−1(ỹn−1)]. Then u ∈ W s

ε1(yn−2) so f(u) ∈ W s
λε1

(yn−1). On the other
hand,

f(Wu
ε1(h−1(ỹn−1))) ⊃Wu

ε1(ỹn−1) 3 yn−1, f(u).

Hence f(u) = Wu
ε1(yn−1) ∩W s

ε1(yn−1) = {yn−1} so u = h−1(yn−1) because u, yn−1

belong to Λ. Thus u = yn−2 so h−1(ỹn−1), ỹn−2 ∈ Wu
ε1(yn−2), and ỹn−1 =

f(h−1(ỹn−1)) = f(ỹn−2). Hence ỹn−2 = h−1(ỹn−1) by injectivity of f |Wu
ε1(yn−2).

By the similar argument, we obtain that ỹi belongs to Λ for 0 ≤ i ≤ n − 3.
The case of an arbitrary finite pseudo-orbit proceeds as above. Finally, if x is
an infinite pseudo-orbit, we can find yn in Λ which β-shadows a finite segment
{x−n, · · · , x0, · · · , xn} of x and d(fn(yn), x0) < β. Since Λ is compact, {fn(yn)}
has a limit point y in Λ which β-shadows x.
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Proposition 2.5. Let ε be a constant of expansivity of f on Λ as in Proposition
2.4 and let γ be a positive constant less than ε/2. Then

(a) A bi-infinite pseudo-orbit x is γ-shadowed by at most one point y in Λ.
(b) There are a constant α and a neighborhood U of Λ such that every α-pseudo-

orbit x in U is γ-shadowed by a point y in Λ. If, moreover, x is bi-infinite, then y
is unique.

Proof. (a) By Proposition 2.4 there is a point y in Λ which γ-shadows x. Let z
be a bi-infinite orbit which shadows x. Then d(zn, h

n(y)) ≤ 2γ < ε for all n ∈ Z,
where h = f |Λ is a homeomorphism. Hence zn = hn(y) for all n ∈ Z so y and z0

coincide.
(b) Let α1 correspond to the choice of β = γ/2 in Proposition 2.4. Choose a

neighborhood U of Λ and a constant α such that every α-pseudo-orbit x in U is
approximated to within γ/2 by an α1-pseudo-orbit x′ in Λ. The α1-pseudo-orbit
x′ is γ/2-shadowed by a point y of Λ, which also γ-shadows x. It follows from (a)
uniqueness of y for a bi-infinite α-pseudo-orbit x.

Definition. Let f ∈ Endr(M), r ≥ 1, and Λ be a compact f -invariant set. We
say that Λ is locally maximal if there is a neighborhood U of Λ in M such that⋂
m∈Z f

m(U) = Λ.

Pseudo-orbits and Shadowing Lemma are very useful tools to prove that a pre-
hyperbolic set with a local product structure is locally maximal, as follows.

Proposition 2.6. Let Λ be a prehyperbolic set for f ∈ Endr(M), r ≥ 1. Suppose
that Λ has a local product structure and the stable index i > 0. Then there are
neighborhoods U of Λ in M and V of f in Endr(M) such that:

(1) Λ =
⋂
n∈Z f

n(U) ;
(2) The set Φ(g)Λ given by Theorem 2.2 for g in V , is equal to

⋂
n∈Z g

n(U).

Proof. (1) Let γ be a positive constant less than ε/2, where ε is a constant of
expansivity of f on Λ. Let α and U be a constant and a neighborhood of Λ in M
corresponding to γ in Proposition 2.5. If z belongs to

⋂
n∈Z f

n(U), then there exists
a bi-infinite f -orbit {zi} such that z0 = z, zi ∈ U for all i ∈ Z. By Proposition
2.5(b) there is a unique point y in Λ, which γ-shadows {zi}. Hence d(hi(y), zi) <
γ < ε for all i ∈ Z, where h = f |Λ is a homeomorphism. Expansivity of f on Λ
implies y = z0. Therefore

⋂
n∈Z f

n(U) ⊂ Λ. It is obvious that Λ ⊂
⋂
n∈Z f

n(U).
(2) Let U be a neighborhood of Λ as in (1). Let V be a very small neighborhood

of f where the map Φ of Theorem 2.2 is defined and, furthermore, for all g in
V , supx∈M d(g(x), f(x)) < α′ < α, where α is as in Proposition 2.4. By (1) we
shrink V if necessary so that if z belongs to

⋂
n∈Z g

n(U), there exists a bi-infinite
g-orbit {zi} which is a bi-infinite α′-pseudo-orbit of f , contained in U , and satisfies
z0 = z. By Proposition 2.4, {zi} is γ-shadowed by a unique point x in Λ. That is,
d(hn(x), zn) < γ for all n ∈ Z. We claim that Φ(g)(x) = z. Set yn = Φ(g)(hn(x))
for all n ∈ Z, where h = f |Λ is a homeomorphism of Λ onto itself. Then by taking
V small enough, {yn} is a bi-infinite g-orbit such that

d(yn, h
n(x)) = d(Φ(g)(hn(x)), hn(x)) ≤ d(Φ(g), id) < γ for all n ∈ Z.
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Next, consider the diagram

Z −−−−→
i

Uyσ yg
Z −−−−→

i
M

, where i(n) = hn(x) and σ(n) = n+ 1.

Theorem 2.1 guarantees that for V sufficiently small, there is a unique continuous
map j : Z → M such that jσ = gj and d(i, j) < γ. Then it is easy to see that
{j(n)|n ∈ Z} is a unique bi-infinite g-orbit such that

(a) d(hn(x), j(n)) < γ for all n ∈ Z.

By uniqueness of bi-infinite g-orbit satisfying (a), if γ is small enough (that is, V
is small enough), {zn} = {j(n)}. Hence z = z0 = j(0) = Φ(g)(x). Therefore⋂
n∈Z g

n(U) ⊂ Φ(g)(Λ). By the continuity of Φ, we can take a small neighborhood
V such that Φ(g)(Λ) is contained in U for all g in V . Then Φ(g)(Λ) ⊂

⋂
n∈Z g

n(U).

Proposition 2.7. Let Λ be a prehyperbolic set for f ∈ Endr(M), r ≥ 1. Suppose
that Λ has a local product structure and the stable index > 0. We have˜̃

W s(Λ) =
⋃
x∈Λ

W̃ s(x) = W̃ s(Λ) and
˜̃
Wu(Λ) =

⋃
x∈Λ

Wu(x) = Wu(Λ).

Proof. By Proposition 2.5, if we are given a sufficiently small δ, we can find a
neighborhood U of Λ and a α > 0 such that every α-pseudo-orbit of f in U is

δ-shadowed by a point of Λ. For an arbitrary y in
˜̃
W s(Λ) there is a positive integer

N so large that

fn(y) ∈ U for all n ≥ N .

Now the set y = {yi|yi = f i+N (y), i ≥ 0} is a positive orbit of fN(y) in U , and is
therefore δ-shadowed by some x in Λ, that is,

d(f i(x), f i+N (y)) < δ for all i ≥ 0.

If δ is small enough so that the local stable set W s
δ (x) is defined, fN(y) must belong

to W s
δ (x), so y ∈ W̃ s(h−N (x)), where h = f |Λ is a homeomorphism. Hence˜̃

W s(Λ) ⊂
⋃
x∈Λ

W̃ s(x).

It is obvious that
˜̃
W s(Λ) ⊃

⋃
x∈Λ W̃

s(x).

For z in
˜̃
Wu(Λ) there is a positive integer L so large that z−n ∈ U for all

n ≥ L, where {z−n} is an infinitely negative orbit of z. Now the set a = {a−i|a−i =
z−L−i, i ≥ 0} is a negative orbit of z−L in U , and is therefore δ-shadowed by some
b in Λ, that is,

d(h−i(b), a−i) < δ for all i ≥ 0.

If δ is small enough so that the local unstable set Wu
δ (b) is defined, z−L must

belong to Wu
δ (b), so z ∈ Wu(fL(b)). Hence

˜̃
Wu(Λ) ⊂

⋃
x∈ΛW

u(x). Obviously⋃
x∈ΛW

u(x) ⊂ ˜̃Wu(Λ).
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By the above result we will adopt W̃ s(Λ) and Wu(Λ) for the definition of the
no-cycles condition of weak Axiom A endomorphisms. If f is a weak Axiom A
endomorphism, Ω(f) has a unique decomposition Ω(f) = Λ0 ∪ Λ1 ∪ · · · ∪ Λk into
disjoint f -invariant compact sets. Here each Λi is a prehyperbolic set such that
every point in Per(f) ∩ Λi has same stable index. We may define a preorder � on
the Λi’s by Λi � Λj iff

(Wu(Λi)− Λi) ∩ (W̃ s(Λj)− Λj) 6= φ.

We say that the preorder has an r-cycle if there is a sequence Λi1 � · · · � Λir+1 =
Λi1 . We say that f satisfies the no-cycles condition if the preorder has no r-cycles
for all 1 ≤ r ≤ k + 1. Remark that a diffeomorphism satisfying Axiom A has no
1-cycles [12].

In the case of endomorphisms we cannot directly use the abstract theory of fil-
trations for diffeomorphisms or homeomorphisms in Chapters 2, 3 of [12]. However,
using the following arguments we can prove the filtration lemma for a weak Axiom
A endomorphism with the no-cycles condition.

Lemma 2.8. Let f ∈ Endr(M), r ≥ 1, satisfy weak Axiom A. Let Λi, Λj be

prehyperbolic sets in the decomposition of Ω(f). If Wu(Λi) ∩ Λj 6= φ, i 6= j, then

Wu(Λi) ∩ (W̃ s(Λj)− Λj) 6= φ.

Proof. Choose small compact sets Uk which contain the Λk’s in their interior with
the property that f(Uk)∩Um = φ for k 6= m. If Wu(Λi)∩Λj 6= φ then it is obvious

that (Wu(Λi)−Λi)∩ (W̃ s(Λj)−Λj) 6= φ. So we suppose that Wu(Λi)∩Λj = φ.

Case 1. there is a point x in Wu(Λi)−(Λi∪Λj) such that {fn(x)|n ≥ 0} has a limit
point in Λj . Then there is a constant N > 0 such that fn(x) ∈ Uj for all n ≥ N .

Hence d(fn(x),Λj)→ 0 as n→∞. By Proposition 2.7, x ∈ W̃ s(Λj)− Λj .

Case 2. there is no point such as in Case 1. Then we can choose a sequence of points
of distinct orbits xn in Wu(Λi)−Λi converging to Λj . It is no loss of generality to
choose them in Int(Uj). Now the definition of Wu(Λj) allows us to find, for each
xn, a point yn in Wu(Λi)− Λi, a least positive integer kn with fkn(yn) = xn and

yn /∈ Int(Uj). Let x be a limit point of the sequence {yn} and notice x ∈Wu(Λi).

Subcase A. kn → ∞ as n → ∞. We claim that fm(x) is in Uj for all m > 0.

If this claim holds then we find x ∈ W̃ s(Λj) − Λj . Now we have that x is not in
Int(Uj) and f(x) ∈ Uj . If there is a positive integer m ≥ 2 with fm(x) in M − Uj
and fm−1(x) ∈ Uj , then there is an yn near x with kn > m so fm(yn) ∈ M − Uj.
This is a contradiction to the minimality of kn.

Subcase B. {kn} is bounded. Then we can suppose that fk(yn) = xn for all n > 0,
where k is some positive integer. Hence fk(x) = limn→∞ f

k(yn) = limn→∞ xn.

Therefore fk(x) ∈ Λj so x ∈ W̃ s(Λj)− Λj .

Proposition 2.9. If f ∈ Endr(M), r ≥ 1, satisfies weak Axiom A and the no-
cycles condition, then for any family of compact neighborhoods Ui of Λi there exists
an adapted filtration, i.e. there exists a finite sequence of compact sets M0, · · · ,Ml

such that
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(1) φ = M0 ⊂M1 ⊂ · · · ⊂Ml = M ;
(2) f(Mi) ⊂ Int(Mi) for every i ;

(3) Λi =
⋂+∞
n=−∞ f

n(Mi −Mi−1) ⊂ Ui.

Proof. Since f satisfies weak Axiom A then Ω(f) has a unique decomposition
Ω(f) = Λ0 ∪ Λ1 ∪ · · · ∪ Λk into disjoint compact sets. Here each Λi is a prehy-
perbolic set. Remark that Per(f) ∩ Λi is dense in Λi for 0 ≤ i ≤ k. Moreover,
all points in Per(f) ∩ Λi have same stable index. Hence each Λi has a local prod-
uct structure. By the no-cycles condition there is 0 ≤ j ≤ k such that Λj is an
attractor, i.e., there is a neighborhood U of Λj with

⋂
n≥0 f

n(U) = Λj . In other

words Wu(Λj) = Λj . Then there exists a compact neighborhood M1 of Λj such

that
⋂
m≥0 f

m(M1) = Λj , f(M1) ⊂ Int(M1) and M1 ∩ (
⋃i6=j

0≤i≤k Λi) = φ [9], [13].

Since there are no cycles and {Λi} is finite, there exists 0 ≤ j1 ≤ k, j1 6= j such
that Λj1 � Λj but Λj1 6� Λi for all 0 ≤ i ≤ k, i 6= j. We claim that

(Λj ∪Wu(Λj1)) ∩

 ⋃
i6=j1,j

Λi

 = φ.

It is obvious that Λj ∩ (
⋃
i6=j1,j Λi) = φ. So we suppose that

Wu(Λj1) ∩ Λl 6= φ for some l 6= j1, j.

By Lemma 2.8, Wu(Λj1)∩(W̃ s(Λl)−Λl) 6= φ. Let x ∈Wu(Λj1)∩(W̃ s(Λl)−Λl).
By the selection of j1, x /∈ Wu(Λj1). Hence we have only possibility as in

Case 2 in the proof of Lemma 2.8. Then x ∈ Wu(Λj1) is a limit point of xn in
Wu(Λj1)−Λj1 . Remark that each xn has an infinitely negative orbit. So x has an

infinitely negative orbit {zm} in Wu(Λj1) but not in Wu(Λj1). Then α({zm}) ⊂
Ω(f), where α({zm}) = {y ∈ M | there is a decreasing sequence mq of negative
integers such that limq→+∞ zmq = y}. It is easy to see that α({zm}) ⊂ Λp for

some p 6= j, j1. Hence x ∈ (Wu(Λp) − Λp) ∩ (W̃ s(Λl) − Λl) so Λp � Λl. Now

notice that x ∈ Wu(Λj1) ∩ (Wu(Λp) − Λp) and α({zm}) ⊂ Wu(Λj1). Therefore

Wu(Λj1) ∩ Λp 6= φ.
Repeating the above argument using Lemma 2.8 we construct a sequence · · · �

Λr � · · · � Λp � Λl. Since {Λi} is finite, we have a cycle. This contradicts to

the no-cycles condition. We can take a compact neighborhood Q2 of Λj ∪Wu(Λj1)
such that

Λj ∪Wu(Λj1) ⊂
⋂
m≥0

fm(Q2) and Q2 ∩

 ⋃
i6=j,j1

Λi

 = φ.

We shall show that Λj ∪Wu(Λj1) =
⋂
m≥0 f

m(Q2). Let x ∈
⋂
m≥0 f

m(Q2). Then

there is an infinitely negative orbit {x−n|n ≥ 0} ⊂ Q2 with x0 = x. Hence
α({x−n}) ⊂ Q2. Here we shall prove that x ∈ Λj∪Wu(Λj1). Since α({x−n}) ⊂ Q2,
α({x−n}) ⊂ Λj∪Λj1 . Then it is easy to see that α({x−n}) ⊂ Λj or α({x−n}) ⊂ Λj1 .
It follows from Proposition 2.7 that x ∈ Λj ∪Wu(Λj1). Then there exists a com-
pact neighborhood M2 of Λj ∪Wu(Λj1) such that

⋂
m≥0 f

m(M2) = Λj ∪Wu(Λj1),

M1 ⊂M2, f(M2) ⊂ Int(M2) and M2 ∩
⋂
i6=j1,j Λi = φ.
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Proceeding inductively we produce a nest sequence {Mi} satisfying (1), (2). For
simplicity reindex so that

Λn(j) ⊂Mj+1 −Mj for 0 ≤ j < k.

Finally we check that Λn(j) =
⋂
m∈Z f

m(Mj+1−Mj). If x ∈
⋂
m∈Z f

m(Mj+1−Mj),
there exists an infinitely negative orbit {x−n|n ≥ 0} such that x0 = x, x−n ∈
Mj+1 −Mj for all n ≥ 0. Then α({x−n}) ⊂ Cl(Mj+1 −Mj). Hence α({x−n}) ⊂
Λn(j) so x ∈ Wu(Λn(j)). Similarly ω(x) ⊂ Λn(j) so x ∈ W̃ s(Λn(j)). Therefore

x ∈ Wu(Λn(j)) ∩ W̃ s(Λn(j)). Since there are no 1-cycles, x ∈ Λn(j). This proves
(3).

Proposition 2.10. Let f ∈ Endr(M), r ≥ 1, satisfy weak Axiom A and the no-
cycles condition. Let (M0, · · · ,Mk) be a filtration adapted to f . Then there exist
a neighborhood N of f in Endr(M) and a family of compact neighborhoods {Ui}
such that for each g in N ,

(1)
⋂
m∈Z g

m(Ui) is locally maximal with respect to Ui ;
(2) g(Mi) ⊂ Int(Mi) ;
(3) Ωi(g) = Ω(g) ∩ (Mi −Mi−1) =

⋂
m∈Z g

m(Ui).

Proof. Let Ω(f) = Λ0∪Λ1∪· · ·∪Λk−1 be a unique decomposition as in Proposition
2.9 such that Λi ⊂ Mi+1 −Mi for all 0 ≤ i < k. By Proposition 2.6, for each
0 ≤ i < k there exist neighborhoods Ui of Λi in M and Ui of f in Endr(M) such

that every g in Ui satisfies (1), (2). Let U ⊂
⋂k−1
i=0 Ui be small enough so that every

g in U satisfies (1), (2) for each 0 ≤ i < k. It remains only to show (3). First notice
that each Λi is the maximal f -invariant subset in Mi+1 −Mi. On the other hand
for each g in U Φ(g)(Λi) is g-invariant subset in Mi+1 −Mi for each 0 ≤ i < k. It
is easy to see that Φ(g)(Λi) ⊂ Ωi(g) = Ω(g) ∩ (Mi+1 −Mi). Remark that

Ωi(f) = Λi =
⋂
m∈Z

fm(Ui) =
⋂
m∈Z

fm(Mi+1 −Mi).

So we can choose a positive integer N such that⋂
−N<m<N

fm(Mi+1 −Mi) ⊂ Int(Ui) for each i = 0, 1, · · · , k − 1.

Also for g sufficiently Cr close to f , we have⋂
−N<m<N

gm(Mi+1 −Mi) ⊂ Int(Ui),

so ⋂
m∈Z

gm(Mi+1 −Mi) =
⋂
m∈Z

gm(Ui) = Φ(g)(Λi).

That is, Φ(g)(Λi) is the maximal g-invariant subset in Mi+1 −Mi for each i =
0, 1, · · · , k − 1. Since Φ(g)(Λi) ⊂ Ωi(g) we only need to prove that Ωi(g) is g-
invariant. Suppose that g(Ωi(g)) 6= Ωi(g). Then there is x ∈ Ωi(g) such that
g−1(x) ∩ Ω(g) = φ. Since x ∈ Ω(g), there exists a sequence of g-orbits {{zkn}|k =
1, 2, · · · } such that:

(a) {zk0 , zk−1, · · · , zkn(k)} is a negative orbit of zk0 for each k ∈ N ;

(b) limk→+∞ n(k) = −∞;
(c) limk→+∞ zk0 = limk→+∞ zkn(k) = x.
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From the above sequence {{zkn}|k = 1, 2, · · · } we can get an infinitely negative
orbit of x, {xn}. Since gn(x) ∈ Ωi(g) for n ≥ 0, gn(x) ∈ Mi+1 −Mi for all n ≥ 0.
Hence there is a negative integer q such that xq /∈ Mi+1. Therefore there exists a
positive integer p such that zpq /∈ Mi, z

p
n(p) ∈ Mi and n(p) < q. This contradicts

(2).

3. Proof of Theorem

Let Λ be a prehyperbolic set for f ∈ Endr(M), r ≥ 1. By Theorem 2.1 there are
numbers α > 0, K > 0, k > 0, a neighborhood U of Λ in M and a neighborhood V
of f in Endr(M). For X = Λ, h = f |Λ, i = inclusion map of Λ into M in Theorem
2.1, if g ∈ V and d(f, g) < α then there is a unique continuous map Φ(g) : Λ→M
such that Φ(g) ◦ f = g ◦ Φ(g) and d(i,Φ(g)) < Kd(f, g) and d(i,Φ(g)) ≤ k.

Claim. There exists a Cr neighborhood U of f in Endr(M) such that Φ(g)(Λ) is
P-hyperbolic for every g in U .

Note that the above Claim is property (2) in Theorem 2.2.

Proof. If the stable index of Λ is zero then f |Λ is a (quasi-) expanding map. Then
it is easy to see that there exist neighborhoods U0 of Λ and U0 of f such that
if g belongs to U0 then there is a homeomorphism Φ0(g) from Λ onto its image
satisfying Φ0(g) ◦ f = g ◦ Φ0(g) [9]. Moreover g|Φ0(g)(Λ) is (quasi-) expanding for
each g in U0. Suppose that the stable index of Λ = i 6= 0, i.e. 0 < i ≤ dimM .
Then there exist a continuous splitting TM |Λ = Es⊕Eu, and a Riemannian norm
| · | on TM , and constants K > 0, 0 < λ < 1 satisfying:

(a) (Tf)Es ⊂ Es , (Tf)Eu = Eu;
(b) |(Tf)nv| ≤ Kλn|v| for v ∈ Esx, x ∈ Λ, n > 0,

|(Tf)nv| ≥ Kλ−n|v| for v ∈ Eux , x ∈ Λ, n > 0;

(c) f |Λ is a homeomorphism from Λ to itself.
Moreover we can take an adapted Riemannian norm on TM such that the above

K = 1. First we continuously extend the bundle Es⊕Eu over Λ to bundles Ẽs, Ẽu

over an open neighborhood W . If x ∈W ∩ f−1(W ) we can write Tf : Ẽsx⊕ Ẽux →
Ẽsf(x) ⊕ Ẽuf(x) as a block matrix (

Ax Bx
Cx Dx

)
.

Let δ > 0 be a sufficiently small constant such that λ + 2δ < 1. Let U1 be a
neighborhood of Λ such that

U1 ⊂W, ||Ax|| < λ+
δ

2
, ||Bx|| <

δ

2
, ||Cx|| <

δ

2
, ||D−1

x || < λ+
δ

2
for all x ∈ U1.

Moreover let U2 be a neighborhood of Λ with compact closure such that U2∪f(U2)
⊂ U1. If g is Cr close to f , the neighborhood U1 will contain g(U2) and the linear

map Tgx : Ẽsx ⊕ Ẽux → Ẽsg(x) ⊕ Ẽug(x), x ∈ U2, has the matrix

(
Ax Bx
Cx Dx

)
with

||Ax|| < λ+ δ, ||Bx|| < δ, ||Cx|| < δ, ||D−1

x || < λ+ δ.
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Take a neighborhood U ⊂ V of f in Endr(M) such that

Φi(g)(Λ) ⊂ U2 for all g ∈ U .

For x ∈ U1, ε > 0, let

Ssε(x) = {(v1, v2) ∈ Ẽsx ⊕ Ẽux | |v2| ≤ ε|v1|},
Suε (x) = {(v1, v2) ∈ Ẽsx ⊕ Ẽux | |v1| ≤ ε|v2|}

where | · | is the adapted Riemannian norm in TxM . Then if necessary shrinking
U , U2, there exists a constant 0 < µ < 1 such that each g ∈ U satisfies: for every

x ∈ U2

||(Tg)|Ẽsx|| ≤ λ+
3

2
δ < µ < 1, |(Tg)v| ≥ µ−1|v| for v ∈ Ẽux .

If ε > 0 is small enough and if necessary shrinking U , U2 we can take µ < µ̄ < 1
such that for all x ∈ U2, all g ∈ U , v ∈ Suε (x), w ∈ Ssε(x) satisfy:

(1) |(Tg)w| ≤ µ̄|w|
(2) |(Tg)v| ≥ µ̄−1|v|
(3) (Tgx)(Suε (x)) ⊂ Suµ̄ε(g(x))

(4) (Tgx)−1(Ssε(g(x))) ⊂ Ssµ̄ε(x).

For each g ∈ U let Λ̃g = Φ̃i(g)(Λ) be the set of all bi-infinite orbits contained in

Φi(g)(Λ). We define the following relation ' on Λ̃g: for x, y in Λ̃g, x ' y if

f̃ l(x) = y or f̃ l(y) = x for some integer l ≥ 0.

Let 〈x〉 be an equivalent class containing x. Let Λ̂g be the set of all equivalent

classes. For each 〈x〉 in Λ̂g, set

Esxl(〈x〉, n) = (Tg)−n(Ẽsxn+l
), Euxl(〈x〉, n) = (Tg)n(Ẽux−n+l

)

for every n ∈ Z+, where (xl) is a representative of 〈x〉.
By Tychonoff’s theorem there exist an increasing sequence {nj |j ∈ Z+} ⊂ Z+

and a sequence {Esxl(〈x〉)|l ∈ Z} such that

E
s

xl
(〈x〉) = lim

j→∞
Esxl(〈x〉, nj) and E

s

xl
(〈x〉) ⊂ TxlM

for every l ∈ Z.
Observe that for each l ∈ Z

(Tg)E
s

xl(〈x〉) ⊂ lim
j→+∞

(Tg)−nj+1Ẽsxnj+l
and

(Tg)−nj+1Ẽsxnj+l
⊂ Ssε(xl+1).

Hence (Tg)E
s

xl
(〈x〉) ⊂ Ssε(xl+1) and by (1), (4)

|(Tg)v| ≤ µ̄|v| for all v ∈ Esxl(〈x〉), l ∈ Z.

By the iteration of the same argument

(5) |(Tg)nv| ≤ µ̄n|v| for all v ∈ Esxl(〈x〉), l ∈ Z, n ∈ Z+.
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By the similar argument for E
u

xl
(〈x〉, n) there exists a sequence {Euxl(〈x〉)| l ∈ Z}

such that E
u

xl(〈x〉) is a subspace of TxlM for every l ∈ Z and

|(Tg)nw| ≥ µ̄−n|w| for all w ∈ Euxl(〈x〉), l ∈ Z, n ∈ Z+.(6)

It is easy to see that E
s

xl(〈x〉)⊕E
u

xl(〈x〉) = TxlM and dimE
s

xl(〈x〉) = i = the stable
index of Λ for f for all l ∈ Z. Then it is obvious that

(Tgxl)E
s

xl
(〈x〉) ⊂ Esxl+1

(〈x〉) and

(Tgxl)E
u

xl(〈x〉) = E
u

xl+1
(〈x〉) for all l ∈ Z.

Hence Φ(g)(Λ) is P-hyperbolic for g in U .

Proposition 3.1. If f ∈ Endr(M), r ≥ 1, satisfies weak Axiom A and the no-
cycles condition then there exists a neighborhood U of f in Endr(M) such that for

every g in U there is a homeomorphism Hg : Ω̃(f) → Φ̃(g)(Ω(f)) = Ω̃(g) such

that Hg f̃ = g̃Hg on Ω̃(f), where Φ̃(g)(Ω(f)) is the set of bi-infinite orbits of
g contained in Φ(g)(Ω(f)).

Proof. Since f satisfies weak Axiom A, Ω(f) has a decomposition Λ0(f) ∪ · · · ∪
ΛdimM(f) into disjoint prehyperbolic sets. Here each Λi(f) is a prehyperbolic set
such that the periodic points in Λi(f) are dense in Λi(f) and have the stable index
i. Then there exist a continuous splitting TM |Ω(f) = Es ⊕Eu, and a Riemannian
norm | | on TM , and constants K > 0, 0 < λ < 1 satisfying:

(a) (Tf)Es ⊂ Es, (Tf)Eu = Eu.

(b) |(Tf)nv| ≤ Kλn|v| for v ∈ Esx, x ∈ Ω(f), n > 0.

(c) |(Tf)nv| ≥ Kλ−n|v| for v ∈ Eux , x ∈ Ω(f), n > 0.

(d) if x1 6= x2 ∈ Ω(f) and f(x1) = f(x2) = y, then Esy = {0}.
We can take an adapted Riemannian metric | | on TM such that K = 1. We
take a family of neighborhoods {Wi} such that Wi is a neighborhood of Λi(f)
for every 0 ≤ i ≤ dimM and Wi ∩Wj = φ if i 6= j. By Claim for each Λi(f)
there is a neighborhood Ui of f in Endr(M) such that Φi(g)(Λi(f)) is P-hyperbolic

for g in Ui. Let U0 =
⋂dimM
i=0 Ui. Let U1 ⊂ U0 be such that if g ∈ U1 then

Kd(f, g) < min{αi|0 ≤ i ≤ dimM} = α̃, where each αi is given by Theorem 2.1
for Λi(f). Since Φi(g)(Λi(f)) is P-hyperbolic for g in U1, the periodic points of
g in Φi(g)(Λi(f)) are prehyperbolic and have the stable index i. Hence it follows
from Proposition 2.10 that Pi(g) ⊂ Φi(g)(Λi(f)) and Cl[Pi(g)] = Φi(g)(Λi(f))
for every 0 ≤ i ≤ dimM , where Pi(g) is the set of periodic points of g with stable

index i. For g in U1 define a map Hi from Λ̃i(f) into Φ̃i(g)(Λi(f)) as follows:

Hi(x) = (Φi(g)xn) for x = (xn) ∈ Λ̃i(f).

Then Hi(Λ̃i(f)) ⊂ Φ̃i(g)(Λi(f)) and g̃Hi = Hif̃ on Λ̃i(f), where Φ̃i(g)(Λi(f)) is
the set of bi-infinite orbits of g contained in Φi(g)(Λi(f)). Moreover it is obvious
that Hi is continuous and near the inclusion map Ii, that is,

d̃(Hi, Ii) = sup{d(Hi(x), x)|x ∈ Λ̃i(f)} < α̃.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



Ω-INVERSE LIMIT STABILITY THEOREM 2199

Using the expansiveness of f on Λi(f), we obtain that Hi is injective provided

the C0 distance of Hi from the inclusion map Ii : Λ̃i(f) → MZ is less than 1
2εi,

where εi is a constant of expansiveness on Λi(f). Thus, Hi is a homeomorphism

from Λ̃i(f) into Φ̃i(g)(Λi(f)). Furthermore it is easy to see that U1 ⊂ PF r(M)
[5]. Here PF r(M) denotes the interior of the set of f ∈ Endr(M) such that every
periodic point of f is prehyperbolic. Therefore Φi(g)|Pi(f) : Pi(f) → Pi(g) ⊂
Φi(g)(Λi(f)) is bijective for every g in U1. Φi(g)(Λi(f)) is a compact g-invariant
P-hyperbolic set for g such that the periodic points of g with stable index i are
dense in Φi(g)(Λi(f)). By Theorem 2.2, there exists an ω-invariant set Ji(f) for

f such that there is a homeomorphism Ĥi from Φ̃i(g)(Λi(f)) onto J̃i(f) satisfying

Ĥig̃ = f̃Ĥi on Φ̃i(g)(Λi(f)). Let C̃l[Φi(g)(Pi(f))] be the set of all bi-infinite
orbits of g contained in Cl[Φi(g)(Pi(f))]. Since

Cl[Φ̃i(g)(Pi(f))] = C̃l[Φi(g)(Pi(f))] = Φ̃i(g)(Λi(f)),

Ĥi(Φ̃i(g)(Λi(f))) = Cl[Ĥi(Φ̃i(g)(Pi(f)))] = Cl[P̃i(f)].

Hence Ji(f) = p0Ĥi(Φ̃i(g)(Λi(f))) = Cl[Pi(f)] = Λi(f),

where p0 : MZ → M denotes the 0-th projection. Therefore ĤiHi is a home-

omorphism from Λ̃i(f) to itself with ĤiHif̃ = f̃ ĤiHi on Λ̃i(f). For g

sufficiently Cr near f , ĤiHi is the identity map. Hence Hi is onto so Hi is a

homeomorphism from Λ̃i(f) onto Φ̃i(g)(Λi(f)). For each 0 ≤ i ≤ dimM we take a

neighborhood Ũi ⊂ U0 of f in Endr(M) such that for every g in Ũi there exists a

homeomorphism Hi : Λ̃i(f) → Φ̃i(g)(Λi(f)) with Hif = gHi. Let U =
⋂dimM
i=0 Ũi

and Hg : Ω̃(f)→ Ω̃(g) = Λ̃0(g) ∪ Λ̃1(g) ∪ · · · ∪ ˜ΛdimM(g) a map defined by

Hg|Λ̃i(f) = Hi : Λ̃i(f)→ Λ̃i(g) for every 0 ≤ i ≤ dimM,

where Λi(g) = Φi(g)(Λi(f)). Then for each g in U there exists a homeomorphism

Hg : Ω̃(f) → Ω̃(g) = Φ̃(g)(Ω(f)) with Hg f̃ = g̃Hg on Ω̃(f), where Φ(g) : Ω(f) →⋃dimM
i=0 Φi(g)(Λi(f)) is a map with Φ(g)|Λi(f) = Φi(g) for each 0 ≤ i ≤ dimM .

4. Concluding remarks

In this section we state the relation between infinitesimal stability and Ω-inverse
limit stability. By the result of [5] we now know that if f ∈ Endr(M), r ≥ 1,
belongs to the interior of the set of Cr infinitesimally stable endomorphisms of M
then f is Ω-stable. Combining the Theorem with the result of [4] we also obtain
the following result.

Corollary. If f ∈ Endr(M), r ≥ 1, is infinitesimally stable then f is Ω-inverse
limit stable.

As a conclusion, it is not known whether an endomorphism f on the boundary
of the set of infinitesimally stable endomorphisms is Ω-stable. However an endo-
morphism f on the boundary of the set of infinitesimally stable endomorphisms is
Ω-inverse limit stable.
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