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RELATIVELY FREE INVARIANT ALGEBRAS
OF FINITE REFLECTION GROUPS

MATYAS DOMOKOS

ABSTRACT. Let G be a finite subgroup of Gl,(K) (K is a field of character-
istic 0 and n > 2) acting by linear substitution on a relatively free algebra
K{x1,...,2n)/I of a variety of unitary associative algebras. The algebra of
invariants is relatively free if and only if G is a pseudo-reflection group and I
contains the polynomial [[z2,z1], z1].

1. INTRODUCTION

Throughout the paper K is a field of characteristic 0 and K {x1,...,x,) is the
unitary free associative K —algebra of rank n. The general linear group GIl,, =
Gl,(K) acts on the free algebra by linear substitution. More explicitly, if g =

(gij) € Gl,, then
n
g -Tj= Zgijl’i,
i=1

and for any f(x1,...,2,) € K{(x1,...,25)

g-f=flg-z1,...,9 xn).

An ideal T of the unitary free associative algebra K(x1,x2,...) of countable rank
is called a T-ideal if I is invariant under any K —algebra endomorphism of the free
algebra, that is, f(z1,...,z,) € I implies f(u1,...,u,) € I for any uy,...,u, €
K<$1,$2, N >

I, =1NnK(x1,...,x,) is invariant under the action of Gi,, so

EF,(I)=K(x1,...,zn)/1In

inherits the Gl,,—structure. F,(I) is a relatively free algebra of rank n of the variety
of unitary associative algebras satisfying all the identities f = 0 with f € I. Denote
by vy; the image of x; under the natural homomorphism

K{xy,...,xn) — K{z1,...,20) /1.
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2218 M. DOMOKOS
Let G be a finite subgroup of GI,, and denote by
Fu(D)¥ ={f € Fu(I) | g- f = f Vg € G}

the algebra of invariants of G. We refer to the article of Formanek [8] for a survey of
the results on the algebra of invariants of a finite linear group acting on a relatively
free algebra. In the special case of the variety of all unitary commutative algebras,
that is, when I is generated by the commutator [x1, 23] = 1292 —x2x1, the relatively
free algebra

F.(I) = K[z1,...,x4)

is the n variable commutative polynomial algebra, and the study of F,(I)¢ is the
topic of classical invariant theory.

An element g € Gl,,(K) is called a pseudo-reflection, if it fixes an n — 1 dimen-
sional subspace of K™. If g is of finite order then g is a pseudo-reflection if and only
if g has the eigenvalue 1 with multiplicity n—1. A finite subgroup G < Gl,, is called
a pseudo-reflection group if it is generated by pseudo-reflections. Our starting point
is the following famous result (Shephard-Todd [13], Chevalley [2]):

Theorem 1.1. K[zy,...,2,] is a polynomial algebra if and only if G is a pseudo-
reflection group. Moreover, if G is a pseudo-reflection group, then there exist n
algebraically independent homogeneous forms which generate K[x1,...,x,]%. The
degrees di < ... < d, of these forms are uniquely determined by G, and are called
the degrees of G. We have the equality |G| = [[;—, di, and the number of pseudo-
reflections in G is >, (d; — 1).

We shall extend the notion of algebraic independence to any variety of unitary
associative K —algebras. We fix a T-ideal I, and denote by V(I) the variety defined
by I. Let R be an algebra in V(I). We say that the elements fi,..., f,, € R are
algebraically independent, if h(f1,..., fm) =0 for some h € K(x1,..., %) implies
that h € I. Note that this notion of algebraic independence depends on the T-ideal
I and belongs to the variety V(I).

Guralnick proved in [9] that if n > 2, k > 2 and [ is the T-ideal of the k x k
matrix algebra over K, then F,(I)¢ is not relatively free for any finite group G.
As it was pointed out in [8, p. 105], this result implies easily that F,,(I)“ is not
relatively free if I is contained in the T-ideal of the 2 x 2 matrix algebra. In this
paper we give a complete answer to the question of determining when F,(1)€ is
relatively free. The answer was conjectured by Drensky [7].

The case n = 1 is trivial, because then Fy(I) & K[x1] = K(z1) and G is a cyclic
group acting by scalar multiplication, so the algebra of invariants is K [z™] for some
positive integer m.

Theorem 1.2. Let G < G, (K) (n > 2) be a finite group and let I be a T-ideal.
Then F,(I)C is generated by algebraically independent elements if and only if G is
a pseudo-reflection group and I contains the polynomial [[x2,x1], 21].

2. PRELIMINARIES

The algebra K (x1, ..., x,) is always free and almost never finitely generated by
[4] and [10]. However, working in a proper subvariety of the variety of all unitary
associative K —algebras the notion of transcendence degree makes sense.
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RELATIVELY FREE INVARIANT ALGEBRAS 2219

Proposition 2.1. Fiz a non-zero T-ideal I and consider the variety V(I). If R is
an algebra in the variety V(I) generated by n elements, then it does not contain
more than n algebraically independent elements.

Proof. R is a homomorphic image of F,(I) and obviously the preimages of alge-
braically independent elements of R are also algebraically independent, so it suf-
fices to prove the proposition for the relatively free algebra F,(I). Assume that
fis-oos fm € Fo(I) are algebraically independent. Let J C K{x1,x2,...) be the
radical of I, that is,

J={f e K(x1,xa,...) | f¥ €I for some N}.

It is well known (see for example [12, Theorems 1.5.32, 2.4.7 and 3.2.6]) that J is
the set of identities of the k£ x k matrix algebra for some k£ > 1. We have the natural
onto homomorphism

K(x1,...,z0)/In — K{x1,...,2,)/Jn.

Denote by hi,...,h, the images of fi,...,fn. Suppose that for some p €
K{xy,...,2m) we have p(hy,..., hy) = 0. Then there exists an integer N such that
pN(f1,..., fm) = 0in F,(I), and the algebraic independence of the f;s implies that
pN(x1,...,2m) € In. Hence p(x1,...,2,) € Jpn by the definition of J,,, and this
shows the algebraic independence of hq, ..., hy, in F,(J).

The center of F,(J) is a commutative domain and its transcendence degree is
d = (m —1)k? + 1 (see for example [8, p. 105]). Let

C1 :cl(y17"'7ym)7"'7cd:cd(yla"'7ym)

be a transcendence basis of the center of F,,(J) (so the ¢;(x1,...,x,) are cen-
tral polynomials for the k& x k matrix algebra). The algebraic independence of
hi,...,hm in F,(J) together with the algebraic independence (in the ordinary
sense) of ¢y, ..., cq in the center of F,,(J) implies that ¢;(h1,...,hy) (i =1,...,d)
are algebraically independent in the center of F,(J). But this center has transcen-
dence degree (n — 1)k? + 1, implying that m < n. O

We use the following crucial argument from [8] or [9]. Any non-zero T-ideal
I is contained in the T-ideal generated by [z1,22]. So we have the natural onto
homomorphism
F,(I) — Klz1,...,2]

which commutes with the action of G, and by the complete reducibility of this
action the homomorphism

Fo()€ = K[z1,...,2,)°

is also onto. Therefore the image of a generating set of F, ()€ is a generating set of
Klzy,...,7,]%, hence F,(I)¢ can not be generated by less than n elements. Thus
if F,,(I)C is generated by algebraically independent elements, then by Proposition
2.1 it is generated by n elements.

Assume that fi, ..., f, generate F,,(I)¢. Their images in K[zy,...,z,] generate
K[zy,...,7,]%, hence G must be a pseudo-reflection group. We may assume by [9,
Lemma 2] that fi,..., f, are homogeneous, therefore their degrees are the degrees

of G. Moreover, the proof of [9, Lemma 2] shows that if A1, ..., h, € F,(I)¢ such
that their images generate K|[x1,...,2,]%, then F,(I)¢ = K{(h1,...,hy).
By the above discussion Theorem 1.2 splits into the next two statements:
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2220 M. DOMOKOS

Theorem 2.2. Let G be a pseudo-reflection group and let I be a T-ideal contain-
ing [[x2, x1],x1]. If f1,..., fn are homogeneous elements in F, (I such that their
images generate K[zy,...,1,)¢, then fi,...,f. are algebraically independent in
F,.(I) and they generate F,,(I)C. In particular, F,(I)¢ = F,(I).

Theorem 2.3. If the T-ideal I does not contain the polynomial [[x2,x1], 1], then
F.(I)9 can not be generated by n elements for any n > 2 and finite group G <
Gl,(K).

We recall some basic facts about the T-ideals of the unitary free associative
K—algebra. Let B denote the subalgebra of K(x1,zs,...) generated by all the
commutators [2;,,...,2; | with » > 2, where |21, ..., 2,] is defined inductively by
[z1,..., 2] = [[x1,...,%r—1], 2] for r > 3. The elements of B are called proper
polynomials, and they can be characterised as the polynomials with zero partial
derivatives. Clearly, B, = BNK{x1,...,x,) is a Gl,—submodule of K{x1,...,2,).
Drensky showed (see [5, Theorem 2.2]) that any T-ideal I of the free unitary algebra
is generated by the proper polynomials that it contains, and as GI,, —modules

(2.1) Fo(I) 2 Klz1,...,20] ® (Ba/Bu N ).

Both I,, and B,, are multigraded subalgebras with respect to the usual multigrading
on K(x1,...,xzy,), so F,(I) and B,,/B,, NI inherit the multigrading.
For any a = (a1, ..., a,) and multigraded algebra R we put

R = {f e R | f is multihomogeneous of multidegree a},
and for any N—graded algebra R and non-negative integer d

R = {f € R| f is homogeneous of total degree d}.

Obviously Bflo) = K and Br(Ll) =(.Ifn > 2, then Br(f) is an irreducible Gl,,—module
generated by [z1, 23], and B,(l?’) is an irreducible GI,,—module generated by [z2, z1, 21].
Therefore there exists a unique maximal T-ideal M among the T-ideals not con-
taining [zo,21,21], M is generated by the proper polynomials of degree greater
than 3 (in particular, M has no elements of degree less than 4). If I is a T-ideal
not containing [z, x1,21], then F, (M) is a homomorphic image of F,,(I)“, thus
Theorem 2.3 is a consequence of the following more special statement:

Proposition 2.4. Let M be the T-ideal generated by the proper polynomials of
degree greater than 3, and let G < Gl, (n > 2) be a finite pseudo-reflection group.
Then F, (M) can not be generated by n elements.

The Hilbert series of a multigraded algebra R is an n variable formal power series
defined by

H(Rity,....ty)= Y dimg(RO)g . to,

a=(a,...,an)

and the Hilbert series of an N—graded algebra R is the formal power series

H(Rit) =Y dimg (Rt
d=0
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RELATIVELY FREE INVARIANT ALGEBRAS 2221

Let G be a finite subgroup of Gi,,(K). For any element g € G denote by w1 (g), ...,
wy(d) the eigenvalues of ¢ in the algebraic closure of K. F,(1)¢ is an N—graded
algebra, and we have the noncommutative Molien-Weyl formula (see [8, Theorem

7):

(2.2) H(F,(I)%;t IGI > H(F, (9t ... wnlg)t).

geG
3. PROOF OF THEOREM 2.2
Denote by J the T-ideal generated by [z2, 1, 21], and let

Sd(.’L'l, N ,CL’d) = Z (—1)7r$7r(1) N x,r(d)

reSym(d)

be the standard polynomial. It is well known (see [6, 3.2.1. Theorem]|) that
BW/BY nJ = 0,if dis odd or d > n, and it is an irreducible Gl,—module
generated by sq(y1,...,yq) if d is even and d < n. Let J(m) be the T-ideal gener-
ated by [x2,z1, 21] and o, (21, . - ., Tam ), so the only T-ideals containing [z, 1, 1]
are J and J(m) (m =1,2,...). We note that

K{x1,...;xn)/J(m)p = K{(x1,...,25)/Jn if 2m > n.
Let f1,..., fn € Fu(J(m))® be homogeneous invariants such that their images in
K[zy,...,x,] generate K[xr1,...,x,]¢. We prove by induction on m that fi,..., f,
are algebraically independent in F,,(J(m)). In the case m = 1 there is nothing to
prove. Suppose that the statement is true for F, (J(k)), where k& < m. We may
assume that 2m < n. The algebra F,,(J(m + 1)) has a linear basis (see [6])
{u7" oy sok Wins - s Yigg )|ty oyan €Ny 0<k<m, 1<iy <...<ig <n}.

Suppose that h(f1,..., fn) = 0in F,(J(m + 1)) for some h € K(z1,...,x,) with
h ¢ J(m+1),. Then we may assume that h is of the form

« Qn
h: E E E aa7k7ix11 $n Sgk(l’il,...,l’i%),

a=(ai,...,an) k=01<i;<...<igpr<n

where at least one of the coefficients aq, ,; is non-zero. Let kg be the minimal &
such that aq ;1 # 0 for some «, . If kg < m — 1, then by the induction hypothesis

Za‘%kmifftl"'fgnSQkO(fiw"'vfizko) ¢ Jn(k0+1>/Jﬂ(m+1)

On the other hand

Z a’a7k77iffll . 'fr?nsmi(fiw .. '7fi2k) =0 (modulo Jn(kO + 1)/Jn(m+ 1)),

a,k>ko,i
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contradicting that h(f1,..., fn) =0 in F,(J(m + 1)). Thus kg = m and we have

S Gai S f o (firs e fin) = 0
a,t

in F,(J(m +1)).
Define the maps

0

B_yi:Fn(J(m+1)) — F,(J(m+1)) (i=1,...,n)

in the following way. If f = f(y1,...,yn) € Fn(J(m + 1)) is multihomogeneous of
multidegree o = (ayq, ..., ay), then let a%i f be the multihomogeneous component
of multidegree (aq,...,q; —1,...,a,) of fy1+1,...,yn+1) (a%if: 0if a; = 0).

Now extend 8%1- to Fi,(J(m + 1)) by linearity. Clearly, 8%1- is a derivation.

Lemma 3.1. For any f,g € F,(J(m + 1)) we have the equality

S 2091, 01 (moduo C?),

[f, g]
1Sign yi Oy;

where
C=F,(Jm+1)[F.(J(m+1)), F,(J(m+1))]F.(J(m+ 1))

is the commutator ideal of F,(J(m + 1)).

Proof. By the multilinearity of the derivations and [ , ] it suffices to prove the
lemma when

f=vi, - i, and g = y;, ... yj,

are monomials. We have

Wir -+ Yir) Wir - - Y5)
=Yir - Yie Y Yalie - Yio T Yir - Yip_y [yik ) yjl]yj2 < Yi
= (yll s yik71)(yj2 s yjl)[yik7yj1] + Yiy - Yie_1 Y1 YirYja - - - Ysu

(the second equality follows from the fact that any commutator lies in the center of
F,(J(m+1))). Now exchange y;, , and yj;, in the second term of the above sum,
that is, replace this term by

Yir - Yir_ oY1 Yie_1 Yir Yjz - - Y5y T (yil s yik—2yjk)(yj2 s yjl)[yik,l ; yjl]'

Continuing this process we obtain

Yir -+ Yir) Ygy - Y5i)
k

=i Wir Vi) Wi - U) +DWir -G -0 Wia - - Y5 Wi i),

r=1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RELATIVELY FREE INVARIANT ALGEBRAS 2223

where the sign g;, means that we delete y; . in the word y;, ...y;, . On applying the
same process to the word (s, ... ¥i, ) (Yj, - - - Y5, ) we obtain that

k
Wor Y)W U3) = D Wir - B+ Y)W+ Y5 Wi Ui
r=1

k
Y U Wi Y)W - Y5 Wi i)
r=1

+ Y51 Yo (yi1 ce yik)(yjs . 'yjz)
k

(mod C?) R .
= Z(yll "'yir"'yik)(yjlyj2"'yjz>[yirayj1]
r=1
k
+ Z(yh o i yik)(y.hgjzyj?, s yjz)[yiw yjz]
r=1

+ Ui Yo Wiy - Yir) Wgs - - Y5,)

n ) K

= Z(ay (yil s yik))(yjlyjz .- 'yjz>[yi7yj1]

i=1 g

n P R

+ > (o Wi - 9)) W3 05 - 93 W60 03]
i=1

0y;
+ Ui Yo Wiy - Yir) Ws - - Y1)

Repeating this algorithm finally we get

Yir -+ Yir) Ygy - Y5i)

(mod C?)
= Wi Yi) Wi - Yi) +

M=
mN

(yil .. ylk))(yjl .. 'ijr cee yjz)[yiayjr]

@
Il
=

M-
M= 5

1 Yy
0

= Wi - Yi) Wir - Yir) + _ ((93/1' (Yir ~-~yik))(aiyj(yj1 Y)Y sl

Il
-
<.
Il
-

which explicitly shows the claim. O
Now we use Lemma 3.1 to rewrite A = So,,(f1,- .., fom). By the definition of
S2m

1
A:2—m Z (=D)"[fr@) fr@] - - - [fr@m—1)s frzm)]-

TeSym(2m)

We have C™ ! = 0 in F,(J(m+1)), because the commutators are central elements
of F,,(J(m + 1)) and any proper polynomial of degree greater than 2m + 1 is
contained in J(m + 1). Therefore in the right hand side of the above equality we
may replace [fr(2k—1), fr(2k)] by something that is congruent with it modulo C?.
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So by Lemma 3.1 we have

_ 1 x Ofr(1) Ofx(2)
A—2—m Z (1) Z Oy Oy, [Yi» Yis]

e Sym(2m) (i1, riam)

8f71'(21n—1) af'fr(2m,)
ayiszl 8yi2m

— 1 T afﬂ'(l) afﬂ'(Qm)
B 2_m Z (_1) Z 3yi1 o ayizm [yh ) y12] T [y7f2m,71 ’ ylzm]'

[ T2m—1) yizm]

rTeSym(2m) (i1,e-y22m)

The polynomial [z1,x2][z1, 23] is contained in J, hence if the iy, ..., 42, are not
pairwise different, then the corresponding term is zero in the above expression,
implying that

e IR D YD V- -

ﬂeSym(Zm) 1<ii<..<igm<n peSym(2m) ayip(l)
af'fr(Qm,)
" 0o Wisyr Yip )+ Wip@m—1y> Yip@m |
p(2m
1
= Z om Z (=D Wip1ys Y|+ Wipam—1y2 Yipam) )
1<ii<...<igm<n pESym(2m)

§ é-jﬂ' 8}77 m
X (_1)77( 1)P (1) .. (2 ),
TeSym(2m) p(1) p(2m)

. +1 __ afw(l) 6f7r(2m)
Again by C™™" = (0 we may permute

e B among each other in the
Yip) Yip(2m)

above expression, and we get

0 0 fom
A= Z Z (_1>Uayifl 8y1f2 )SQm(yiw"'?yizm)'

1<ii<...<iagm<n o€Sym(2m) o(1) o(2m)

Forany 1 <i1 <...<idgp <nand 1< j; <...< jo <n we put

] ] 0 i1 0 i2m
f?17...,?27n, — Z (_1)0 f f

J1y---5J2m - e ) .
o€Sym(2m) 8y3<’(1) 8yﬂa(2m)

Consider the natural homomorphism
i Fp(J(m+1)) — Klz1,..., %)

The image of any f € F,,(J(m + 1)) has a normal form

G(f)= > baait...afm.

(X:(O(1,...7an)

Now let ¢ be the map F,(J(m + 1)) — F,(J(m + 1)) defined by

o) =3 byt .yl
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Obviously, we have ¢(f) = f (mod C), hence C™*! = ( implies that

fst(yiw' .- 7yi2m) = ¢(f)82m(yi17 s 7yi2m,>'

Summarizing, we have

0="nh(f1,..-, fn)
— Z Z aa)iflal...fgnSQm(filw"?fizm)

a=(a1,...,an) 1<i1 <. <izm<n

= S O @i ) Som (U Yo )-

1<ji<...<jam<n ot

Now since the elements yi* ... Y%"S2m (Yiys- - -+ Yisn ) are linearly independent in
Fo.(J(m+1)),

O aaifi - FIN L)
a,t
must be zero for all ji,..., jom, implying that
YO i S =0,

a,t

because the monomials 37" ...y are linearly independent in F,(J(m + 1)).
Introduce the symbols dx, ..., dz,, and let
E=K{dz,...,dz, | dv,de; = —dzjdz;, 1 <4i,j <n)

be the Grassmann algebra of an n dimensional linear space. Consider the map

d:K[z1,...,2p) = Klx1,...,2,]® F

defined by

df =d(f) = —dx;.

fdlf) =3 5o
The commutative polynomials h; = ¥(f;) (i = 1,...,n) form an algebraically
independent generating set of K[z, ...,z,]¢. Direct computation shows that

N e bt hgrdhy, . dhy,
a,t
= > OO aaifit . fn A g, . dag,,
1<51 <. <ja2m<n o,
and by our hypothesis the latter is zero. Now [14, Theorem] implies that
{h(l)ﬂ“'hf{"dhil"'dhizm | Ofy...,0p EN, 1 Sll <... <i2m Sn}

is a linearly independent subset of K[z1,...,z,] ® E, hence a,; = 0 for every
a, i, contradicting the hypothesis that fi,..., f, € F,(J(m + 1)) are algebraically
dependent.
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Remark. The above argument did not use the fact that f1,..., f, are invariants. So
we have proved for all m = 1,2, ... that if f1,..., f, € F,,(J(m)) are algebraically
independent (in the ordinary sense) modulo the commutator ideal, then they are
algebraically independent in F),(J(m)).

We have to show that fi,..., f, generate F},(J(m))¥. They are homogeneous
of degree dy,...,d,, and as we pointed out earlier these are the degrees of G. We
conclude from the formula (2.1) and the GI,,—structure of B,,/B,, N J(m) that the
Hilbert series of F,(J(m)) is

ZZZBI UQi(t1, ey tn)
o (=t) 7

where oy, is the kth elementary symmetric function (o9 = 1 and o, = 0 if k > n).
We have the isomorphism

H(F,(J(m))ity, ... ty) =

K(f1,.. fo) = Fu(J(m)),

hence the N—graded Hilbert series of the graded subalgebra K({(fi,...,f,) of
Fo(J(m))¥ is

Z;z_ol O'Qi(tdl, R td”)

[T, (1 t5)

H(E,(J(m));th, ... tdn) =

Using the noncommutative Molien-Weyl formula (2.2)

ZZ 0'21 wl( )t wn(g)t)
H(F(7(m) %5t |G|qEZG Lm0

Solomon’s formula

HJ 1 1 — Wy (9)t) B H?:l(l —th)

di—1 dn—1
(3.1) IGIZ% wi(g),.. . wnlg))  op=t 0t

(see [14, formula (5)]) says that F,(J(m))® has the same Hilbert series as its
subalgebra K (f1,..., fn), therefore the two algebras must coincide. This finishes
the proof of Theorem 2.2.

Remark. The polynomial [z2, 21, z1] appears in the theory of Pl-algebras as a gen-
erator of the T-ideal of identities of the infinite dimensional Grassmann algebra (cf.
[11]). It is interesting to note that both parts of the above proof use Solomon’s
results from [14] on a pseudo-reflection group acting on the tensor product of
K[z1,...,2,] and the Grassmann algebra of an n dimensional vector space.

4. PROOF OF PROPOSITION 2.4

Let G be a pseudo-reflection group, and suppose that F, (M) is generated by
n elements (where M is the T-ideal generated by all the proper polynomials of
degree greater than 3). As we mentioned in Section 2, then F, (M) is generated
by its homogeneous elements fi, ..., f, if and only if their images in K[z1,...,x,]
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generate K[z1,...,2,]%. In the sequel we assume that fi,..., f, € F,(M)% have
this property. By (2.1) the Hilbert series of F, (M) is

_ 1+ Syt tn) + Syt tn)
H?:1(1 _ti) 7

H(Ey(M):t, ... 1)

where Sy (t1,...,t,) is the Schur function corresponding to the partition A =
(A1y..+,An). On expressing the Schur functions S(;;) and S(3 1y by the elemen-
tary symmetric polynomials we obtain

. 1+0’2(t1,...,tn) —Gg(tl,...,tn)+010'2(t1,...,tn)

[T, (1 —t)

H(F,(M);t1,...,tn)

Since F,,(M)® is generated by fi,..., fn, it is an N—graded homomorphic image
of F,,(M), where we give the degrees di, ..., d, to the generators of F,,(M). Hence
in the formal power series

D(t) = H(F,(M);t™, ... t%) — H(F,(M)%;1)

each coefficient is a non-negative integer. By (2.2) and (3.1) we have

___F@
D(t) = - Hi(t),
where
P(t)= (" +... +th) Y ghtd
and
1 @@t A wn@D)(Cicicjn wilg)wi(9)t)
@ =g 2 [T, (0 — (o))

Steinberg proved (see [1, p. 127]) that

Z wiijG—>(C

1<i<j<n

is an irreducible character of G. (Actually, > w;w; is the character of G < GI(V)
acting on the second exterior power of V; and we do not need here the irreducibility.)
Therefore
@1+ +on) Y @@
1<i<j<n

is a character of degree n(g) of G, and we may decompose it as y_._; m;x;, where
X1,---,Xr are pairwise different irreducible characters of G and mg,...,m, are
positive integers. Let I be the ideal of K[x1,...,z,] generated by the invariants
of G of strictly positive degree. Chevalley showed in [2] that the representation of
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G on K|z1,...,x,]/I is equivalent to the regular representation. Following [15] we
associate with any irreducible character x of G the polynomial

=Y ailt
=0

where a;(x) is the multiplicity of x in the ith homogeneous component of
Klz1,...,z,])/I. (Note that what we call p,(t) is pg(t) in [15], because there G
acts on K[z1,...,xy,] via the adjoint representation.) It turns out that a;(x) = 0 if
P> 30 (dy — 1) [15, Lemma 2.9]. The coefficient of t¢ in the formal power series

Z (Wi(g) + -+ wnl(9)) Xi<icijcn wilg)w;(g)
[Tim, (1 —wi(9)t)
is the scalar product of the character Z _; m;X; and the character of G acting on

the dth homogeneous component of K|x1,...,z,]. So by [15, 2.6 Proposition and
2.9 Lemma] we have

IGI

geqG

(4.2) Hi(t) = £ i1 Mipy, (1) _ G(t)

[T, (1 —t%) [Tio, (1 —td)’

where G(t) is of the form
n(3)
G(t)y= ) _ t“
i=1
with 0 <e; <. <€()<Zz 1(di —1) +3.

Now we reduce to the case of irreducible groups as it was done by Guralnick in
[9]. Assume that n > 2 is minimal such that F, (M) is generated by n elements
for some pseudo-reflection group G.

1. The same argument as in [9] shows that G is not Abelian.

[9, Lemma 3] remains valid with the same proof for any relatively free algebra
instead of the generic matrix algebra. Therefore the minimality of n implies that
G is irreducible, and we may assume that G is a complex unitary pseudo-reflection
group. We shall use the classification of these groups given in [13].

2. n>2.

Suppose that n = 2, and let x = w; + w2 denote the character of the given
representation of G as a subgroup of Glz2(C). We showed above that the degree of
G(t) (see (4.2)) is at most di + d2 + 1. Though this bound would suffice for our
purpose, for sake of completeness we derive some more precise information on the
polynomial G(t) :

g)wi(g)wa(g)t?
IGI Z (1- w1(9 (1 —wa(g)t)

_ Lﬁ x(9)
e g; (I —wi(g= )t 1) (1 —wa(g= 1)t 1)

ot x(9)
el 2 (I —wi(gt= 1) (1 —wa2(g)t™1)

px(t_l)
(1 —t=d)(1 —¢t—d)
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by a similar argument we used before. The character of the representation of
G on the 1st homogeneous component of K[z1,...,z,]/I is x, so py(t) = t +

Zf:gdz_2 ai(X>ti, hence

L b2 g il SR gy (00
(I—t=d)(1—t-d2) (1 —td) (1 — td2)

Hi(t) =t

On the other hand, the minimal degree term of % is t241td2  thus the
=1

coefficient of t41+42 in D(t) = % is —1. This contradicts the assumption

that D(t) has non-negative coefficients.

3. G is not one of the groups of no. 23, 28, 30, 35, 36, 37 in the table [13, Table
VII]. (The argument in 5 below applies also for these groups. However, first we
eliminate them by exhibiting some invariants. This argument shows the role of the
polynomial [z, 21, 21] explicitly.)

Suppose that G is one of these groups. It is well known (see for example [16,
4.2.15. Lemmal) that G can be defined over the reals if and only if G has an
invariant of degree 2. So we can suppose that G < GI,,(R) is an orthogonal group,
and then a straightforward calculation shows that

i 422 e Kz, ..., x0)C.
Thus we can choose fi, ..., f, such that

fi=vi+.. .+

Consider the invariant

F=>"9-w@i+.. +y)m)
geG

Comparing the condition K{(f1,..., f,) = Fn(M)% and the degrees of the groups
under consideration (cf. [13, Table VII]) we conclude that the only invariants of

G of degree 4 are the scalar multiples of f7, therefore f = af? in F, (M) for some
a € R. Now we have

f= Z(guyl ot gmyn) (W F oY) (9uyn e Gnaya),
geG

and the polynomial

h= 2(911961 +ogmxn) (@ 22 (e 4 gaxn) —a(x 4+ 2?)?
geG

is contained in M. The homogeneous component of h of degree 4 in z; is

(Zg?l—a)xf‘, (izla"'vn)a

geG

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2230 M. DOMOKOS

and it is contained in M, implying that a = deGgfl, 1 = 1,...,n. Since for
any g € G there exists an i with g;1 # 0, we have a # 0. The multihomogeneous
component of h of multidegree (2, 2)

Z gh s+ Z Go1 02T Te — axiTs —axsxt = a(r12501 + Terirs — vixs —2327)
geG geG

is contained in M. Make the substitution x1 — x1 + 1, o — x5 + 1 in the above
polynomial, then we get

2ax1x2x1 + other monomials.

Hence M contains a polynomial of degree 3, which contradicts the definition of M.

4. G is not G(m,p,n) (the groups no. 2 in [13, Table VII]).

Recall the definition of G(m,p,n). Let n > 3 (the case n = 2 was handled in
2.), m > 2, p be positive integers such that p divides m. Let A(m,p,n) < Gl,(C)
be the group of diagonal matrices whose diagonal entries are mth roots of unity
and the determinant is an ‘th root of unity. Consider Sym(n) as the group
of permutation matrices in Gl,(C). Clearly, Sym(n) normalizes A(m,p,n), and
G(m,p,n) is defined as the semidirect product

G(m,p,n) = A(m,p,n) x Sym(n).

Consider the polynomials

hy, = Z ﬂ'(xl...xn)m/p.

mTeSym(n)

The above semidirect decomposition of G(m, p,n) shows that
hi,...,h, € K(:rl,...,xn>G,

and it is well known that their images in K|[z1,...,x,] form a basic set of invari-
ants, with degrees m,2m,3m, ..., (n—1)m, %n. So we may suppose that fi,..., fn

are the images of hi,...,h, under the natural homomorphism K{x1,...,2,) —
F,(M). Consider the invariant

F=Y9-W" " fin).

geG

Any g € G can be written in the form g = ar for some a € A(m,p,n) and
7 € Sym(n). So we have g(y1) = Oy, for some permutation 7 and mth root of
unity 6, and

f=m=-Dm"/pY y" i+ yl e
=1
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By our hypothesis f is contained in K(f1,..., f»), and since deg(f3),...,deg(fn) >
deg(f) = 2m, f can be expressed with f1, fo and f,,. More precisely, there exists a
polynomial

n

h = Z:L’:n_l($£n 4+ ...+ ZEZl)JJZ — (Clh% + cohg + Zajhnbj) e M

i=1 j

where ¢, ¢ € C, and aj,b; € K(x1,...,zy). Consider the multihomogeneous com-
ponents of h. The coefficient of x2™ is 1 — ¢;, implying that ¢; = 1. Since n > 3,
any monomial of h,, contains the variable x3, therefore the sum of the coefficients
of the monomials of multidegree (m, m) is 2 — 2¢; — keo for some positive integer
k, showing that c; = 0. Thus the polynomial

e ey 4 al T ey — 2T al — Pl

is contained in M. After the substitution x1 — z1 + 1, o — 2 + 1 we obtain a
polynomial in which the coefficient of zixox1 is (m — 1)m. Again this contradicts
the fact that M has no elements of degree 3.

5. G is not one of the groups no. 24, 26, 27, 29, 31, 32, 33, 34 or no. 1 with
n >4 in [13, Table VII].

Let a,b be functions N — C, and let ¢ be a function N — N. We say that
a(n) = b(n) + O(c(n)), if Ja(n) — b(n)| < Le(n) for some constant L. We need the
following lemma (cf. [16, 2.5.9. Lemmal):

Lemma 4.1. Let H(t) € C[[t]] be a formal power series of the form

H(t) = Hﬁ Z Cdtd7

where A(t) € C[t].

i n __AQ)
v =) H(t>)t:1 I d
G)  (1—t)"H(@) - H?L_(i)di% = gA(l)Zi_l_l[(?c_lil;l) - A0

(iii) Suppose that n > 3 and all sets of n — 1 of the d; have greatest common
divisor 1. Then we have

A, 3OS 4 - A
(n— DL, di (n =2, di
(In [16] n > 4 is required, but the proof works also for n = 3.)

Now we investigate the power series D(t ) % Since F(1) = G(1) =
—(1— Ve

n(3), by Lemma 4.1 (i) D(t) has no pole By Lemma 4.1 (ii) the coefficient
of the pole W in the Laurent series of % is
nn—=1)Y" d; n(n—1) -
- (n—6) (d

() X (di—1) =5 _
[Ti=1 ds e

A"+ 0(d" ).

Cq =

=1
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By (4.1) the coefficient of the pole W in the Laurent series of Hy(t) is

A1+ w(@) (Y + (n = Dw(g))
1G] Z 1-w(g) ’

where R = {g € G | ¢ is a pseudo-reflection} and w(g) is the eigenvalue of g different
from 1. It is well known (and one can derive from Lemma 4.1 (i)) that

1 1 ¢
2o Tl

geR i=1

Using this formula we get the equalities

wlg) 1 1
D DF e R D el DO Ry

geR gER i=1
and , .
w 1 1
(;%1_(—?(9) _;(_1_w(9>+1——¢m> =N - 5;(611-—1),

where N is the number of the reflecting hyperplanes. Thus we have

(n—1) +w(@)((";") + (n— w(g))
1G] Z 1-w(g)

geER
Ul s B En:d — 1) +4N),
4|G| i=1
and the coeflicient of the pole =T t)n T in D(t) is
n— G'(1)-F'(1)
2_2 (d; —1)—2N —_—.
s Z =T

(The last equality holds by Lemma 4.1 (ii).)
Denote by § the greatest common divisor of dy, ..., d,,. The assumption F, (M)%
= K(fi,..., fn) implies that § divides each of the ey, .. S Cn(n)) that is, we may
2

write
D(t) = A6 § :c s
SISO s

where s = % and A(s) € C[s]. One can check in [13, Table VII] that for the groups
under consideration the numbers d;/é,...,d,/é satisfy the condition of Lemma

4.1 (iii), so applying this lemma and the equalities A(1) = 0 and - A(s) L=
§(G'(1) — F'(1)) we obtain -

G ) s s
BECEE TR

= %(&ﬂ + 2;(@ 1)+ 2N)d2 1 O(d ).
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This immediately implies that for sufficiently large d the coefficient of ¢ in the
power series D(t) is strictly negative, which is a contradiction.

6. G is not the group no. 25 in [13, Table VII].

This group has 24 pseudo-reflections, all of them are of order 3 (see [3, p. 412,
Table]), so the number of reflecting hyperplanes is 12. By the calculations in 5 we
have

F()-G'(1)=3-32+2-24+2-12.

On the other hand
F’(l) — G/(l) = 9(d1 +ds +ds) — (61 +...+ 69);

therefore n n
€1 . €9 _ 16,

implying that e; < 16. But we have

F(t) = t2daitds higher degree terms,

and since 2d; + da = 21, the coefficient of t** in D(t) = %
negative. This is a contradiction. -

7. G is not Sym(4), that is, the group no. 1 with n = 3 in [13, Table VII].

One can calculate the power series D(t) directly and conclude that it has a
negative coefficient.

We have eliminated all the finite irreducible complex unitary reflection groups,

so the proof of Proposition 2.4 is complete.
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