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Dedicated to Professor Bernard Dwork on his 73rd birthday

ABSTRACT. We discuss the p-adic formula (0.3) of P. Th. Young, in the frame-
work of Dwork’s theory of the hypergeometric equation. We show that it gives
the value at O of the Frobenius automorphism of the unit root subcrystal of
the hypergeometric crystal. The unit disk at 0 is in fact singular for the dif-
ferential equation under consideration, so that it’s not a priori clear that the
Frobenius structure should extend to that disk. But the singularity is logarith-
mic, and it extends to a divisor with normal crossings relative to Z; in Plzp.
We show that whenever the unit root subcrystal of the hypergeometric system
has generically rank 1, it actually extends as a logarithmic F-subcrystal to the
unit disk at 0. So, in these optics, “singular classes are not supersingular”.
If, in particular, the holomorphic solution at 0 is bounded, the extended loga-
rithmic F-crystal has no singualrity in the residue class of 0, so that it is an
F-crystal in the usual sense and the Frobenius operation is holomorphic. We
examine in detail its analytic form.

0. INTRODUCTION

In a recent article P. Th. Young, on the line of previous work by N. Koblitz
[Ko] and J. Diamond [D], used some combinatorial identities and a principle of
p-adic continuity in all variables to compute special values of a certain function
F(a,b,c; M) related to the classical Gauss hypergeometric function F(a,b,c; A). As
in [p-DE IV], the function F(a,b,c; ), for a, b, ¢ € Zy,, ¢ ¢ Z<y, is defined to be
the maximal p-adic analytic extension of the ratio

F(a,b,c; A
(0.1) _Flabad)
F(a', b, 5 \p)

where for a € Z,, o’ € Z,, is uniquely defined by the condition that
(0.2) pa' —a=p, €4{0,1,...,p—1}.

(We also recursively define a(® = a, and oY) = () for i = 0,1,....) In
particular, Young obtained the formula (see [Y1, Th. 3.1] and (5.3.1) below)
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2250 FRANCESCO BALDASSARRI

(where I', denotes the Morita p-adic gamma function), for any «, 3 € Z such that
(0.4) 0<2a0<fB<p—1 and 2(8—a)<p-—1

(Actually, the previous assumptions could be relaxed to be

(0.4) 0<2a<fB<p—-1 and 2(f—a)<p-1

(¢f. Theorem 5.3), for p > 7). When (a, b, ¢) are rational, the differential equation
satisfied by F'(a,b, c; A) was known, since the time of Euler, to express the variation
w.r.t. to the parameter A of two cohomology classes on a variable algebraic curve
Yy = fabc(x, A). For more general (a, b, c), the analogues of the previous classes live
in a twisted cohomology space for the z-projective line with a ramification point
varying with A, the cohomology being taken relative to the A-line. The present
paper originated from our attempt to gain a full cohomological understanding of
the results of [Y1] and [Y2]. We work, naturally, in the framework of Dwork’s theory
of generalized hypergeometric equations ([GHF], [LDE]), which encompasses both
the classical algebraic and the p-adic cohomological theories. The main points to
clarify were:

1. the relevance of the Frobenius structure of the hypergeometric system to a
statement like (0.3);

2. the relevance of the “admissible” factorization of a linear differential operator
according to the growth of solutions ([DR], [Ch, Prop. 4.2.1]) to the same statement;

3. more generally, the question of uniformity of the previous factorization when
applied, say, to the family of Gauss hypergeometric operators, with respect to the
variables (a, b, ¢);

4. the notion of supersingularity of a singular fiber [Dw2];

5. the possibility, in certain cases, of explicitly computing the eigenvalues of
Frobenius acting on a special fiber.

In particular, point 1 should clarify the role played in the proof of (0.3) by the
Boyarsky principle, asserting the continuous dependence of the Frobenius matrix
upon (a, b, c; \) [GHF, Introduction and Th. 4.7.1].

Point 2 plays an important role here in that the main condition under which we
work is

(0.5) ety > Max (g i) ) 5

for any ¢ = 0,1,.... This condition guarantees that the holomorphic solution of
the hypergeometric operator at 0 (that is, F'(a,b,c;\)) is a bounded holomorphic
function on D(0,17) = {A € C, | |A\| < 1} [p-DE IV, Lemma 2.2]. When a,b,c €
p%lz condition (0.5) (in this case independent of i) guarantees that the (rank 1)
unit root F-subcrystal of the hypergeometric F-crystal extends to the singular class
D(0,17). We will come back to this point in [Ba], where the more general notion
of logarithmic (realization of an overconvergent) F-(iso)crystal is introduced [Sch],
and where (0.5) is seen as the condition for the unit root logarithmic F-subcrystal
of the hypergeometric logarithmic F-crystal to actually be an F-crystal in the usual
sense in a p-adic formal neighborhood of 0.

In the present article, we will not be concerned with point 4 above. The reason
is that that problem does not appear for the (singular) class of 0 unless one deals
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with an iterate of Frobenius, A —— X9, ¢ = pf, f € Z~;. This might be the best
approach (cf. [LDE, Chap. 9], [Dw2]) when a,b,c are in ;Z3ZN(0,1). In that case
one would consider

F(a,b,c; \)
(a(f)’b(f)’c(f) )\q) ’

)

() ) —
(0.6) FYa,b,c;N) 7

The condition for F)(a,b, ¢; \) to extend to an admissible domain of analyticity
would then consist of two separate assumptions. The first is (0.5) for i = f — 1,
which already guarantees 1-dimensionality of the space of bounded solutions of
the system at a generic point. A second condition is needed to guarantee non-
supersingularity of the class of 0, that is, the existence of a bounded solution of the
system in D(0,17). The condition says that the order of zero at A = 0 of the lower-
right entry of the Frobenius matrix shouldn’t exceed ¢(q¢—1) [Dw2, Def. 1.11]. This
is certainly the case if we insist that condition (0.5) holds for all i = 0,..., f — 1.
This is the viewpoint of this article and of [p-DE IV]. A separate question is the one
of non-supersingularity of the non-singular point Ay at which we want to evaluate
F(a,b,c;\). In the case considered here, \y = —1 and ¢+ (a — b) € Z, this is
automatic (cf. (2.31) and (2.36)). In the case considered by [Ko] and [D], Ap =1
is singular, so condition (0.5) appears combined with a similar condition [D, (iii)
of Thm. 1.1] at 1, to guarantee that the above mentioned unit root F-crystal also
extends to a p-adic formal neighbourhood of 1. Again, non-supersingularity of the
class of 1 follows from that condition.

While problem 5 also becomes more interesting in the case of a singular fiber,
where Frobenius operates on the “eigenvectors of local monodromy” (¢f. [GHF,
Lemmas 24.3 and 24.5.8]) in this paper, motivated by formula (0.3), we only discuss

the non-singular fiber at Ay = —1. We carefully analyze the relation between the
value
2q I) 2a0— (3 16} 2a 2a0— (3
1 ;—1) = 1 ;—1

iy vtk v w kO Al b vy S v i)

and the unit root of the L-function
o0 ts

0.7 L(t) = Sa s
07) (0= ep 3 Suae’
where
(0.8) SaBs = > w(Tre,. r, (@) (Trp,.p, (1 - 2°))

wE€F,5\{0,1,—1}

and w : FY — Q((p—1)* denotes the Teichmiiller character. An elementary
calculation, taking into account the classical relation between Gauss and Jacobi
sums, the Hasse-Davenport relation and the Gross-Koblitz formula [GrKo], gives

(0.9) L(t) = (1 = o1(a, B)t)(1 — o2(v, B)1),
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with
o\ (B=<
or(a 8) = (-1 2 GT)
Ip(557)
(0.10)
p—1 p—1
. T at 5= T B—ati—=
oafe, ) = —p(-1yiz ) [f )
Ip(557)
In the notation of (2.37.1,2)
B 16} 2« 2a—-08 2« +20¢—6'_1)
p—1p-1" p-1"p-1"p-1"  p-1~
(0.11)
_ (UQ(a76> 0 )
* UI(CY?ﬂ)a ’
so that
16} 2a 20— 03 2a 20 — (3
L(t) = I, —tB ; 1 ;—1)) .
() det(z t (p_lvp_lv p_lap_lap_la +p_17 ))

The fact that the evaluation of F(a,b,c;\) takes place at A = —1, which is not
a singular point of the differential equation satisfied by F(a,b,c;\), reduces the
calculation of the eigenvalues of Frobenius operating on local solutions of the dif-
ferential equation to a problem of character sums on the special fiber, which, in our
particular case, is elementary. At a singular fiber \g, the eigenvalues of Frobenius
operating on the eigenfunctions of local monodromy have only been determined
when Ao = 0 ([LDE, Chaps. 25-26]), via their interpretation on the cohomology of
the special fiber. The calculation when Ay = 1 or co may then be performed with
the help of the theorem in [Ku, §4]. We plan to give full details in [Bal.

The speciality of the fiber of the relative cohomology bundle at A = —1 in the case
under consideration, namely c+(a—b) € Z, lies in the fact that it is “symmetric”, by
which we mean that it is equipped with an involution 7 (see [Y1, 3.15] and diagram
(1.5) below), commuting with the action of Frobenius. This involution splits the
cohomology space at A = —1 rationally in (a,b,c) and offers the possibility of
obtaining nice formulas separately for the two roots of Frobenius (see formulas
(2.30) and (2.35) below). That these formulas should involve products of p-adic I'-
functions is then a priori clear because of the modular properties of the Frobenius
matrix w.r.t. integral translation on (a,b,c) (¢f. [GHF, Lemma 4.8.1] and [Sel]).
These modular properties of the Frobenius matrix simply express the fact that
Frobenius represents an intrinsic horizontal transformation of relative cohomology
sheaves depending rationally upon (a, b, ¢), whose matrix may be computed w.r.t.
a lattice of natural bases. The same modular properties hold for the matrices
representing the action of global monodromy on classical solutions, i.e. relating
the eigenvectors of local monodromy at two distinct singular points [Po, Chap. VI,
§26], but their full potential does not seem to have been classically exploited.

We point out once again that the mere fact that the two eigenvalues of Frobenius
at A = —1 have p-adic absolute values 1 and p~!, respectively, implies the existence
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of a rank 1 unit root F-subcrystal [Ka, §4] of the hypergeometric system over an
admissible open subset of the A-line, containing the class of —1. Under condition
(0.5), the unit root F-crystal extends to the singular class of 0. This is in the end
the key ingredient that permits one to relate F(a,b,a — b+ 1; —1) to an entry of
the Frobenius matrix at —1.

The contribution of this paper to the previous problems is as follows. Section 1
analyzes the Frobenius matrix at the special symmetric fiber A = —1, via the modu-
lar relations. This approach represents an alternative way to the direct elementary
computation of the associated L-function. Section 2 reviews some of the results
of Dwork contained, in two slightly different forms, in the two books [GHF] and
[LDE]: we explicitly describe the dictionary between them. Section 3 represents
an improvement on previous results of Dwork. Namely, we describe the Frobenius
matrix uniformly for (a,b,c; A\) varying in a region of the form H x S, where H
represents an affinoid domain in the (a, b, ¢)-space (C,)?, and S the complement in
the rigid A-line of the residue classes at 1 and at oo. In particular, S contains the
singular residue class D(0,17). This is new, since the theory of [LDE] and [Dw2]
is not uniform in (a, b, ¢), while the theory of [GHF] and [Dwl] does not analyze
any full singular disk. Our main result is Corollary 3.37, a result which should at
least be compared with the theorem in section 4 of [Dwl] and with Lemmas 24.4
and 24.5.8 of [LDE]. By the methods of [Ku] these results may be extended to the
other singular classes as well. (In the class of 1 the correct Frobenius map to use
on the A-space should be close to A —— 1 — (1 — X)?.) For this we refer to [Ba].
We also wish to point out that, at least when p > 7, our list of distinct cases is
exhaustive, which also represents an improvement upon the classification of [LDE,
Chap. 6]. In section 4 we examine the question of uniformity in (a,b,c) of the
growth decomposition. Here we examine hypergeometric equations in the so-called
“split” cases, when at the generic point there are both bounded and unbounded
solutions. We prove that the factorization according to the order of growth extends
to the residue class of 0. In section 5, we finally show how to recover formula (0.3)
from our discussion.

The study of the singular classes of 1 (and infinity), and its application yield-
ing the formulas of Koblitz [Ko] and Diamond [D], is deferred to the previously
mentioned article [Ba).

The author is grateful to Professor Dwork for his generous help in the revision
of the original manuscript.

LIST OF SYMBOLS

B = (g; gi) (2.20) and [LDE, 4.5.1]
d(A, B) = distance between the points or subsets A and B of (C,)", any n;
D = D(0,17) (2.3)
D(,p7) ={Ae Cp | Al <p}
Dg; = x;0/0x; + mx;0/0x;(g(x, \)) + a;, for i = 1,2,3,4, Chap. 1 of [GHF]
Dy, fori = 1234, (3.22.1) of [GHF]
f=rf(zN Chap. 1 of [LDE]
f=Ff N (2.9)
F(a,b,c; \) (4.16.1)
F(z,)\) = expm(g(z,\) — g(aP, \P)) Prop. 4.2.2 of [GHF)
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perplane t1 + to = t3 + t4 in affine 4-space
— H(Z) N (Zo)';

finite extension of Q,(7);

us + ugq, for u € H(Z);

T

==
I
e

ord(z) = —log,, ||, for z € CJ;

p = an odd prime number;

R= Cp()\)[l’lx?n T124, X213, 21521154]

R = Cp(\)[w13, 2124, Tox3, ToTs, (T127374) ]

Trr
U (a,b,c; \)
u(a,b,¢;0), i =1,2,3,4,

K3

K= Mt Kerp-Dg
Si(-1),i=1,2,
S
Sl
T, 1=1,2,
7;(_1)7 7’ = 1727
4
Wé = Zi,/\ =R/ Zi:l Da R

K;=K;,
L = C,(Ve, =]

~ ’ m(l—w)l(l—)\w)
L=Cy(N[z, m]

FRANCESCO BALDASSARRI

§13.2 of [GHF]

§1
(3.7.1) of [LDE]

[GHF, Chap. 1]
§2.2 of [GHF]
(3.16) of [GHF]
(2.3

(2.3

(3.14) and (3.27

Lemma 2.5.2 and §3.2 of [GHF
(Cp,| —|) = completion of the algebraic closure of Q,, |p| =p~";

)

Chap. 2 and 4 of [LDE]

Chap. 1 of [LDE]
(2.7)
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W;=W;,=L/(zf) oz ozfL Chap. 1 of [LDE]
A :]:/(xf)_lo:r%oxf]: (2.11)
Qf.h Cor. 3.8.8 of [LDE]
a;a)\ (2.2) and §4.7 of [GHF]
o Lemma 4.4.3 (ii) of [LDE]
Bla,b,c; N) (3.37.0)
I'p(z) = the Morita p-adic gamma function;
vp(a,b) (10.11) of [GHF] and Chap. 21 of [LDE]
Yo (@, b5 \) (2.6.1) and §4.7 of [GHF]
Y, (@5 0) (2.6.2)
n(a,b,c; A) (4.9), (4.14)
0(t) = expm(t — tP) (3.5.1)
7 = a fixed element of C, such that 7?1 = —p;
pini = 1,2, (1.15)
o = a Frobenius automorphism of K, o(7) = m;
T (1.2)
¢ (4.6)
O — b fori = 1,234, §4.1 of [GHF]
O(a,b,¢) = & (a,b,¢; A, B, C), (3.33)
éo) (a,b,c) = fgo)(a,b, ¢ A, B,C), (3.34)
X Lemma 3.4.

1
(17 5, [r22m3]; ) = basis of K7 , dual to the basis ([1]a,x, [Tz2x5]a,x) of Wy, (@
and A are sometimes understood);
([1]%, [££]*) = basis of K%\ dual to the basis ([1], [2]) of W/ (f and A are
usually understood);
[r] = class of r € R in W% or of r € L in Wy, OrOfTEf;ian*;
[rla = class of » € R’ in W/, when specification of @ is necessary;
[rlan = classof r € R’ in W[z »» When specification of both @ and X is necessary;
|| = ||z = supnorm on H; x So;
| =l = [l = || = supnorm on T §4

(z)s = F””(I)S € Q(xz), for the classical gamma function I', and s € Z;

d = (a1, a2,as,a4), b, i, i’ = vectors in 4-space;
vV = (v1,v2,v3), V' = vectors in 3-space.
~ indicates multiplicative congruence modulo units.
1. FROBENIUS MATRIX ON A SYMMETRIC FIBER
OF EXPONENTIAL COHOMOLOGY SPACES

We refer here to the computations of §13.2 of [GHF], with a3 = a4 and A = —1.
We consider the linear Z-subvariety L of the affine 4-space over Z defined by the
equations:

(1.1) l1 +12 =13 + 14,
t3 = t4.
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2256 FRANCESCO BALDASSARRI

Notice that L is a subvariety of the Z-hyperplane H of [GHF, Chap. 1]. We will
consider pairs (@,b) € L(C,) x L(C,), with fi = pb —a@ € Z*. We consider the
automorphism 7 of R™*, stable on R’, such that

T(x1) = =21,  T(22) = X0,
(1.2)
T(x3) = 24, 7(x4) = x3.

It’s clear that 7 : R”™* — R’ is adjoint to 7 : R’ — R’ in the natural pairing
[GHF, 3.19] between R’ and R'™*. Here g = x3(x1 + x2) + z4(—x1 + 22), so that
g = g. Then

TDg ;7 = Dg;, fori=1,2,

™Dz ;7= D3,;, fori=1,2,

a,i’

(13) TD5737' = D[l‘74,

* _ y*
TD6)37' = Dﬁ,4’

TOT =P .
Now
* ! /
(14) aa75)_1 . ICB,—I — IC67_1

is induced by 8, 7 = 27 FF (2, \)®. But 76, ;7 = (—1)"8, z. So, if p1 is even we
have commutative diagrams:

*

ICI%,—1 s ’q‘t—l
(1.5) rl * L7
K%,—l s ICZY,—l
We will therefore assume
(1.6) [ € 27
(so in fact also g € 27Z).
Since 7[1]z = [1]z and T[rw2x3]z = —az[l]z — [T2223]s, We see that T[rrax3]’ =

—[mxox3]%. From this and the commutative diagram (1.5), we see that v,4(d, b;—1)
is lower-triangular:

—

(1.7) azp o (A7 [rzaws]”) = (U7, [roaws]”) 7,(d@, b; —1)

(cf. §4.7 of [GHF]).
Remark 1.7.1. The commutative diagram (1.5) shows that

10 T S A B
<_a2 _1) vg(avba_l) - 'yg(aaba 1) (-bg _1)
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Y11 712

Y21 Y22

Vo1 = (722b2 — Y1102), i.e. 7, is determined by v11 and ya2.
For @ € H(Z), we put

and hence writing v, = ( ), we find that y12 = 0 (as stated), but also

k(ﬁ) = U3 + ugq .

We examine the matrix of the mapping of multiplication by 7#*(@ 2%, for @ = u’,u”,
where v/ = (2,0,1,1), uv” =(0,2,1,1):

auatug @

(1.8) Wira — Wa
()5

The computations in [GHF, loc. cit.] (after the harmless substitution z; — 7x;,
for i = 3,4) give

v (0
M(a—|—u,a;—1)—<_% _ a1+1>7

(19) 4 a32
M@+ a;—1) = _azag g aetl |-

4 372 -

For the convenience of the reader, we review here how formulas (1.9) could be
proven. We put z;x; = x“(w), M(a@+ul) a@;—1) = A; (@), for i = 1,2, j = 3,4,

and consider

TL;T 5

(1.10.1) Wé’+u(i,j)+u(h,k)ﬂﬁkwé_‘_u(id) - Wé"
More precisely:
W,;'-‘-u(i,j)-‘-u(h,k)ﬂﬁk é‘+u(i,j)a
(1.10.2)
W) @ty (1
[rzows) [r2ows]
W(/i+u<i.j) e Wa,
(1.10.3)
1] (2 1]
<[7r:1:2x3] — 4;,;(a@) [rzows] )’
so that
/ 7r2whwkwiwj /
Wa+u<i,j)+u<h,k) — Wa
(1.10.4)

(i) = Anstauenaia (2.

7T£L'2{,E3] 7T£L'2{,E3]
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2258 FRANCESCO BALDASSARRI

Then
M(@' + u', C_I:; —1) = A173(C_1:+ (1, 0,0, 1))141)4((_1:),
(1.10.5)
M(C_I:"f' UN, C_I:; —1) = A273(C_1:+ (0, 17 0, 1))142)4((_1:) s
and the formulas for A; ;(&@) are explicitly given in [GHF, (13.2)] (A4, ;(@) = z;;, in
the notation of loc. cit.), for (i,7) = (2,3), (2,4), (1,4), (1,3). Of course, we must

put az = a4 and A = —1 in those formulas.
So, in terms of the system of bases [Ha used in [GHF], we obtain for
[Tzox3]a
the matrices of multiplication by 7%(® g%, for @ = v/, u”, formulas (1.9).

Remark 1.10.6. The fact that M (d@ + @, d; —1), for @ in the Z-span of v’ and u”, is
lower-triangular may be seen directly as in the previous remark 1.7.1. In fact, for
such a 4, the map 7 commutes with multiplication by z*. Hence writing
Myy Mo
May Mz )’
we deduce that Mis = 0 and My = %(ag(Mgg — Mj1) — Myjjuz). Once again
M(a@+ @, d; —1) is determined by My and Mas.
We recall the determinant formula (§13.6 and Cor. 14.1.2 of [GHF])
4
(1.11) det yy(a@, b; —1) = p2r ez (2r= 1) =0 =t Ty, (a4, by) -

=1

M@+ d,d 1) = (

The modular behaviour of 7,4 (d, b; —1) w.r.t. integral translations in @ is described

by the formula (§4.8 of [GHF])

(1.12) V(@ + i1, b; —1) = M (@ + @, @; —1)y (@, by —1)7#(@ |

It is apparent that these formulas are consistent with our previous calculations.
Formula (1.12) is of interest to us when @ belongs to the Z-span of v/, u”. For

such a #, the formula involves lower-triangular matrices and spells out in term of

the system of bases ([1]%, [rz223]%) the commutative diagram
1

/ /
ICE,—l - ICE7—1
T/ | T/ |
1 1 1
K&—l - KE,—I |
| | |
|
* * * *
(1.13) Qap -1 Ya5—1 Yayif—1 Yara -1
| | |
k(i) .
| ’Ci‘i,—l T Iq‘i-i-m—l
L/ L/
k(@) @
K:i,—l — K:i+ﬁ,—1
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We put p :p_P_il_% and define for i € Z* N L with py € 2Z:
Li={(a,b) € L(Cp) x L(Cy) | pb—d = jI, d(d@, —fi) < p},
(1.14)
L= U L.
AEL(Z), me2Z

We define functions on £ by

L n a1 by az by
pl(avb) = (_1) 2 /7;0(?7 5)7}7(77 5)'71)(0'37[73)7
(1.15)
Lo pi+p—1 ai+1 b1 +1 az+1 by +1
p2(@,0) = (=1)"7 (=, T ) (o, =) W (as, bs).
2 2 2 2
Then:
1 11
(1.16) p1(0,0) =1, p2(0,0):(—1)%7p(5,5)2:p~

Since (§10.12 of [GHF]), for s,t € Z,

b (=)t
1.1 1) = (b, )
( 7) 'Yp(b+57b +t> ’YP( ’ )(_ﬂ_)s (b/)t )
we have:
- ala Lo
pl(a—I—u/,b) - 217.(23p1(a7 )7
- as03 I
(1.18) prl@+u’b) = =55 p(d@D)
: R - a1+ 1)a Lo
p2(@+u',b) = —(127)%2(% ),
N az + 1)a Lo
p2(d@+u”,b) = ( 227T2) > pa(@,b)

Therefore p1, p2 are precisely the diagonal terms of 74 (d, b; —1):

(1.19) %(@ b —1) = (pl(f’ ) p2<g 3) '

For fixed p € Z, the function ~, (b, ¢) with pc — b = p is a meromorphic function
of b € C, in the disk |b+ p| < p. We recall for future use from [GHF, 10.7] that

1 1 e 11
Vp(bv C)Vp(b'i_ §7C+ 5) :710(2177 26)4M(41 p) ’71)(575%
(1.20) Yp(b,€)7p(L = b, 1 —c) = p(=1)",
11, p—1
— =) =(=1) 2
(a3 = (),
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for b,c € Cp, pc —b=p € Z, |b+ u| < p. In the same notation

1 if pelo,p—1],
(1.21) T Y(be) ~ Qe € lp2p—1],
pe if pel-(p-1),0),

where ~ indicates multiplicative congruence modulo units. We also record for
completeness that for n € Z

1 ifn<0,

(122) W, n) = { p ifn>0.

Therefore, the meromorphic function +, (b, ¢) has a zero if and only if b € Z~( and
¢ € Z<p, while it has a pole if and only if ¢ € Z+( and b € Z<y.

2. FROBENIUS: COMPARISON BETWEEN THE RESULTS OF [GHF] AND OF [LDE]

We generalize g(x) to
(2.1) g(x, A) = z3(x1 + x2) + za(Ax1 + 22) = 21 (23 + Axa) + 22(23 + 24)
and recall first the general notation of [GHF]. The Frobenius map

(2.2) o

is defined under some mild conditions on (@, b, \) € H(C,) x H(Cp) x Cp, phb—a =
i € H(Z), which we do not state explicitly [GHF, Lemma 4.5.1]. We consider
instead the following subregions of H(C,), indexed by f € H(Z), and of C,,
indexed by € > 0:

Definition 2.3.
Hp={dec H(Cy)|d(@ —j) <p'},

H= |J Hi={acH(C,) |d@H(Z)<p'},
fi€H(2Z)

Se={AeC,|e>ord(A) >0=ord(A—1)},
S=D(0,1")\D(1,17) ={A € Cp, | ord(\) > 0 = ord(\ — 1)},
D =D(0,17)={x e C, | ord(\) > 0}.
The following lemma is easily checked.

Lemma 2.4. Let

p1 >0, pg >0, 0<pug —po=pn —p3 <p}.

Then, if i, i’ € S, i # [T,
HiNHp =0,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPECIAL VALUES OF SYMMETRIC HYPERGEOMETRIC FUNCTIONS 2261

and
H=JHz.
HES
We know from [GHF, Lemma 4.5.1] that o’ . |

HﬁXS’E,foranyﬁeH(Z),Ogegp_l(l—%—

Z,M,A is defined for (@, \) €

=«

p+1) and

(2.5) a;,bi ¢ Z , fori=1,2,3,4.

(The last non-resonance condition is unnecessary for the existence of o, .\ [A-D]).
We recall the matrix representation (cf. §4.7 of [GHF]; a weakened form of

condition (2.5), namely condition (3.1) below, is here necessary)

(26.1) 07 o (05 o IRzl ) = (115 00 [7225]5.2) 70(3, 5 ).

We also write

_oey (@b A) y2(@ b A) ) m mz
(262) Y9(@:550) = ( a,b; a,b; ) B <721 722)

The results of [GHF, Th. 4.7.1], strengthened in [A-D, Th. 3.3], assert that for
a given fi € H(Z), there exist a polynomial P(z) € Z[z1, 22, 23, 24] and a natural
number N such that P(@)AN,(a, #; A) extends to an analytic function of (&, \)
in Hz x S. By equation (5.40) of [GHF] one may check that the order of the pole
of v4(@, a_;:g; A) at A = 0 is bounded by sup(0, us — p1). If we insist that pu; <p—1
for i = 1,2,3,4, then by [GHF, Prop. 6.13.2 and §13.2] we may take P(z) =1 in
the previous assertion.

We are especially interested in estimates for the Frobenius matrix similar to
those of Chapter 6 of [LDE], but based on formula (4.40) of [GHF]. We will discuss
them after having compared the results of [GHF] and [LDE] as far as the Frobenius
structure is concerned.

The theory of [LDE] is related to that of [GHF] by the so-called Laplace transform
(Chapters 10 and 11 of [GHF]). This may be done in 2 ways: with respect to the
variables (x1,x2) and with respect to the variables (3, z4).

We define

Hy = {(a,b,c) € C} | d((a,b,c),—7) <p~ '}, for 7€ Z®
S ={V=(v1,ve,v3) | v; €{0,...,p—1}, i =1,2,3},
H' ={(a,b,c) € C} | d((a,b,¢),Z°) <p~ '} = | J M.

ves’

(2.7)

We first consider the algebraic Laplace transform with respect to the variables
(z1,72)

- 1
= L =
R = Cp(N\)[z13, x124, T2T3, T2Ls] — C,(N)][z, AT 050

I,

u wgg $Z4 (al)ul (a2>u2 _ x (a1>u1 (a‘2>u2

I A e N e I (e S (e I Ce O R
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In the previous equation we put i—; =x. Let

(2.9) af =x™(1+2)"" 1+ )" =21+ 2)° "1+ Ax) ™
and

(2.10) of =2b(1 — )01 — Az) 72,

We define

0 - 0 .
(2.11) W;=L/(zf)"" o Tp-© zfL, Wj= L/(zf)"to Tpo© zfL.

For A transcendental over C,,, we obtain isomorphic C,())/C,-differential modules
via

(2.12) L—L  glz)— g(-a).
The space considered in [LDE] is Wy. If (A, B,C) € C} are such that

(pA —a,pB — b,pC — ¢) = (fta,A, v, B, fic,c) € Z°

and
zh =281 —2)°"B(1 - xx)™4,
(2.13) ah =281+ )97 B(1 4 \z)~4,
_ _af@d) ey = @
Gonle N = Ghiarey G = L ey
then
(2.14) Gfﬁ(l’,)\) = (—1)”b’BGf7h(—$,>\).

By [GHF, Lemma 11.1], if a1, a2 ¢ Z, the algebraic Laplace isomorphism induces
isomorphisms of algebraic cohomology spaces:

~

Wé» — Wf — Wf

(2.15) 1] — [1] — [1]
[roazs] +— —a2lpp] — —aai]

In particular, a C,())-basis of Wf is given by ([1], [H%]) .

We now set

(2.16.1) a=a1, b=a4s, c=a4—as=a; — as,
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(2.16.2) A=by, B=by, C=by—by=by —bs,
so that
(2.16.3) fa,A = 1, HbB = fid , fle,C = fl4 — H2 = fi1 — M3

So the Laplace transform with respect to the variables (z1,z2) leads us to consider,
via (2.16.1), a linear isomorphism

Ty - H(Cp> - (C;D>3

(such that Ty (H(Z)) = (Z)3 and T;(S) = &’), and, for any ji € H(Z), an analytic
isomorphism
. - /
(217> T] . H# — HT[(ﬁ)’
(ala az, as, CL4) [— (CL, b7 C) = (a17 a4,04 — CLQ) .

From [LDE] we know the existence of dual maps, defined for a specialized A € S\{0}
and

(2.18.1) a,b,ce QNZ,
such that

(2.18.2) a, ba—c,b—c¢Z,
namely

(2.18.3) Gpp: Wiy — Wi
and

(2.18.4) ozji)h Kpy — Ky

We observe that conditions (2.18.1,2) are equivalent, via (2.17), to

(2.18.5) a; € QNZ,\Z, fori=1,234.

If also (2.6.1) is defined, we get commutative diagrams
Win — Wi

(2.19.1) g5 1 1 (=1)Haryp(ar, br)yp(asz, ba)ayn
Wé’)\p = W

Dually, and under the same assumptions (2.18.5), we have the commutative dia-
grams

Kiy — Ki,

(2.19.2) (=1)ayp(ar, bi)yplas, b2)af, 1 T g,
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Then, while in the notation of [GHF] we have (2.6.1), in that of [LDE, 4.5.1] (upon
renaming B as B) we have

(2.20) a;z)h(m*,[lix]*):([1]*,[1iw]*)Bt:([1]*7[1;]*) (E; gi) !

for A € S\ {0} and (a,b,c) € H’', provided conditions (2.18.1,2) hold. We then have

B: Bx) _ -1 -1 Y11 -z

e (3 Br) = ot b e b (2wl )

We now use formula (2.21) to extend, for fixed fi € H(Z), the matrix B to a mero-
morphic function of (@, \) € H; x Se, where @ stands for (a1, az, a3, as), and € > 0 is
small, or of (a,b,c, ) in the region H7, ;) x Se. We will take the liberty of writing
indifferently B = B(d@,b;\) = B(a,b,¢; A, B,C;\) (= B(@,\) = B(a,b,¢;\)) ac-
cording to the context. When we do so, we understand, unless otherwise specified,
that we are using the transformation T (and that ji is somehow specified). We will
investigate in the next section the maximal meromorphic extension of the previous
functions in Hz x S.

Remark 2.21.1. The assumption a, b, ¢ € QNZ, is needed in [LDE] to prove that the
algebraic cohomology space W (and its dual Ky), for a specialized A # 0,1, oo, is
isomorphic to its Monsky-Washnitzer counterpart Wy y (resp. Ky ) (¢f. Chaps. 1-
4 of [LDE]). But the theory of [GHF], where only the dual spaces K7, , are effectively
used, is independent of non-Liouville-type assumptions on the a;’s. This permits us
to use diagram (2.19.2) freely for (a,b,c) € H’, under only the assumption (2.18.2)
(corresponding to (2.5) via T7), where Ky », Kp » now indicate the algebraic dual
cohomology spaces, for a specialized A # 0, 1, co. This seems to suggest that more
generally the dual algebraic cohomology spaces of Dwork should be endowed with a
Frobenius action, even when they do not coincide with their analytic counterpart,
as defined in chapter 4 of [LDE]. We finally point out that the map

Kf>)\;>lcf‘i7)\

of diagram (2.19.2), “transpose of Laplace transform”, in a purely algebraic or in
an analytic setting, does not appear in the literature.

The Laplace transform with respect to the variables (z3,x4) would yield analo-
gous results with

(2.22.1) a=a4, b=a1, c=ay —a3z =a4 — as,
(2.22.2) A=by, B=by, C=b; —b3=0by— by,

so that

(2.22.3) Ha,A = 4 5 HbB = [1 5 fle,C = J1 — {3 = Ha — [i2.

As before we get, via (2.22.1), a linear isomorphism

T Hg — Hr oo,
(2.23) e Te ()
(a1,a2,a3,a4) — (a,b,¢) = (a4, a1, a4 — az).
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(such that Ty (H(Z)) = (Z)3 and T;;(S) = §'), and, for any i € H(Z), an analytic
isomorphism
T[[ : Hﬁ — H/T”(ﬁ) .

We then obtain commutative diagrams
Wz/i,)\ — Wf)/\
(2.24) azpy L (=) yp(as, b3)vp(as, ba)aiyn

5 P — Wh,,\p

and

’Cfm —  Kj)
(2.25) iy 1 T (=" p(as, bs)yp(as, ba)a} ),

ICI%)J’ — Kh7)\P
As before, for fixed i € H(Z), the matrix B could be viewed as a function of
(@,\) € Hz x S, where d stands for (a1,a2,a3,a4), and € > 0 is small, or of

(a,b,c, N, in the region Héfu(ﬁ) x S, via the transformation T7;. We then have

B1 B2 (L 1\M1 1 1 711 _’2_231
2200 (B! B7) =0 et ptantn (0 s )

We now point out that the positions (2.17) and (2.23) define a commutative
diagram

, H

/
(2.27) H |

\

Trr H/

where the vertical arrow interchanges a and b, keeping ¢ fixed. From (2.21) and
(2.26) we obtain the following formula, valid for any 7 = (uq a, t.B, te,c) € Z2,
(a,b,¢) € Hy, and (A4, B, C) = p~((a,byc) + D):

- Yp(a, A)yp(b— ¢, B = C)
B b,mc;B,A,C;)\ —(—1)Ha.A"Hb,B
( ) =(-1) Yo (b, B)7p(a — ¢, A— C)

. (1 09A>B(a7b7C;A7B7C;)‘><1 09b>,
0 &5 0

(2.28)

Formula (2.28) is proved by two different methods in section 5 of [Ku].

We may specialize the results of this section to the situation considered in §1,
that is, ag = aa, b3 = bs, p1 even. More precisely: [ € L(Z), 1 even, @ € Hy, d,
b= ¢ L(Cy).
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We first use T7. The previous assumptions then correspond for (a,b,c) to as-
suming c =a —b, C = A — B and piq 4 even. We obtain, for (a,b,a —b) € H' and
p(A’ B’ A~ B) - (CL, bv a — b) = (Ua,A, Ko, B Ha,A — Hb,B) S Zga Ha, A €VELL

— b _p._1 _ (e b A B) *
(2.29) B(a,b,a — b; A, B, A B,1y_< 0 ro(a.br A, B)
where
7i(a,b; A, B) = (-1 W”‘MAVA%%wa‘“B 3) (b, B)
(a, A)7p(2b — a,2B — A)
=( 1)“2 (G, ?1)710(?2 ?2)’710(@3,173)
Vp(a1,b1)7p(az, b2) ’
(2.30)
ro(a b A B) = (_1yms— et gt W T (0~ § + 5, B~ 5 +5) (b B)
A,AMM1+%—aJ+2B—A)
(a1+1 b1+1)7p(a2+1 bz+1)7p(a37b3)

(-

Yplar,b1)yp(az +1,ba + 1) ’

where (a1, as,as,a4) and (a, b, ¢) (resp. (b1,b2,bs,bs) and (A, B, C)) are related via
Tr. We point out that if we assume pq 4, tp,8 € {0,...,p — 1}, then the entries of

the matrix
71(a,b; A, B) 0
0 T2(a,b; A, B)

have the same p-adic orders as those of the matrix given in the following table:

1 0 .
(0 1) if, -(p—1) < 2up.B — fta,a <0

1 0 .
(2.31) (0 p(2B—A)> if 0<2upp— paa<p-—1,
p(2B — A—1) 0 L B B
( 0 p(2B — A) if p—1<2upp— fa,a <2(p—1).

(To check the last statement, recall that p, 4 is even, so that 2up B — tig,4 7 D)
In our applications, we will be especially interested in the formula

B(a,b,1+a—b;A,B,1+ A— B;-1)

2.32 0 =B 4b—2a-1
(2:32) = ( ey ) B(a,b,a—b;A,B,A— B;—1) ( =y )
I “I5=5a == 0
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that is easily deduced from [Dwl, (3.0.3)], where the matrix v that is used is the
transpose of our B. As a consequence

B(a,b,1+a—-0b;A,B,1+ A— B;-1)

(2.33) )
_ %2231‘272(@,1);14,3) 0
% T1(a,0;A,B) )’
so that
(2.33.1)

Bi(a,b,1+a—-b;A,B,1+ A— B;—1)

_ (_1)%,3—”“2"‘-&-%1 VP(%:L’ %)VP(b — % + %’B — % + %)VP(Z’ -1L,B - 1)
Yp(a, A)vp(2b — a,2B — A)

By(a,b,1+a—-0b;A,B,1+ A— B;—1)

(2.33.2) _ (Cypn—tnt 26(3:8) 90— 8. B 5)%(6,B)
Yp(a, A)vp(2b — a,2B — A)

In particular, if 0 < 2up g — p1g,4 < p —1,

(2.33.3) By(a,b,1+a—b;A,B,1+A—B;—1)=0,
(2.33.4) By(a,b,1+a—b;A,B,1+A—B;—1)|=1,

= —1B_1 if < _17
(2335) |B1(a,b71 +a—-b;A,B,1+A— B,—1)|{ p | | 1 MU < P
=1 if up =p—1.

By use of Tj; or of (2.28), we similarly obtain, for (a,b,b —a) € H' and
p(A,B,B— A) — (a,b,b—a) = (fta,A, .8, b,B — Ha,a) € ZP, B even:

—a; a1y [Ti(ab A, B) *
(2.34)  Bla,bb—a;A,B,B— A;—1) = ( ; eian)
where b b )
T 2.8 Yplys 3 /Y;Da_iaA_g)
71(a,b;A,B) = (—=1)"=
1( )=(-1) )
— (-1 (5 ) W% B)
Wp(a37b3) ’
ra(a b A B) = (1) et (5 P a5+ 5. A- 5 +39)
(2.35) Wl +a,1+A)

(1112-'1-17 b1;1)7p(a22_*_17 bgg-l)

Vp(1+a371+b3) ’

S
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where (a1, a2, as,a4) and (a,b,c) (resp. (b1, b2, b3, bs) and (A, B,C)) are related via

Tr1. Again, if we assume pig 4, o5 € {0,...,p— 1}, then the entries of the matrix
71(a,b; A, B) 0
0 FQ (CL, ba A7 B)
have the same p-adic orders as those of the matrix given in the following table:
(2.36)
p(A— %) 0 f —(p—-1)< _
0 pA if (p 1) = 2Ma7A Hb, B < 07 Ha, A 7& 07
A-5) 0 .
p( >) if paa=0, ppB #0,
0 1
1o if 0<2 - <p-1 #0
0 pA > 2fla, A Hbv,B > P ; Ma,A 5
1 0 .
(0 1) if p—1<2puga—ppp<2(p—1)orpiga=pp=0.

As before, we deduce

B(a,b,1+b—a;A,B,1+ B— A;-1)
(2.37) _ 11"_'5:22;4 4T2(a,b; A, B) 0
* 71(a,b; A, B) )’

so that

Bi(a,b,14+b—a;A,B,14+ B— A;-1)

(2.87.1) 1y (P B a3 — 5, A

B
2

(SIS

)
Yp(a, A) ’

By(a,b,1+b—a;A,B,1+ B —a;—1)
(2372) _ (_1)“57’5 ’7?(%7 %)Wp(a‘ B %714 - %)
Tw(a, A)

3. APPROXIMATIONS OF THE FROBENIUS MATRIX (p > 7)

We now consider simultaneously the theory of [GHF] and of [LDE] as related by
the Laplace transform with respect to (z1, z2). For fi € S, we examine the Frobenius
matrix B(a; \) = B(d, a;;ﬁ;)\) of (2.20) as a function of (@,\) € Hz x S, and, via
Ty, as a function of (a,b,c;\) € Héfr(ﬁ) x S, Tr(ff) € §'. We abuse notation on
setting T7 (@) = (tas b, pte) € S’, and aim at making more precise the classification
in terms of (tq, b, ftc) given in [LDE, Chap. 6]. We are mainly interested in the
so-called split cases, namely cases 1 and 2 below.

We subdivide S (resp. §’) into 9 disjoint sets:

Case 0 :

,LLG. - ,Ll/b - ,u’61
i.e.
H1 = H4 = Hg — [2.
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Case 1 :

ie.

Case 1’ :

i.e.

Case 1" :

i.e.

Case 2 :

ie.

Case 2' :

ie.

Case 2" :

i.e.

Case 3 :

ie.

Case 4 :

ie.

SPECIAL VALUES OF SYMMETRIC HYPERGEOMETRIC FUNCTIONS

fre < Min(pa, 1),
pa — p2 < min(pr, p1a).
He = fa < [b,
pa — p2 = 1 < py.
e = b < Ha,

Ha — M2 = pg < 1.
fhe > max(fia, Hp),
fa — p2 > max(pr, fia).
e = Mo > Ha,

Ha — [ = b4 > [i7.
He = Ha > [b,

Ha — M2 = p1 > ty.
o < pe < Ha,

Mg < fphg — pr2 < 1.
Ha < pe < [p,

B < g — p2 < py.

We observe that another characterization of the previous cases is

Case 0 :

Case 1 :

Case 1’ :

e =0, puz =0.

/’L2>07/'L3>0'

/’L2>07/'L3:0'
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Case 1" :

p2 =0, uz >0.
Case 2 :

p2 <0, pusz <O0.
Case 2' :

p2 =0, uz <O0.
Case 2" :

p2 <0, puz =0.
Case 3 :

p2 <0, pusz>0.
Case 4 :

p2 >0, puz <O0.

We fix a constant €, 0 < e < p~ (1 — 11—) - p+1> The results of [LDE, Chap. 24],
together with the previously mentioned [GHF, Th. 4.7.1] and [AD, Th. 3.3], ensure
that, for 4,5 = 1,2, v ;(@, \), as defined by formulas (2.6.1,2) for (@, \) € Hz x Se
and

(3.1) ai,bi ¢ Z>o

for ¢ = 1,2,3,4, extends to an analytic function on H; x S defined over the field
Q(m). This matrix does not need to represent the Frobenius map in the sense of
formula (2.6.1) for all (@, \) € H; x S, in particular because the basis with respect
to which that matrix is generically calculated fails to specialize to a basis of IC%’ 2
for values of (a@, A) outside of Hz x S, or when condition (3.1) is violated.

We recall formula (4.40) of [GHF] in our special case, insisting that A € Se and
that (3.1) holds. We set
52 W, io,o,o,o), ws = (0,1,1,0),

=z, Q9 = TIrox3 = gh(w2) w2 ,

which represent a basis of W ,, and

(3.3) Wiga= A z(@ Nz,

for ¢ = 1,2, the dual basis of K:i,w under the assumption (3.1). According to [GHF,
3.39], we have for i = 1,2 and 7 € H"(Z)

(3.3.1) Ai g (@ N) € (TA(1 = A) "D Z[ay, ag, a3, as, .
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In particular we may compute:

A
! (1’071’0)(a7 -
- a2 — a
At,1,000)(@A) = 377)\ 1,
g a
At0,1,0)(@A) = _?2,
(3.4) A3 (0,0,0,0)(@ A) =0,
1
A 7)==
2,(0,1,1,0)(@, A) -
1
A qA) = —=
2,(1,0,1,0)(@, A) .
1
Ao, (1,0,01)(@A) = —,
= 1
As (0,1,00)(@N) = —=.
o

Lemma 3.4.1. Let x be the step function (i.e. the characteristic function of the
subset (0,00) of R). For any ¢ € HT(Z), we have

Ay 5@\ € aX X (a1 — N) D Zlay, az, a3, a4, ] -

—

Proof. When k(¥) = 1, our result is contained in (3.4). We use induction on k(7)
Let ¢, W € H"(Z), k(¥) =d — 1, k(@) = 1. Formula (3.40) of [GHF] reads

2
Ay gaa(@N) =Y M(@+ 10,8 N)j1 A 5(d@ + 0, N

j=1

where the matrices M (@ + W, @; \) are explicitly described in [GHF, 13.2] (see also
1.10.5)). We are left to prove that M(ad + @, d; \);1A; (@ + @, \) is divisible by
a%‘(”2+w2)a§(”3+w3), for j = 1,2. Now, asas divides M (@ + w,d; \)21 by [GHF,
13.2]. We are left to consider M (d@+ W, d; A)1,1A1,5(@+ W, A). Let i be either 2 or 3.
We may assume that y(v; +w;) = 1. If w; = 0, then x(v;) = 1 and so by hypothesis
Ay (@ + W, A) is divisible by a; + w; = a;. Hence we may assume w; # 0, and it is
enough to check that a}(wi) divides M (@ + W, @; A)1,1, if k(@) = 1. The possibilities
are:

1) W= (O, 1,1, 0) Here M(d+ W, d; )\)171 =0.
2) W= (1, 0, 1, 0) Here as divides M(d+ ’lﬁ, c?, )\)171.
3) @ = (1,0,0,1). The assertion is trivial.
4) W =(0,1,0,1). Here as divides M (a + W, a@; A)1,1- Q.E.D.
We also put
(3.5.1) 0(t) =expr(t —t7) = ¢;t!,
j=0
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(3.5.2) F(z,\) = 0(z123)0(zax3)0(x224)0(A\r124) = Z Az(
ueH (Z)

We recall that
L ifj=0,...,p% 1,
(3.6) ordej > ¢ .

Then

(3.7)

where the sum runs over the set of @,7 € H(Z) such that @ = i — w; + p¥, for
i =1,2. We can now ameliorate, in our special case, formula (4.40) of [GHF]

ord 79 A (V) A, (T a9y
p
(3.8) { B + k(o) if k(5) <p-—2,
>
MA 4 k@) (1 - 1 - L) - BCRif k(i) > p— 1,

for all (@, \) € Hz x So.

To simplify our coming calculations, we then observe that if p > 7 and h =
0,1,2,3, any term Wk(wj)Aﬁ()\)Ai)ﬁ(g, AP), with k(¥) > h, of the sum appearing in
(3.7) has in H; x Sp at least the p-adic order p(”) + h. We will then assume for

simplicity from now on that p > 7. We then evaluate the dominant term %71 of
Vj,i» for i,j = 1,2, in the sense of the supnorm || — ||z on Hz x Sop.

Calculation of 4{ | in cases 0, 1, 1" and 1”.  We take
(3.9) (@A) = Az(N).
We solve
(15 2y 13, pa) = (U13 + U1, U23 + Uaq, U1 + U23, U4 + U2q),
getting

u4 =1,

U9y = —t,
(3.10) S

u1z3 = p1 — t,

Uz = M2 — g + L.
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So:

min(p1,p4)
0 (7 y) — t
M@ ) = E : CtCpua—t Cpa —tCpig —pua+t A
t=pq—p2

min(pe1,p44) 7_‘_#1_;,_#2 )\t

- 2 tpa = ) (pa — )N (p2 — pa +1)!

t=pa—p2

(3.11) _ e I (Y
! po! t) \pa—t

t=pq—p2

winon ) N
= Yp(—p1,0)p(—p12,0) > <t)< )At

—1
t=pa—p2 Ha

= (1 O ) (-0 3 () (M)

S t
s+t=pup

Taking into account the previous section, this gives precisely the value expected
from the calculation of x1 in [LDE, 6.4.8]. We write the previous result in the form

(312) Mo (@A) = 7 ON P (),
where PE 1(A) is a polynomial in Z,[A] of Gauss norm 1 whose zeros all have absolute

value 1. We know from [LDE, Lemma 24.4] that y; 1 (@, A\)A\™#¢ is analytic in H; x S.
Our calculation following (3.8) then shows that

_E@)
(3.13) i = Ralla <p~o T
Let S” denote the region
(3.14) St={xeS||Pf(\)|=1}.

We notice here that S# is stable under the map A —— \P. We call S# the Hasse
domain of type ji. If we are in cases 0 or 1”, then in fact S¥ = S. In case 0
this definition will conflict with the one given in (3.27), related to the entry -2 9.
Case 0 is not too interesting for us; rather than introducing a heavier notation, we
will agree that a result on ;. (resp. 72.2) involves S as defined in (3.14) (resp.
(3.27)). Tt is clear that in any case D C S#. We conclude that in cases 0, 1, 1’ and
1//

(3.15) Y1,1(@, ) = Mok By 4 (@, N),

where u;,1(d@, A) is an analytic element bounded by 1 on H; x S, defined over the
field Q(7), which is of constant absolute value 1 all over H; x S”.

Estimates for 711 in case 2.  Formula (3.7) indicates that only terms with
k(¥) > 1 need to be considered. But in fact, since us and ps are both negative, v =
(0,1,1,0) is the only term with k(%) = 1 that may appear. That term gets cancelled,
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since Aq,(0,1,1,0(@ A) = 0. On the other hand, Lemma 3.4.1 shows divisibility by
babs. In the end, considering [LDE, Lemma 24.4], we have in case 2

(316) ’7171(6_1:, )\) = p2ﬁk(ﬁ)b2b3)\ucul)1(@', )\),
where uq,1(@, A) represents an analytic element defined over the field Q(7) and
bounded by 1 on Hz x S.
Estimates for v, 1 in cases 2', 27, 3 and 4. We put
_%Aﬁ-&-p(O,LO,l)()\) in cases 2 and 3,

(3.17) (@A) =
—% A5 001,00  in cases 2 and 4.

We see that
N0 1@ Nz < |7 Fp] .

Formula (3.8), in which only terms with k(7) > 2 need now to be considered, shows
that
171.1(@ A) =118 V)] < [7*Pp?| .

In the end, considering [LDE, Lemma 24.4] and lemma 3.4.1, we have in cases 2/,
2", 3 and 4

bauy,1(@,A) in cases 2", 3,
a,\

(3.18) Y1,1(d, ) Zpﬁk(m)\”c{
bu 1(

) in cases 2/,4,

where wuy1(d, \) represents an analytic element defined over the field Q(7) and
bounded by 1 on Hz x S.

Estimates for v21 in all cases. We refer to formula (3.7), where in any case
U —we € HY(Z). We take
(3.19)
TAG_w,(A) if p2 > 0 and pz > 0 (case 1);

Y91(@,A) = —b2Ai_wyip0,1,01)(A) if g2 <0 and pg > 0 (cases 17, 3);

T k(=2 A—wntpr(NALz(D, \P) if g < 0 (cases 0,17,2,2',2",4).

We now easily estimate |79 ; (@, A)||z, while, with the help of formula (3.8), we can
bound the remaining terms in formula (3.7). We obtain

| k()] in case 1;
(3.20) l[v2,1(@ M)z < { |pr* | in cases 1”7 and 3;

|p?m*(®)| in cases 0,1/,2,2/,2", 4.
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We know from [LDE, Lemma 24.4] that o 1(@, A)A7#<~! is analytic in Hz x S.
Lemma 3.4.1 shows that that that analytic function is divisible by by (resp. b3) if
p2 < 0 (resp. pus < 0). We then put

k() in cases 0,1,1',1",
P> Mpybs  in case 2,
(3.21) Y2,1(d, N) = N Hluz, 1 (@, A)

prk(E) py in cases 2", 3,

prk )by in cases 2/, 4,

where ug1(d@, \) is an analytic element bounded by 1 on Hy; x S, defined over the
field Qp(m). Notice that in cases 0, 1’ (resp. 17, 2/, 2”7, 4), uz1(d, A) is in fact
bounded by p~2 (resp. p~1).

Estimates for v o in all cases. We refer again to formula (3.7), where in any
case U—wy € H1(Z), so that only terms Az p5(A)Ag 5(b, \P) with k(¢) > 1 appear.
Therefore we obtain

(3.22) l171,2(@, M|z < [pr*)] .
The conclusion is that
(3.23) m.2(@A) = pr*Fuy o(a, V),

where u; 2(d@, \) is an analytic element bounded by 1 on Hj; x S, defined over the
field Qy (7).

Calculation of 79 , in cases 0, 2, 2 and 2”. We take

(3.24) 'Yg 2(57 A) = Aﬁ—wz-i-pwz (@A) -

)

We check from (3.8) that
(3.25) |2:2(@A) = 752(@ Nl < PP
We explicitly calculate
78,2(“7 A) = Aﬁ—w2+pw2 (A
B qhtpzt+p—1 min(il:,IM) (/“) <,u2 +p— 1) Al
Cpal(pe +p—1)! t —t
(3.26) pa!(p2 +p ) =0 Ha
= (=D vp(=p1, 0)yp(—p2 — p, —1))

IS I Sl NS GO P

s+t=puyp
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We put

PE,(\) = Z (Mb — uc:p - 1) (uta))\t 7

s+t=puyp

and define again, in cases 2, 2 and 2", the Hasse domain S” of type /i to be the
region

(3.27) SE={xeS||PF,(\)|=1}.

We recall that the notation in case 0 conflicts with that of (3.14): see the convention
we agreed after that formula. Once again D C S# and S# is stable under the map
A +—— M. The conclusion is that

(3.28) Y2,2(a@, A) = pr*Puy 5(a@, N),

where ug 2(d@, A) represents an analytic element bounded by 1 on H; x S, defined
over the field Q,(7), which is of constant absolute value 1 on H x S¥.

Estimates for vz 2 in cases 1, 1/, 1", 3, 4. 'We refer again to formula (3.7), where
U —wy € HY(Z). A calculation similar to the one of (3.23) shows that

(3.29) Y2,2(a@, \) = prPuy 5(@, M)

where ug 2(a, A) represents an analytic element bounded by 1 on H; x S, defined
over the field Q, (7).
We summarize the results of this section.

Theorem 3.30. Letp > 7 and 0 < ¢ < p~1(1 — % — ﬁ) Let us fix i € S.

The matriz v4(d, E—;E;)\), a priori defined by (2.6.1) when (3.1) is satisfied and
(@,\) € Hi x Se, extends to a matriz of analytic functions on Hg x S. We still
denote this extension by

7, (@, a+,u;)\> _ (711 712) '

Y21 Y22

We have, depending on the case of [i:
Cases 0, 1, 1/, 1”.

LAt g [ w1 uie Abe 0
Vg(% P 7)\>_7T q)\u2,1 U2,2 0 p/)°

N d—Fﬁ . k(i) Ui,1 U1,2 ]))\#C 0 bzbg 0
(@ D A =pm qAuz1 U2 0 1 0o 1/

A [ uin w1 Afe 0 by 0O
'Yg(a, p 7)\) =pr q)\U/Q)]_ Uu2,2 0 1 0 1 '
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Cases 2/, 4.

A+ g uwin o wiz ) (A 0 (bs O
%(@ p A =pm g \u21 Uz 0 1 0 1/)°

Here q is given by the Table 3.30.1.

TABLE 3.30.1
Case 0 1 1’ 1” 2 2/ 2 3
q p?babs | 1 | pbs | pbo | 1 [ pby | pbs | 1 | 1

In all cases the functions u; j, for i,j = 1,2, are analytic elements on Hy X S,
defined over Qp(m) and bounded by 1, and

= _ ui,1 U1,2
(3.30.2) u(d, \) = det (unm u2)2)

is an analytic element of constant absolute value 1 on Hy x S. In cases 0, 1, 1/,
17 (resp. in cases 0, 2, 2/, 2"7) uy 1 (resp. ug2) has constant absolute value 1 on

Hy x SE where SF denotes the Hasse domain of type fi. (We recall the convention
following (3.14) for case 0.)

Proof. Ouly the assertion concerning u(a@, \) needs to be proved. We have

P in cases 0,1,1/,1”,
o ~ 3bab in case 2,
(3.31) det, (@, 5, A) = 72 xiey (@A) P70
: p2ba in cases 2", 3,
p%bs in cases 2/, 4,
where
= U1,1 Uui,2
3.32 ,A) = det ’ ’
( ) u@x) (q)\um U2,2>

represents an analytic element defined over the field Q,(m) on Hz x S. The de-
terminant formula [GHF, 13.6] and the modular properties of the p-adic gamma
function (1.17) show that u(d, A) has absolute value 1 on H; x S. Q.E.D.

Remark 3.32.1. The constant terms of the wu;;’s, i.e. the values u; ;(0), are all
units except possibly for us1(0) when p. = p — 1 and u; 2(0) when p, = 0. This
may be most easily deduced from formulas (3.37.5) and (3.37.7) below, taking into
account (3.37.10). Professor Dwork has informed us that in terms of the logarithmic

derivative of the Morita p-adic gamma function G = I;—i’: one has the following

relevant formulas. For y. =p—1

(3.32.1.1) uz,1(0) ~ [G(0) — G(a)] + [G(0) = G(B)] +p(1 —¢) ;
for uo. =0
(3.32.1.2) u1,2(0) ~ [G(0) — G(a)] + [G(0) — G(b)] + pc’ .
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This is also a consequence of formulas (3.37.6) and (3.37.8) below, but requires
some analysis of the Taylor expansion of I'y(2).

We now rephrase Lemma 24.4 of [LDE]. We first introduce the functions of
(a,b,¢; A, B,C), defined for 7 = (piq, 4, p, B, ple,c’) € Z3, (a,b, c) € HS, and (A, B,C)
=p Y(a,b,c) + ¥):

¥p(b, B)yp(c — b,C' — B)
w(l+c¢1+0C)

)

(3.33) O(a,b,¢;4,B,C) =

c—1,C—-1)y(l—a,l—-A)
w(l+c—a,l+C—A)

(330) & (a,bciA, B,C) = (~1ymrec ol

Under the same assumptions, formula (2.20) defines the matrix B(a, b, c; A, B, C; \),
provided A € S\ {0} and condition (2.18.2) is satisfied. If 7 = (g, itp, ftc) € S’ =
{0,...,p—1}3, we set in particular

(A,B,C) = (d',V,c),

(3.35) fi(o) (a,b,c;a’, b, c) = fi(o) (a,b,c), for i=1,2,
and
(3.36) B(a,b,c;a’, b, s A) = B(a,b,c; \) .

Corollary 3.37. Letp > 7, i € S and UV = Tr(d) = (la, o, ptc) € S’. The
matriz B(a,b,c; X), defined by (2.20) for (a,b,c;\) € HE x (S\ {0}) if condition
(2.18.2) holds, is related to (@, b; A) by (2.16.1), (2.16.2), (2.16.3) and (2.21), where

b= a:ﬂ' The matriz B(a,b,c; \) extends to a matriz of analytic functions on the

region H; x S. We have, depending on the case of U (i.e. of [i) :
Cases 1, 1'.

(1 0 Ae 0N (B qAB
B(a,b&”_(o p(c’—b’)><0 1><q’613 642)'

Case 2, 2.

L pla =) 0 Me 0 163 e,
B(a,b,c7)\)—< 0 1)(0 1><q’ﬁ13 542>'

Case 0, 17, 2", 3.

sren=(5 (A 4
Case 4.

o= (00 0t) (5 1) (3 0)

where q, ¢’ are given by the Table 3.37.1.
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TABLE 3.37.1
Case 0 1 1 17 2 2! 2 4
q p(a’ — ) 1 p(a’ — ) 1 1 1 p(a’ — ) 1 1
q p(b' — ') 1 1 p(b' — ') 1 1 1 1 1

In all cases the functions 3;, for i =1,2,3,4, are analytic elements defined over
Q,(m) and bounded by 1 on Hy x S. The analytic element on H x S

Y Br1 qAB2
(3.37.2) B(a,b,c; \) = det (q’ﬁg 3, )

has constant absolute value 1. In cases 0, 1, 1/, 1”7 (resp. 0, 2, 2', 2") 31 (resp.
B4) has constant absolute value 1 on HY x S7, where S” = SF denotes the Hasse

domain of type fi. (We recall the convention following (5.14) for case 0.) At A =0,
we have, as meromorphic functions on H.:

1—
(3.37.3) (AT Ba(a,b, e ))amo = 76 (a.bic) |
(3.37.4) Bu(a,b,c;0) = §g§°> (a,b,c) .

If pe < p—1, we have

o c—a
(3.37.5) (AT ' Ba(a, b, M)amo = 76 (@,b,¢)
a p-adic unit. If uo = p — 1, we have

_ c—a cd —ad
(8376) (A PBa(a.b, N0 = 7 a,b,c) — T O(a,b,¢),
If pe > 0, we have
—b
(3.37.7) Bi(a,b,c;0) = & ~ ©(a,b,¢),
a p-adic unit. If p. = 0, we have
c—b l—cd -V

(3.37.8) Bs(a, b, c;0) = 75§°>(a,b, Q) = T Oa,b,c).

N.B. 3.37.9. One may easily verify by direct calculation that the functions in
(3.37.3,4,5,6,7,8) are analytic in H,, under the indicated assumptions.

Proof. We rewrite formula (2.21):

B, B B -
<B; Bj) =(=1)",(a1,b1) yp(az, be) ™

(1 0 M1 Y21 L0
0 —by) \m2 722)\0 -5 )"

(3.37.10)
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We recall that a1 = a, as = b—c¢, a3 = a — ¢, ag = b. The result, except for
formulas (3.37.4) and (3.37.6), follows from simultaneous consideration of the the-
orem and [LDE, Lemma 24.4 and Chapter 25]. The statement about Ba(a, b, c; \)
(resp. Ba(a,b,c;\)) in [LDE, Lemma 24.4] is in error (resp. is incomplete) when
pe = p—1 (resp. p. = 0). The correct statement is (3.37.6) (resp. (3.37.8)). To
prove (3.37.6) one follows the proof of [LDE, Lemma 24.4], but needs to calculate
(in the notation of loc. cit.)

_ 1 0 —c _c—a’_ *
V(NP 1= ___ - + p c(c/—1 m 2p
W)~ = d(1-1¢) (—(1—0’) c’—b’) A < (* ) *) od A%,

where * denotes an unspecified constant. The conclusion follows as in loc. cit.
As for (3.37.8), one simply needs to carry on one step the calculation in loc. cit.
Q.E.D.

N.B. 3.37.11. Our corollary extends the results of [Dwl, §4] into the singular disk
at A =0.
4. BOUNDED SOLUTIONS (p > 7)

For a = a9 ¢ Z,, we define o/ = a® e Z, and p, € {0,...,p — 1} by the

condition that p, = pa’ —a. For j = 2,3,..., we then put o) = (aU~VY.
Therefore
(4.1) —a:Ma'f'Ma/p-f—-'-+Ma<j)pj+...

is the Hensel expansion of —a € Z,. We now consider the subset 7; (resp. 72) of
Z3 consisting of triples (a, b, ¢) such that for all j = 0,1,2,..., (ftat), My Kot ) 1
in case 1 or 1’ (resp. in case 2 or 2’) of the previous section. We define the strict
Hasse domain of case i, for i = 1,2, as

(4.2.1) Sf=(9s",

where the intersection is taken for all /7 in case i or i’. Notice that, for i = 1,2, SH
is the complement in S of a finite number of open disks of radius 1, and D C SH.
We also define, for i =1, 2,

(4.2.2) He = JHy

where the union is taken for all 7 in case 3.

Definition 4.3.0. We say that ¢ € Z, is strongly of type 1 or anti-Liouville if
ey > 1 forall j € N.

An anti-Liouville number is of type 1 in the sense of [B-C]. If ¢ is anti-Liouville,
then c is a limit of rational, non-integral, anti-Liouville numbers. In fact, if —c =
Sz it let —y = Zf:_é wipt +p*(1+2p+p?+2p3+...), which is non-integral
since ;j’f’l’ ¢ Z; then lim, y; = ¢. Clearly, 1 — ¢ is anti-Liouville iff p,;) < p—2 for
all j € N. No element of Z<( is anti-Liouville. If (a,b,c) € 71 (resp. 72) then 1 —¢
(resp. c¢) is anti-Liouville. In particular, if (a,b,c) € 77 (resp. T2), then ¢ ¢ Zg
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(resp. ¢ ¢ Z<p). If 1 — ¢ (resp. c¢) is anti-Liouville, so in particular if (a,b,c) € Ty
(resp. Tz), then

(4.3.1) le —s| > % , for s € Z

(resp.

(4.3.2) e+ s| > k:;' ,forseZsg).
Notice that the transformation

(4.4.1) (a,b,¢) — (1 =b,1—a,1—¢)

induces a bijection

(4.4.2) i — T

Let K denote any finite extension of Q, (), and let o be a Frobenius automorphism
of K, such that o(r) = m. Let T denote any admissible open subset of the K-
rigid analytic projective line X. We may interpret T as an admissible open subset
“defined over K” of the extension of X to C,,.

Definition 4.5. Let T be as before and 7 a subset of (Z,)3. Define By (7 x T)
to be the K-Banach algebra of continuous bounded C,-valued functions f =
f(a,b,¢;X) on T x T, such that for each choice of (a,b,c) in T, A\ — f(a,b,c;\)
is an analytic function on T, defined over K. We denote by || — ||z x7 or simply by
[| — || the norm of By (T x T), i.e. the supnorm on 7 x T, and by Bg)(’f x T the
unit ball of Bg (T x T).

If 0 € T and T is bounded, the principal ideal ABx (7 x T') (resp. )\Bg)(’f xT))
generated by the bounded analytic function (projection onto the last factor) A :
(a,b,c; ) — A is closed and is the kernel of the map:

B (T xT) — Cx(T),

(4.5.1)

fla,b,c; A) — f(a,b,c;0)
(resp.
(452) B (T xT) — Ci(T),

fa,b,¢;A) — [(a,b,¢;0) ),

where Cx (T) (resp. Cg) (7)) denotes the K-Banach algebra of continuous K-valued
functions on 7 (resp. its unit ball). Let us assume that 77 = T and that T is
stable under the map A —— AP. For ¢ = 1,2, we consider the map:

¢:TixT—1T; xT,
(4.6) (

a,b,c,\) — (a’',b', ¢/, \P) .
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For a Cp-valued function w € B (7; x T') we then denote by w? (resp. w?) the
composition Fow o ¢ o ! (resp. Tow o '), where & denotes any isometric
extension of ¢ to C,. Then w —— w’? (resp. w +—— w?) induces an isometry
of Bk (7; x T). The previous assumptions are clearly satisfied by T = D and by
T=S8H fori=1,2.

We now distinguish the case (a,b,c¢) € 77 from the case (a,b,c) € Ts.

Case 1. There exists a map

(4.7.1) Cy : ABSD (T x D) — ABY (71 x D)
that induces

(4.7.2) Cy : ABD(Ty x 5P — ABW(Th x SH)
defined by

By + By \Pw® Aty 4p(c! — b)) By APw?
T BL+Bs\we? By + p(c/ — ) B NPwo?
| BaBr !+ p(d = V) BuB AT e
N 14 p(c — b)) B33 P Ap—reqod '

Cl ()\’UJ)
(4.7.32)

We observe that, for wy , wa € )\Bg)(ﬂ x D) (resp. )\Bg)(ﬂ x SHY),

M det B (w]? — w3?)
(B1 4 B3APw??)(By + B3 Pw]®)

Cl ()\wl) — Cl ()\'U)Q) =

p(c — b)NPHEe B(a, b, ¢; N) (w]? — w3?)

(4.7.4) = - —
(M B+ p(¢ =) BaAPwi ™) (At By + p(c/ = V) B APwy ")

=p(c — b)NPTH B2 B(a, b, c; \)
(wi® —wg?)
(1 +p(c! = 1) BBy A= rew?) (1 + p(c! — V) B3 B AP=rewg?)
We conclude that

01 ()\wl) . 01 ()\11)2)

agy 175 )| < o — ¥ B2 s —

<p~Hlwr —wo|
The map w @ is then a contraction of the complete metric space

Bg)(Tl x D) (resp. Bg)(Tl x SH)) and as such it admits a unique fixed point.
The map C; therefore also admits a unique fixed point

(4.9) n(a,b,¢; N) € ABD(Ty x SF) c ABY (71 x 5F) .
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We then have on 7; x SH

B2 —|— B47’]U¢
4.10 ==
(4.10) T B+ Byt
Case 2. We now consider the map
(4.11.1) Cy: BY(Ty x D) — BY(T3 x D)
that induces
(4.11.2) Cy : B (T3 x SH) — B (T3 x SH)

and is defined by

B3+ Bw® _ Bs+pld — M Brwo?
By +Bowo® By 4 pla — )AL By
_ BB+ pld = )N B By w?

] + pla’ — C/)ANC+1/82/84_1’UJU¢

Cg (w)
(4.11.3)

We observe that, for wy , we € B%)(E x D),

det B (w7? — w3?)

Ca(wr) — Ca(w2) =
B 2 (B4 +B2wf¢)(B4 +B2wg¢)

pla’ — )\ B(a, b, ;) (wi® — wi?)

(4.12) — - —
(Ba +pla’ = )Mt Bow ™) (Ba + pla” — ) At Bowy ™)

= pla’ — )N B2B(a, b, \)
(w]® — w3?)
(1+pla’ — c’))\#ﬁ‘lﬁgﬁéflwfd’)(l + pla’ — )AeFL By B wg?).
We conclude that

||Ca(w1) — Co(wa)|| < [[p(a’ — )N B 28| [|wr — wo]

(4.13) i
<pt[Jwr —wsf|

The map Cs is then a contraction of the complete metric space Bg)(% x D) (resp.
B (T; x SH)) and as such it admits a unique fixed point

(4.14) n(a,b,¢; N) € BY (T x Si) .
We then have on T x S&

~ B3 +By7?

4.15 =
(4.15) T B+ Bay?
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We define, for any (a,b,c) € (C,)? for which it makes sense, the standard Gauss
hypergeometric series
+oo
S b S
(4.16.1) Flabeh) =Y (a)s(6)

|
= (0)ss!

where, as usual, (a)s = a(a+1)...(a + s — 1), and a matrix of power series in
Cp[[A]

A e Cpl[Al]

NORNC
U<°><a,b,c;A>—< ©) ?o>)
Uz " Uy
(4.16.2)
_ (c—=b)F(a,b,c+1; ) cF(a,b,c;\)
T\ =-oFb-ca—cl—c¢X) (c—a)F(l+b—c,1+a—c,2—c;])

We observe that the first (resp. second) line of U (a, b, ¢; \) is formally defined
when ¢ ¢ Z<o (resp. ¢ ¢ Z(). We recall that, whenever defined, a line of the
matrix

. — a, 0, c;
417 (1) AOC UO (0 b.e: A
formally represents a solution at 0 of the system
d _c c—a
(4.18) —~Y =Y ( -~ al‘bfc) -
dX X T

In particular, if (a,b,¢) € 73, then (ugo),ugo)) is a power-series solution of the

system (4.18), while if (a, b, c) € 77, then (u§f’>, uflo)) is a power-series solution of
d 0 =+ 5

(419> —~Z = Z( c—b al_bic Ac) :
dA Sl b

Let us recall the formula [LDE, 21.2.4] (but notice an error in that reference:
the factor (a — 1) is missing there)

s! i3 1
(4.20.1) @~ (a=1) > (-1) <j>a+j 1

1+j=s

Together with the bound (4.3.1) (resp. (4.3.2)) it guarantees that

(b—c)s(a—c)s, (1+b—c)s(l4+a—c)s
(4.20.2) max(| =0, [ 2 -0, |) < ps
if 1 — ¢ is anti-Liouville and in particular for (a,b,c) € 77 (resp.
1 (@)s(b)s (a)s(b)s
4.20.
(1203) min[{22), | B <

if ¢ is anti-Liouville and in particular for (a,b,c) € T3). We conclude that uéo), uio)

(resp. u§°>, ugo)) are elements of

BY(Ty x D(0, (p™1)%))  (resp. BY (Tz x D(0, (p~1)))).

We point out (¢f. (3.33,34)) that {%O) (a,b,c) (resp. {éo) (a,b,c)) is an analytic
function defined over K of constant absolute value 1 on H} (resp. Hj), hence an
invertible element of Bg)(TQ x D(0,17)) (resp. Bg)(Tl x D(0,17))).
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Lemma 4.21. We have the identities

.21.1) WS, u7B = O ne (W, ul”) in BY (T3 x D0, (pm1)h))?,
4212) @2 u"B = 2 w® W) in BY(T x DO, (p7)H))? .

Proof. We restrict our attention to (4.21.2). Let («, 3,7) lie in (Z, N Q)3 with ~y
non-integral. Then + is also non-integral and, by Lemma 24.3 and Chapter 25 of
[LDE],

W, ) (@', 8,7 A)B(a, B,7; 0, 5,45 \)
:€£O)(a7677; 7ﬁ 7)(“’1 7u2 )( 6777 )7

valid for all A € D, so in particular for A € D(0, (p~1)*)).

Now let (a,b,c) € Zf’,, with ¢ anti-Liouville. There exists a sequence of elements
(o, B,7) € (Z, N Q)? with v non-integral and anti-Liouville such that («, 8,7) —
(a,b,c), and hence (o/,',7") — (a’, V', ). By taking limits we obtain

(4.21.3)

(W, u) (@B, ¢ AP)B(a, b, s a' b, 3 )

(4.21.4)
= %0)(a,b7c;a',b',c')(ugo), (© ))(a b,c; N\,

valid for A € D(0, (p~1)T)), the point being that the series (ug , U )( 8,73 A)
converges termwise to (ug ), Us )(a, b,c; A), and, since v is antl—LlouVﬂle, we may

use the universal estimate (4.20.3) to conclude that

W, us) (e, 8,7 0) — (W, ud) (a, b, ¢; AP),

(4.21.5)
W u) (@', 875 0) — (W, u ) (@ B 5N

uniformly on D(0, p*), for each p < 1. In particular this is valid for p = %, and
here the series are bounded by 1. The proof of (4.21.1) is the same except that now
1 —~ and 1 — ¢ are anti-Liouville. Q.E.D.

Corollary 4.22. We have the identities

(4221) (@ ul®)7B =&Vl W) in BP(Ti x D)?,
(4.22.2) @, u") 7B = & (", u”) in BY (T x D)?.

Proof. To prove (4.22.2), we notice that the coefficients of B and the functions 5%0)7
({%O))_l are elements of Bg)(% x D). Tterating the u — u”? operation s times, we

conclude that uz(-o) € Bf;)(TQ x D(0, (p~=)1)), for i = 1,2 . The statement follows.
To prove (4.22.1) we write B in the form

[ AeQr AeQ2 ) L0
(4.22.3) B_< ey ) o
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where Q1, Q2, @3, Q4 are all bounded by 1 on 7; x D. Hence by (4.21.1) we deduce

oo
u:(io u’3 Q +u %an

(0)

(4.22.4) o6 p
Uy u3 Q +u WQAL

Using the maximum modulus theorem we conclude that if (ugo), uio)) is bounded
by 1 on 7; x D(0, p*) and if

(4.22.5) |p| <1,
p P

then (ugo),u4 ) is bounded by 1 on 77 x D(0, pP ) Since p. < p — 1, it follows
that pte > pP~1 and so (4.22.5) is certainly valid if p > |7|P ( < p~!). This point
is not treated properly in [Dw2, §2]. Q.E.D.

The conclusion is (¢f. [p-DE IV, Lemma 2.2]):

Corollary 4.23. The functions (¢ — b)F(a,b,c + 1;)\) and cF(a,b,c; \) (resp.
1-c¢Fb-—ca—c,1—cA) and (c — a)AF(1 +b—c,14+a—c¢2—cA) are
elements of Bg)(’]} x D) (resp. Bg)(’Tl x D)). As a consequence, for (a,b,c) € Ty
(resp. (a,b,c) € T1) the elements

F(a,b,c+1;\) and F(a,b,c;N\)
(resp. F(b—c,a—c,1—c;\) and F(l4+b—c,1+a—¢,2—c )
of Qpl[Al] are in fact in 14+ AZ,[[N]].

Theorem 4.24. Fori = 1,2, the fized-point n € 82)(72 x SH) of the contraction
C; has the following local expression in T; X D:

uio) c—a AF(1+b—c,1+a—c,2—c;)) in ,Tl <D
b)

uéo) T 1-c F(b—c,a—c,1—c;\)

(4.24.1) n(a,b,c; N) = O
uy ' _ c—b F(a,b,c+1;)) inTo x D
W0 T T TF(aben) 2 :

From the identities (4.22.1,2) we deduce

(4.25.1) @B + (V)7 By = ¢ ae )
(4.25.2) W7 By + ()7 By = £Vul”,
(ug”)7? (0) o U5
(4.26.1) Bi+ (u(O))g¢ By =& ()%
3 (ug ")
o9 ©)
(ug )) (0) Uy
(4.26.2) © 5Bz T Ba= 07
(us”) (us )
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In other words, in 77 X D we have
Bi(a,b,¢; \) +1°%(a,b,¢; \)Bs(a, b, c; \)

l—¢ Fb-ca—c1l—c)
1—cd Fb —c,a —c,1—c;00)

(4.27.1)

= &(a,b,¢)

while in 73 x D we have

n°%(a,b,c; A\)Ba(a, b, ¢; \) + By(a, b, c; \)
(4272) (0) F(a, b7 C; )\)

c
— \HMc
ot (a,b,c)c/)\ F(a/, b, 5 0p)

A consequence of the previous formulas is

Theorem 4.28. The function locally defined in Ty x D (resp. Ty x D) by

Fb—ca—c,1—c¢ N
F/ —c,a—c,1—=c50)

G(a,b,c;\) =

F(a,b,c; )

(resp. F(a,b,c;\) = W

)

extends to an element of 51((1)(71 x SHY (resp. 51((1)(’72 x SHY). We have in T; x SH

G(a,b,c; \) = (—1)He—r Ww(lt+c—al+c —d)
(4.28.1) 0,65 (e (i —a,1—d)
. (Bl (a7 b, c; )\) + na¢(a7 b, c; )\)Bg(@, b, c; )\)) ,

)\_Mc

while in 1o X SQH we have

AT
Fla,b,c; \) =
(4.28.2) ( ) p(b, 0 )yp(c — b, ¢! — ')

: (ng) (CL, b7 (6% A)BQ (CL, b7 (6% >\) + B4(CL, b7 (X )\)) .

5. YOUNG’S FORMULA (p > 7)

We plan to put together formulas (2.33) and (4.28.2). This requires a modifi-
cation of the discussion of the previous section, since as it stands formula (4.28.2)
cannot be evaluated at A = —1, since —1 ¢ S, We then define

Sy(=1) = {(ttar o, pte) = T (i) € S |

(5.1.1) ’ )
fiis in case 2 and [Py (—1)[ =1},

(5.1.2) Ta(—1)={(a,b,c) € Ta | (gt , o) » tet) ) € Sé(—l) , Vi =0,1,.. } ,
and
(5.1.3) SH(-1)={ e S|P\ =1, Vi € T 1(Sy(—1))} .

The arguments used in section 4 show that
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Corollary 5.2. The function locally defined in To(—1) x D by F(a,b,c;\) =
% extends to an element of Bﬁ?('fg(—l) x SH(-1)). Formula (4.28.2)
holds in To(—1) x SH(—1), and in particular at (a,b,c;—1), for any (a,b,c) €
Tr(-1).

We are now supposed to replace (a,b,c) € T in (4.28.2) by (a,b,14+a—0b) € Tz,
assuming . even and p,;) < e for 7 = 0,1,.... We point out that then
automatically (14 a — b)(j) =14a¥ — b(j), 20p) — e < p—1, o <p—1, for
j=0,1,..., and, by (2.33.4), (a,b,1+ a —b) € T3(—1). We now evaluate formula
(4.28.2) at (a,b,1+a —b;—1) € Ta(—1) x SH(-1), as before. We get

Theorem 5.3. Let (a,b) € ZZQ) be such that paiy < o) <P —1, 200 — Py <
p—1 and py) is even, for j =0,1,.... Then (a,b,1+a—b) € To(—1) x SH(-1)
and

Ea 717(%7 5 )Vp(b B %71)/ B %)

(5.3.1) Fla,b,1+a—-b;—-1)=(-1)

Proof. Direct substitution of formula (2.33.2) in (4.28.2) yields

_a w(l+a—0b1+d —-V)
b1+a—b—1)=(—1)
Flabl+a=b-1)=(-1) 2’yp(b,b’)vp(l—Fa—2b,1—|—a’—2b’)

(5.3.2) s o
(5 F) Wb = 50— F) (6, 8)
vp(a, a')yp(2b — a, 2 — o)
The result follows from the reflection formula for v, (1.20). Q.E.D.

The previous result, restricted to 7o N Q?3, is essentially theorem 3.1 of [Y2], and
generalizes formula (0.3).
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