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KRULL-SCHMIDT THEOREMS IN DIMENSION 1

LAWRENCE S. LEVY AND CHARLES J. ODENTHAL

Abstract. Let Λ be a semiprime, module-finite algebra over a commutative
noetherian ring R of Krull dimension 1. We find necessary and sufficient
conditions for the Krull-Schmidt theorem to hold for all finitely generated Λ-
modules, and necessary and sufficient conditions for the Krull-Schmidt theorem
to hold for all finitely generated torsionfree Λ-modules (called “Λ-lattices” in
integral representation theory, and “maximal Cohen-Macaulay modules” in
the dimension-one situation in commutative algebra).

1. Introduction

Throughout this paper Λ denotes a semiprime (no nonzero nilpotent ideals)
module-finite R-algebra, where R is a commutative, noetherian ring of Krull dimen-
sion 1. We say that Λ satisfies KSM (“Krull-Schmidt for modules”) if, whenever

M1 ⊕M2 ⊕ . . .⊕Mm
∼= N1 ⊕N2 ⊕ . . .⊕Nn(1.0.1)

with each Mi, Nj an indecomposable, f.g. (finitely generated) left Λ-module, then
we must have m = n and, after a suitable renumbering of the Ni, every Mi

∼= Ni.
We say that Λ satisfies TFKS (“torsionfree Krull-Schmidt”) if this same con-

clusion follows whenever each Mi, Ni in (1.0.1) is torsionfree (see Definitions 1.2),
besides being f.g. and indecomposable. The answer to the question of which of our
rings Λ satisfy KSM or TFKS is, to borrow a well-known phrase, “hardly ever.”
The precise statements of our main results require some preliminary definitions.

Let Q = Q(R) denote the finite set of minimal prime ideals of R. Since Λ is
semiprime, the localization ΛQ obtained by using the denominator set R −

⋃
Q is

a semisimple artinian ring. We call Λ an R-order in the semisimple artinian ring
ΛQ if the natural map Λ→ ΛQ is one-to-one. When this condition holds, we define
a normalization Γ of Λ (in ΛQ) to be a maximal element of the family of subrings
of ΛQ that contain Λ and are integral over R. In the classical situation, where Λ
is contained in a maximal R-order in ΛQ, the normalization Γ is easily seen to be
such a maximal order. And when Λ is commutative, Γ becomes a normalization
of Λ in the sense of commutative ring theory, that is, the integral closure in the
total quotient ring. In all cases, Γ turns out to be a direct sum of classical maximal
orders over Dedekind domains in simple artinian rings, and thus provides a critical
link between our theory and classical integral representation theory. See [LO, §4].

Our general Λ has a decomposition Λ = Λ′ ⊕ A where Λ′ is an R-order in the
semisimple artinian ring (Λ′)Q and the ring A is artinian. [See (2.0.1) below.] Since
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artinian rings always satisfy KSM, the summand A is of no interest in this paper.
In particular, if Λ is indecomposable (as a ring) and not artinian, it is automatically
an R-order in ΛQ.

Recall that the genus of a f.g. Λ-moduleM is the collection of all f.g. Λ-modulesN
such that Nm

∼= Mm for every maximal ideal m of R. This definition is independent
of the ring R over which Λ is a module-finite algebra [GL ’89, 1.3]. In particular,
replacing R by the center Z(Λ) does not change the definition of the genus of a f.g.
Λ-module. We can now state our first main result, and there is no loss of generality
in assuming that Λ is an indecomposable ring.

Theorem 1.1 (KSM). Let Λ be non-artinian and indecomposable as a ring (and
thus an R-order in the semisimple artinian ring ΛQ); and let Γ be a normalization
of Λ. Then Λ satisfies (left) KSM if and only if the following three conditions hold.

(a) Every genus of f.g. (left) Λ-modules consists of a single isomorphism class.
(b) Either Λ = Γ or exactly one maximal ideal n of Z(Λ) is singular with respect

to Λ, that is, Λn 6= Γn (localizations of Λ,Γ).
(c) If this singular n occurs, then primitive idempotents of Γn remain primitive

modulo J(Γn).

Note that Γn is always a direct sum of full matrix rings over noncommutative
principal ideal domains. Part (c) of the (KSM) theorem states that these domains
are local, that is, they are division rings modulo their Jacobson radicals.

A matrix-local ring is a ring B such that the ring B/J(B) [J(B) the Jacobson
radical] is a simple artinian ring. For the rings that we deal with, this is equivalent
to saying that B has a unique maximal (2-sided) ideal [LO, 1.6]. Observe too, that
the maximal ideals of R that are singular with respect to Λ are independent of the
choice of normalization Γ [LO, 4.3 and (4.1.7)].

In this terminology, part (c) of the (KSM) theorem states that Γn is a direct
sum of matrix-local rings, and the size of these matrices does not increase when
one passes to Γn/J(Γn).

Our original impetus to study the KS problem came from a paper of E. G.
Evans [E ’73]. He asked which commutative, noetherian local rings satisfy KSM.
Our theorem answers his question when the local ring has Krull dimension 1 and
no nilpotent elements. In that situation, only condition (c) is nontrivial and, in
more conventional commutative terminology, it states that Γ is a direct sum of
local domains.

Evans showed that a noetherian local ring S is henselian if and only if all of
its module-finite algebras satisfy KSM, and he asked whether KSM for S itself is
somehow related to the henselian condition (which is too strong a restriction since
discrete valuation domains satisfy KSM but need not be henselian). It is interesting,
in this regard, that our condition (c) may be viewed as a refinement of the condition
that Λ be henselian.

If Λ is only semilocal (still commutative) it is even easier to construct coun-
terexamples to KSM. For then if Λ is an indecomposable ring and has at least two
singular maximal ideals, condition (b) fails and so therefore does KSM.

If R is not semilocal, then condition (a) becomes nontrivial. We remark that this
condition is not as satisfactory as (b) and (c), because determining that Λ satisfies
this condition seems to require examining all f.g. Λ-modules.

Next we discuss TFKS. The theorem is quite similar to the KSM theorem. Con-
dition (a) must be satisfied — but only for torsionfree modules — and condition
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(b) remains unchanged. Condition (c) contains two exceptional classes of rings that
satisfy TFKS while violating KSM. But these classes are so small that we can give
quite a detailed description of the rings in them. (This description unfortunately
makes the statement of the theorem very long.) Perhaps the most unexpected fact
is that the exceptional classes (c2) and (c3) can occur only if Γ is module-finite
over R, that is, only if Γ is a maximal R-order. Before stating our TFKS result,
we pause to define “torsionfree” and to introduce terminology needed to describe
one of the exceptional classes of rings.

Definitions 1.2. Assume that Λ is an R-order in a semisimple artinian ring. We
say that a Λ-module M is torsionfree if the natural map M → MQ is one-to-
one. This definition is independent of the particular ring R over which Λ is a
module-finite algebra because it is equivalent to the assertion that M is a submodule
of a free Λ-module. [Every module over the semisimple artinian ring ΛQ is a
submodule of a free ΛQ-module. A denominator-clearing argument then shows
that M is a submodule of a free Λ-module. Conversely, if M is such a submodule,
the “order” hypothesis shows that every free Λ-module is torsionfree, hence so are
its Λ-submodules.]

The equalizer of two ring homomorphisms f, g: Γ→ Ψ is defined to be

eq(Γ, f, g) = {x ∈ Γ | f(x) = g(x)}.(1.2.1)

A “PID” is an integral domain in which every left ideal and every right ideal is
principal.

Theorem 1.3 (TFKS). Let Λ be non-artinian and indecomposable as a ring (and
thus an R-order in the semisimple artinian ring ΛQ); and let Γ be a normalization of
Λ. Then Λ satisfies (left) TFKS if and only if the following conditions are satisfied.

(a) Every genus of f.g. torsionfree Λ-modules consists of a single isomorphism
class.

(b) Either Λ = Γ or exactly one maximal ideal n of Z(Λ) is singular with respect
to Λ (i.e. Λn 6= Γn).

(c) If this singular n occurs, then either condition (c1) holds,
(c1) Primitive idempotents of Γn remain primitive modulo J(Γn), that is, Λn

satisfies KSM,
or else Γ is module-finite over R, Λ = Mm(Λ′) and Γ = Mm(Γ′) for some m,
where Λ′ ⊂ Γ′ and Γ′ is a PID; and either condition (c2) or (c3) holds.

(c2) Γ′n has exactly two maximal ideals M 6= N , and Γ′n/M and Γ′n/N are
division rings. Moreover, Λ′n is an equalizer Λ′n = eq(Γ′n, f, g) for some
surjective f, g such that ker(f) = Mh and ker(g) = Nh for some h ≥ 1.

(c3) (abstract description) Γ′n has exactly one maximal ideal M , and Γ′n/M
∼=

M2(∆) for some division ring ∆. Moreover Γ′n(M
⋂

Λ′n)Γ′n = M , and
the simple left Γ′n-module remains simple as a Λ′n-module.

Remarks 1.4. (i) [on condition (a)]. It is possible for every genus of torsionfree
Λ-modules to consist of a single isomorphism class without the same being true
for genera of non-torsionfree modules. An example is given in [KL ’90]. In this
example TFKS holds and KSM fails; in fact, direct-sum cancellation fails for non-
torsionfree modules. This example is noncommutative, and we do not know whether
commutative examples exist.

(ii) [on exceptional rings (c2)]. Here Λ′ itself is an equalizer. In more detail,
let f, g map Γ′n onto Γ̄ ∼= Γ′n/M

h ∼= Γ′n/N
h. Then f and g each map Γ′ itself
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onto Γ̄ and we have Λ′ = eq(Γ′, f, g). This is easily checked locally, using the
following two facts. (1) When m is a maximal ideal of Z(Λ′) and m 6= n we have
Λ′m = Γ′m. Moreover Γ̄m = 0 because the maximal ideals of Γ and Z(Γ) are in
one-to-one correspondence via contraction [LO, (4.1.6)], and the integral extension
Z(Λ′) ⊂ Z(Γ) satisfies lying over. (2) Formation of equalizers commutes with
localization.

Since Λ = Mm(Λ′) it follows that Λ is an equalizer, too. The reason for not
displaying Λ itself as an equalizer in the statement of (c2) is that in the rest of
this paper it will be important to focus on the fact that (c2) involves only locally
determined information, that is, properties of Λ′n.

There is a converse of the preceeding construction: Let Λ′ be an equalizer Λ′ =
eq(Γ′, f, g) where Γ′ is a principal ideal domain that is a module-finite R-algebra
and ker(f) = Mh, ker(g) = Nh for distinct maximal ideals M,N of Γ′ and some
h ≥ 1. Then Z(Λ′) has exactly one singular maximal ideal, namely n = M∩Z(Λ′) =
N ∩ Z(Λ′). Moreover, if condition (a) holds, (e.g. if R is semilocal) then Λ′ is an
exceptional ring satisfying TFKS. This follows easily by applying Theorem 1.3.

(iii) [on exceptional rings (c3)]. It is not easy to visualize or construct examples
of these rings from the abstract description given in Theorem 1.3. Therefore we
give a second, explicit description to supplement the foregoing abstract one. In
brief: Γ′n/M

∼= M2(∆) for some division ring ∆, Λ′n/(M ∩ Λ′n) is again a division
ring and has dimension 2 over ∆, and M ∩ Λ′n contains elements of M −M2. See
§11 for full details.

Finally, we note that the maximal conductor ideal for Λ′n and Γ′n is some power
Mn. In Section 11 we show that all positive integers n can occur in this way.

Our second impetus to study the KS problem came from a research announce-
ment of H. Jacobinski [J ’74]. He was interested in TFKS over the orders Λ that
occur in integral representation theory. In particular, his Λ is contained in a maxi-
mal R-order Γ in ΛQ. He states necessary and sufficient conditions, together with
a sketch of a proof of the necessity of these conditions. Unfortunately, his condi-
tions are not quite correct because his exceptional class (c3) is too small. [In the
notation of our remarks on (c3), he thought that n had to equal 1. See our §11 for
examples.] Moreover, his announcement contains no hint of the complicated matrix
arguments that we had to use to prove that the exceptional classes (c2) and (c3)
actually satisfy TFKS. Our TFKS theorem completes Jacobinski’s project, gives
a more detailed description of exceptional classes (c2) and (c3), and removes his
hypothesis that Λ be contained in a maximal order in ΛQ.

Our work makes extensive use of his ideas, often modified so much that it is not
practical to explicitly acknowledge them. For example, we learned the importance
of condition (a) from Jacobinski’s paper. But in the generality of the present paper,
a suitable form of Serre’s direct-summand theorem is what we actually use to prove
the necessity of condition (a). We also learned the necessity of condition (b) from
Jacobinski’s paper.

Our third impetus to study the KS problem came from a simple but interesting
observation of Reiner [Re ’61, Cor. 3]. Assume that R is a discrete valuation ring
and Λ is a classical order (i.e. contained in a maximal order). Reiner’s observation
states that a sufficient condition for Λ to satisfy KSM (resp. TFKS) is that every

f.g. module (resp. torsionfree module) over the J(R)-adic completion Λ̂ of Λ be the
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completion of some Λ-module. This is a main ingredient in the proof of Heller’s well-
known sufficient condition for Λ to satisfy TFKS: The J(R)-induced completion V̂

of every simple ΛQ-module V is a simple Λ̂Q-module. In fact Heller’s original proof
obtained some additional information. Implicit in his proof of [H ’61, 2.5] is a proof
that his sufficient condition implies KSM for Λ (not just TFKS), provided that the
discrete valuation ring R has characteristic 0.

Since these criteria are so useful, it is natural to ask whether they are also neces-
sary conditions. But maximal orders offer blatant counterexamples, and therefore
not much attention seems to have been given to this type of question. However,
one should really ignore maximal orders since they always satisfy KSM when R is
semilocal.

In Section 2 we refine these criteria to necessary and sufficient conditions for
KSM, we remove the restriction that Λ be contained in a maximal order, and we
remove the characteristic 0 restriction in Heller’s theorem. See Corollary 2.5 and
the results that follow it.

The situation for TFKS is different. Neither Reiner’s nor (our refinement of)
Heller’s condition is necessary for TFKS, even for classical orders, because the
exceptional rings (c2) and (c3) misbehave. See Remarks 2.12.

Let R be semilocal. As applications of our main results, we show that Λ satisfies
KSM for left modules if and only it satisfies KSM for right modules. Moreover, if Λ
satisfies KSM, then so does every R-order between Λ and Γ. The same results hold
for TFKS. We do not know whether the semilocal hypothesis can be deleted (except
that it is trivial that TFKS moves up to larger R-orders in ΛQ). The difficulty is
that of applying condition (a) of the KSM and TFKS theorems.

One question often asked is whether the KSM property causes endomorphism
rings of indecomposable modules to be local (only one maximal left ideal). Of
course R must be semilocal in order to make the question natural. A correct, but
overly flippant answer is “no, because maximal orders always satisfy KSM when R
is semilocal”. For a trivial example, one can take the 6-localization Γ = Z6. This
is indecomposable as a Γ-module, but is not a local ring. Even worse, one can
easily find a noncommutative maximal order Γ that is an integral domain (hence
indecomposable), and such that Γ maps onto a full matrix ring of size at least 2×2;
and therefore Γ is not local.

As an application of our results, we show that maximal orders are responsible
for all of the trouble. But to get rid of the trouble one must avoid maximal orders
both globally and locally: Assume that Λ is not a maximal order, Λ satisfies KSM,
and R is semilocal. Let n be the unique maximal ideal of Z(Λ) that is singular with
respect to Λ. Then, for every indecomposable f.g. Λ-module M , the endomorphism
ring of Mn is a local ring (Corollary 2.11).

The analogous result for TFKS fails because the exceptional rings (c2) and (c3)
misbehave. See Remarks 2.12.

Package Deal Game. Let R be semilocal. The method of constructing counterex-
amples to KS, when it fails, was the same in the papers of Evans and Jacobinski, as
well as in papers of Reiner [Re ’62, §4] and Roggenkamp [Ro ’69] on the subject of
KS, and deserves to be formalized and better known. Let K be a class of (f.g. left)
Λ-modules that is closed under (finite) direct sums and direct summands; and let
M be a class of modules over some other ring, with M closed under direct sums
and direct summands. Let Φ: K →M be a function that is additive and faithful in
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the sense that

Φ(M ⊕N) ∼= Φ(M)⊕ Φ(N) and M ∼= N ⇐⇒ Φ(M) ∼= Φ(N).(1.4.1)

Suppose also that KS holds in M. Let M,N be indecomposable Λ-modules in K
whose images under Φ have decompositions Φ(M) ∼= U ⊕ V and Φ(N) ∼= X ⊕ Y
with U, V,X, Y indecomposable and pairwise nonisomorphic. We call the direct
sums U ⊕ V and X ⊕ Y packages to indicate that they are elements of the image
of Φ. We have

(U ⊕ V )⊕ (X ⊕ Y ) ∼= (U ⊕X)⊕ (V ⊕ Y ).(1.4.2)

It might happen that U ⊕X and V ⊕ Y are also packages, say Φ(A) ∼= U ⊕X and
Φ(B) ∼= V ⊕ Y . Since Φ is additive and faithful, we have

M ⊕N ∼= A⊕B.(1.4.3)

Since no two of U, V,X, Y are isomorphic to each other, and KS holds in M, we
conclude that KS fails for Λ-modules in K. We call this procedure the “package
deal game”. The terminology is chosen to emphasize that, since KS holds inM, all
packages Φ(M) determine their “ingredients” — that is, their uniquely determined
indecomposable direct summands (counting multiplicity). It is easy to see that
when such a function Φ exists, all counterexamples to KS in K arise in this way —
by reassembling the ingredients of packages as in (1.4.2) — though not necessarily
with the number of ingredients used above.

In the papers of Evans, Jacobinski, Reiner, and Roggenkamp mentioned above, R
is a local ring and Φ(M) is the J(R)-adic completion of M (J = Jacobson radical).
The same procedure is clearly applicable if R is any semilocal ring. Alternatively, Φ
can be chosen to be other functions. For example, suitable localizations, or modules
over the “artinian pair” of rings arising from the bottom line of a conductor square
for Λ and a maximal order containing it. We make use of all of these.

Normalizations. As mentioned before, we assume in this paper that Λ has a
semisimple artinian quotient ring ΛQ. But we do not assume the conventional
hypothesis that Λ is contained in a maximal R-order in ΛQ, that is, we do not
assume that Γ is module-finite over R. The price of this is that we have to rebuild
some of the basic tools of integral representation theory.

For example, when R is semilocal and Γ is not module-finite over R, the J(R)-

adic completion Λ̂ contains nilpotent ideals, so the associated quotient ring Λ̂Q is
artinian but not semisimple, hence does not have the trivial module theory pos-
sessed by semisimple artinian rings. However, it turns out that the only Λ̂Q-modules
that we have to look at are those that are completions of ΛQ-modules, hence are
projective (since ΛQ is semisimple). So we are helped by the fact that projective
modules have tractable structure over all artinian rings.

One way in which maximal orders Γ are used in integral representation theory
is that all f.g. torsionfree Γ-modules are projective; and when R is semilocal the
structure of projective Γ-modules is no more complicated than the structure of
modules over the semisimple artinian ring ΓQ. As a result, many module-theoretic
questions are easily answered for Γ-modules; and one then uses a “conductor square”
to descend from Γ to Λ.

When the normalization Γ of Λ is not module-finite over R, conductor ideals for
Γ and Λ do not exist. It turns out that we only need conductor arguments when
R is semilocal. Moreover, in studying KS, one never has to look at more than
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a finite number of modules at once (namely, those that occur in some particular
pair of decompositions of a given module). When R is semilocal we can find what
we call a splitting order Ω that is module-finite over R and salvages the needed
properties of Γ. KS holds for projective Ω-modules P because the isomorphism
and decomposition properties of P are the same as those of the projective module
PQ over the artinian ring ΛQ = ΓQ. Moreover, conductor arguments can be used
for the pair of rings Λ ⊂ Ω because Ω is module-finite over R. Finally, given any
finite set of torsionfree Λ-modules L1, . . . , Ln, we can find a splitting order Ω that
is large enough so that all of the Ω-modules ΩLi are projective.

Lack of a maximal order containing Λ poses another difficulty. In the rings
that occur in integral representation theory, there are only finitely many maximal
ideals m of R such that Λm is not a maximal Rm-order, and this often results
in a reduction of module-theoretic problems to the case that R is semilocal. In
our more general situation, Λm might be a nonmaximal order for all m, as shown
by a commutative example of Hochster [Ho ’73]. However, as in [GL ’89] we are
able to show that many critical properties are semilocal in nature, anyway. For
example, indecomposability is a semilocal property, in the following sense: For any
indecomposable f.g. Λ-module M there is a finite setM of maximal ideals of R such
that the localization at the complement of their union MM is an indecomposable
ΛM-module, and remains indecomposable when M is replaced by any larger finite
set of maximal ideals [LO, 2.20]. But, unlike the situations in algebraic geometry
and integral representation theory, the set M varies from module to module.

Those properties (package deal theorems, completions, splitting orders) that do
not deal directly with the KS problem are developed in the companion paper [LO],
so that the present paper can give a clearer exposition of our solution of the KS
problem.

Readers interested only in the classical situation can ignore normalizations by
always interpreting Γ to be a maximal order. And they can ignore splitting orders
by setting Ω = Γ whenever a splitting order Ω occurs.

The present paper is organized as follows.
Section 2, Main Results. This section begins with the notation that will remain

fixed throughout the paper, and then proceeds to the statements and proofs of the
main consequences of our KSM and TFKS theorems. The rest of the paper is then
devoted to the proofs of these two theorems, and examples.

Section 3, Semilocal Reduction, Semilocal Notation. This section reduces the
proofs of the two main theorems to the situation that R is semilocal, and R then
remains semilocal for the rest of the paper. At the end of the section we collect the
notation for the semilocal situation that remains fixed throughout the rest of the
paper.

Section 4, Package Deal Game: Combinatorics. We develop the combinatorial
machinery needed to play the package deal game with torsionfree Λ-modules. The
additive faithful function used here sends a torsionfree Λ-module to a module over
the artinian pair (Λ̄, Ω̄) of rings that form the bottom line of a conductor square
for Λ and a splitting order Ω. The spirit is this. Every (Λ̄, Ω̄)-module [X ⊆ Y ]
has an “array of ranks” associated with it, one rank for every maximal ideal of
the normalization Γ of Λ. This array of ranks determines whether [X ⊆ Y ] is a
package, that is, arises from a torsionfree Λ-module. This extends a commutative
result of R. Wiegand [W ’89, 1.6], and the details are given in [LO, 6.21].
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Let S be a class of torsionfree Λ-modules that is closed under direct sums and
direct summands, and such that ΩL is a projective Ω-module for every L in the
class S. (This last condition is automatically satisfied if Ω is a maximal order.)
The main result of the section is a fundamental combinatorial lemma that gives (in
terms of the above-mentioned ranks) a necessary and sufficient condition for KS to
hold in S.

Section 5, Only One Singular Maximal Ideal. This reduces both KS problems
(KSM and TFKS) to the case that the center Z(Λ) is a local ring. This occurs
in two steps. First we show that if Λ is an indecomposable ring and TFKS holds,
then there can be at most one maximal ideal n of Z(Λ) such that Λn 6= Γn. Our
main contribution here is to remove Jacobinski’s hypothesis that Λ is contained in
a maximal order. Second, we show that Λ satisfies KSM or TFKS if Λn does. Both
steps are accomplished by playing appropriate package deal games.

Section 6, Local KSM, completes the proof of our KSM theorem by proving it
when Z(Λ) is local. The appropriate package deal game here involves J(R)-adic
completions of Λ-modules.

Section 7, Linked and Inertial Maximal Ideals. We develop the noncommutative
generalizations of “lying-over” and “inertial” that arise when we compare the max-
imal ideals of Γ with those of Λ. This makes use of a refined notion of lying over
that is more complicated than ordinary intersection, and has played a recent role
elsewhere in noncommutative ring theory (see [MR ’87, Chap. 10]). We refer to
two maximal ideals of Γ as “Λ-linked” if they lie over a common maximal ideal of
Λ, in this new way.

Section 8, Three indecomposable (Λ̄, Ω̄)-modules. We construct the specific mod-
ules over the artinian pair (Λ̄, Ω̄) that we need in order to play the package deal
game for torsionfree modules in Section 9.

Section 9, Necessary Conditions for Local TFKS. The TFKS theorem was re-
duced, in earlier sections, to the situation that Z(Λ) is a local ring. This section
proves that the conditions given in the theorem are indeed necessary when Z(Λ) is
local.

Section 10, Sufficient Conditions for Local TFKS. A complicated matrix argu-
ment is given here, to prove the sufficiency part of our TFKS theorem when Z(Λ)
is a local ring.

Section 11, Local TFKS: Explicit Version. We give our “explicit” description of
the exceptional rings of type (c3) in the TFKS theorem and use it to construct ex-
amples of these rings. In particular we construct an example — a noncommutative
integral domain — of the exceptional class of rings that is missing from Jacobinski’s
classification.

2. Main Results

This section begins with a discussion of notation that will remain fixed through-
out the paper. Then we state and prove the main applications of our KSM and
TFKS theorems. One can show [GL ’89, (1.4.3)]:

(2.0.1) Every semiprime module-finiteR-algebra Λ′, with R noetherian of dimension
1, is a direct sum of two R-algebras Λ′ = Λ⊕A, where the summand Λ is an
R-order in a semisimple artinian ring, and the summand A is a semisimple
artinian ring. Moreover, Λ has no nonzero R-submodules of finite length, and
no nonzero Λ-submodules of finite length.
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The artinian summand A is of no interest in this paper, because it is well-known to
satisfy KSM. Therefore the definitions and fixed notation below are chosen to fix
our attention on the “order” summand Λ, for the rest of this paper.

Notation 2.1 (Fixed). We assume, from now on, that our noetherian ring R of
dimension 1 has no nilpotent elements 6= 0. This is no loss of generality, because the
R-algebra Λ that we are studying is semiprime (has no nilpotent ideals 6= 0), and
hence the subring R·1Λ of Λ has no nilpotent elements 6= 0. (If r ∈ R is nilpotent,
then Λr is a nilpotent ideal of Λ.)
Q = Q(R) denotes the finite set of minimal prime ideals of R, and RQ denotes

the localization obtained by inverting the elements of R −
⋃
Q. Since R has no

nilpotent elements, R−
⋃
Q is the set of regular elements (non-zero-divisors) of R,

and therefore RQ is the total quotient ring of R.
Λ always denotes an R-order in the semisimple artinian ring ΛQ, by which

we mean that Λ is a module-finite R-algebra, the localization ΛQ is a semisimple
artinian ring, and the natural map Λ → ΛQ is one-to-one. This definition is inde-
pendent of the particular ring R over which Λ is a module-finite algebra, because
ΛQ is the Goldie quotient ring of Λ. (See also [LO, 1.5].) Whenever convenient, we
make the nontriviality assumption:

(2.1.1) The center Z(Λ) — equivalently, Λ itself — has no artinian ring-direct
summands.

This causes no loss of generality, in view of (2.0.1). We do not always assume that
R ⊆ Λ, although in the statement of our main theorems there is no loss of generality
in assuming that R = Z(Λ).

The term module always means “finitely generated left module” unless the con-
trary is stated. We denote the direct sum of n copies of a module U by Un. We
also denote the nth power of an ideal M by Mn. The context should make it plain
which meaning is intended. For example Λ/Mn can only denote Λ modulo the nth

power of M .
Caution. Some of the notational conventions in the companion paper [LO] are

more general than the ones stated above. For example, Λ and R can sometimes
have nilpotent ideals in [LO], and modules need not be f.g. there.

The notation Γ always denotes a normalization of Λ. Recall that this means a
maximal element of the family of subrings of ΛQ that contain Λ and are integral over
R. The basic properties of normalizations, developed in [GL ’89], are summarized
in [LO, Section 4] in the form that we shall need them. If Λ is contained in a
maximal R-order in ΛQ, then any Γ becomes a maximal R-order in ΛQ. (See [LO,
(4.1.7)].) As in the case of maximal orders, Γ obviously has a ring decomposition

Γ =
⊕
k

Γk(2.1.2)

where each (of the finitely many) Γk is a ring such that (Γk)Q is a simple ring-direct
summand of ΛQ. Therefore Γk is a prime ring (AB = 0 ⇒ A or B = 0 for ideals
A,B).

Remark 2.2. If R [hence Z(Λ)] is semilocal, then condition (a) of our KSM and
TFKS theorems can be omitted. This holds because, when R is semilocal, “genus”
is always the same as “isomorphism class”. For one proof of this well-known result,
note that the ring R′ =

⊕
{Rm | m ∈ maxspec R} is a faithfully flat extension of

the semilocal noetherian ring R. Therefore Grothendieck’s theorem on isomorphism
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by faithfully flat descent [Gr ’65, IV, (2.5.8)] shows that, for f.g. Λ-modules M,N ,
the relation R′⊗RM ∼= R′⊗RN as R′⊗RΛ-modules implies M ∼= N as Λ-modules.

The precise significance of condition (c) of our KS theorems is as follows:

Proposition 2.3. Suppose that Z(Λ) has exactly one singular maximal ideal n
with respect to Λ, and Λ satisfies condition (a) of the KSM theorem (resp. the
TFKS theorem). Then Λ satisfies KSM (resp. TFKS) if and only if Λn does.

Proof. We may assume that Λ is an indecomposable ring [since any decomposition
of Λ also decomposes Z(Λ)] and is not artinian. We claim that Λn is an indecom-
posable non-artinian ring.

To see this, note that Z(Λn) = Z(Λ)n, a local hence indecomposable ring. But
indecomposability of the center of any ring implies indecomposability of the ring
itself. If Λn were an artininan ring we would have Λn = (Λn)Q. Since Λ ⊆ Γ ⊆ ΛQ,
this implies that Λn = Γn and therefore contradicts singularity of n, completing
the proof of the claim.

We are given that Λ satisfies conditions (a) and (b) of the KSM or TFKS theorem,
and therefore Λ satisfies KSM or TFKS if and only if condition (c) holds. In view
of the claim above, we can apply the KSM or TFKS theorem a second time, but
to Λn in place of Λ, to complete the proof of the theorem. This is easily done since
condition (a) becomes trivial locally [Remark 2.2], condition (c) is a local condition,
and normalizations localize [LO, 4.3].

Applications. We now proceed to the first of the main consequences of our KSM
and TFKS theorems.

Corollary 2.4. Suppose that R is a semilocal ring. Then:

(a) KSM holds for right Λ-modules if and only if it holds for left Λ-modules.
(b) If KSM holds for Λ-modules, then it holds for Λ′-modules for every R-order

Λ′ such that Λ ⊆ Λ′ ⊆ ΛQ.

The analogs of statements (a) and (b) for TFKS also hold.

Proof. In proving this theorem we can ignore condition (a) of our KSM Theorem
1.1, as explained in Remark 2.2.

Statement (a). Since conditions (b) and (c) of the KSM Theorem are obviously
left-right symmetric, left KSM holds if and only if right KSM does. The same proof
works for TFKS, but uses our TFKS Theorem.

Next we prove statement (b) for the case of KSM. Let Λ ⊆ Λ′ ⊆ ΛQ where Λ is
indecomposable and non-artinian, KSM holds for Λ, and Λ′ is module-finite over R.
Let Γ be a normalization of Λ′, hence also a normalization of Λ. Then Λ ⊆ Λ′ ⊆ Γ.
Moreover, we can take R = Z(Λ). We have R ⊆ R′ ⊆ R̃ where R′ = Z(Λ′) and

R̃ = Z(Γ), because ΛQ = Λ′Q = ΓQ. It is shown in [LO, (4.1.2)] that R̃ is the

integral closure of R in Z(ΓQ). We can ignore the trivial case that Λ = Γ. So
suppose that the singular n mentioned in the KSM theorem exists.

Write Λ′ =
⊕

i Λ′i with each ring Λ′i indecomposable. We have to check two
properties of each Λ′i, namely the properties in statements (b) and (c) of Theorem
1.1; and we can localize Λ at n before checking them. So, after a change of notation
we have that R = Z(Λ) is a local ring. (This reduction uses the facts that centers
localize (an easy exercise), and normalizations localize [LO, Lemma 4.3].) Each
Z(Λ′i) is a semilocal ring. We want to check that it has at most one singular
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maximal ideal, as described in condition (b) of Theorem 1.1, and that condition (c)
holds if the singular maximal ideal occurs. We dispose of condition (b) by proving:

Each R′i = Z(Λ′i) is a local ring.(2.4.1)

First we claim that R̃ is a direct sum of local domains.
We have R̃ = Z(Γ) =

⊕
k Sk where Sk = Z(Γk). Each Sk is an integral domain,

since Γk is a prime ring. Moreover, Γk is matrix-local since KSM holds for Λ.
Since the maximal ideals of Γk are in one-to-one correspondence with those of its
center via contraction [LO, (4.1.6)], we see that Sk is a local domain as claimed.

Next we claim that each minimal prime of R′ = Z(Λ′) is contained in a unique
maximal ideal of R′. Let p′ be any minimal prime of R′, and let m′ and n′ be
maximal ideals of R′ containing p′. We may assume that p′ is not a maximal ideal
(otherwise there is nothing to prove). By the lying-over theorem some prime p′′

of the integral extension R̃ of R′ contracts to p′. Since R̃ is integral over R′, the
going-up theorem [K ’70, Theorem 44] yields prime ideals m′′ and n′′ of R̃ that
contract to m′ and n′ respectively, and contain p′′. Since our rings have dimension
1 we see that p′′ is a minimal prime of R̃ and m′′,n′′ are maximal ideals. But
since R̃ is a direct sum of local domains, each minimal prime of R̃ is contained in
a unique maximal ideal. Hence m′′ = n′′ and therefore m′ = n′ as claimed.

Now we prove (2.4.1), focusing on R′1 for simplicity of notation. We have R′ =⊕
i R
′
i; and each R′i = Z(Λ′i) is an indecomposable ring since any decomposition of

it would furnish orthogonal central idempotents that decompose Λ′i. The property
that each minimal prime of R′ is contained in a unique maximal ideal is inherited
by R′1. Let m′ be any maximal ideal of R′1. Let q be the intersection of all minimal
primes of R′1 contained in m′ and q′ the intersection of all other minimal primes
of R′1. Since every minimal prime is contained in a unique maximal ideal, no
maximal ideal contains both q and q′. Therefore q + q′ = R′1. Since R′1 has no
nilpotent elements, we have q ∩ q′ = 0, and therefore R′1 = q⊕ q′. Since q 6= R′1,
indecomposability of R′1 shows that q = 0, so q is the intersection of all minimal
primes of R′1. This shows that every maximal ideal of R′1 contains all minimal
primes. If R′1 had two distinct maximal ideals, this would contradict the fact that
every minimal prime is contained in a unique maximal ideal. Thus (2.4.1) is proved.

It remains to verify condition (c) of the KSM theorem for each Λ′i. Again we
focus on i = 1. Since Λ satisfies KSM and Z(Λ) is local, we can rephrase condition
(c) of the KSM theorem in the form: primitive idempotents of each Γk remain
primitive modulo J(Γk). On the other hand, the direct sum of some subset of the
Γk is a normalization Γ′ of Λ′1. It follows that primitive idempotents of Γ′ remain
primitive modulo J(Γ′). In view of (2.4.1) this verifies condition (c) of the KSM
theorem for Λ′1, and therefore completes the proof of statement (b) of the present
corollary for the case of KSM.

Finally, consider statement (b) for the case of TFKS. This is much simpler
than the case of KSM, and is well-known. We include a brief proof for complete-
ness. Merely note two facts. (i) if M and N are torsionfree Λ′-modules that are
Λ-isomorphic, then they are Λ′-isomorphic because any Λ-isomorphism f can be
extended to the ΛQ-isomorphism fQ: MQ

∼= NQ. (ii) If M is an indecomposable
torsionfree Λ′-module, then it remains indecomposable as a Λ-module (because any
Λ-projection map can be extended to a ΛQ-projection map, and then restricted to
a Λ′-projection map).
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We do not know whether the corollary holds when R is not semilocal.
On completions. Let R be semilocal. If, for every indecomposable Λ-module M ,

its J(R)-adic completion M̂ is an indecomposable Λ̂-module, then KSM obviously

passes down from Λ̂ to Λ. We wish to refine this sufficient condition for KSM to
a necessary and sufficient condition. We must ignore maximal orders, since they
always satisfy KSM [LO, (4.1.8)]. The key case is that in which Z(Λ) is a local
ring; and we therefore deal with this first. Recall that “splitting order” is defined
in [LO, §5], and that for classical orders we may take the splitting order Ω = Γ.
See 3.5 below for properties of splitting orders.

Corollary 2.5. Suppose that Z(Λ) is a local ring and Λ 6= Γ; and let Ω be a
splitting order (Λ ⊆ Ω ⊆ Γ). Then the following statements are equivalent.

(i) Λ satisfies KSM.

(ii) The J(R)-adic completion M̂ of every indecomposable Λ-module M is an

indecomposable Λ̂-module.
(iii) The J(R)-adic completion of every indecomposable projective Ω-module is an

indecomposable Ω̂-module.
(iv) The J(R)-induced completion R̂ ⊗R V of every simple ΛQ-module V is an

indecomposable Λ̂Q-module.

(v) Every Λ̂-module X such that XQ is Λ̂Q-projective is the J(R)-adic completion
of some Λ-module.

Remarks 2.6. In accordance with our standard notation, the subscript Q in con-
ditions (iv) and (v) denotes the Q = Q(R)-localization, that is, the denominator set

it uses is R−
⋃
Q(R). The ring Λ̂Q [the Q(R)-localization of Λ̂] is always artinian

[LO, (3.1.2)]. But when Γ is not module-finite over R, it has nilpotent ideals. One

can also regard Λ̂Q as the J(R)-induced completion of ΛQ since Λ̂Q ∼= R̂ ⊗R ΛQ.
See [LO, §3, especially 3.6, and §6] for more about J(R)-induced completions of
ΛQ and its modules, the natural generalization to our context of the completion of
a field with respect to a discrete valuation.

When Γ is module-finite over R the phrase “such that XQ is Λ̂Q-projective” can
be deleted from condition (v) because, in this classical situation, the artinian ring

Λ̂Q is semisimple and hence all of its modules are projective.

Proof of Corollary 2.5. We may assume that R = Z(Λ), since the J(R)-adic com-
pletion of every Λ-module equals its J(Z(Λ))-adic completion [LO, 6.2]. Next we
comment on notation. Let M ′ki denote a maximal ideal of Γk. In [LO, (6.1.2)] we
prove that all primitive idempotents of Γk split into the sum of the same number
ski of orthogonal idempotents of Γk/M

′
ki. This number ski is called the “splitting

number” of M ′ki [see also (3.5.2) in the present paper]. In particular the statement
that ski = 1 means that every primitive idempotent of Γk remains primitive modulo
M ′ki.

(i)⇒(v). Since Λ 6= Γ, the unique maximal ideal of the local ring Z(Λ) is singular
with respect to Λ. Therefore, by our KSM theorem, primitive idempotents of Γ
itself remain primitive modulo J(Γ) and Γ is a direct sum of matrix-local rings.
Therefore primitive idempotents of each indecomposable ring direct summand Γk
of Γ remain primitive modulo J(Γk) and Γk is matrix-local. In particular, for every
k there is only one splitting number ski, and this sk1 = 1. Condition (v) is now
part of the conclusion of the package deal theorem for completions of orders [LO,
6.15].
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(v)⇒(i) is [LO, 6.16, (ii) ⇒ (iii)].
(v) ⇒ (ii). This is immediate, as soon as one knows that, for every Λ-module

M , M̂Q is a projective Λ̂Q-module. This latter fact is an easy consequence of the
hypothesis that the ring ΛQ is semisimple artinian. See the package deal theorem
for completions of orders [LO, 6.15].

(ii) ⇒ (iii) holds since, for every indecomposable projective Ω-module P , PQ
is an indecomposable ΛQ-module [LO, 5.5], and hence P is indecomposable as a
Λ-module.

(iii) ⇒ (iv). Every indecomposable projective ΛQ-module has the form PQ,
where P is an indecomposable projective module over the splitting order Ω [LO,

5.5]. By (iii), P̂ is an indecomposable Ω̂-module. Therefore, by [LO, 6.9 or 6.11],

P̂Q is an indecomposable Ω̂Q-module.

(iv) ⇒ (v). We claim that every projective Ω̂Q-module U is the J(R)-induced
completion of some projective ΩQ-module. We may assume that U is indecompos-
able. We have a decomposition ΩQ =

⊕
i Pi, where each Pi is an indecomposable

projective ΩQ-module. Tensoring with R̂ yields Ω̂Q =
⊕

i P̂i, where each summand

(P̂i)Q is an indecomposable Ω̂Q-module, by (iv). Since KSM holds for the artinian

ring Ω̂Q, every isomorphism class of indecomposable projective Ω̂Q-module occurs
in this decomposition, so the claim is proved.

Now let X be a Λ̂-module such that XQ is Λ̂Q-projective. We want to prove that
X is the completion of some Λ-module. It suffices, by the package deal theorem for
completions [LO, 3.4], to prove that XQ is the J(R)-induced completion of some
ΛQ-module. Since ΛQ = ΩQ and both are f.g. R-modules, a second application
of the package deal theorem for completions shows that it suffices to prove that
XQ is the J(R)-induced completion of some ΩQ-module; and this was done in the
preceding paragraph. [Note how the need to work with Ω arose when we changed
rings. We have ΛQ = ΓQ. But if Γ is not module-finite over R, we cannot make
the second application of the package deal theorem for completions.]

We now state the general form of our necessary and sufficient condition.

Corollary 2.7. Suppose that R is semilocal, Λ is an indecomposable ring, and
Λ 6= Γ. Then Λ satisfies KSM if and only if

(i) Z(Λ) has exactly one singular maximal ideal n with respect to Λ; and
(ii) The J(Rn)-adic completion of every indecomposable Λn-module is an inde-

composable Λ̂n-module.

Proof. As in the proof of Corollary 2.5 we may suppose that R = Z(Λ). Moreover,
Λ is not an artinian ring since Λ 6= Γ. By Proposition 2.3, Λ satisfies KSM if and
only if Λn does. Since Z(Λn) is the local ring Z(Λ)n, Corollary 2.5 now completes
the proof.

On Heller’s theorem. A well-known theorem of A. Heller (implicit in the proof of
[H ’61, 2.5]) states that if R is a discrete valuation ring of characteristic zero and Λ is
contained in a maximal order, then condition (i) of the following corollary implies
that Λ satisfies KSM. The characteristic 0 hypothesis was removed in [CR ’81,
(30.18)], but only for torsionfree Λ-modules. The following corollary removes these
special hypotheses, and condition (ii) provides a simple explanation of condition (i)
in terms of the structure of the ring Γ.
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Corollary 2.8. The following statements are equivalent, if R is semilocal.

(i) The J(R)-induced completion R̂ ⊗R V of every simple ΛQ-module V is an

indecomposable Λ̂Q-module.
(ii) Primitive idempotents of Γ remain primitive modulo J(Γ).

When the conditions hold, Λ satisfies KSM and Z(Λ) is a direct sum of local rings.

Proof. We claim that we may suppose that R = Z(Λ). For the J(R)-adic com-
pletion of any Λ-module equals its J(Z(Λ))-adic completion [LO, 6.2]. Moreover,

any isomorphism R̂ ⊗R M ∼= Z(Λ)̂ ⊗Z(Λ) M of completions of a (f.g.) Λ-module
M can be Q-localized to obtain an isomorphism of the J(R)- and J(Z(Λ))-induced
completions of MQ.

Recall the decomposition (2.1.2). Statement (ii) is equivalent to the assertion
that every primitive idempotent of every Γk remains primitive modulo J(Γk). This,
in turn, is equivalent to saying (in our standard notation for maximal ideals of Γk)
that Γk has only one maximal ideal M ′k1 and primitive idempotents of Γk remain
primitive modulo M ′k1 = J(Γk). In terms of the splitting numbers ski defined in
the first paragraph of the proof of Corollary 2.5 this can be further restated:

(2.8.1) For each k there is only one splitting number, and sk1 = 1.

Regardless of whether conditions (i) or (ii) hold, each Ωk has a unique indecompos-
able projective module Bk [LO, 5.6]. Writing the J(R)-adic completion of Bk as a
direct sum of indecomposable modules yields a decomposition

B̂k ∼=
⊕
i

(Uki)
ski(2.8.2)

in which distinct ordered pairs (k, i) yield non-isomorphic modules Uki and each
ski is the splitting number of M ′ki [LO, 6.6].

Now we prove our corollary.
(i) ⇒ (ii). We prove that condition (i) implies the equivalent form (2.8.1) of

condition (ii). Since each projective Ωk-module Bk is indecomposable and Ω is a
splitting order, the ΛQ-module V = (Bk)Q is simple [LO, 5.5]. By hypothesis (i),

the Λ̂Q-module VQ = (B̂k)Q is therefore indecomposable. Localizing decomposition
(2.8.2) at Q therefore shows that the right-hand side contains only one term. Since
each (Uki)Q is nonzero [LO, 6.11], (2.8.1) holds, as desired.

(ii)⇒ (i). Let V be any simple ΩQ-module. By [LO, 5.5] we have V ∼= (Bk)Q for
some k. By our alternative form (2.8.1) of (ii), the right-hand side of (2.8.2) consists

of the single term Uki; and localizing this at Q shows that V̂Q ∼= (Uk1)Q. But by

[LO, 6.11] (Uk1)Q is an indecomposable projective Ω̂Q-module. Since Λ̂Q = Ω̂Q,
condition (i) holds.

Supplementary Statement. It is proved in [LO, 6.16] that the present condition
(ii), in its alternate form (2.8.1), implies KSM for Λ.

Next we show that Heller’s condition can be refined to a necessary and sufficient
condition for KSM.

Corollary 2.9. Suppose that R is semilocal, Λ is an indecomposable ring, and
Λ 6= Γ. Then Λ satisfies KSM if and only if:

(i) Z(Λ) has exactly one singular maximal ideal n with respect to Λ; and
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(ii) For every simple (Λn)Q-module V , the (necessarily projective) (Λ̂n)Q-module

R̂n ⊗Rn V is indecomposable.

Remarks 2.10 (on notation). The notation R̂n in (ii) can denote either the

J(Rn)-adic completion of Rn or, equivalently, the n-localization of R̂. Also, accord-
ing to our standard convention the subscript Q in (ii) denotes the Q(R)-localization,
but this can be replaced by the Q(Rn)-localization without changing the localiza-
tion it yields [LO, 2.2].

Proof of 2.9. By our KSM theorem, condition (i) is necessary for KSM. Therefore,
for the rest of this proof we assume that (i) holds and prove that KSM holds if and
only if (ii) holds. Proposition 2.3 then states that Λ satisfies KSM if and only if
Λn does. Moreover, Z(Λ)n = Z(Λn). Therefore we may assume (after changing
notation) that Λ = Λn and hence Z(Λ) is local. Our corollary now follows from
Corollary 2.8 and the KSM theorem.

On local endomorphism rings. Next we consider the question of whether KSM
causes endomorphism rings to be local. As in several of our previous applications,
we must avoid maximal orders, even locally. The notation X | Y means that X is
isomorphic to a direct summand of Y .

Corollary 2.11. Suppose that Λ is an indecomposable ring satisfying KSM, and
that Λ 6= Γ. Let n be the singular maximal ideal of Z(Λ) with respect to Λ. Then
the endomorphism ring of the n-localization of every indecomposable Λ-module is a
local ring.

Proof. Λ is not an artinian ring since Λ 6= Γ. Let M be an indecomposable Λ-
module. Our first objective is to prove that Mn is an indecomposable Λn-module.

For the following argument recall the notational Remarks 2.10 above. Let X be
a nonzero direct summand of Mn, and let N be the Λ-submodule of X generated
by the numerators of some finite set of generators of the Λn-module X . Then, by
the Remarks above, Nn = X and NQ = XQ; and hence X |Mn yields NQ | (Mn)Q.
By [LO, Lemma 2.2], (Mn)Q | MQ; hence NQ | MQ. We claim that Nm | Mm

for every maximal ideal m of R. This is true if m = n, because Nn = X . So
let m be any other maximal ideal. Since Λm = Γm, Λm is a maximal Rm-order.
Since NQ | MQ, we therefore have Nm | Mm [LO, (4.1.8)]. Since Nm | Mm for
all maximal ideals m, there is a Λ-module N ′ in the genus of N such that N ′ |M
[GL ’89, 4.1]. Since M is indecomposable and N ′ 6= 0 we have N ′ ∼= M . Localizing
at n then yields X ∼= Mn. Since a noetherian module cannot have a proper direct
summand isomorphic to itself, Mn is indecomposable, as desired.

By Proposition 2.3, KSM passes from Λ to Λn. Note that Z(Λn) is isomorphic
to Z(Λ)n, and is therefore a local ring. Therefore we can apply Corollary 2.5
to conclude that the J(Rn)-adic completion (Mn)̂ is an indecomposable (Λn)̂ -
module.

Let E(M) be the endomorphism ring of M . We have E(Mn) = E(M)n. There-
fore we may assume that R is local (i.e. R = Rn). We now wish to show that
E(M) is a local ring.

By completeness of Λ̂ and indecomposability of M̂ , the Λ̂-endomorphism ring
E(M̂) is a local ring [R ’75, p. 88, Exercise 5].

The ring E = E(M) is a module-finite R-algebra, and Ê = E(M )̂ = E(M̂),
which is a local ring. To conclude that E itself is local, it suffices to recall [LO,
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3.8] that the set of left ideals X of Ê such that Ê/X has finite length as an Ê-
module corresponds bijectively with the set of left ideals N of E such that E/N has
finite length as an E-module, via contraction and extension, and the composition
length of Ê/X as a Ê-module equals the composition length of E/(E ∩X) as an
E-module.

Remarks 2.12 (on TFKS). (i) Examples of rings of types (c2) and (c3) in the
TFKS theorem, when R is semilocal. Since R is semilocal we can ignore condi-
tion (a), and so the only difference between TFKS and KSM is the presence of
the quite small classes of rings Λ that satisfy conditions (c2) or (c3). Class (c2)
contains both commutative and noncommutative rings. Commutative examples are
easily constructed by taking Γ to be any semilocal principal ideal domain with two
maximal ideals M,N that have the same residue field F . Then let f, g be surjec-
tions: Γ→ F with kernels M,N respectively and let Λ = eq(Γ, f, g). In particular,
there are rings of type (c2) that are integral domains whose field of quotients has
dimension 2 over the rational numbers.

Class (c3) contains only noncommutative rings. We give examples at the end of
§11.

(ii) Perhaps the most surprising fact about conditions (c2) and (c3) is that the
exceptional rings cannot occur when Γ is not module-finite over R. In other words,
unless Γ is module-finite over R, the only difference between TFKS and KSM lies
in condition (a).

(iii) Structure of Λn in situations (c2) and (c3). Λn is matrix-local. In fact, Λ′n
is local. See §§9–11 for this and other detailed properties of Λn.

(iv) In order for Λ to satisfy TFKS it is not necessary for indecomposable tor-
sionfree Λ-modules or ΛQ-modules to have indecomposable completions, even if we
exclude maximal orders both locally and globally. This contrasts with the analo-
gous KSM situations 2.5, 2.7, and 2.9. In fact, both exceptional classes (c2) and
(c3) yield counterexamples.

For the simplest counterexamples, consider any Λ of type (c2) or (c3) that is an
integral domain (in which case Γ is also an integral domain and, in the notation
of our TFKS theorem, we have Λ = Λ′ and Γ = Γ′). After localizing at the
unique singular maximal ideal n of Z(Λ) and changing notation, we have that
Z(Λ) is a local ring with maximal ideal n. Since Λ and Γ are integral domains with
quotient division ring ΛQ = ΓQ, both Λ and Γ are indecomposable Λ-modules.

However, in both cases (c2) and (c3), the J(R)-adic completion Γ̂ fails to be an

indecomposable Λ̂-module because Γ maps onto a ring with nontrivial idempotents,
namely Γ/(M ∩ N) in situation (c2), and Γ/M in situation (c3). This yields the
desired counterexamples to the torsionfree analogs of 2.5 and 2.7.

For a counterexample to the torsionfree analog of 2.9, consider the same rings
Λ as in the previous paragraph. Since Γ is an integral domain, the unique simple
ΓQ-module is ΓQ itself. But since Γ̂ decomposes, so does Γ̂Q = R̂⊗ ΓQ.

(v) The TFKS analog of Corollary 2.11, about local endomorphism rings, fails
for the exceptional rings of types (c2) and (c3). Let Λ be as in part (iv) of these
remarks. In particular, Λ is an integral domain whose local center has maximal
ideal n singular with respect to Λ, and Λ satisfies TFKS.

In this situation, Γ is an indecomposable Λ-module; and its endomorphism ring
as a Λ-module is the ring Γ since ΛQ = ΓQ. The n-localization of Γ again equals Γ
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since Z(Λ) is local. On the other hand, Γ is not a local ring because, as explained
in part (iv), Γ/J(Γ) has nontrivial idempotents.

3. Semilocal Reduction, Semilocal Notation

In this section we reduce the proofs of our two main theorems (KSM and TFKS)
to the situation that R, and hence Z(Λ), are semilocal rings. At the end of the
section we collect, for easy reference, the standard notation used in the rest of
the paper, when R is semilocal. The notation M always denotes a finite set of
maximal ideals of R, and RM,ΛM, . . . denotes the localization that inverts the
multiplicatively closed set R−

⋃
M.

The steps of our reduction are the same for KSM as for TFKS. First we show
that KSM holds for Λ if and only if every genus consists of a single isomorphism
class and KSM holds for genera of modules [Lemma 3.1]. Second, we show that
KSM holds for genera of Λ-modules if and only if the localization ΛM satisfies
KSM for every finite setM of maximal ideals of Z(Λ) [Lemma 3.2]. The analogous
statements hold for TFKS, and the two parts are put together in Lemma 3.3.

In the process we show that conditions (b) and (c) of our KSM theorem are
equivalent to the statement that KS holds for genera of Λ-modules. Again the
analogous statement holds for TFKS.

All this is considerably simpler when Λ is contained in a maximal R-order in
ΛQ. For, we can then let M be the finite set of maximal ideals m of Z(Λ) such
that Λm 6= Γm; and then we can use the well-known fact that KSM (resp. TFKS)
holds for genera of Λ-modules if and only it holds for ΛM-modules.

Returning to our general case, we say that Λ satisfies KSM for genera of modules
if whenever

M1 ⊕M2 ⊕ . . .⊕Mm
∼= N1 ⊕N2 ⊕ . . .⊕Nn(3.0.1)

with eachMi, Nj an indecomposable, (f.g. left) Λ-module, then we must havem = n
and, after a suitable renumbering of the Ni, every genus(Mi) = genus(Ni). An
analogous definition, in which every Mi and Nj is torsionfree, applies to TFKS for
genera of modules.

The following facts about an arbitrary Λ-module M show that these are really
properties of genera of Λ-modules. (i) If M is indecomposable, then so is every
module in genus(M) [GL ’89, 4.2]. (ii) If M =

⊕
i Mi and N ∈ genus(M), then

N =
⊕

i Ni with every Ni ∈ genus(Mi) [GL ’89, 4.3]. (iii) If M is torsionfree,
then so is every module in genus(M). (Since R has no nilpotent elements, its set
of non-zero-divisors is R−

⋃
Q; and this localizes properly, as shown in [LO, 2.3].)

Lemma 3.1. Λ satisfies KSM (respectively TFKS) if and only if

(a) Every genus of Λ-modules (resp. torsionfree modules) consists of a single
isomorphism class; and

(b) Λ satisfies KSM (respectively TFKS) for genera of modules.

Proof. Necessity of condition (a). Let M be any Λ-module, and suppose that
N ∈ genus(M) but N 6∼= M . Then there is a module X , necessarily in genus(M),
such that

M ⊕M ∼= N ⊕X.(3.1.1)

This is a consequence of a version of Serre’s direct-summand theorem, in dimension
1 [GL ’88, Lemma 1.2]. If M is indecomposable, then so are N and X , as noted
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just before the statement of our lemma, so KS fails. Thus it suffices to show that,
if (a) fails, then it fails for some indecomposable M . So suppose that Λ-modules
M,N are in the same genus, and choose a decomposition M =

⊕
i Mi with each

Mi indecomposable. Then, as noted just before the statement of our lemma, there
is a decomposition N =

⊕
i Ni with each Ni ∈ genus(Mi). If the genus of every

indecomposable Λ-module consists of a single isomorphism class, then we have
every Mi

∼= Ni , and hence M ∼= N . This completes the proof that condition (a) is
necessary for KS.

Necessity of condition (b) is obvious, as is sufficiency of the combination of
conditions (a) and (b).

Lemma 3.2. Λ satisfies KSM for genera of modules if and only if, for every finite
set M of maximal ideals of R, ΛM satisfies KSM. The analogous statement about
TFKS holds too.

Proof. We deal only with KSM, since the proof for TFKS is exactly the same.
Suppose that KS fails for genera of Λ-modules, and let

m⊕
i=1

Mi ∈ genus(
n⊕
i=1

Ni)(3.2.1)

be a counterexample; that is, each Mi, Ni is an indecomposable Λ-module and
there is no way of renumbering the Ni so that, for all maximal ideals m of R and
all i, (Mi)m ∼= (Ni)m. (This includes the possibility that m 6= n.) We now build
a finite set M of maximal ideals of R such that localizing (3.2.1) at M yields a
counterexample to KSM for ΛM.

Consider any renumbering of the Ni. Then, since (3.2.1) is a counterexample to
KS for genera of Λ-modules, there is a maximal ideal m of R such that, for some
i, (Mi)m 6∼= (Ni)m (perhaps because m 6= n and there is no Mi or Ni for that
i). There are only finitely many renumberings of the Ni. For each renumbering,
include one such m inM. Then, even ifM is enlarged, there is no renumbering of
the Ni such that, for every m ∈M, (Mi)m ∼= (Ni)m for all i.

If we can enlarge M so that every (Mi)M and (Ni)M is an indecomposable
ΛM-module, we will have a counterexample to KSM for ΛM (because “genus” and
“isomorphism class” are the same thing when R is semilocal). It is proved in [LO,
2.20] that, for any indecomposable Λ-module X , there is a finite set G of maximal
ideals of R such that XG is ΛG-indecomposable, and remains indecomposable even
if G is enlarged. A finite number of enlargements of M—one for every Mi and
every Ni—yields the desired counterexample to KSM for ΛM-modules.

Conversely, suppose that KSM fails for some ΛM, and choose a particular coun-
terexample:

m⊕
i=1

Xi
∼=

n⊕
i=1

Yi.(3.2.2)

We use this to construct a counterexample (3.2.1) to KS for genera of Λ-modules.
As a first approximation, let Mi and Ni be the Λ-modules generated by some finite
set of ΛM-generators of Xi and Yi respectively. Then we have

(Mi)M ∼= (Xi) and (Mi)Q ∼= (Xi)Q ∼= ((Mi)M)Q(3.2.3)

together with the analogous assertions for N . Before proceeding we prove the
isomorphism (Mi)Q ∼= ((Mi)M)Q in (3.2.3). Consider the natural map ν from the



KRULL-SCHMIDT THEOREMS 3409

left-hand side to the right-hand side. By [LO, 2.2], ν is a surjection. To see that
ν is one-to-one, first note that, by construction, Mi ⊆ (Mi)M = Xi. Tensoring
this inclusion with the flat R-module RQ therefore shows that ν is one-to-one, as
desired.

Because of the first isomorphism in (3.2.3), and the fact that RM is semilocal,
there is no way to renumber the Ni such that, for all i and all m ∈ M, (Mi)m ∼=
(Ni)m. Therefore, if (3.2.1) holds and each Mi and Ni is indecomposable, we have
our desired counterexample to KSM for genera of Λ-modules. Before proceeding
further, we claim that

(∀n 6∈ M) (∀i) (Mi)n and (Ni)n are Q-torsionfree R-modules.(3.2.4)

Let n be given; write M = Mi and X = Xi; also, let x ∈ M be such that
(x/1) is a Q(Rn)-torsion element of Mn (hence of Xn). So x/1 = 0 in (Xn)Q(Rn) =
(Xn)Q(R). We want to show that x/1 = 0 in Xn (hence in Mn). It suffices to find
d ∈ R− n such that dx = 0.

Since x/1 = 0 in (Xn)Q(R) we have abx = 0 for some a ∈ R − n and b ∈
R−

⋃
Q. Then R/Rb is an artinian ring, and hence so is (R/Rb)M = RM/(Rb)M.

Therefore the Jacobson radical of this last ring is nilpotent. This implies that
J(RM)n ⊆ (Rb)M for some n.

By the Chinese Remainder Theorem there is an element c ∈ R such that c
belongs to every maximal ideal inM and c ≡ 1 (mod n). We set d = acn ∈ R−n.

Now (c/1) ∈ J(RM) implies RM(c/1)n ⊆ (Rb)M. Since X is an RM-module
we have cx = (c/1)x — where c/1 ∈ RM — and therefore acnx = (a/1)(c/1)nx ⊆
RM(a/1)(b/1)x = 0, completing the proof of (3.2.4).

Consider (3.2.1). We wish to have (
⊕

i Mi)m ∼= (
⊕

i Ni)m for all maximal
ideals m. We make use of package deal results about localizations to change the
m-localization (Mi)m and (Ni)m for all m such that the desired isomorphism does
not already hold. Note that no change is required if m ∈ M, because of (3.2.2).

In view of (3.2.3) and its analog for N we have⊕
i

(Mi)Q ∼=
⊕
i

(Ni)Q.(3.2.5)

Therefore, by [LO, Lemma 2.4(ii)], (
⊕

i Mi)m ∼= (
⊕

i Ni)m for all but finitely many
m. Let n be one of the finitely many maximal ideals of R such that (

⊕
i Mi)n 6∼=

(
⊕

i Ni)n. As already noted, n 6∈ M.
According to the package deal theorem for localizations of modules [LO, Theorem

2.9], we can find (for each i) a new module Mi such that (Mi)n is isomorphic to any
prescribed Λn-module whose Q-localization is isomorphic to the original ((Mi)n)Q,
and whose localizations at maximal ideals 6= n are isomorphic to those of the
original Mi.

Return to (3.2.5). Express each (Mi)Q as a direct sum of indecomposable mod-
ules over the artinian ring ΛQ, and let W1,W2, . . . be the distinct non-isomorphic
modules that result in this way. This gives (for each i) an expression (Mi)Q ∼=⊕

j (Wj)
bij . Since KSM holds for artinian rings, we get the same set of mod-

ules Wj by working with the (Ni)Q, and therefore an expression of the form
(Ni)Q ∼=

⊕
j (Wj)

cij . Then KSM for ΛQ together with (3.2.5) yields∑
i

bij =
∑
i

cij(3.2.6)
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for each j. For each Wj choose a (necessarily R-torsionfree) Λn-submodule Vj of
Wj such that (Vj)Q ∼= Wj . Replace each (Mi)n by

⊕
j (Vj)

bij and each (Ni)n by⊕
j (Vj)

cij . Then (3.2.6) shows that (
⊕

i Mi)n ∼= (
⊕

i Ni)n, and our replacement

is complete. After a finite number of repetitions of this procedure, (3.2.1) holds.
All that remains to be done now is to show that every Mi and Ni is indecom-

posable. So choose some Mi and suppose that Mi = A ⊕ B. Since (Mi)M ∼= Xi,
which is ΛM-indecomposable, we must have, say, BM = 0. To show that B = 0 it
suffices to show that Bn = 0 when n 6∈ M.

Since Bn is Q-torsionfree, by (3.2.4), it suffices to show that (Bn)Q = 0. It
therefore suffices to show that BQ = 0. This is equivalent to the assertion that
Bp = 0 for all minimal prime ideals p [LO, 2.2(i)]. If p is contained in some
element of M we have Bp = (BM)p, which equals zero since BM = 0. Suppose
therefore that p is not contained in any element of M. Since B ⊆ Mi it suffices
to check that (Mi)p = 0. But localizing (3.2.3) at p yields (Mi)p ∼= ((Mi)M))p,
which equals zero since p is contained in no element of M [LO, 2.2(ii)].

Lemma 3.3. If Theorems 1.1 (KSM) and 1.3 (TFKS) hold whenever R is semilo-
cal, then they hold for all R.

Proof. We may assume that R = Z(Λ). Moreover, we are assuming that Λ is an
indecomposable, non-artinian ring. Our proof uses the fact that normalizations
localize [LO, 4.3] without explicit mention.

Claim 1. There is a finite set M of maximal ideals of R such that ΛM is an in-
decomposable ring, and remains indecomposable if M is enlarged. (Thus we have
indecomposable rings ΛM to apply the semilocal case of the theorem to!) Note
that Λ is an indecomposable ring if and only if its center is (because ring decom-
positions arise from orthogonal central idempotents). Since Λ is indecomposable
by hypothesis, so is Z(Λ). By [LO, Theorem 2.20], with R = Z(Λ) = Λ we find a
finite setM of maximal ideals such that Z(Λ)M is indecomposable and remains so
if M is enlarged. Since Z(Λ)M = Z(ΛM) we see that ΛM is indecomposable, as
required.

Claim 2. The indecomposable ring ΛM resulting from Claim 1 is not artinian. It
is equivalent to prove that the indecomposable ring RM = Z(ΛM) is not artinian.
Since R is indecomposable and non-artinian, no maximal ideal of R is a minimal
prime [LO, 1.3]. Therefore no maximal ideal of RM is a minimal prime, and
therefore RM is not artinian.

Suppose, now, that Λ satisfies KSM. Then condition (a) of the KSM theorem
holds, by Lemma 3.1. We need to verify conditions (b) and (c).

Condition (b). ChooseM as in Claim 1. Then the indecomposable, non-artinian
ring ΛM satisfies KSM by Lemmas 3.1 and 3.2. Let n be any maximal ideal of R
that is singular with respect to Λ, and let m be any other maximal ideal of R. To
see that m is not also singular, enlarge M, if necessary, so that m,n ∈ M. Since
ΛM satisfies KSM, the semilocal version of the KSM theorem implies there is at
most one singular maximal ideal in M. Since n is singular, m cannot be.

Condition (c). As in the proof of condition (b), choose M such that n ∈ M,
and recall that ΛM satisfies KSM. Since Λn = (ΛM)n, condition (c) follows from
the semilocal version of the KSM theorem.

Now consider TFKS. Conditions (a) and (b) follow as above. Therefore, to
complete the proof we can suppose that the singular maximal ideal n exists and Λn
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does not satisfy condition (c1). We need to show that it satisfies (c2) or (c3). As
above, we can suppose that n ∈ M and the semilocal ring ΛM is indecomposable
and non-artinian. Therefore, by the semilocal version of the TFKS theorem, ΛM
has the form (c2) or (c3).

Claim 3. Γ is module-finite over R. By the semilocal version of the theorem ΓM
is module-finite over RM. Let the set {γi} be the numerators of some finite set of
generators of the RM-module ΓM together with some finite set of generators of the
R-module Λ. Since Γm = Λm for every m 6∈ M (in fact, for every m 6= n), we see
that {γi} is a finite set of generators of the R-module Γ.

Claim 4. Λ ∼= Pn for some projective Λ-module P such that PQ is a simple ΛQ-
module, and some n. By the semilocal version of the theorem, ΛM has such a
decomposition. Therefore, by further localization, Λn

∼= Xn where XQ is a simple
ΛQ-module. Let P be the Λ-module generated by the numerators of some finite set
of Λn-generators of X . Then Pn = X , and PQ = XQ since XQ is simple. We show
that P works.

Since Λm = Γm for every m 6= n, and Γ is a maximal order, the fact that
ΛQ ∼= (XQ)n = (PQ)n shows that Λm

∼= (Pm)n whenever m 6= n. Therefore Λ is in
the same genus as Pn. Since Λ satisfies TFKS, every genus of torsionfree Λ-modules
consists of a single isomorphism class [Lemma 3.1] and therefore Λ ∼= Pn, proving
the claim.

Claim 5. Λ = Mn(Λ′) and Γ = Mn(Γ′) where Λ′ ⊂ Γ′ and Γ′ is a PID. Let
Λ′ = E(P ) and Γ′ = E(ΓP ) where E(. . . ) denotes “Λ-endomorphism ring of . . . ”.
Note that E(ΓP ) is also the Γ-endomorphism ring of ΓP since both Γ and P are
contained in their Q-localizations. Claim 4 yields Λ = Mn(Λ′) and Γ = Mn(Γ′),
and Λ′ ⊂ Γ′. It remains to show that Γ′ is a PID. Since PQ is a simple ΛQ-module,
Γ′Q is a division ring, and hence Γ′ is an integral domain. Since Γ is a maximal

R-order in ΓQ, Γ′ is a maximal R-order in (Γ′)Q. If Γ′ were not a PID, it would
therefore not satisfy KS for projective modules. Since Γ is Morita equivalent to Γ′,
Γ would likewise not satisfy KS for projective modules. But TFKS for Λ implies
TFKS for Γ, by the proof of Corollary 2.4(b). [Note. In Corollary 2.4 R is semilocal,
but the proof of part (b) does not use this fact.] This contradiction completes the
proof of Claim 5.

This completes the proof that Λ has the properties that are common to (c2)
and (c3). We now suppose that Λ′M has the form (c2), and prove that Λ′ likewise
has this form. We have (Λ′)M = eq((Γ′)M, f, g), where f and g are surjective
ring homomorphisms: (Γ′)M →→ Ψ where ker(f) 6= ker(g) and Ψ is a local ring
that has finite length as an RM-module, and hence every R-submodule of Ψ is an
RM-module. Therefore f and g map Γ′ itself onto Ψ. Let E = eq(Γ′, f, g). Then
we have Λ′M = EM and Λ′m = Γ′m = Em for all m 6∈ M. It follows that Λ′ = E,
as desired.

We omit the similar details for rings of the form (c3), and proceed to the proof of
the converse part of the theorem. Thus we assume, now, that Λ satisfies properties
(a)–(c) of the KSM theorem or the TFKS theorem, and we want to prove that Λ
satisfies KSM or TFKS, respectively. This a relatively straightforward application
of Lemmas 3.1 and 3.2, together with Claims 1 and 2 and the semilocal versions of
the theorems we are proving, so we omit the details.
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The proofs of the preceding three lemmas contain the proof of the following
result, which might be of some interest in its own right.

Proposition 3.4. Λ satisfies KSM (resp. TFKS) for genera of modules if and
only if conditions (b) and (c) of the KSM Theorem 1.1 (resp. TFKS Theorem 1.3)
hold.

Notation 3.5 (Semilocal). For the rest of this paper, unless the contrary is explic-
itly stated, the commutative ring R is semilocal, (noetherian, of Krull dimension
1,) with no nilpotent elements. J(S) denotes the Jacobson radical of any ring S.
The permanent notation in 2.1 remains in force. In particular, Λ denotes anR-order
in the semisimple artinian ring ΛQ and Γ =

⊕
k Γk always denotes a normalization

of Λ, decomposed as in (2.1.2).
If a ring A is isomorphic to a full n×n matrix over a noetherian integral domain

(perhaps over a division ring), we say that A has matrix size n. This integer n is
unique because of the hypotheses on A. Since R is semilocal, each Γk is a full matrix
ring over a left and right principal ideal domain [LO, (4.1.8)]. We usually denote
its matrix size by nk. Since Γk is a full matrix ring over a principal ideal domain
that is an R-algebra (not necessarily module-finite over R), we can introduce the
following notation. See [LO, 6.1] for more details.

Simple modules Ski and maximal ideals M ′ki. Each Γk has only finitely many
nonisomorphic simple (left) modules Ski. For each (k, i) we let M ′ki denote the
annihilator in Γk of Ski. Then Γk/M

′
ki is a simple artinian ring and the indexed

set {M ′ki} is the set of all maximal (2-sided) ideals of Γk.
Splitting numbers ski. Since Γk is a full matrix ring over a principal ideal domain,

it has a unique (up to isomorphism) indecomposable f.g. projective left module
Γkek, where ek is an arbitrary primitive idempotent of Γk. Since the ring Γk/M

′
ki

is simple artinian and its simple module is Ski, we have a decomposition

(3.5.1) Γkek/M
′
kiek
∼= (Ski)

ski , where M ′ki = annΓkSki.

We call the multiplicity ski the splitting number of M ′ki, or the (k, i)-splitting num-
ber of Γ. We have

(3.5.2) Let s = ski and M ′ = M ′ki be as in (3.5.1). Then:
(i) Every primitive idempotent in Γk splits into the sum of s primitive orthog-
onal idempotents in Γk/M

′.
(ii) Let n = M ′ ∩ Z(Γk). Then n is the unique maximal ideal of Z(Γk) con-
tained in M ′, and every primitive idempotent in (Γk)n splits into the sum of s
primitive orthogonal idempotents in (Γk)n/M

′
n = Γk/M

′.

Statement (i) is a way of restating (3.5.1). The first assertion of (ii) follows from the
fact that the maximal ideals of Γk and Z(Γk) correspond bijectively via contraction
[LO, (4.1.6)]. The equality at the end of (ii) follows from the fact that Γk/M

′ has
finite length as a Z(Γk)-module since Γk is always a classical maximal order over
its center [LO, (4.1.2)]. For details, see the proof of the stronger statement [LO,
(4.1.9)]. The statement about primitive idempotents follows from (i) and the fact
that primitive idempotents in the maximal Z(Γk)-order Γk remain primitive in its
simple artinian quotient ring, hence in (Γk)n.

Although the splitting numbers ski were defined using left modules, their values
are the same as their right-handed counterparts. Moreover, they are independent
of the particular normalization Γ since any two normalizations of Λ are conjugate
in ΛQ. See [LO, (6.1.6) and (4.1.7)].
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The following statement, whose proof is given in [LO, 1.4], describes the type of
ideal that we use for a conductor ideal.

(3.5.3) Let Ω be any R-order such that Λ ⊆ Ω ⊆ ΛQ, and assume that Z(Λ) has no
artinian ring-direct summands. Then Λ and Ω have a common ideal C such
that
(i) Λ/C and Ω/C are R-modules of finite length (hence artinian rings);
(ii) C ⊆ J(Λ) (equivalently, C ⊆ J(Ω)); and
(iii) CQ = ΛQ (= ΩQ) (so C contains at least one central unit of ΛQ).

We call any common ideal C of Λ and Ω satisfying (i) a conductor ideal for Λ and
Ω. We almost always choose C to take advantage of properties (ii) and (iii).

Given an R-order Ω (Λ ⊆ Ω ⊆ ΛQ) and a conductor ideal C ⊆ J(Λ)∩J(Ω) for Λ
and Ω, we define Λ̄ and Ω̄ as in the bottom row of the following conductor square,
in which the vertical maps denote surjective ring homomorphisms with kernel C,
and the horizontal maps denote inclusion. We often refer to Λ as the pullback of
this conductor square, meaning that the square is commutative and, for ω ∈ Ω, if
its image ω̄ in Ω̄ satisfies ω̄ ∈ Λ̄, then ω ∈ Λ.

Λ −→ Ω

↓↓ ↓↓
Λ̄ ∼= Λ/C −→ Ω̄ ∼= Ω/C

(3.5.4)

Splitting orders Ω. From now on Ω always denotes a type of R-order (Ω ⊆ Γ)
called a “splitting order”. The precise definition of a splitting order is given in [LO,
Section 5]. We review several of its most important properties, and collect some
related notation here for easy reference. (Note. If Λ is contained in a maximal R-
order in ΛQ we can always take Ω = Γ.) Ω has a 2-sided decomposition, compatible
with that of Γ:

Γ =
⊕
k

Γk and Ω =
⊕
k

Ωk [each Ωk ⊆ Γk and (Ωk)Q = (Γk)Q].(3.5.5)

Recall that, since R is semilocal, each Γk is a full nk × nk matrix ring over a
principal left and right ideal domain. Each Ωk is a full nk × nk matrix ring over
an integral domain [LO, (5.1.2)], but that domain need not be a principal ideal
domain. However, Ω satisfies KS for projective modules [LO, 5.5].

Given any Ω, we let

Mki = M ′ki ∩Ωk.(3.5.6)

Since the maximal ideals of Γ and Ω are in one-to-one correspondence via contrac-
tion [LO, Lemma 5.3], {Mki} is the set of all maximal ideals of Ωk.

For each k there is (up to isomorphism) a unique indecomposable projective
(left) Ωk module that we call Bk [LO, 5.6]. As with maximal orders, the ΩQ = ΛQ-
modules (Bk)Q form a set of representatives for the isomorphism classes of simple
ΛQ-modules. See [LO, 5.5] for more about this.

Part of the definition of “splitting order” is that each natural map Ωk/Mki →
Γk/M

′
ki is a bijection. Therefore the simple Ωk-modules coincide with the simple Γk-

modules Ski. It follows that ski is the splitting number of Mki, that is, the following
analog of (3.5.1) holds, where ek denotes an arbitrary primitive idempotent element
of Ωk:

Bk/MkiBk ∼= Ωkek/Mkiek ∼= (Ski)
ski .(3.5.7)



3414 L. S. LEVY AND C. J. ODENTHAL

The decomposition of Ω in (3.5.5) yields a decomposition Ω̄ =
⊕

k Ω̄k where
Ω̄k ∼= Ωk/CΩk denotes the image of Ωk in Ω̄. We set B̄k = Bk/CBk. This is a
projective Ω̄k-module, but need not be indecomposable. There is a unique indecom-
posable projective Ω̄k-module B̄ki that maps onto Ski, and every indecomposable
projective Ω̄k-module is isomorphic to some B̄ki [LO, 6.19]. The precise relationship
among all these projective modules is given by

Ωk ∼= (Bk)nk , B̄k ∼=
⊕
i

(B̄ki)
ski ,(3.5.8)

where nk is the matrix size of Γk which, as mentioned above, equals the matrix size
of Ωk. The second isomorphism follows from (3.5.7) and the fact, for artinian rings,
idempotents lift modulo the radical. See [LO, 6.19]. Note that the multiplicities nk
and ski in (3.5.8) are the same for all splitting orders Ω.

The notation and basic facts concerning the two-sided decomposition of each Ω̄k
are given [LO, (6.18.1)] by:

(3.5.9) Ω̄k =
⊕

i Ω̄ki where each Ω̄ki is a matrix-local ring whose maximal ideal is
M̄ki, the image of Mki in Ω̄ki, and whose unique indecomposable projective
(left) module we call B̄ki

We define a module [X ⊆ Y ] over the artinian pair (Λ̄, Ω̄) to be a projective
Ω̄-module Y , together with a Λ̄-submodule X such that Ω̄X = Y . We therefore
have Y =

⊕
ki (B̄ki)

ρki for suitable multiplicities ρki. We call the array

ρ[X ⊆ Y ] = ((ρki)) = ((ρki[X ⊆ Y ]))(3.5.10)

the array of ranks of [X ⊆ Y ]. Note that this array is not a matrix because its
rows need not all have the same length. Note also that ρ[X ⊆ Y ] is completely
determined by Y . The reason for studying (Λ̄, Ω̄)-modules is the following slight
generalization of a well-known idea.

Let L be a torsionfree Λ-module. Then we can find a splitting order Ω such
that ΩL is Ω-projective, that is, projective as an Ω-module [LO, 5.2]. Let C ⊆
J(Λ) ∩ J(Ω) be a conductor ideal for Λ and Ω. Then we can form the (Λ̄, Ω̄)-
module

Φ(L) = [L/CL ⊆ ΩL/CL].(3.5.11)

Now fix a particular splitting order Ω (Λ ⊆ Ω ⊆ Γ), and let L range over all
torsionfree Λ-modules such that ΩL is Ω-projective. By the package deal theorem
for artinian pairs [LO, 6.21], the isomorphism class of Φ(L) determines L up to Λ-
isomorphism; and the answer to the question of whether a (Λ̄, Ω̄)-module [X ⊆ Y ] is
isomorphic to Φ(L) for some L is determined by the array of ranks ρ[X ⊆ Y ]. Thus
the function Φ is faithful — and is obviously additive — in the sense of (1.4.1).
The class K of all (Λ̄, Ω̄)-modules satisfies KS [LO, 6.22]. Therefore we can use Φ
as a function with which to play the package deal game, even when no maximal
order in ΛQ contains Λ.

Caution. Many of the results in the companion paper [LO] are developed in
more generality than necessary for the present paper, and this results in some
slight differences between the standard notation used there and that used here. In
particular, Λ and R can have nilpotent ideals in some parts of [LO]. Also, the
convention in the present paper, that all modules be finitely generated (f.g.) unless
otherwise specified, is abandoned in [LO].
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Readers interested only in the situation that Λ is contained in a maximal order
may always assume that Ω = Γ.

4. Package Deal Game: Combinatorics

In this section we show that the TFKS property places very strong combinatorial
restrictions on the structure of packages.

The notation K | P denotes that K is isomorphic to a direct summand of P .
The ring R remains semilocal.

Let S ⊆ K be classes of modules (over some ring). Suppose that S and K are
closed under (finite) direct sums, modules in K can be written as finite direct sums
of indecomposables in K, and KS holds in K. In this discussion we call elements of
the subclass S packages. Since KS holds in K, every package is uniquely expressible
(up to isomorphism) as a direct sum of modules in K that are indecomposable
in K. We define an indecomposable package to be a nonzero package that is not
isomorphic to a direct sum of two nonzero packages. When does the KS property
descend from K to S?

Proposition 4.1. (Keep the preceding terminology.) Suppose that S is closed un-
der complementation in K; that is

P ∼= P ′ ⊕K (with P, P ′ ∈ S, K ∈ K)⇒ K ∈ S.(4.1.1)

Then KS holds in S if and only if, for each indecomposable package P ∈ S, there
is a module K ∈ K that is indecomposable in K and such that K | P but K is not
isomorphic to a direct summand of any indecomposable package 6∼= P .

We call any such K an indicator summand for P .

Proof. (Only if.) Suppose some indecomposable P has no indicator summand, and
write P ∼=

⊕
i Ki with each Ki ∈ K indecomposable. Then each Ki | Pi for some

indecomposable package Pi 6∼= P . Then P |
⊕

i Pi in K, hence in S by (4.1.1). This
shows that KS fails in S.

(If.) Let P =
⊕

i P
ai
i with the Pi indecomposable packages in distinct isomor-

phism classes. Write each Pi as a direct sum of indecomposable modules in K. Then
KS in K, together with the existence of indicator summands, yields uniqueness of
the ai. Hence KS holds for packages.

Definition 4.2. We state our next KS criterion in terms of numerical invariants
we call “rank ratios”. Fix a splitting order Ω (Λ ⊆ Ω ⊆ Γ) and a conductor ideal
C for Λ and Ω, thus defining Λ̄ and Ω̄ as in Notation 3.5. Recall that the maximal
ideals of each Γk are denoted by M ′ki, and the splitting number ski of M ′ki is the
integer defined in (3.5.1). Each (Λ̄, Ω̄)-module [X ⊆ Y ] has an associated array
of ranks ((ρki)), as defined in (3.5.10). We define the rank ratios associated with
a (Λ̄, Ω̄)-module [X ⊂ Y ] whose inclusion is proper to be the following rational
numbers:

ρki/ski = ρki[X ⊂ Y ]/ski(4.2.1)

Lemma 4.3 (Fundamental Combinatorial Lemma). (Keep the notation in Defini-
tion 4.2.) Let S be a collection of torsionfree (left) Λ-modules that is closed under
direct sums and direct summands, such that ΩL is Ω-projective for every L ∈ S,
and such that Ω ∈ S. Then KS holds in S if and only if, for each k, the rings Ω̄ki
(hence their indecomposable projective modules B̄ki) can be renumbered in such a
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way that, for all indecomposable (Λ̄, Ω̄)-modules [X ⊂ Y ] with proper inclusion, the
associated rank ratios (4.2.1) satisfy the following two conditions.

(i) ρk1/sk1 = max{ρk1/sk1, ρk2/sk2, . . . }; and
(ii) ρk1/sk1 is an integer.

We call (k, 1) the k-indicator pair. Note that the definition does not require the
renumbering to be unique. However, once the renumbering is done, conditions (i)
and (ii) must hold for all indecomposable [X ⊂ Y ] whose inclusion is proper.

Proof. We prove the lemma by invoking Proposition 4.1. Let Φ be the function
defined in (3.5.11), and let K be the set of all (Λ̄, Ω̄)-modules that are direct sum-
mands of (Λ̄, Ω̄)-modules in Φ(S). Since KS holds for (Λ̄, Ω̄)-modules [LO, 6.22], it
holds in K.

The map Φ: S → K is an additive, faithful imbedding, as explained after (3.5.11);
and we therefore identify S with Φ(S) for the rest of this proof. In order to apply
Proposition 4.1 we need to verify the complementation condition (4.1.1). [One
additional technicality needs to be noted. In Proposition 4.1, K is a family of
actual modules over a ring. In fact, as noted in the proof of [LO, 6.22], (Λ̄, Ω̄)-
modules can be viewed as actual modules over an artinian lower triangular matrix
ring. Having made this observation, we shall have no further occasion to use this
way of viewing (Λ̄, Ω̄)-modules.]

The package deal theorem for (Λ̄, Ω̄)-modules [LO, 6.21] states that a (Λ̄, Ω̄)-
module [X ⊆ Y ] satisfies [X ⊆ Y ] ∼= Φ(L) for some torsionfree Λ-module L ∈ S if
and only if:

(ρk1, ρk2, . . . ) ∈ N·(sk1, sk2, . . . ) (∀k).(4.3.1)

In other words, every rank ratio ρki/ski is an integer depending only on k. Com-
plementation condition (4.1.1) follows immediately from (4.3.1). We call (Λ̄, Ω̄)-
modules in S packages.

For a (Λ̄, Ω̄)-module [X ⊆ Y ] let rk[X ⊆ Y ] be the smallest integer greater than
or equal to max{ρk1/sk1, ρk2/sk2, . . . }, and then define the package P [X ⊆ Y ] to
be

P [X ⊆ Y ] = [X ⊆ Y ]⊕
(⊕

ki

[B̄ki ⊆ B̄ki]aki
)

(4.3.2)

where aki/ski = rk[X ⊆ Y ]− ρki[X ⊆ Y ]/ski. This is indeed a package, by (4.3.1).
Note that aki = 0 if and only if

ρki/ski = max{ρk1/sk1, ρk2/sk2, . . . } = rk[X ⊆ Y ] ∈ N.(4.3.3)

Note also that

(4.3.4) If [X ⊆ Y ] is an indecomposable (Λ̄, Ω̄)-module, then P [X ⊆ Y ] is an
indecomposable package.

This is true since KS holds in mod-(Λ̄, Ω̄), and since (by (4.3.1)), the integers aki
give P [X ⊆ Y ] the smallest possible ranks allowable for any package containing
[X ⊆ Y ] as a direct summand.

Now assume that KS holds in S. Let B̄k and B̄ki be as in (3.5.8). By Proposition
4.1 each of the indecomposable packages [B̄k ⊆ B̄k] has an indicator summand, say
[B̄k1 ⊆ B̄k1]. We claim that conditions (i) and (ii) hold. Let [X ⊂ Y ] be an
indecomposable (Λ̄, Ω̄)-module with proper inclusion, and consider P [X ⊂ Y ], as
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displayed in (4.3.2). Since [B̄k1 ⊆ B̄k1] is an indicator summand for [B̄k ⊆ B̄k], the
former cannot be isomorphic to a direct summand of the indecomposable package
P [X ⊂ Y ]. Therefore ak1 = 0. Therefore the desired conditions are furnished by
(4.3.3).

Conversely, suppose that renumbering has been done is such a way that (i) and
(ii) hold. Since each [B̄k ⊆ B̄k] = P [B̄k1 ⊆ B̄k1], it suffices to show that every other
indecomposable package has the form P [X ⊂ Y ] for some indecomposable [X ⊂ Y ]
with ak1 = 0. For then, in the terminology of Proposition 4.1, every indecomposable
package has an indicator summand, namely [B̄k1 ⊆ B̄k1] for [B̄k ⊆ B̄k], and [X ⊂ Y ]
for P [X ⊂ Y ].

So let P ′ = [X ′ ⊆ Y ′] be any indecomposable package not of the form [B̄k ⊆ B̄k].
Then X ′ is not an Ω̄-module, and therefore the inclusion [X ′ ⊆ Y ′] is proper. It
follows that, when P ′ is written as a direct sum of indecomposable (Λ̄, Ω̄)-modules,
some term must have the form [X ⊂ Y ]. We claim that P ′ = P [X ⊂ Y ]. We have

P ′ = [X ⊂ Y ]⊕
(⊕

j

[Uj ⊂ Vj ]
)
⊕
(⊕

ki

[B̄ki ⊆ B̄ki]dki
)

(4.3.5)

for suitable indecomposable (Λ̄, Ω̄)-modules [Uj ⊂ Vj ] and nonnegative integers dki.
To complete the proof of the claim it suffices, by indecomposability of P ′, to prove
that P [X ⊂ Y ] | P ′. This, in turn, is equivalent to proving that aki ≤ dki for every
k and i, as one can see by comparing (4.3.5) with (4.3.2).

As usual, let ρki denote the (k, i) entry of the array of ranks of [X ⊂ Y ], and
similarly let τkij denote the (k, i) entry of the array of ranks of [Uj ⊂ Vj ]. Since P ′

is a package its (k, 1) rank ratio equals its (k, i) rank ratio for every (k, i). In other
words,

ρk1

sk1
+

∑
j

τk1j

sk1

+
dk1

sk1
=
ρki
ski

+

∑
j

τkij
ski

+
dki
ski

.(4.3.6)

Now consider P [X ⊂ Y ]. Since we are assuming that conditions (i) and (ii) hold, we
have ak1 = 0 as observed above (4.3.3). Therefore equating the (k, 1) and (k, i) rank
ratios of the package P [X ⊂ Y ] yields ρk1/sk1 = ρki/ski+aki/ski. Substituting this
value of ρk1/sk1 into (4.3.6) enables us to cancel ρki/ski from both sides. Condition
(i) implies that each τk1j/sk1 ≥ τkij/ski. Therefore, after replacing the equality in
(4.3.6) by ≤, we can delete the terms τk1j/sk1 and τkij/ski. We can also delete the
term dk1/sk1 from the left-hand side. The inequality that results is aki ≤ dki, as
desired.

When proving the previous claim we noted that each ak1 = 0; so the proof of
the lemma is now complete.

Remark 4.4. If Γ is module-finite over R, we can take S to be the collection of
all torsionfree Λ-modules, and Ω = Γ.

5. Only One Singular Maximal Ideal

In this section we reduce the KSM and TFKS problems to the case that Z(Λ) is
a local ring. R is always assumed semilocal. If M is a set of maximal ideals of R,
then RM,ΛM, . . . denotes the localization that inverts the multiplicatively closed
set R−

⋃
M.
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Lemma 5.1. (i) “Centers localize”, that is, Z(ΛS) = Z(Λ)S for every multiplica-
tively closed subset S of R.

(ii) Λ is an indecomposable ring if and only if Z(Λ) is.

The proof of statement (i) is a routine exercise whose result we shall use often.
Statement (ii) holds because indecomposability of a ring can be stated in terms of
central idempotents.

Proposition 5.2. Let M be a set of maximal ideals of R, X a ΛM-module, and
Ω a splitting order (Λ ⊆ Ω ⊆ Γ). Then there exists a Λ-module M , unique up to
isomorphism, such that

(i) MM ∼= X;
(ii) For all maximal ideals n 6∈ M, Mn is a projective Ωn-module (and therefore

the natural map Mn → (Mn)Q is one-to-one); and
(iii) MQ

∼= XQ.

Moreover, M is an indecomposable Λ-module if and only if X is an indecomposable
ΛM-module.

We call M the Λ-module canonically determined by X (and Ω).

Proof. For the first approximation to the desired module M , choose the Λ-module
generated by some finite set of ΛM-generators of X . Then (i) and (iii) hold [see
the proof of (3.2.3)].

In order to satisfy (ii), fix n 6∈ M. Since R is semilocal, it suffices to show that
M can be changed so that Mn is replaced by a projective Λn-module Y (n) without
changing any other Mm. By the package deal theorem for localizations of modules
[LO, 2.9] we can replace Mn by any Λn-module Y (n) such that Y (n)Q ∼= (Mn)Q.
Now an easy check shows Ωn is a splitting Rn-order and, of course, (Λn)Q = (Ωn)Q.
So there is a projective Ωn module Y (n) (unique up to isomorphism) such that
Y (n)Q ∼= (Mn)Q [LO, 5.5]. Thus the desired M exists.

To prove uniqueness of M (up to isomorphism) it suffices, since R is semilocal,
to prove uniqueness of every Mm. For m ∈ M this is clear; and for other m it
holds by uniqueness of Y (m).

Now let X be indecomposable, and suppose that M ∼= N ⊕N ′. By indecompos-
ability of X ∼= MM we have (say) NM = 0. We claim that N = 0. It suffices to
show that N is the (unique) Λ-module canonically determined by 0. We already
have property (i) (with X = 0), and (ii) holds since direct summands of projective
modules are again projective. Thus it remains to prove that NQ = 0. It suffices to
prove that Np = 0 for every minimal prime p [LO, 2.3(i)]. Case 1: p is contained in
some m ∈ M. Then Np = 0 since NM = 0. Case 2: p is contained in no m ∈ M.
Then Np ⊆Mp ⊆ Xp, and Xp = 0 since Rm ⊗R Rp = 0 when m does not contain
p [LO, 2.3].

Conversely, suppose that M is indecomposable, and write X ∼= Y ⊕ Y ′. Letting
N,N ′ be the Λ-modules canonically determined by Y, Y ′, we obtain that N ⊕ N ′
is the Λ-module canonically determined by Y ⊕ Y ′, and therefore M ∼= N ⊕ N ′.
Indecomposability of M yields (say) N = 0, hence Y = NM = 0.

Corollary 5.3. Suppose that KS holds in the class S(Ω) of torsionfree Λ-modules
M such that ΩM is Ω-projective. Then, for every set M of maximal ideals of
R, KS holds in the class S(ΩM) of torsionfree ΩM-modules N such that ΩMN is
ΩM-projective.
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Proof. Let X ∼=
⊕

i Xi
∼=
⊕

j Yj be decompositions of a ΛM-module in S(ΩM),
with every Xi, Yj indecomposable. Let M,Mi, Nj respectively be the Λ-modules
canonically determined by X,Xi, Yj , as defined in Proposition 5.2. By that propo-
sition, every Mi, Nj is indecomposable. Since conditions (i)–(iii) of the proposition
are preserved by direct sums, the uniqueness part of the proposition shows that
M ∼=

⊕
i Mi

∼=
⊕

j Nj . We can now apply KS in S(Ω) to deduce KS in S(ΩM).

The next lemma is the crux of our reduction to the local case.

Lemma 5.4. Suppose that Λ is an indecomposable ring, and R has at least two
maximal ideals that are singular with respect to Λ. Then TFKS fails for Λ.

Proof. Let m 6= n be maximal ideals of R that are singular with respect to Λ. Then
m and n contain the kernel of the natural map r → r·1Λ of R→ Λ, and therefore
the natural images of m and n in Λ are distinct maximal ideals of R·1Λ that are
singular with respect to Λ. Since Z(Λ) is integral over R·1Λ, we see that Z(Λ) has
at least two maximal ideals that are singular with respect to Λ.

We can choose a splitting order Ω (Λ ⊂ Ω ⊆ Γ) that is large enough so that the
inclusions Ωm ⊃ Λm and Ωn ⊃ Λn are proper [LO, 5.2].

We first prove the lemma under the additional assumption that Λ is a prime
ring; that is, Γ = Γ1 in the decomposition (2.1.2). This is stronger than assuming
that Λ is an indecomposable ring. We may also assume that R = Z(Λ), because of
the comments in the first paragraph of this proof.

Every R-module of finite length is the direct sum of its nonzero localizations at
maximal ideals of R. Hence, in terms of our Semilocal Notation 3.5, the artinian
pair [Λ̄ ⊂ Ω̄] has a decomposition

[Λ̄ ⊂ Ω̄] = [Λ̄m ⊂ Ω̄m]⊕ [Λ̄n ⊂ Ω̄n]⊕ · · ·(5.4.1)

and therefore:

(5.4.2) There are indecomposable direct summands [X ⊂ Y ] and [X ′ ⊂ Y ′], of
[Λ̄m ⊂ Ω̄m] and [Λ̄n ⊂ Ω̄n] respectively, whose inclusions are strict.

Now consider the arrays of ranks ρ[X ⊂ Y ] and ρ[X ′ ⊂ Y ′], as defined in (3.5.10).
Since Γ = Γ1, hence Ω = Ω1 in the decomposition (3.5.5), each of these arrays
consists of a single row. Moreover every indecomposable projective Ω̄1-module B̄1i

is isomorphic to a direct summand of a unique one of the terms Ω̄m, Ω̄n, . . . on the
right-hand side of (5.4.1).

It follows that the coordinates containing the nonzero entries of ρ[X ⊂ Y ] are
disjoint from those containing the nonzero entries of ρ[X ′ ⊂ Y ′]. Therefore the
maximum values of the rank ratios ρ1i[X ⊂ Y ]/s1i and ρ1i[X

′ ⊂ Y ′]/s1i occur for
distinct subscripts i. It follows from our Fundamental Combinatorial Lemma 4.3(i)
that TFKS fails for Λ.

Now we consider the general case of the lemma: The ring Λ is indecomposable
but not necessarily prime. We claim that the two singular maximal ideals m,n can
be chosen to contain a common minimal prime ideal p of R. Again we may assume
that R = Z(Λ).

Let m 6= n be any maximal ideals of R such that Λm 6= Γm and Λn 6= Γn. Since
Λ is an indecomposable ring, so is its center R [Lemma 5.1], so spec(R) is connected.
Hence there is a sequence m = m(0), m(1), . . . ,m(t) = n of maximal ideals such
that, for each i, the maximal ideals m(i − 1),m(i) contain a common minimal
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prime p(i). Moreover we can suppose (after perhaps shortening the sequence and
renaming n) that Λm(i) = Γm(i) except for i = 0 and i = t. The claim will be
proved if we show that p(1) = . . . = p(t).

For i 6= 0 and i 6= t we have Λm(i) = Γm(i). Moreover, since centers localize,
Rm(i) = Z(Λ)m(i) = Z(Λm(i)) = Z(Γm(i)). Since Γ is a direct sum of prime rings,
Z(Γ) is a direct sum of integral domains, so each maximal ideal of Z(Γ) contains
a unique minimal prime. Hence the same is true of Z(Γ)m(i) = Rm(i). This shows
that p(i)m(i) = p(i+ 1)m(i) and hence p(i) = p(i+ 1), completing the proof of the
claim.

We may now assume that m and n contain a common minimal prime p of R.
Beginning with the decomposition Ω =

⊕
k Ωk, let Λk be the projection of Λ in

Ωk. Since R has no nilpotent elements, the set of minimal primes of R is the set
of kernels ker(R → Ωk). Renumber the Ωk so that p = ker(R → Ω1). Then
every torsionfree Λ1-module is a torsionfree Λ-module. (For this purpose, the most
convenient definition of a torsionfree Λ-modules is “any submodule of a free Λ-
module”. See Definitions 1.2.) By the prime case of the lemma, Λ1 fails to satisfy
TFKS [even if the natural image of R in Λ1 is properly smaller than Z(Λ1)], and
hence so does Λ.

Lemma 5.5. Let M be a Λ-module and n a maximal ideal of R. Suppose a Λn-
module F of finite Rn-length is a Λn-direct summand of Mn. Then F is isomorphic
to a Λ-direct summand of M (and has finite length as an R-module).

Proof. First we note that F has finite length as an R-module. For the unique simple
Rn-module Rn/nn is isomorphic to R/n, hence any Rn-composition of F is also an
R-composition series.

By hypothesis there exist Λn-homomorphisms i′: F → Mn and π′: Mn → F
such that π′i′ = 1F . Since F = Fn is a (finitely presented) R-module we have
HomRn(Mn, F ) = HomR(M,F )n. So i′ = i/d for some i ∈ HomR(M,F ) and
d ∈ R − n. Let π: M → F be the composition of the natural map M → Mn with
π′. Then πi = d·1F . Since multiplication by d is an automorphism of F , the proof
is complete.

Since centers localize and rings with local centers are indecomposable, our next
result reduces the KS problems to the case that Z(Λ) is a local ring.

Theorem 5.6. Assume that Λ is an indecomposable ring and Λ 6= Γ. Then TFKS
(respectively KSM) holds for Λ if and only if

(i) There is exactly one maximal ideal n of Z(Λ) such that Λn 6= Γn; and
(ii) TFKS (respectively KSM) holds for Λn.

Proof. Let R = Z(Λ). If TFKS holds for Λ, then condition (i) holds by Lemma
5.4. Condition (ii) holds in the torsionfree (respectively KSM) case by Lemma 3.2
and the fact that “genus” is the same as “isomorphism class” when R is semilocal.

Conversely, suppose that (i) and (ii) hold, and consider two finite direct sums of
Λ-modules ⊕

i

Mi
∼=
⊕
j

Nj (each Mi, Nj indecomposable).(5.6.1)

We do the torsionfree case first. Let Ω be a splitting order (Λ ⊆ Ω ⊆ Γ) such that
each ΩMi and ΩNj is a projective Ω-module [LO, 5.2].
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In order to apply hypothesis (ii) we need to show that each Λn-module (Mi)n
and (Nj)n is indecomposable. In fact we show that Mi is the Λ-module canonically
determined by (Mi)n, as defined in Proposition 5.2. (The analog for Nj holds
similarly.) To see that (Mi)m is Λm-projective whenever m 6= n, recall that Λm =
Ωm = Γm, and every ΩMi is Ω-projective. Then every (Mi)m is a projective
Ωm(= Λm)-module. Thus it remains to show that (Mi)Q ∼= ((Mi)n)Q. This follows
if we can show that RQ = (Rn)Q. Since Λ is an indecomposable ring, so is R = Z(Λ)
(Lemma 5.1). If we can show that n contains every minimal prime ideal of R, we
will have RQ = (Rn)Q.

Since Ω is a splitting order, it is a direct sum of prime rings. Hence Z(Ω) is
a direct sum of integral domains. It follows that every maximal ideal of Z(Ω)
contains a unique minimal prime, hence the same is true of Z(Ωm) = Z(Λm) = Rm

if m 6= n. Thus every maximal ideal m 6= n of R contains a unique minimal prime.
Therefore, if n failed to contain some minimal prime, R would decompose into a
direct sum of two rings, contradicting indecomposability of R.

Now that we have proved that each Mi is the Λ-module canonically determined
by (Mi)n (and the analog of this for each Nj), we have that every (Mi)n and
(Nj)n is indecomposable. Thus, by TFKS for Λn the number of Mi equals the
number of Nj, and we can renumber these direct summands in such a way that each
(Mi)n ∼= (Ni)n. Since the Mi and Ni are the Λ-modules canonically determined by
(Mi)n and (Ni)n respectively, it follows that each Mi

∼= Ni; that is, TFKS holds
for Λ.

Now we consider KSM. The proof in this case is a more technical version of the
previous one. We assume, first, that no Mi nor Nj has finite length.

Define the torsion submodule of a Λ-module M to be t(M) = ker(M → MQ).
This is an R-module of finite length, since it is annihilated by an element d of
R−

⋃
Q, hence is a (finitely generated) module over the artinian ring R/Rd.

Now consider two direct sums of Λ-modules, as in (5.6.1). Let m be a maximal
ideal of R other than n. We claim that each (Mi)m and (Nj)m is a projective
Λm-module.

The normalization Γ of Λ is a maximal order over its center, the normalization R̃
of R in Z(ΛQ) [LO, (4.1.2)], and therefore Γm is a maximal order over R̃m [GL ’88,
2.7], or [LO, 4.3]. Moreover, torsionfree modules over maximal orders are projective
[R ’75, (21.4)]. Since Λm = Γm, each Pi = (Mi/t(Mi))m = (Mi)m/t(Mi)m is a
projective Λm-module, and therefore (Mi)m ∼= Pi ⊕ t(Mi)m. Since t(Mi)m has
finite Rm-length, Lemma 5.5 shows that it is a direct summand of Mi, of finite
length. Since Mi is indecomposable, and not of finite length, we have t(Mi)m = 0,
proving the claim for (Mi)m. The proof for (Nj)m is the same.

Now let Ω be a splitting order (Λ ⊆ Ω ⊆ Γ), such that the torsionfree modules
Ω·(Mi/t(Mi)) and Ω·(Ni/t(Ni)) are Ω-projective. As in the torsionfree case, each
Mi and Nj is the Λ-module canonically determined by its n-localization, and we
finish the proof as in the torsionfree case.

It remains to consider the possibility that (say) some Mi has finite length as an
R-module. Then it has finite length as a Λ-module, and therefore has a local endo-
morphism ring. Most of the standard proofs of the classical KS theorem for modules
of finite length show that Mi is isomorphic to some Nj , and the isomorphism in
(5.6.1) still holds when this isomorphic pair of summands are cancelled. After a
finite number of such cancellations, the proof is reduced to the “no summands of
finite length” case previously considered.
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6. Local KSM

In this section we finish the proof of our necessary and sufficient conditions for
Λ to satisfy KSM, by proving it when Z(Λ) is a local ring.

Throughout this section R is semilocal. Recall the nontriviality assumption, in
Notation 2.1, that Z(Λ) has no artinian ring-direct summands. This implies that Λ
has no R-submodules of finite length and no Λ-submodules of finite length [GL ’89,
(1.4.3)].

Notation 6.1 (completions). This section makes extensive use of J(R)-adic com-
pletions, where J(R) denotes the Jacobson radical of R. We denote J(R)-adic

completion of an R-module M by M̂ or, of a more complicated expression, by
(. . . )̂ . For an R̂-module X , XQ denotes the localization of X with respect to

R−
⋃
Q(R) (rather than the analog of this with respect to R̂).

We remind the reader that some extra care is necessary in the situation that Λ
is not contained in a maximal R-order in ΛQ, because Λ̂ can then have nilpotent
ideals. The necessary modifications of standard results are worked out in detail in
[LO, §§3, 6]. We now give a brief review of the needed results and notation.

The J(R)-adic completion of Λ can be canonically identified with the J(Z(Λ))-
adic completion of Λ [LO, 6.2]. This is what we usually mean, in this section, when
we say we may assume that R = Z(Λ).

Let Ω be any splitting R-order (Λ ⊆ Ω ⊆ Γ), and recall the compatible two-sided
decompositions Γ =

⊕
k Γk and Ω =

⊕
k Ωk in (3.5.5). We denote the maximal

ideals of Γk by M ′ki. The contraction relations

M ′ki →Mki = M ′ki ∩ Ωk →mki = Mki ∩ Z(Ωk)(6.1.1)

establish bijections between the sets of maximal ideals of Γk,Ωk and Z(Ωk). We
denote the mki-adic completion of a Z(Ωk)-module A by Aˆ(ki). Then we have the
two-sided decomposition

Ω̂ =
⊕
ki

(Ωk )̂ (ki)(6.1.2)

where each (Ωk )̂ (ki) is a matrix-local, hence indecomposable ring. Each ring
(Ωk )̂ (ki) has a unique indecomposable projective (left) module Uki [LO, 6.6]. If
Bk denotes the unique indecomposable projective Ωk-module, we have

B̂k ∼= ⊕i (Uki)
ski(6.1.3)

where ski is the splitting number of M ′ki [LO, 6.6].

Let X be a Λ̂-module such that XQ is Λ̂Q-projective. Then [LO, (6.14.2)] there
is an expression:

XQ
∼=
⊕
ki

((Uki)
ρki)Q.(6.1.4)

We call ρ(X) = ((ρki)) = ((ρki(X))) the array of ranks of X . Note that this array
is not a matrix, since its rows can have different lengths. For a given X , the array
ρ(X) is the same for all splitting orders Ω, because it can be expressed in terms of
Γ [LO, (6.14.1)] and Γ is unique up to conjugacy when R is semilocal [LO, (4.1.7)].
The purpose of this array of ranks is to allow the statement of the following theorem
[LO, 6.15].
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Package Deal Theorem 6.2 (Completions of orders). Let X be a (f.g.) left Λ̂-
module and Ω a splitting order (Λ ⊆ Ω ⊆ Γ). Then the following conditions are
equivalent.

(i) X ∼= Â for some (f.g.) Λ-module A.

(ii) XQ is Λ̂Q-projective and, for every k, the array of ranks ρ(X) = ((ρki))
satisfies

(ρk1, ρk2, . . . ) ∈ N·(sk1, sk2, . . . )(6.2.1)

(where N denotes the nonnegative integers).

(iii) XQ
∼= P̂Q for some f.g. projective Ω-module P .

Remark 6.3. The array of ranks defined above generalizes the array of ranks de-
fined previously, in connection with torsionfree modules. See [LO, 6.23].

Lemma 6.4. Let X be a Λ̂-module such that XQ is Λ̂-projective. Then

ρ(X) = 0 ⇐⇒ X has finite length.

Proof. The assertion that ρ(X) = 0 is equivalent to XQ = 0, which is equivalent

to dX = 0 for some d ∈ R −
⋃
Q. Since X is a finitely generated R̂-module and

the ring R̂/R̂d = (R/Rd)̂ = R/Rd is artinian, X has finite length as an R̂-module,

hence as a Λ̂-module.
Conversely, suppose that X has finite length as a Λ̂-module. Then [LO, 3.7]

shows that X has finite length as an R-module and is therefore annihilated by a
product of maximal ideals of the semilocal ring R, hence by some power of J(R).
But J(R) contains elements of R −

⋃
Q by [LO, 1.3] (in view of our assumption

that Z(Λ) has no artinian direct summands). So, as in the first sentence of the
proof, ρ(X) = 0.

Corollary 6.5. Let X be a Λ̂-module such that XQ is Λ̂Q-projective. Suppose:

(i) Row 1 of ρ(X) equals (s11, s12, . . . ) [s1i the splitting number of M ′1i];
(ii) All other rows of ρ(X) equal 0; and
(iii) No nonzero direct summand of X has finite length.

Then X is an indecomposable package (i.e. the completion of some indecomposable
Λ-module).

Proof. Conditions (i) and (ii) yield X = Â for some Λ-module A, by Theorem 6.2.

Suppose that A = B ⊕D. Then ρ(Â) = ρ(B̂) + ρ(D̂) (coordinatewise sum) with,

say, ρ(B̂) 6= 0. Theorem 6.2 [see (6.2.1)] then yields ρ(D̂) = 0. By Lemma 6.4, D̂

has finite length. Condition (iii) then shows that D̂ = 0, hence D = 0.

The purpose of the next two lemmas is to build some indecomposable Λ̂-modules
for use in the package deal game.

Lemma 6.6. Let Ω be a splitting order containing Λ. Suppose that Z(Λ) is a

local ring and Ω̂ is not an indecomposable ring, so that at least two terms occur
in decomposition (6.1.2). Then there exist orthogonal, primitive idempotents e ∈
(Ω̂1)̂ (11) and e′ ∈ (Ω̂k )̂ (ki), for some (k, i) 6= (1, 1), such that the Λ̂-module Λ̂(e+e′)
has exactly one maximal submodule.
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Proof. Since Z(Λ) is a local ring, Λ̂ is an indecomposable ring [LO, 6.4].

Let 1 =
∑
j dj where the dj are orthogonal, primitive idempotents of Λ̂, and

consider the 2-sided decomposition (6.1.2) of Ω̂. Renumber the dj so that those with

nonzero projection in (Ω1)̂ (11) are d1, . . . , du, and set d =
∑u
j=1 dj , an idempotent

of Λ̂. If d ∈ Ω̂1, then d is the identity element of Ω̂1, and hence is a central
idempotent of Λ̂. But this contradicts indecomposability of the ring Λ̂.

Consequently, some dj , when written as a sum of orthogonal primitive idem-

potents of Ω̂, has at least one summand e ∈ (Ω1)̂ (11) and at least one summand

e′ ∈ (Ω̂ki )̂
(ki) with (k, i) 6= (1, 1). Since complete rings are semiperfect, the inde-

composable projective Λ̂-module Λ̂dj has a unique maximal submodule. Therefore

so does its homomorphic image Λ̂dj(e+ e′) = Λ̂(e+ e′).

Lemma 6.7. Let Ω be a splitting order (Λ ⊆ Ω ⊆ Γ). Suppose that Ω̂ has orthog-

onal primitive idempotents e, e′ such that the Λ̂-module Λ(e + e′) has exactly one

maximal submodule and Ω̂e ∼= U11, the indecomposable projective (Ω1)̂ (11)-module.

Then there is an indecomposable Λ̂-module V such that VQ ∼= (U11)Q but V 6∼= U11.

Proof. We may assume that R = Z(Λ). The module V we construct will be a

homomorphic image of Λ̂(e + e′). Since this last module has a unique maximal
submodule, all of its nonzero homomorphic images are indecomposable. So we can
forget about indecomposability.

Let C ⊆ J(Λ)∩ J(Ω) be a conductor ideal for Λ and Ω, as in (3.5.3). Then Ĉ is

a common ideal of Λ̂ and Ω̂ such that ĈQ = Λ̂Q = Ω̂Q. [As mentioned in Notation

6.1, Q denotes Q(R).] Moreover, Ĉ ⊆ J(Ω̂) [LO, 3.8].

Note that Λ̂(e + e′) ⊇ Ĉe′ since Λ̂(e + e′) ⊇ Λ̂e′(e + e′) = Λ̂e′. Let V =

Λ̂(e+ e′)/Ĉ2e′.

Since e, e′ are orthogonal idempotents of Ω̂ they are orthogonal idempotents of
Ω̂Q = Λ̂Q. Therefore

VQ = [Λ̂(e+ e′)/Ĉ2e′]Q ∼=
Λ̂Qe⊕ Λ̂Qe

′

Λ̂Qe′
∼= Λ̂Q e ∼= (U11)Q

as desired.
Note that U11 ⊆ Ω̂ ⊆ Λ̂Q. So, to prove that V 6∼= U11, it suffices to prove that

V has a nonzero Λ̂-submodule whose Q-localization is zero. (Recall that we have

taken R = Z(Λ).) We claim that T = Ĉe′/Ĉ2e′ is such a submodule. We have

T ⊆ V since, as already shown, Ĉe′ ⊆ Λ̂(e+ e′). Since CQ = ΛQ we have TQ = 0;

and since Ĉ ⊆ J(Ω̂) we have T 6= 0.

Recall that our proof of the necessary and sufficient conditions for KSM was
reduced to the case that Z(Λ) is local in Theorem 5.6. The proof of our KSM
Theorem 1.1 is completed by the following result.

Theorem 6.8 (Local KSM). Suppose that Z(Λ) is a local ring and Λ 6= Γ. Then
the following conditions are equivalent.

(i) Λ satisfies KSM.
(ii) Primitive idempotents of Γk remain primitive modulo J(Γk) [and therefore

every Γk is matrix-local].
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(iii) Every Λ̂-module such that XQ is ΛQ-projective is the J(R)-adic completion
of some Λ-module.

Proof. Let Ω be a splitting R-order (Λ ⊆ Ω ⊆ Γ). Since Λ 6= Γ we can choose Ω
such that Λ 6= Ω [LO, 5.2]. Recall that ski denotes the splitting number of any
maximal ideal M ′ki of Γk, and hence of the corresponding maximal ideal Mki of Ω,
by [LO, (6.1.2) and (6.1.5)]. Also, primitive idempotents of Γk remain primitive
modulo M ′ki if and only if ski = 1, by (3.5.2). To complete the transition between
the terminology used in statement (ii) and the terminology to be used in its proof,
we note that when Γk is matrix-local we have J(Γk) = Mk1.

(i) ⇒ (ii). We show that if some Γk has more than one maximal ideal M ′k or
some splitting number ski 6= 1, then KSM fails.

Assume first that, say, Γ1, has at least two maximal ideals. Then, Ω1 has at
least two maximal ideals M11,M12; and therefore Ω̂ has at least two terms in its 2-
sided decomposition (6.1.2). Hence, by Lemma 6.6 there are orthogonal, primitive

idempotents e ∈ (Ω̂1)̂ (11) and e′ ∈ (Ω̂k )̂ (ki), for some (k, i) 6= (1, 1), such that

the Λ̂-module Λ̂(e+ e′) has exactly one maximal submodule. Then, by Lemma 6.7

there is an indecomposable Λ̂-module V such that VQ ∼= (U11)Q but V 6∼= U11. A

second application of this pair of lemmas yields an indecomposable Λ̂-module W
such that WQ

∼= (U12)Q but W 6∼= U12. Consider the following isomorphic direct

sums of Λ̂-modules, where Y =
⊕

i≥3 (U1i)
s1i , and the right-hand side was formed

from the left-hand side by interchanging W and U12.

[V s11 ⊕W s12 ⊕ Y ]⊕ [(U11)s11 ⊕ (U12)s12 ⊕ Y ]
∼= [V s11 ⊕ (U12)s12 ⊕ Y ]⊕ [(U11)s11 ⊕W s12 ⊕ Y ].

(6.8.1)

By Corollary 6.5 each bracketed term in (6.8.1) is an indecomposable package.

Moreover, since KSM holds for Λ̂, the four bracketed terms are mutually non-
isomorphic Λ̂-modules. Therefore the Λ-modules whose completions are these
bracketed terms yield a counterexample to KSM for Λ. We may assume, from
now on, that every Γk and Ωk is matrix-local.

Assume next that, say, s11 6= 1. Let X be any Λ̂-module such that XQ is Λ̂Q-
projective. Since the Ωk are matrix-local, each row of ρ(X) consists of the single
number ρk1(X). We consider three cases.

Case 1. Ω has at least two summands Ωk. Let V be the same Λ̂-module that
was used in (6.8.1). Then, since s11 ≥ 2, the following direct sums of Λ̂-modules
yield, as above, a counterexample to KSM for Λ:

[V s11 ]⊕ [(U11)s11 ] ∼= [V ⊕ (U11)(s11−1)]⊕ [V (s11−1) ⊕ U11].(6.8.2)

Case 2. Ω = Ω1 and some primitive idempotent d of Λ̂ does not remain primitive
in Ω̂. Say d = e+ e′+ f where e, e′, f are orthogonal idempotents of Ω̂ and e, e′ are
primitive. By completeness of Λ̂, the indecomposable Λ̂-module Λ̂d has a unique
maximal submodule, namely J(Λ̂)d, hence so does its homomorphic image Λ̂(e+e′).

Thus Lemma 6.7 again yields a Λ̂-module V that can be used in (6.8.2) to contradict
KSM for Λ.

Case 3. Ω = Ω1 and all primitive idempotents of Λ̂ remain primitive in Ω̂. Since
Λ 6= Ω we have Λ̂ 6= Ω̂, and hence there is a primitive idempotent e in Λ̂ such that
Λ̂e 6= Ω̂e. We claim that Λ̂e 6∼= Ω̂e as Λ̂-modules.
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Let C ⊆ J(Λ) ∩ J(Ω) be a conductor ideal for Λ and Ω, as in (3.5.3). Then

Λ̂e/Ĉe ⊂ Ω̂e/Ĉe(6.8.3)

Since Λ/C and Ω/C are R-modules of finite length [LO, 3.7], they are their own

completions. Hence the two Λ̂-modules in (6.8.3) have different finite lengths, and

are therefore not isomorphic. On the other hand any Λ̂-isomorphism Λ̂e ∼= Ω̂e would
take Ĉe onto itself, and therefore induce an isomorphism between the modules in
(6.8.3). This completes the proof of the claim.

Since ρ(Λ̂e) = ρ(Ω̂e) but Λ̂e 6∼= Ω̂e, we can substitute V = Λ̂e into (6.8.2) to get
a counterexample to KSM for Λ [in fact, to TFKS], thus completing the proof of
(i) ⇒ (ii).

(ii) ⇒ (iii) ⇒ (i). This is done in [LO, 6.16], under the slightly more general
hypothesis that R is semilocal.

Remark 6.9. Before proceeding to the problem of torsionfree KS, in the next
several sections, it may be instructive to look back a bit. In the reduction of the
proof of KSM to the semilocal case, only torsionfree modules were needed in order
to see that “only one singular maximal ideal” is a necessary condition for KSM. In
the reduction to the local case, in the present section, we needed four examples in
order to establish our necessary conditions, namely (6.8.1) and Cases 1,2,3 of the
proof of Theorem 6.8. All but Case 3 used mixed modules in what looks like an
essential way. So we find it surprising that there are very few “exceptional” rings
Λ, with R semilocal, that satisfy TFKS but not KSM.

The analysis of TFKS that follows is more intricate than that of KSM in two
ways. More complicated modules are needed in order to obtain the conditions nec-
essary for TFKS; and the exceptional rings require complicated matrix arguments
in the proof of sufficiency (because indecomposable torsionfree modules over these

rings need not remain indecomposable over Λ̂). However the analysis will be sim-
pler in one way: the complicated machinery of completions can be replaced by the
simpler device of looking at modules over artinian pairs: the pair of rings that occur
in a conductor square for Λ and any convenient splitting order Ω.

7. Linked and Inertial Maximal Ideals

Throughout this section Ξ ⊆ Υ are rings with the same 1. As a prelude to
proving the TFKS theorem, we examine the maximal ideals of Υ in terms of their
contractions to Ξ. In the applications, Ξ ⊆ Υ will be one of the following pairs of
rings: Λ ⊆ Γ, Λ ⊆ Ω, Λ̄ ⊆ Ω̄ or Λ̂ ⊆ Ω̂. Recall that R is semilocal in this part of
the paper, and C denotes a conductor ideal for Λ and Ω, as defined above (3.5.3).

Definitions 7.1. Maximal ideals M and N of Υ will be called Ξ-linked if
(M ∩ Ξ) + (N ∩ Ξ) ⊂ Ξ (strict inclusion). Equivalently, M and N are Ξ-linked
if and only if their intersections with Ξ are contained in some common maximal
ideal of Ξ. If Ξ and Υ are commutative noetherian domains of Krull dimension 1,
with Υ integral over Ξ, then M and N are Ξ-linked if and only if they lie over a
common maximal ideal of Ξ.

We say that maximal ideals M and N of Υ are in the same Ξ-component of
maxspec(Υ) if there are maximal ideals of Υ, M = M0,M1, . . . , Mn = N , such
that Mi−1 is Λ-linked to Mi for i = 1, . . . , n. We call maxspec(Υ) Ξ-connected if it
has only one Ξ-component.
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Proposition 7.2. The following statements are equivalent if C ⊆ J(Ω).

(i) Z(Λ) is a local ring (and therefore Λ is an indecomposable ring).

(ii) Λ̂ is an indecomposable ring.

(iii) maxspec(Ω̂) is Λ̂-connected.
(iv) maxspec(Ω) is Λ-connected.
(v) maxspec(Ω̄) is Λ̄-connected.

Proof. Note that, since C ⊆ J(Ω), we also have C ⊆ J(Λ) [LO, 1.4]. Therefore
conditions (iv) and (v) are obviously equivalent. (iii)⇐⇒ (iv). The set of ideals X

of Λ̂ such that Λ̂/X has finite length is in one-to-one correspondence with the set

of ideals N of Λ such that Λ/N has finite length, via N → X = R̂N , by [LO, 3.8],

and the analogous fact holds for Ω and Ω̂. Moreover, if M is a maximal ideal of Ω
then Ω/M is an Ω-module of finite length, hence an R-module of finite length [LO,
3.7]. But then Λ/(M ∩ Λ) ⊆ Ω/M shows that Λ/(M ∩ Λ) is an R-module of finite
length, hence a Λ-module of finite length. Now let M,N be maximal ideals of Ω,
and X = R̂M and Y = R̂N the corresponding maximal ideals of Ω̂. We will show
that M and N are Λ-linked if and only if X and Y are Λ̂-linked.

Suppose (X∩Λ̂)+(Y ∩Λ̂) = Λ̂. Then R̂[(M ∩Λ)+(N ∩Λ)] = Λ̂ (= R̂Λ) because

flatness of R̂ as an R-module enables it to distribute over the two intersections
[Bo ’72, Chap. 1, §2.6]. Therefore (M ∩ Λ) + (N ∩ Λ) = Λ. Conversely, (M ∩
Λ) + (N ∩ Λ) = Λ yields an expression of the form x+ y = 1 with x ∈ M ∩ Λ and

y ∈ N ∩ Λ; and this shows that (X ∩ Λ̂) + (Y ∩ Λ̂) = Λ̂.

(iii) ⇒ (ii). Central idempotents of Λ̂ remain central in Λ̂Q; and Λ̂Q = Ω̂Q.

Therefore central idempotents in Λ̂ remain central in Ω̂. This shows that every
ring decomposition of Λ̂ induces a compatible ring decomposition of Ω̂. So if Λ̂ =
Λ̂1⊕ Λ̂2 every maximal ideal of Ω̂ contains either Λ̂1 or Λ̂2. Clearly, maximal ideals
containing Λ̂1 cannot be in the same Λ̂-component as maximal ideals containing
Λ̂2. Therefore if Λ̂ decomposes, maxspec(Ω̂) is not Λ̂-connected.

(ii) ⇒ (iii). This is the nontrivial implication. By [LO, 6.5], Ω̂ is a direct sum of
matrix-local rings. For the purposes of the present proof we write this direct sum
in the form Ω̂ =

⊕
α Ω̂α, and note that the unique maximal ideal of each Ω̂α equals

J(Ω̂α).

For every α let Mα = J(Ω̂α) ⊕ (
⊕

γ 6=α Ω̂γ). Then {Mα} is the set of maximal

ideals of Ω̂. As an induction hypothesis we assume that the first m coordinate rings
Ω̂1, . . . , Ω̂m are numbered in such a way that—given any distinct two Ω̂β 6= Ω̂γ
of these m rings—it is possible to get from Mβ to Mγ by means of a sequence of
maximal ideals Mα (1 ≤ α ≤ m) such that consecutive terms of this sequence are

Λ̂-linked. This is vacuously true when m = 1. And if
⊕m

α=1 Ω̂α = Ω̂ our implication
(ii) ⇒ (iii) is proved.

Let Ω̂′ =
⊕m

α=1 Ω̂α and Ω̂′′ =
⊕

α>m Ω̂α, so that Ω̂ = Ω̂′⊕ Ω̂′′. We may assume

that Ω̂′′ 6= 0.
Let Λ̂′, Λ̂′′ be the projections of Λ̂ in Ω̂′, Ω̂′′ respectively, and note that Λ̂′ and Λ̂′′

are nonzero. Then Λ̂ is a subdirect sum of Λ̂′⊕Λ̂′′. Therefore [L ’81, 3.2] there exist,

for some ring W , surjective ring homomorphisms f ′: Λ̂′ →→ W and f ′′: Λ̂′′ →→ W
such that Λ̂ equals the pullback

Λ̂ = {(x′, x′′) ∈ Λ̂′ ⊕ Λ̂′′ | f ′(x′) = f ′′(x′′)}.(7.2.1)
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Since Λ̂ is indecomposable, it does not equal the direct sum of Λ̂′ and Λ̂′′, and
therefore W 6= 0. So W has a maximal ideal Ā. Let A′, A′′ be the inverse images of
Ā in Λ̂′, Λ̂′′ respectively. Then A = {(a′, a′′) | f ′(a′) = f ′′(a′′)} is a maximal ideal

of Λ̂ (because Λ̂/A ∼= W/Ā). By the next lemma (with the present R̂ playing the

role of S in that lemma) there exist maximal ideals N ′, N ′′ of Ω̂′, Ω̂′′ respectively

such that N ′ ∩ Λ̂′ ⊆ A′ and N ′′ ∩ Λ̂′′ ⊆ A′′.
We have N ′ ⊕ (

⊕
α>m Ω̂α) = Mβ for some β ≤ m and (

⊕m
α=1 Ω̂α)⊕N ′′ = Mγ

for some γ > m. Moreover, Mβ is Λ̂-linked to Mγ since the intersections Mβ ∩ Λ̂

and Mγ∩Λ̂ are contained in A. Therefore renumbering so that γ = m+1 completes
the induction.

(i)⇐⇒ (ii). This is proved in [LO, 6.4].

Lemma 7.3 (Weak lying-over lemma). Let Ξ,Υ be module-finite S-algebras such
that Ξ ⊆ Υ ⊆ ΞQ(S), where S is any semilocal commutative noetherian ring of
dimension 1 and ΞQ(S) denotes the localization of Ξ at the union of the finite
number of minimal primes of S. Then for any maximal ideal A of Ξ there is a
maximal ideal N of Υ such that N ∩ Ξ ⊆ A.

Proof. We can assume that S has no artinian ring-direct summands. As in the
proof of [LO, 1.4], we can find a common ideal C contained in J(Ξ) and J(Υ), such
that Ξ/C and Υ/C are artinian rings. Then, working mod C, we can assume that
Ξ and Υ are artinian rings.

Since J(Υ) ∩ Ξ is a nilpotent ideal of Ξ, we have J(Υ) ∩ Ξ ⊆ J(Ξ) ⊆ A. Let
N1, . . . , Nk be the maximal ideals of Υ. Then the product

(N1 ∩ Ξ) · · · (Nk ∩ Ξ) ⊆ (N1 ∩ Ξ) ∩ · · · ∩ (Nk ∩ Ξ)

= J(Υ) ∩ Ξ

⊆ A.

Since maximal ideals are prime, we have Ni ∩ Ξ ⊆ A for some Ni, as desired.

Example 7.4. In Proposition 7.2, one cannot add an additional, equivalent state-
ment (i)′: Λ̄ is an indecomposable ring. [The details of this also provide a simple
example of a central idempotent of Λ̄ that cannot be lifted to a central idempotent
of Λ̂.]

Let Ω be a maximal order that is a domain with local center, and suppose that
the unique maximal ideal M of Ω has splitting number 2. Setting Ω̄ = Ω/M we
have Ω̄ = M2(∆) for some division ring ∆. Let Λ̄ be the subring of Ω̄ consisting of
all diagonal matrices, and then let Λ be the pullback of conductor square (3.5.4).
Note that Λ̄ is the direct sum of two division rings.

On the other hand, we claim that Λ̂ is an indecomposable ring. As mentioned in
the proof of (ii) ⇒ (i), in Proposition 7.2, central idempotents of Λ̂ remain central

in Ω̂. Therefore it suffices to prove that Ω̂ is an indecomposable ring. This is done
in [LO, Lemma 6.5].

We call a maximal ideal M of Υ completely inertial over Ξ if, for every k ≥ 1,
the canonical monomorphism Ξ/(Mk ∩ Ξ) −→ Υ/Mk is a surjection, hence an
isomorphism. In particular, M ∩Ξ is a maximal ideal of Ξ. An equivalent definition
of “completely inertial” is that Ξ +Mk = Υ for all k ≥ 1.

Proposition 7.5. Let C be any conductor ideal for Λ and Ω, and let M be a
maximal ideal of Ω containing C. Then the following statements are equivalent.
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(i) M is completely inertial over Λ.
(ii) M̄ is completely inertial over Λ̄.
(iii) Λ +Mk = Ω for some k such that M̄k = M̄k+1.
(iv) There is a surjective Λ̄-homomorphism Λ̄→→ (B̄M )u, where B̄M is the unique

indecomposable projective left Ω̄-module such that M̄B̄M 6= B̄M , and u is the
multiplicity of B̄M as a direct summand of Ω̄Ω̄.

Proof. (i) ⇐⇒ (ii) ⇐⇒ (iii). Since Ω̄ is an artinian ring, there exists a positive
integer k such that M̄k = M̄k+1 (hence = M̄k+2 = · · · ). Therefore Mh + C =
Mk + C for all positive integers h ≥ k. Now suppose that (iii) holds. Then for
every positive integer h ≥ k we have

Λ +Mh + C = Λ +Mk + C = Ω.

Since Λ ⊇ C we can delete C in the expressions above, showing that Λ + Mh = Ω
for all h ≥ k, hence for all h. Thus (i) holds. The implication (i) ⇒ (ii) is obvious;
and (ii)⇒ (iii) is easy if—as in the proof of (iii)⇒ (i)—one makes use of C to pass
from Λ̄ to Λ, and then deletes C at the end because it is contained in Λ.

(ii) ⇐⇒ (iv). Since Ω is a splitting order, Ω̄ is a direct sum of artinian matrix-
local rings [LO, (6.18.1)]. Artinian matrix-local rings have only one simple left
module, hence only one indecomposable projective left module. Therefore we have
decompositions

Ω̄ = Ω̄′ ⊕ Ω̄′′, M̄ = J(Ω̄′)⊕ Ω̄′′, Ω̄Ω̄′ ∼= (B̄M )u(7.5.1)

where Ω̄′ is a matrix-local ring, and the first two decompositions are 2-sided decom-
positions. Letting k be the index of nilpotence of J(Ω̄′) yields M̄k = M̄k+1 = Ω̄′′

and therefore Ω̄′ ∼= Ω̄/M̄k. Therefore, in the statement of (iv), we can replace
(B̄M )u by Ω̄/M̄k. If (ii) holds it is clear that Λ̄ maps onto Ω̄/M̄k; that is, (iv)
holds.

Conversely, if (iv) holds, then Λ̄ can be mapped onto the Λ̄-module Ω̄/M̄k. Since
M̄ is a 2-sided ideal of Ω̄, the kernel of any such map contains M̄k∩Λ̄, and therefore
the composition length of the Λ̄-module Λ̄/(M̄k∩ Λ̄) is equal to or greater than the
Λ̄-length of Ω̄/M̄k. It follows that the natural imbedding Λ̄/(M̄k ∩ Λ̄)→ Ω̄/M̄k is
a surjection. Therefore (iii), hence (ii), holds.

Lemma 7.6. Suppose that every maximal ideal of every splitting order Ω (Λ ⊆
Ω ⊆ Γ) is completely inertial over Λ. Then Γ is module-finite over R and every
such Ω equals Γ.

Proof. Let Λ ⊆ Ω′′ ⊆ Ω ⊆ Γ, with Ω′′,Ω splitting orders. Note that every maximal
ideal of Ω is completely inertial over Ω′′. Therefore we can assume that Λ is itself
a splitting order. Our next goal is to prove that Λ = Ω.

Choose a conductor ideal C for Λ and Ω that is contained in J(Λ) ∩ J(Ω). It
suffices to prove that Λ̄ = Ω̄. Note [Proposition 7.5] that every maximal ideal of
Ω̄ = Ω/C is completely inertial over Λ̄ = Λ/C. Now, Ω̄ is a direct sum of artinian
matrix-local rings, by [LO, (6.18.1)]. This also holds for Λ̄ since we are assuming
that Λ is a splitting order. Moreover, the maximal ideals of Λ̄ are contractions
of those of Ω̄, since the maximal ideals of all splitting orders are the contractions
of those of Γ [LO, 5.3]. Therefore set-theoretic inclusion provides a one-to-one
correspondence between the matrix-local summands of Λ̄ and those of Ω̄; and so
we can suppose that Λ̄ and Ω̄ are artinian matrix-local rings. In this situation the
maximal ideal of Ω̄ equals J(Ω̄). The natural map Λ̄→ Ω̄/J(Ω̄)k is a surjection for
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every k; and choosing k to be the index of nilpotence of J(Ω̄) shows that Λ̄ = Ω̄,
as desired.

Finally, we show (still assuming that Λ is a splitting order) that Λ = Γ. If not,
then there is a splitting order Ω containing Λ and some element of Γ−Λ [LO, 5.2].
But this contradicts the equality Λ = Ω proved above.

8. Three Indecomposable (Λ̄, Ω̄)-modules

The primary objective of this section is to construct three indecomposable mod-
ules over the artinian pair (Λ̄, Ω̄), for use when playing the package deal game in
the proof of the TFKS theorem in the next section. We make extensive use of the
definitions of “Λ-linked” and “completely inertial” maximal ideals, introduced in
the previous section.

Notation 8.1. Throughout this section R remains semilocal and Ω is a splitting
R-order (Λ ⊆ Ω ⊆ Γ); and Λ̄ = Λ/C and Ω̄ = Ω/C are computed with respect to a
conductor ideal C such that C ⊆ J(Λ) ∩ J(Ω).

The artinian ring Ω̄ is a direct sum of matrix-local rings, Ω̄ =
⊕

ki Ω̄ki (3.5.9),
[LO, (6.18.1)]. In our applications of the results of the present section we need
to index the indecomposable one- and two-sided summands of Ω̄ by the maximal
ideals of Ω.

Let M be a maximal ideal of Ω and M̄ its image in Ω̄. Then let Ω̄M be the
unique Ω̄ki such that the projection of M̄ in Ω̄ki is a maximal ideal of Ω̄ki. The
matrix-local ring Ω̄M has a unique projective (left) module that we call B̄M . (It is
called B̄ki in [LO, 6.19]). As a left module, Ω̄M is the direct sum of some number
u(M) of copies of B̄M . Thus we have:

Ω̄ =
⊕

M∈maxspec(Ω)

Ω̄M [Ω̄M ∼= (B̄M )u(M)].(8.1.1)

We observe that, for maximal ideals M,N of Ω:

MB̄N = B̄N ⇐⇒ M 6= N.(8.1.2)

This holds since the projection of the maximal ideal M̄ in the matrix-local ring Ω̄M
equals J(Ω̄M ), while the projection of M̄ in every other Ω̄N is the whole ring Ω̄N .

Lemma 8.2. Let N and M be maximal ideals of Ω that are Λ-linked, and such
that N is completely inertial over Λ. Then:

(i) u(M) ≥ u(N).
(ii) Suppose that u(M) = u(N). Then N̄ ∩ Λ̄ is the unique maximal ideal of Λ̄

containing M̄ ∩ Λ̄.

Proof. For any artinian ring A, let e(A) denote the number of terms that result
when one expresses 1A as a sum of orthogonal primitive idempotents. If A′ is an
artinian subring of A we have e(A′) ≤ e(A). Since idempotents can be lifted modulo
nil ideals, and J(A) contains no nonzero idempotents, we have e(A/J(A)) = e(A).
In fact, e(A) is the composition length of A/J(A).

For any surjective ring homomorphism A→→ B, we have e(A) ≥ e(B), since the
given homomorphism induces a surjective ring homomorphismA/J(A)→→ B/J(B).
Moreover, e(A) = e(B) implies that A and B become isomorphic modulo their
radicals.
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Proof of (i). It follows from (8.1.2) and (8.1.1) that the multiplicity of B̄M in the
decomposition of Ω̄ equals e(Ω̄/M̄), and a similar statement holds for N . Therefore
we can restate the conclusion of the statement (i) in the form e(Ω̄/M̄) ≥ e(Ω̄/N̄).
We prove this by establishing the following chain of statements:

e(Ω̄/M̄) ≥ e(Λ̄/(M̄ ∩ Λ̄)) ≥ e(Λ̄/(N̄ ∩ Λ̄)) = e(Ω̄/N̄).(8.2.1)

Since N is completely inertial over Λ, its image N̄ is completely inertial over Λ̄; and
this proves the equality at the end of the chain. The inequality at the beginning of
the chain holds since Ω̄/M̄ ⊇ Λ̄/(M̄ ∩ Λ̄).

Since M̄ and N̄ are Λ̄-linked, the ideals M̄ ∩ Λ̄ and N̄ ∩ Λ̄ are contained in some
common maximal ideal of Λ̄. But, since N̄ is completely inertial over Λ̄, N ∩ Λ̄
is itself a maximal ideal of Λ̄. Consequently M̄ ∩ Λ̄ ⊆ N̄ ∩ Λ̄; and so there is a
surjective ring homomorphism Λ̄/(M̄ ∩ Λ̄)→→ Λ̄/(N̄ ∩ Λ̄). This yields the inequality
in the middle of the chain.

Proof of (ii). In the previous paragraph we showed that N̄ ∩ Λ̄ is a maximal
ideal of Λ̄ and contains M̄ ∩ Λ̄; and the surjection near the end of the previous
paragraph induces a surjection of those rings modulo their Jacobson radicals. It
therefore suffices to show that this last surjection is an isomorphism.

The first and last terms in (8.2.1) equal u(M) and u(N), respectively, and are
equal by the hypothesis of statement (ii). Therefore the middle two terms are equal;
and this establishes the desired isomorphism.

Notation 8.3. Recall, from Notation 3.5, that a (left) module over the artinian
pair (Λ̄, Ω̄) is an inclusion of (f.g.) modules [X ⊆ Y ], where Y is a projective Ω̄-
module and X is a Λ̄-submodule such that Ω̄X = Y . Since Y is Ω̄-projective, there
are (unique) non-negative integers (“ranks”) ρ(M) (M ∈ maxspec(Ω)) such that

Y ∼=
⊕
M

(B̄M )ρ(M).(8.3.1)

Lemma 8.4. If Λ̄ = X ⊕X ′ as Λ̄-modules, then Ω̄ = Ω̄X ⊕ Ω̄X ′ as Ω̄-modules.

Proof. We have X = Λ̄e and X ′ = Λ̄(1 − e) for some e = e2 ∈ Λ̄. Therefore
Ω̄X = Ω̄e and Ω̄X ′ = Ω̄(1− e).

Lemma 8.5. Let [P ⊆ Y ⊕Y ′] be a (Λ̄, Ω̄)-module with Λ̄P indecomposable projec-
tive and Y 6= 0. Then [πY (P ) ⊆ Y ] is indecomposable, where πY is the projection
map to Y .

Proof. Note that Ω̄·πY (P ) = Y , so [πY (P ) ⊆ Y ] is a (Λ̄, Ω̄)-module. Since P
has exactly one maximal submodule, every nonzero homomorphic image of P , in
particular πY (P ), is indecomposable. Consequently, the (Λ̄, Ω̄)-module [πY (P ) ⊆
Y ] is also indecomposable.

The next three propositions construct our promised indecomposable (Λ̄, Ω̄)-
modules.

Proposition 8.6. Let M and N be distinct maximal ideals of Ω which are Λ-linked.
Then there is an indecomposable (Λ̄, Ω̄)-module [X ⊂ B̄M ⊕ B̄N ] (strict inclusion)
such that X has exactly one maximal submodule.
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Proof. Strictness of the inclusion is immediate, once the rest of the proposition is
proved, because [B̄M ⊕ B̄N ⊆ B̄M ⊕ B̄N ] is obviously decomposable. By combining
terms we can rewrite (8.1.1) in the form

Ω̄ = Ω̄M ⊕ Ω̄N ⊕ Ω̄C(8.6.1)

It suffices, by Lemmas 8.4 and 8.5, to show that Λ̄Λ̄ has an indecomposable sum-
mand with non-zero projection in both Ω̄M and Ω̄N . So suppose not.

Then every indecomposable summand of Λ̄Λ̄ has nonzero projection in at most
one of Ω̄M , Ω̄N . Consequently, we can write Λ̄Λ̄ = XM⊕XN , where XM ⊆ Ω̄M⊕Ω̄C
and XN ⊆ Ω̄N ⊕ Ω̄C . By (8.1.2), Ω̄M ⊕ Ω̄C = N̄ Ω̄M ⊕ N̄ Ω̄C ⊆ N̄ . Therefore
XM ⊆ N̄ . Similarly, XN ⊆ M̄ . So

Λ̄ = XM ⊕XN ⊆ (N̄ ∩ Λ̄) + (M̄ ∩ Λ̄).

Since M̄ and N̄ are Λ̄-linked, the right-hand side, above, is properly contained in
Λ̄; and this contradiction completes the proof.

Proposition 8.7. Let M be a maximal ideal of Ω such that M̄ is not completely
inertial over Λ̄. Then there is an indecomposable (Λ̄, Ω̄)-module [X ⊂ B̄M ] or
[X ⊂ (B̄M )2] (proper inclusion) such that X has exactly one maximal submodule.

Proof. By combining terms we can rewrite (8.1.1) in the form

Ω̄ = Ω̄M ⊕ Ω̄C (Ω̄M ∼= B̄uM)(8.7.1)

Let e be the central idempotent of Ω̄ such that Ω̄M = Ω̄e. Then Λ̄e 6= Ω̄e, by
Proposition 7.5 (ii) and (iv).

Consider the (Λ̄, Ω̄)-module [Λ̄e ⊂ Ω̄e], and note that its structure as a (Λ̄, Ω̄)-
module is the same as its structure as a (Λ̄e, Ω̄e)-module. Lemma 8.4 yields an
indecomposable (Λ̄e, Ω̄e)-module, so (Λ̄, Ω̄)-module, of the form [X ⊂ Y ], where X
is an indecomposable direct summand of Λ̄e, and therefore has exactly one maximal
submodule. Since Y is a direct summand of Ω̄e ∼= B̄uM , we have Y = B̄sM for some s.
If s = 1 or 2 we are done. Otherwise projection into the first two coordinates yields
the indecomposable (Λ̄, Ω̄)-module [π(X) ⊆ B̄2

M ], by Lemma 8.5. The inclusion in
this last (Λ̄, Ω̄)-module must be strict, since [B̄2

M ⊆ B̄2
M ] obviously decomposes.

Remarks 8.8 (Projective covers). We review the properties of projective covers
of (finitely generated) modules over artinian rings, in terminology needed for the
next proof. Let A be a left artinian ring. In this context, a projective cover of an
A-module U can be defined to be a surjective A-module homomorphism f : P →→ U
such that ker(f) ⊆ J(A)·P . Sometimes one also calls the module P a projective
cover of U . See [Ba ’60] for the following facts (in somewhat different terminology).

(i) Every f.g. A-module U has a projective cover. (ii) (Uniqueness of the pro-
jective cover). If f ′: P ′ →→ U is another projective cover of U , then there is an A-
module isomorphism θ:P ∼= P ′ such that f ′θ = f . (iii) If g: Q→→ U is an A-module
surjection, with Q projective, then there is a decomposition Q = Q′⊕Q0 such that
the restriction of g to Q′ is a projective cover and g(Q0) = 0. (iv) If fi: Pi →→ Ui is
a projective cover, for i = 1, 2, . . . , n, then so is

⊕
i fi:

⊕
i Pi →→

⊕
i Ui.

Remarks 8.9 (Lifting idempotents). Let f : A→→ Ā be any surjective ring homo-
morphism (A still left artinian). Then any orthogonal idempotents ē1, . . . , ēn ∈ Ā
can be lifted to orthogonal idempotents e1, . . . , en ∈ A such that f(ei) = ēi.
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Note that, in the previous paragraph, we did not assume that ker(f) ⊆ J(A).
Since we shall need this slightly sharper-than-usual form of the theorem, and it
seems to be missing from many standard texts, we briefly sketch its proof. After
introducing one more idempotent, if necessary, we can assume that 1Ā =

∑
i ēi.

This yields a decomposition Ā =
⊕

i Āēi which can be viewed as a decomposition
of the A-module Ā. For each i, let Pi →→ Āēi be a projective cover of the A-
module Āēi. Then P =

⊕
i Pi →→ Ā =

⊕
i Āēi is a projective cover, by (iv) above.

The natural homomorphism A →→ Ā is also surjection. Therefore, by properties
of the projective cover, we have P isormorphic to a direct summand of A; and
so we may assume that A = P ⊕ Q for some complement Q ⊆ ker(f). Write
1A = e1 + . . . + en + e′ with each ei ∈ Pi and e′ ∈ Q. Then the ei are orthogonal
idempotents of A. Moreover, 1Ā = f(1A) =

∑
i f(ei), with each f(ei) ∈ Āēi.

Uniqueness of expressions in direct sums therefore implies that each f(ei) = ēi.

We shall also need the following consequence of the above material.

Lemma 8.10. Let f : A →→ Ā be a surjective ring homomorphism, with A left
artinian, and let d, d′ be primitive idempotents of A.

(i) If f(d) is nonzero, then it is a primitive idempotent of Ā.
(ii) If Āf(d) ∼= Āf(d′) 6= 0 as Ā-modules, then Ad ∼= Ad′ as A-modules.

Proof. (i). Since d is a primitive idempotent of the artinian ring A, the A-module
Ad has a unique maximal submodule, namely J(A)d. Therefore every nonzero
homomorphic image of Ad is indecomposable. Statement (i) follows, since inde-
composability of Āf(d) implies that the idempotent f(d) is primitive.

(ii). Since Ad is an indecomposable A-module and Āf(d) 6= 0, it follows from
property (iii) of projective covers that the map f : Ad →→ Āf(d) is a projective
cover. Statement (ii) now follows from uniqueness of projective covers.

Proposition 8.11. Suppose that Ω has maximal ideals N,M such that:

(i) N and M are Λ-linked;
(ii) N is completely inertial over Λ̄ but M is not; and
(iii) u(N) = u(M). (See (8.1.1).)

Then there is an indecomposable (Λ̄, Ω̄)-module [Z ⊂ B̄2
N ⊕ B̄M ] with proper inclu-

sion.

Proof. This is the most intricate of our three constructions. By combining terms
we can rewrite (8.1.1) in the form

Ω̄ = Ω̄eN ⊕ Ω̄eM ⊕ Ω̄C (Ω̄eN ∼= B̄uN , Ω̄eM ∼= B̄uM )(8.11.1)

where eN and eM are central idempotents of Ω̄, u = u(M) = u(N), and neither B̄N
nor B̄M is isomorphic to a direct summand of Ω̄C . Note that N̄ ∩ Λ̄ is a maximal
ideal of Λ̄, by (ii).

Claim 1. There is a Λ̄-module decomposition

Λ̄ ∼= (Λ̄d)u ⊕ P(8.11.2)

where u is as in (8.11.1) and d is a primitive idempotent of Λ̄ that remains primitive
modulo N̄ ∩ Λ̄. To see this, note first that, since N̄ is completely inertial over Λ̄,
we have Λ/(N̄ ∩ Λ̄) ∼= Ω̄/N̄ as rings. This shows that the simple artinian ring
Ā = Λ̄/(N̄ ∩ Λ̄) is the direct sum of u mutually isomorphic simple modules. This,
together with (8.11.1), yields u orthogonal primitive idempotents d̄i of Ā. Since
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the artinian ring Ā is simple, we have Ād̄i ∼= Ād̄j for every i, j. These idempotents
can be lifted to u orthogonal idempotents di of Λ̄, by Remarks 8.9. Note that any
expression of the form di = a + b, where a and b are primitive idempotents of Λ̄,
yields f(a) = 0 or f(b) = 0 (because d̄i is a primitive idempotent). Therefore, after
writing each di as a sum of orthogonal primitive idempotents of Λ̄, discarding some
terms, and changing notation, we can assume that each di is a primitive idempotent.
Then Λ̄di ∼= Λ̄di for every i, j, by Lemma 8.10(ii), and this completes the proof of
the claim.

Claim 2. We have

Ω̄d ∼= B̄N ⊕ B̄M ⊕ V(8.11.3)

where neither B̄M nor B̄N is isomorphic to a direct summand of V .
First we show that B̄N is isomorphic to a direct summand of Ω̄d. By (8.1.2) and

(8.1.1) it suffices to show that d remains nonzero in Ω̄/N̄ . But Λ̄/(N̄ ∩ Λ̄) ⊆ Ω/N̄ ,
and part of Claim 1 was that d remains nonzero in Λ̄/(N̄ ∩ Λ̄).

Similarly, to show that B̄M is isomorphic to a direct summand of Ω̄d it suffices to
show that d remains nonzero in Λ̄/(M̄∩Λ̄). Since M̄ and N̄ are Λ̄-linked, M̄∩Λ̄ and
N̄ ∩ Λ̄ are contained in a common maximal ideal of Λ̄. But, since N̄ is completely
inertial over Λ̄, N̄ ∩ Λ̄ is a maximal ideal of Λ̄. Hence M̄ ∩ Λ̄ ⊆ N̄ ∩ Λ̄. Since d
remains nonzero modulo the larger of these ideals, it also remains nonzero modulo
the smaller, as desired.

It therefore remains to be shown that neither B̄N nor B̄M is isomorphic to
a direct summand of the complementary summand V in (8.11.3). To do this,
tensor expression (8.11.2) over Λ̄ with Ω̄ and substitute (8.11.3) into the resulting
expression, getting

Ω̄ ∼= (B̄N ⊕ B̄M ⊕ V )u ⊕ Ω̄P.(8.11.4)

Since the multiplicity of each of B̄N and B̄M as a direct summand of Ω̄ is u, as
displayed in (8.11.1), we see that V is as claimed, and complete the proof of Claim
2. It also follows from this multiplicity argument that B̄M is not isomorphic to a
direct summand of Ω̄P , and therefore

eM(Ω̄P ) = 0.(8.11.5)

For the rest of this proof we consider the isomorphism in (8.11.3) to be equality.
Since Λ̄d ⊆ Ω̄d we therefore have eM Λ̄d ⊆ B̄M . This inclusion must be proper.
For otherwise we would have (eM Λ̄d)u = B̄uM , and so there would be a Λ̄-module
surjection of Λ̄ onto (B̄M )u. It would then follow from Proposition 7.5 that M is
completely inertial over Λ, a contradiction. Letting W = Λ̄d, we now have:

W = Λ̄d ⊂ B̄N ⊕ B̄M ⊕ V, Ω̄W = B̄N ⊕ B̄M ⊕ V, and eMW ⊂ B̄M .(8.11.6)

In particular, [W ⊂ B̄N ⊕ B̄M ⊕ V ] is a (Λ̄, Ω̄)-module, and is indecomposable
because W is an indecomposable Λ̄-module. This is the starting point for our
construction of the (Λ̄, Ω̄)-module described in the statement of the proposition.

Claim 3. There is a nonzero Λ̄-homomorphism θ̄: W → B′ := B̄M/eMW . Since
B′ 6= 0 by (8.11.6), there is a nonzero homomorphism θ̄: Λ̄ → B′. It therefore
suffices to show that the Λ̄-module P in (8.11.2) satisfies HomΛ̄(P,B′) = 0. Since
P is a direct sum of indecomposable modules of the form Λ̄c (with c = c2) that are
not isomorphic to W , it suffices to show that HomΛ̄(Λ̄c, B′) = 0. Since Λ̄c is pro-
jective, any nonzero homomorphism η̄: Λ̄c→ B′ lifts to a nonzero homomorphism
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η: Λ̄c → B̄M . Thus there exists x ∈ Λ̄ such that 0 6= η(xc) = xc η(c) ∈ B̄M . Since
multiplication by the central idempotent eM equals the identity on B̄M , we have
0 6= eMxc ∈ eMP . This contradiction of (8.11.5) proves Claim 3.

Let θ: W → B̄M be a lift of the map θ̄ in Claim 3, and define a Λ̄-homomorphism
α: W 2 → B̄2

N ⊕ B̄M by

α(w1, w2) = (eNw1, eNw2, eMw1 + θ(w2)).(8.11.7)

Let Z = im(α). We claim that L = [Z ⊂ B̄2
N ⊕ B̄M ] is the desired indecomposable

(Λ̄, Ω̄)-module.
To see that L is a (Λ̄, Ω̄)-module we must show that Ω̄Z = B̄2

N ⊕ B̄M . We
have Ω̄W ⊇ eN Ω̄W ⊕ eM Ω̄W = B̄N ⊕ B̄M and eN Ω̄W = B̄N by (8.11.6). Let
(x, y, z) ∈ B̄2

N ⊕ B̄M . The second equality in the previous sentence shows that we
can find an element of the form (0, y, ?) in Ω̄·α(0,W ). The first equality in that
sentence then shows that we can add an appropriate element of Ω̄·α(W, 0) to this
to get (x, y, z).

Claim 4. There is no surjective Λ̄-module map: eMW →→ eMZ. Note that there
is a Λ̄-module surjection: Z →→ eMW + θ(W ) ⊃ eMW , obtained from (8.11.7) by
mapping Z to the third coordinate of α(W 2). The inclusion is proper by Claim 3.
Since multiplication by eM is the identity map on B̄M , there is therefore a surjective
Λ̄-homomorphism of eMZ onto a module properly containing eMW . Hence, if
Claim 4 were false, there would be a Λ̄-surjection of eMW onto a module properly
containing eMW , which is impossible since W has finite length.

Claim 5. The Λ̄-module map α: W 2 →→ Z = im(α) induced by (8.11.7) is a projec-
tive cover. If not, then by property (iii) of projective covers we could write W 2 as
the direct sum of two nonzero modules, one of which α maps onto Z (and the other
of which α maps to zero). By KS for modules of finite length, it would therefore
be possible to map W onto Z, contrary to Claim 4.

Finally, we show that L is indecomposable. Any nontrivial decomposition must
have the form

L = [Z ⊂ B̄2
N ⊕ B̄M ] = [Z1 ⊆ Y ⊕ B̄M ]⊕ [Z2 ⊆ Y ′] (Y ⊕ Y ′ ∼= B̄2

N ).(8.11.8)

Each of Z1 and Z2 has a projective cover Pi →→ Zi. The direct sum P →→ Z of these
projective covers is a projective cover of Z, and therefore P ∼= W 2 by Claim 5 and
uniqueness of the projective cover. Therefore each Pi ∼= W ; and therefore there
exists a Λ̄-module surjection: W →→ Z1, and hence a surjection: eMW →→ eMZ1.
Since eMY

′ ⊆ eM B̄
2
N = 0, multiplying decomposition (8.11.8) by eM shows that

eMZ = eMZ1. Therefore eMW can be mapped onto eMZ. This contradiction of
Claim 4 completes the proof.

9. Necessary Conditions for Local TFKS

Notation 9.1. The main result of this section, Theorem 9.6, completes the proof
of our necessary conditions for TFKS by proving them when Z(Λ) is local. (But
see §11 for the explicit description of the second exceptional class of rings satisfying
TFKS.)

Recall that Γ denotes a normalization of Λ, as in [LO, §4], unless otherwise spec-
ified. Recall also that a uniserial module is a module whose lattice of submodules
is totally ordered by inclusion. As usual R remains semilocal.
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Lemma 9.2. Suppose Γ is matrix-local with maximal ideal M , and Γ is module-
finite over R. Let U 6= 0 be a uniserial left Γ-module of finite length λ. Then
statements (i) and (ii) are equivalent.

(i) Every Γ-generator of U is a Λ-generator. (That is, every element of U that
generates U as a Γ-module also generates U as a Λ-module.)

(ii) The unique simple left Γ-module S = U/MU remains simple as a Λ-module
and, if λ ≥ 2, Γ(M ∩ Λ)Γ = M .

When these conditions hold, Λ is matrix-local with maximal ideal J(Λ) = M ∩ Λ.

Proof. We claim that if S, the simple Γ-module, remains simple as a Λ-module
then M ∩ Λ is a maximal ideal of Λ. Since the ring Γ/M is simple artinian with
simple left module S, we have Γ/M ∼= Sn as Γ-modules, for some n. Therefore
annΓ S = annΓ Γ/M = M (left annihilators); and so we have annΛ S = M ∩ Λ.
Therefore if the faithful module S over the artinian ring Λ/(M ∩Λ) is simple, then
the ring Λ/(M ∩ Λ) is simple, as claimed.

Note that, since Γ is matrix-local with maximal ideal M = J(Γ), the unique
Γ-composition series of U is U ⊃ MU ⊇ M2U ⊇ · · · (and all composition factors
are ∼= S).

(i)⇒ (ii). The generator condition in (i) passes down to all homomorphic images
of U , since all proper Γ-submodules of U are contained in the unique maximal Γ-
submodule of U . The simple Γ-module S is a homomorphic image of U and is
generated by each of its nonzero elements. Therefore, by (i), the Λ-module S is
generated by each of its nonzero elements, and is therefore simple. It follows from
the first paragraph of this proof that M ∩ Λ is a maximal ideal of Λ, as desired.

In proving the second statement of (ii) we may assume that λ ≥ 2. Note that
the generators of the Γ-module U/M2U of length 2 are the elements not in its
unique maximal Γ-submodule MU/M2U . Every nonzero ideal of the matrix-local
maximal order Γ is a power of M . Therefore, if Γ(M ∩ Λ)Γ = M does not hold
we have Γ(M ∩ Λ)Γ ⊆ M2. Therefore the module U/M2U over the artinian ring
Λ/(M ∩ Λ) (a simple ring, by the previous paragraph), is semisimple; hence its
submodule MU/M2U is a direct summand of it. Any complement of this direct
summand consists of Γ-generators that are not Λ-generators, contradicting the fact
that the generator condition in (i) passes down to U/M2U .

(ii)⇒ (i). Since the composition factors of ΓU all equal S, and since S is assumed
Λ-simple, U also has composition length λ as a Λ-module. To complete the proof of
(i) it suffices to show that the unique Γ-composition series of U is also its unique Λ-
composition series. For then the set of generators of U , over either ring, is U−MU .
We prove this by induction on λ.

For λ = 1 there is nothing further to prove, since simple modules are uniserial.
For λ = 2, U is either Λ-semisimple (necessarily the direct sum of two copies of
S) or Λ-uniserial. If the first possibility holds, then (M ∩ Λ)U = 0 and therefore
MU = Γ(M ∩ Λ)ΓU = 0; so we reach the contradiction that λ = 1.

Now assume that λ ≥ 3. Let U = Uλ ⊃ Uλ−1 ⊃ · · · ⊃ U1 ⊃ U0 = 0 be the
unique Γ-composition series of U , and assume that we have proved the claim for
all uniserial left Γ-modules of length < λ.

Let A be any proper Λ-submodule of U . Then by our induction hypothesis,
applied to U/U1, we have A+U1 = Ui for some i ≥ 1. If i < λ, then the induction
hypothesis, applied to Ui, shows that A equals some Uj , as desired. Therefore
we may assume that i = λ; that is, A + U1 = U . We show that this leads to a
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contradiction. We have A 6= Uλ−1 since A + U1 = U . In fact, A 6⊇ Uλ−1 because
Uλ−1 is a maximal Λ-submodule of U and A is a proper submodule of U . Moreover,
Uλ−1 = (A∩Uλ−1)+U1 since A+U1 = U . Therefore Uλ−1 is the sum of two properly
smaller Λ-submodules, and hence is not Λ-uniserial. Since the composition length
of Uλ−1 over Γ is λ − 1, this contradicts our induction hypothesis, and completes
the proof of (i).

To prove the supplementary statement we need to show that M ∩ Λ is the only
maximal ideal of Λ. Since M ∩ Λ is a maximal ideal of Λ and M is the unique
maximal ideal of Γ, this follows from the weak lying-over Lemma 7.3.

Definition 9.3. Let f, g: Γ→ Ψ be ring homomorphisms. The equalizer eq(Γ, f, g)
is defined to be

eq(Γ, f, g) = {x ∈ Γ | f(x) = g(x)}.(9.3.1)

Lemma 9.4. Suppose that Γ is module-finite over R and has exactly two maximal
ideals M,N , both of which are completely inertial over Λ, and that Z(Λ) is a local
ring. Then Λ is an equalizer Λ = eq(Γ, f, g) for some surjective f, g and some
positive integer h such that ker(f) = Mh and ker(g) = Nh.

Proof. Since Γ is module-finite over R, there is a conductor ideal C for Λ and Γ, as
defined above (3.5.3), and Λ is the pullback of its conductor square, as in (3.5.4):

Λ −→ Γ

↓↓ ↓↓
Λ̄ ∼= Λ/C −→ Γ̄ ∼= Γ/C

(9.4.1)

We claim that C ⊆ J(Γ) (= M ∩N). Consider the J(R)-adic completions Λ̂ ⊆ Γ̂

and their common ideal Ĉ. Note that Z(Λ̂) = Z(Λ)̂ [LO, 6.3], and therefore Z(Λ̂)
is a local ring. We may therefore suppose that Λ and Γ are themselves complete
(see [LO, 3.8] for more details). Since the classical complete, maximal order Γ has
exactly two maximal ideals, it is the direct sum of two maximal orders in simple
algebras Γ = ΓM ⊕ ΓN , and M = M ′ ⊕ ΓN where M ′ is the unique maximal ideal
of ΓM . Now suppose that C 6⊆ M ∩N . Then (say) C 6⊆ M . Since C is the direct
sum of its projections in ΓM and ΓN we conclude that its projection ΓMC is not
contained in the unique maximal ideal M ′ of ΓM , and therefore ΓMC = ΓM . Since
ΓMC ⊆ C we conclude that C contains the identity element e of ΓM . But C ⊆ Λ,
and therefore e ∈ Λ. Therefore Λ contains two orthogonal central idempotents e
and 1−e, contradicting the fact that Z(Λ) is local and proving the claim. (We now
drop the extra, completeness assumption used in this paragraph.)

In the rest of this proof we choose C to be the largest possible conductor for Λ
and Γ. Consequently, Λ̄ and Γ̄ have no common nonzero ideal.

Now Γ is a splitting order since it is module-finite over R. So we can apply [LO,
(6.18.1)] with Γ in place of Ω to conclude that Γ̄ is a direct sum of matrix-local
rings, and the bottom line of conductor square (9.4.1) has the form

Λ̄→ Γ̄ = Γ̄M ⊕ Γ̄N(9.4.2)

where Γ̄M and Γ̄N are artinian matrix-local rings. The maximal ideals of Γ̄ are
then M̄ = J(Γ̄M )⊕ Γ̄N and N̄ = Γ̄M ⊕ J(Γ̄N ). Let πM and πN be the coordinate
projection maps in (9.4.2), and i: Λ̄ → Γ̄ the inclusion map. We claim that the
compositions πM i and πN i are isomorphisms.
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To see that they are surjections, let k be any integer greater than or equal to
the indices of nilpotence of J(Γ̄M ) and J(Γ̄N ). Since M̄ is completely inertial over
Λ̄ we have Λ̄ + M̄k = Γ̄. Since M̄k = Γ̄N we see that πM i is a surjection. Similar
reasoning applies to πN i.

Since πN i: Λ̄→ Γ̄N is a surjection, the ideal ker(πM i) of Λ̄ is also an ideal of Γ̄,
and therefore (by our choice of conductor C) equals zero. Similarly ker(πN i) = 0,
completing the proof of the claim.

Let ν be the natural surjection Γ →→ Γ̄. Then f = (πM i)−1πMν and g =
(πN i)

−1πNν are surjections Γ →→ Λ̄; and since Λ is the pullback of its conductor
square (9.4.1) we have Λ = eq(Γ, f, g), as stated in the lemma.

Thus it remains to be shown that ker(f) = Mh and ker(g) = Nh for some
h. By the multiplicative ideal theory of maximal orders [R ’75, (22.10)], every
ideal contained in M but not in N equals some unique power of M . Therefore
ker(f) = Ma, and similarly ker(g) = N b for positive integers a, b. Moreover, in
the present situation, a and b are the indices of nilpotence of J(Λ̄), and therefore
a = b.

Lemma 9.5. Suppose that Γ is a maximal R-order in the simple artinian ring ΓQ,
and has exactly two maximal ideals M,N . Let n be the integer such that Γ ∼= Mn(∆)
for some integral domain ∆ (see [LO, (4.1.8)]), and let Λ = eq(Γ, f, g) for some f, g
where ker(f) = Mh and ker(g) = Nh for some surjective f, g and positive h. Then

(i) Λ is a matrix-local ring with maximal ideal J(Λ) = M ∩ Λ = N ∩ Λ.
(ii) Λ ∼= Mn(D) for some D ⊂ ∆.
(iii) ∆ has exactly two maximal ideals M ′, N ′, and D = eq(∆, f ′, g′) for some

surjective f ′, g′ where ker(f ′) = (M ′)h and ker(g′) = (N ′)h.

Proof. (i). The ideal C = Mh ∩Nh is the largest conductor ideal for Λ and Γ, and
yields a conductor square of the form (9.4.1). The bottom line of this square has the
form (9.4.2), both induced maps Λ̄ → Γ̄M and Λ̄→ Γ̄N are isomorphisms, and we
may regard each of f and g as mapping Γ onto Λ̄. Note that C ⊆ J(Γ). Therefore,
by (3.5.3), C ⊆ J(Λ). Statement (i) now follows easily by working modulo C.

(ii) Recall that a ring Υ is an n×n matrix ring if and only if Υ contains a set of
n× n matrix units; that is, elements eij (i, j = 1, 2, . . . , n) such that eijejk = eik,
eijekl = 0 when j 6= k, and

∑
i eii = 1. Let eij be the standard (i, j)-matrix

unit of Γ, that is, the matrix with 1 in entry (i, j) and zero elsewhere. If every
f(eij) = g(eij), then eij ∈ Λ, and (ii) is obvious. Our proof consists of finding
matrix units dij ∈ Γ with these desired properties. First we observe:

(9.5.1) Suppose that there is an expression 1 =
∑n
i=1 dii where the dii are orthogo-

nal idempotents in some ring Υ, and that Υdii ∼= Υdjj as Υ-modules, for every
i, j. Then the dii are part of a set of n× n matrix units dij of Υ.

To obtain the off-diagonal matrix units dij (i 6= j), let them be elements, right
multiplications by which yield appropriate isomorphisms Υdii ∼= Υdjj .

Next let ψ: Γ→→ Ψ be any surjective ring homomorphism. We claim that every
unit ū in Ψ can be lifted, via ψ, to a unit of Γ. Let x be any element of Γ such that
g(x) = ū. Then, since ū is a unit, there is an expression ax+bk = 1 with k ∈ ker(ψ)
and a, b ∈ Γ. Since Γ is a module-finite algebra over the semilocal ring R, Γ has
1 in its stable range (see, e.g., [W ’80, 2.2]) and therefore there exists c ∈ Γ such
that x+ ck = u is a unit in Γ. This u clearly lifts ū.
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Now return to the standard matrix units eij ∈ Γ. The elements f(eij) form a set
of n×n matrix units of Λ̄, and so do the elements g(eij). This yields two Λ̄-module
decompositions

Λ̄ =
⊕
i

Λ̄f(eii) =
⊕
i

Λ̄g(eii)(9.5.2)

in which Λ̄f(eii) ∼= Λ̄f(ejj) for every i and j, and an analogous statement holds
with g in place of f . Since the ring Λ̄ is artinian we have Λ̄f(eii) ∼= Λ̄g(eii) for
all i. The direct sum of n such isomorphisms is an automorphism of the left Λ̄-
module Λ̄, and therefore equals right multiplication by some unit ū of Λ̄. Therefore
ū−1f(eii)ū = g(eii). [Projection to the ith summand in the two decompositions
equals right multiplication by f(eii) and g(eii) respectively. The first projection
can be transformed into the second by conjugation with the isomorphism that
transforms one decomposition to the other.]

Since ker(f) and ker(g) are comaximal, the ring homomorphism (f, g): Γ→ Λ̄2

is surjective. Therefore the unit (1, ū) ∈ Λ̄2 can be lifted, via (f, g), to a unit u ∈ Γ.
Then the elements dii = ueiiu

−1 are a set of n orthogonal idempotents of Γ that
belong to Λ = eq(Γ, f, g), and whose sum equals 1. Also, Λ =

⊕
i Λdii.

We claim that Λdii ∼= Λdjj for every i and j. By statement (i), the map Λ→→ Λ̄
is a projective cover [see Remarks 8.8], and therefore so is each restricted map
Λdii →→ Λ̄f(dii). We have Λ̄f(dii) ∼= Λ̄f(djj) for every i, j since the f(dii) are part of
a set of n×nmatrix units of Λ̄. Therefore, by uniqueness of the projective cover, the
Λ-isomorphisms Λ̄f(dii) ∼= Λ̄f(djj) can be lifted to Λ-isomorphisms Λdii ∼= Λdjj ,
as claimed.

It follows from (9.5.1) that the orthogonal idempotents dii ∈ Λ are part of a
set of n × n matrix units dij of Λ. These dij are therefore a set of n × n matrix
units of any ring containing Λ; in particular, of Γ. Therefore Λ ∼= Mn(D) and
Γ ∼= Mn(∆′) where D = d11Λd11 ⊆ ∆′ = d11Γd11. Therefore (ii) is proved as soon
as we show that ∆′ ∼= ∆. But the ring ∆ such that Γ ∼= Mn(∆) is unique up to
isomorphism since it is the ring of endomorphisms of the unique indecomposable
projective left Γ-module—unique since Γ is a maximal R-order and R is semilocal.
See [LO, (4.1.8)].

(iii). This follows easily from (ii).

Theorem 9.6 (Local Necessity). Suppose Λ satisfies TFKS, Z(Λ) is a local ring,
and Λ 6= Γ. Then one of the following conditions must be satisfied:

(i) Each Γk is matrix-local and its maximal ideal has splitting number 1 (i.e. Λ
satisfies KSM).

(ii) Γ is module-finite over R; Λ = Mn(Λ′) and Γ = Mn(Γ′) for some n, where
Λ′ ⊂ Γ′ and Γ′ is a PID; and one of the following situations holds.
(a) Γ′ has exactly two maximal ideals M,N , and Γ′/M and Γ′/N are division

rings. Moreover, Λ′ is an equalizer Λ′ = eq(Γ′, f, g) for some surjective
f, g such that ker(f) = Mh and ker(g) = Nh for some h ≥ 1.

(b) (abstract version). Γ′ has exactly one maximal ideal M , and M has
splitting number 2; Γ′(M ∩ Λ′)Γ′ = M and the simple left Γ′-module
remains simple as a Λ′-module.

The following additional properties of the exceptional rings in (ii)(a) and (ii)(b)
are proved in subsection 9.9.
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Supplement 9.7 (to Local Necessity Theorem 9.6). Let Γ′ be a maximal R-order
in the simple artinian ring (Γ′)Q.

(a) If Λ′ is as in paragraph (ii)(a) of Theorem 9.6, then J(Λ′) = M∩Λ′ = N ′∩Λ.
(b) If Λ′ is as in paragraph (ii)(b) of Theorem 9.6, then J(Λ′) = M ∩ Λ′.

In both situations Λ′ and Z(Λ′) are local rings.

Proof 9.8 (of Theorem 9.6). This proof makes extensive use of the material on
modules over artinian pairs and ranks introduced in in (3.5.4)–(3.5.11) and [LO,
6.18ff]. In particular, Ω denotes an arbitrarily chosen splitting order (Λ ⊆ Ω ⊆ Γ)
unless a special choice of Ω is indicated, and C denotes a conductor ideal for Λ
and Ω such that C ⊆ J(Λ) ∩ J(Ω), as in (3.5.3). Since Z(Λ) is local, maxspec(Γ)
is Λ-connected [Proposition 7.2]. Recall that the set of maximal ideals of Γ is in
one-to-one correspondence with that of Ω via contraction [LO, 5.3].

Our proof requires one additional bit of notation. Consider the decomposition
Ω =

⊕
k Ωk, and let Mki be a maximal ideal of Ωk for some k. We define the

maximal ideal of Ω associated with Mki to be

Mki = Mki ⊕
(⊕
h 6=k

Ωh
)
.(9.8.1)

In addition to supposing that Λ satisfies TFKS and Λ 6= Γ, we may also suppose
that Λ does not satisfy condition (i) of Theorem 9.6, and then we must show that
Λ is one of the two exceptional types of rings described in the theorem. We break
the proof into two cases, according to whether or not Γ is matrix-local.

Case 1. Γ, hence Ω, has at least two maximal ideals. We show that the situation
in statement (ii)(a) of the theorem holds.

Recall the decomposition Ω̄k =
⊕

i Ω̄ki in (3.5.9) We invoke Fundamental Com-
binatorial Lemma 4.3, with S the collection of all torsionfree Λ-modules L such that
ΩL is Ω-projective. The lemma states that, for each k, the Ω̄ki can be renumbered in
such a way that the following conditions hold for all indecomposable (Λ̄, Ω̄)-modules
[X ⊆

⊕
ki (B̄ki)

ρki ] with strict inclusion.

(9.8.2) (a) ρk1/sk1 = max{ρk1/sk1, ρk2/sk2, . . . } for every k; and
(b) Every ρk1/sk1 is an integer.

Here ski denotes the splitting number of the maximal ideal M ′ki of Γk corresponding
to the maximal ideal Mki of Ωk. We refer to these properties by saying that (k, 1)
is the k-indicator pair.

Claim 1. sk1 = 1 for every indicator pair (k, 1). Choose k. Since maxspec(Ω) is
Λ-connected, Mk1 is Λ-linked to some Mhj 6= Mk1. Hence, by Proposition 8.6,
there is an indecomposable (Λ̄, Ω̄)-module of the form [X ⊂ B̄k1⊕ B̄hj ]. This yields
the rank ratio ρk1/sk1 = 1/sk1, which must be an integer since (k, 1) is an indicator
pair. Hence sk1 = 1.

Claim 2. Some Ωk has at least two maximal ideals. Suppose not. Since the sets
of maximal ideals of Γ and Ω are in one-to-one correspondence via contraction, the
same is true of every Γk and Ωk. Therefore, if every Ωk were matrix-local, the same
would be true of every Γk, and hence every pair (k, i) would be the indicator pair
(k, 1). This, together with Claim 1, yields the contradiction that we are in situation
(i) of the statement of the theorem.

Now renumber the Ωk, if necessary, so that Ω1 has at least two maximal ideals
M11,M12.
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Claim 3. M12 is completely inertial over Λ. Otherwise, Proposition 8.7 yields an
indecomposable (Λ̄, Ω̄)-module of the form [X ⊂ B̄12] or [X ⊂ B̄2

12]. But then
ρ11/s11 = 0 < ρ12/s12, contradicting the maximum property of indicator pairs.

Claim 4. M12 is Λ-linked to M11 and to no other maximal ideal. As maxspec(Ω)
is Λ-connected, M12 must be linked to some Mhj . Proposition 8.6 then yields an
indecomposable (Λ̄, Ω̄)-module of the form [X ⊂ B̄hj ⊕ B̄12]. Since B̄12 occurs,
the maximum property of indicator pairs requires B̄11 to occur also. Therefore
(h, j) = (1, 1).

Claim 5. s12 = 1. Each Ωk is a full nk × nk matrix ring over an integral domain,
by [LO, (5.1.2)], and the multiplicity uki of B̄ki as a direct summand of Ω̄k is nkski
by [LO, 6.19(ii)]. Therefore Lemma 8.2 shows that n1s11 ≥ n1s12. Since s11 = 1
this yields s12 = 1, as desired. It also yields u11 = u12.

Claim 6. M11 is completely inertial over Λ. If not, then Proposition 8.11 yields an
indecomposable (Λ̄, Ω̄)-module of the form [Z ⊂ B̄2

12 ⊕ B̄11]. For this module, we
have

ρ11/s11 = 1/1 < 2/1 = ρ12/s12,

contradicting the maximum property of the indicator pair (1, 1).

Claim 7. M11 is Λ-linked to no maximal ideal other than M12. Suppose that M11

is linked to Mhj. Then we have

(M11 ∩ Λ) + (Mhj ∩ Λ) ⊂ Λ.(9.8.3)

Since M11 is completely inertial over Λ, M11∩Λ is a maximal ideal of Λ. Similarly,
M12 ∩ Λ is a maximal ideal of Λ. Therefore the linkage of M11 with M12 shows
that M11 ∩ Λ = M12 ∩ Λ; and so M11 can be replaced by M12 in (9.8.3). Unless
(h, j) = (1, 2), statement (9.8.3) then contradicts the fact that M12 is linked to no
maximal ideal other than M11 [Claim 4].

Thus M11 and M12 are linked to each other and to no other maximal ideals.
Since maxspec(Ω) is Λ-connected, this shows that maxspec(Ω) = {M11,M12}; thus
it consists of precisely two maximal ideals, both are completely inertial over Λ, and
s11 = s12 = 1. Moreover Ω = Ω1 (otherwise some Mki would have a subscript
k 6= 1), and therefore each M1i = M1i.

Since every maximal ideal of every splitting order Ω is completely inertial over
Λ, we conclude Γ is module-finite over R and Ω = Γ [Lemma 7.6].

Lemma 9.4 now yields a description of Λ as an equalizer, and then Lemma 9.5
shows that Λ = Mn(Λ′) and Γ = Mn(Γ′) with Λ′ and Γ′ as in statement (ii)(a) of
the theorem, provided that we verify that Γ′/M and Γ′/N are division rings. Since
each of M11 and M12 has splitting number 1, the same is true of the corresponding
maximal ideals M and N of Γ′. Since Γ′ is an integral domain, this shows that
Γ′/M and Γ′/N are division rings, as desired. This completes the proof of Case
1.

Case 2: Γ (hence Ω) is matrix-local. We show that situation (ii)(b) holds.
Since Γ and Ω are matrix-local, we have Γ = Γ1 and Ω = Ω1. Let M ′ = M ′11,
the maximal ideal of Γ. Then the maximal ideal of Ω is M = M ′ ∩ Ω, also called
M11 in our general notation scheme. In Case 2 there is only one splitting number,
s = s11, and the array of ranks ((ρki)) of any (Λ̄, Ω̄)-module [X ⊆ Y ] reduces to the
single number ρ = ρ11. Moreover, every conductor ideal for Λ and Ω is contained
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in M = J(Ω) and therefore in J(Λ) [see (3.5.3)]. The part of the Fundamental
Combinatorial Lemma quoted in (9.8.2) reduces to the much simpler statement:

(9.8.4) ρ/s is an integer for every indecomposable (Λ̄, Ω̄)-module [X ⊂ Y ] with
proper inclusion.

Moreover, s ≥ 2 because we are not in situation (i) of the theorem.

Claim 1. If there exists a splitting order Ω′′ such that Ω′′ ⊂ Ω, then there is an
indecomposable (Λ̄, Ω̄)-module of the form [X ⊂ B̄], where B̄ = B̄11 is the unique
indecomposable projective left Ω̄-module.

By [LO, 6.19(ii)] we have Ω̄ ∼= B̄ns, as left Ω̄-modules, where n is the integer such
that Ω is an n×n matrix ring over an integral domain. Note that this multiplicity
ns is the same for all splitting orders Ω.

Any conductor ideal C for Λ and Ω is also a conductor ideal for Λ and Ω′′. We
write Ω̄′′ = Ω′′/C, a matrix-local ring since the maximal ideals of any splitting
order are the contractions of the maximal ideals of Γ. By the previous paragraph,
we have Ω̄′′ ∼= (B̄′′)ns for some B̄′′. Since the multiplicity ns is the same for Ω̄′′ as
for Ω̄, and since Ω̄′′ ⊂ Ω̄ (proper inclusion), Claim 1 follows easily with X = B̄′′.

Claim 2. Γ is module-finite over R. Suppose not. Then there exist two distinct
splitting orders Ω′′ ⊂ Ω containing Λ. To see this, let Ω′′ be any splitting order
(Λ ⊆ Ω′′ ⊆ Γ). Since Γ is not module-finite over R there is an element γ ∈ Γ−Ω′′.
Then, by [LO, 5.2], there is a splitting order Ω ⊆ Γ containing Ω′′ and γ. But
then the indecomposable (Λ̄, Ω̄)-module [X ⊂ B̄] constructed in Claim 1 yields
rank ratio ρ/s = 1/s, which is not an integer since s ≥ 2; and this contradicts our
combinatorial lemma (9.8.4), proving Claim 2.

Now that we know that Γ is module-finite over R, and hence Γ is a splitting
order for Λ, we may take Γ = Ω.

Claim 3. The maximal ideal M of Ω is not completely inertial over Λ. For since
M = J(Ω), we have M̄k = 0 for some k, and hence Mk ⊆ C ⊆ Λ. But then
Λ +Mk = Ω would imply Λ = Ω, a contradiction.

Since M is not completely inertial over Λ, Proposition 8.7 yields an indecom-
posable (Λ̄, Ω̄)-module of the form [X ⊂ B̄] or [X ⊂ B̄2]. The corresponding rank
ratios ρ11/s are 1/s and 2/s respectively. Since this must be an integer and s ≥ 2,
we have s = 2 as stated in the theorem.

Claim 4. Every Ω-generator of B̄ is a Λ-generator. Suppose not, and let x be an
Ω-generator of B̄ that is not a Λ-generator. Then the (Λ̄, Ω̄)-module [Λx ⊂ Ωx] =
[Λx ⊂ B̄] is indecomposable and has rank ratio 1/s = 1/2 6∈ Z, again contrary to
our combinatorial lemma.

We now begin proving the assertions in statement (ii)(b) of the theorem. But
we prove them about Λ and Γ rather than Λ′ and Γ′, because we do not prove that
Λ is an n × n matrix ring until the end of the proof. We already have that Γ has
exactly one maximal ideal and its splitting number is 2.

The unique indecomposable projective Ω̄-module B̄ has a unique maximal sub-
module A, and therefore the generator property in Claim 4 passes down to the
unique simple Ω̄-module B̄/A ∼= S. It follows that every nonzero element of S
is a Λ-generator, and therefore S remains simple as a Λ-module, as stated in the
theorem.

Next we show that Γ(M ∩ Λ)Γ = M . Since Ω = Γ, a maximal order with local
center, Ω is a principal ideal ring [LO, (4.1.8)]. Therefore Ω̄ is an artinian principal
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ideal ring; and hence every indecomposable Ω̄-module is uniserial [Ja ’43, Theorems
43, 45]. In particular, B̄ is uniserial. Lemma 9.2 now yields the claimed property
of M when λ, the length of B̄, is ≥ 2.

Assume now that λ = 1. Then the unique indecomposable projective left Ω̄-
module B̄ is simple. This shows that the artinian ring Ω̄ is a simple ring. It follows
that the conductor ideal C equals M , and therefore M ⊆ Λ. The desired relation
Γ(M ∩ Λ)Γ = M is obvious, in this situation.

Since Γ = Γ1 we have Γ = Mn(Γ′) for some PID Γ′ [LO, (4.1.8)]. We now show
that Λ = Mn(Λ′) for some Λ′ ⊂ Γ′, as claimed in the theorem. It suffices to show:

(9.8.5) (i) Every primitive idempotent of Λ remains primitive in Ω; and (ii) All
primitive idempotents of Λ generate isomorphic left ideals of Λ.

For then, by (9.5.1), Λ contains a set of n× n matrix units {dij}, and is therefore
isomorphic to a full n × n matrix ring with entries in d11Λd11. Moreover, these
elements dij form a set of n× n matrix units in the larger ring Γ, and therefore Γ
is isomorphic to a full n×n matrix ring with entries in the ring d11Γd11 containing
d11Λd11. Thus it suffices to prove that d11Γd11 is a PID (and hence can serve as a
new Γ′). This follows from the fact that d11Γd11 is Morita-equivalent to Γ, hence
to Γ′.

Let d be a primitive idempotent of Λ, and suppose that d is not primitive in Ω.
Then d is the sum of at least two orthogonal, primitive idempotents of Ω. Since
the splitting number s equals 2, the image d̄ of d in Ω̄ is therefore the sum of at
least four primitive idempotents of Ω̄. Say d̄ =

∑
i ēi.

The (Λ̄, Ω̄)-module L = [Λ̄d̄ ⊂ Ω̄d̄] cannot be indecomposable. For if it were,
the Λ̄-module Λ̄d̄ would be indecomposable [Lemma 8.4], and therefore the (Λ̄, Ω̄)-

module L′ = [π(Λ̄d̄) ⊆
⊕3

i=1 Ω̄ēi] (where π is the projection map to
⊕3

i=1 Ω̄ēi)
would also be indecomposable [Lemma 8.5]. Note that indecomposability forces
the inclusion in L′ to be strict. But the rank ratio associated with L′ is ρ/s = 3/2,
contradicting the combinatorial lemma, which requires this ratio to be an integer.

At this point it is important to distinguish between indecomposable modules
and indecomposable packages. Call a (Λ̄, Ω̄)-module [X ⊆ Y ] a package if there is
a torsionfree Λ-module A such that ΩA is Ω-projective and [X ⊆ Y ] ∼= [A/CA ⊆
ΩA/CA]; and call a package indecomposable if it is not the direct sum of two nonzero
packages, and X 6= 0. Since Λd is an indecomposable projective Λ-module, the
(Λ̄, Ω̄)-module L at the beginning of the previous paragraph is an indecomposable
package; but it is not an indecomposable (Λ̄, Ω̄)-module, as we have shown.

Since s = 2, the Package Deal Theorem for (Λ̄, Ω̄)-modules [LO, 6.21] shows
that a (Λ̄, Ω̄)-module [X ⊆ Y ] is a package if and only if its rank ρ = ρ11, is
an even number. Now consider any proper decomposition L = V ⊕ W of the
decomposable (Λ̄, Ω̄)-module L. Since L is a package its rank is even. The rank of
V cannot be even, because then the rank of W would also be even, contradicting
indecomposability of L as a package. Therefore V has odd rank. But then the rank
ratio ρ(V )/s = ρ11/2 is not an integer, contradicting the combinatorial lemma.
This contradiction completes the proof of (9.8.5)(i).

Before proving (9.8.5)(ii) we first prove

Claim α. All primitive idempotents of Λ̄ generate isomorphic left ideals of Λ̄. By
liftability of idempotents modulo the radical in artinian rings, it suffices to prove
this for Λ̄ modulo its radical. Since Λ is matrix-local, so is Λ̄; and so Λ̄ becomes
simple modulo its radical. The truth of Claim α is now clear.
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Claim β. If some primitive idempotent d̄ of Λ̄ becomes the sum of (say) n orthogo-
nal idempotents in Ω̄, then the same is true of all primitive idempotents of Λ̄. This
holds since all primitive idempotents d̄ of Λ̄ generate isomorphic left ideals Λ̄d̄ of
Λ̄, and since Ω̄d̄ ∼= Ω̄⊗Λ̄ Λ̄d̄.

The following commutative diagram displays a primitive idempotent d ∈ Λ,
and the facts that it remains primitive in Ω and then splits into the sum of two
orthogonal primitive idempotents in Ω̄. We examine what happens in Λ̄.

(d ∈ Λ) −→ (d ∈ Ω)

↓ ↓
(d̄ ∈ Λ̄) −→ (d̄ = ē1 + ē2 ∈ Ω̄)

(9.8.6)

Commutativity of the diagram (and KS for Ω̄-modules) shows that d̄ either is
primitive in Λ̄ or else is the sum of two primitive idempotents in Λ̄. We consider
these situations separately.

(a) d̄ is a sum of two orthogonal idempotents in Λ̄. Say d̄ = c̄1 + c̄2. Then c̄1
remains primitive in Ω̄ (otherwise d splits into the direct sum of more than two
orthogonal idempotents in Ω̄). Therefore, by Claim β, every primitive idempotent
of Λ̄, remains primitive in Ω̄.

(b) d̄ is primitive in Λ̄. Then d̄, hence every primitive idempotent of Λ̄, splits
into a sum of two orthogonal primitive idempotents in Ω̄.

Since the situations described in the preceding two paragraphs are mutually
exclusive, we conclude that either situation (a) holds for all d ∈ Λ or else situation
(b) holds for all d. In either case Claim α shows that Λ̄d̄ ∼= Λ̄d̄′ for all primitive
idempotents d, d′ in Λ. Since such isomorphisms lift modulo ideals contained in
the radical [by uniqueness of the projective cover, 8.8] we get Λd ∼= Λd′; and this
concludes the proof of (9.8.5)(ii), hence of Case 2.

Proof 9.9 (of Supplement 9.7). (a). The statement about J(Λ′) is part of Lemma
9.5. Hence Λ′/J(Λ′) = Λ′/(M ∩ Λ′), which, by the definition of “equalizer”, is iso-
morphic to Γ′/M , a division ring by hypothesis. Hence Λ′ is local. Since Λ′ is
integral over Z(Λ′), M ∩ Z(Λ′) is a maximal ideal of Z(Λ′). If Z(Λ′) had an-
other maximal ideal, the inclusion Z(Λ′) ⊂ Λ′ (together with the fact that Λ′ is
local) would yield a contradiction of the lying-over theorem for finite centralizing
extensions of noetherian rings [MR ’87, 10.2.9].

(b). This is more complicated than the proof of (a). Since we have no need for
the original Λ and Γ, we can simplify the notation by writing Λ and Γ in place of
Λ′ and Γ′ respectively. As in our standard notation, let C denote a conductor ideal
for Λ and Γ, and note that C is necessarily contained in the unique maximal ideal
M = J(Γ). Therefore, by (3.5.3), C ⊆ J(Λ).

The ideal J(Γ) of Γ is the annihilator in Γ of the unique simple Γ-module S;
and therefore the annihilator of S in Λ is J(Γ) ∩ Λ. But then the artinian ring
Λ/(J(Γ) ∩ Λ) has S as a faithful simple module, and is therefore a simple ring. In
other words, J(Γ)∩Λ = M ∩Λ is a maximal ideal of Λ, and hence J(Γ)∩Λ ⊇ J(Λ).
The opposite inclusion follows easily by reducing modulo C, because the radical
J(Γ)/C of the artinian ring Γ/C is nilpotent. Thus J(Λ) = M ∩ Λ as desired.

We still need to show that Λ and Z(Λ) are local rings. Consider Λ first. Since
J(Λ) is a maximal ideal, Λ is matrix-local. As usual, let Λ̄ = Λ/C and Γ̄ = Γ/C.
Since C ⊆ J(Λ) it suffices to show that Λ̄ is local; and since Λ̄ is artinian, it suffices
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to show that Λ̄ has no nontrivial idempotents. So let 1 =
∑s
i=1 di where the di are

primitive orthogonal idempotents of Λ̄. We want to prove that s = 1. We have

Γ̄ =
⊕
i

Γ̄di.(9.9.1)

Since M = J(Γ) has splitting number 2, we have s ≤ 2, so we may assume (in order
to find a contradiction) s = 2 and the di remain primitive in Γ̄. Since Γ is PID
[LO, (4.1.8)], Γ̄ is an artinian principal ideal ring, and hence every indecomposable
projective Γ̄-module is uniserial [Ja ’43, Theorems 43,45]. Therefore, by hypothesis
(ii)(b) of Theorem 9.6, the generator property in Lemma 9.2 shows that each Γ̄di =
Λ̄di. But then (9.9.1) implies that Γ̄ = Λ̄, contradicting the hypothesis Γ 6= Λ.
Thus Λ̄ is a local ring, and hence so is Λ̄.

As at the end of the proof of statement (a), this proves that Z(Λ) is also local.

10. Sufficient Conditions for Local TFKS

In this section we prove that the rings Λ described in statement (ii) of Local
Necessity Theorem 9.6 actually satisfy TFKS.

Notation 10.1. Throughout this section R = Z(Λ) is local, the normalization Γ
of Λ is module finite over R, and Γ 6= Λ. In this situation Γ becomes a splitting
order, in fact, a maximal order. Consequently all of our standard notation that
applies to an arbitrary splitting order Ω can now be applied to Γ. In particular,
there exist conductor ideals C for Λ and Γ, and Λ is the pullback of its conductor
square with respect to C, as displayed in (3.5.4).

To prove our sufficiency theorem we convert the description of the structure of an
arbitrary (Λ̄, Γ̄)-module to a matrix problem, and then solve enough of this problem
to prove the theorem. We now describe our notation for the matrix problem, using
our version of a procedure of Green and Reiner [GR ’78].

We define a (Λ̄, Γ̄)-map f : W → Y to be a Λ̄-homomorphism, where

(10.1.1) W is a projective Λ̄-module, Y is a projective Γ̄-module, ker(f) ⊆ J(Λ̄)·W ,
and Γ̄(Wf) = Y .

We will consistently write such maps on the right, in this discussion. Note that
every such f yields a natural (Λ̄, Γ̄)-module, namely [Wf ⊆ Y ]. We call this the
(Λ̄, Γ̄)-module represented by f . Conversely, let [X ⊆ Y ] be a (Λ̄, Γ̄)-module, and
let f : W →→ X be a Λ̄-projective cover of X [Remarks 8.8]. Then we can view f as
a (Λ̄, Γ̄)-map W → Y .

We call (Λ̄, Γ̄)-maps f, g: W → Y equivalent , and write f ∼ g, if g = φfθ for
automorphisms φ ∈ AutΛ̄(W ) and θ ∈ AutΓ̄(Y ). Since the map W →→ Wf is a
projective cover, it follows from uniqueness of the projective cover [8.8] that

f ∼ g ⇐⇒ [Wf ⊆ Y ] ∼= [Wg ⊆ Y ].(10.1.2)

If W =
⊕

i Wi and Y =
⊕

j Yj are Λ̄ and Γ̄-module decompositions of W and Y

respectively, then we can regard any (Λ̄, Γ̄)-map f : W → Y as a “matrix” ((fij))
where each fij is a Λ̄-homomorphism Wi → Yj .

By uniqueness of projective covers, the (Λ̄, Γ̄)-module represented by a nonzero
f is indecomposable if and only if there are no decompositions W = W1 ⊕W2 and
Y = Y1⊕Y2 with respect to which the matrix of f becomes a 2×2 diagonal matrix
with both f11 6= 0 and f22 6= 0.
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We now consider the situations in (ii)(a) and (ii)(b) of the Local Necesssity
Theorem separately, beginning with the easier one. In both situations, it suffices,
by Morita equivalence, to show that Λ′ satisfies TFKS. Therefore we may simplify
the notation by supposing that Λ = Λ′ and Γ = Γ′. In particular, Λ and Γ are
integral domains, and Γ is a PID.

10.2. Situation (ii)(a). In this subsection we suppose that

(10.2.1) Γ has exactly two maximal idealsM,N , both of them have splitting number
1, and Λ is an equalizer Λ = eq(Γ, f, g) for some surjective f, g and some h ≥ 1
such that ker(f) = Mh and ker(g) = Nh.

Let Λ̄ = f(Γ) = g(Γ). Since the ideals Mh and Nh are comaximal, the map
[f, g]: Γ→ Λ̄⊕ Λ̄ is a surjection, and therefore f and g map the equalizer Λ onto
Λ̄. Setting C = ker(f) ∩ ker(g) we have Γ/C ∼= Λ̄ ⊕ Λ̄. With this notation, Λ
becomes the pullback of the conductor square displayed in (9.4.1), and the bottom
line of this square is the diagonal imbedding

Λ̄→ Γ̄ = Λ̄⊕ Λ̄.(10.2.2)

The ideal C = ker(f) ∩ ker(g) is the maximal conductor ideal for Λ and Γ, by the
definition of “equalizer”, and J(Γ) ⊇ C. We also have J(Λ) = M ∩ Λ = N ∩ Λ by
Lemma 9.5.

Λ̄ is a local ring, by Supplement 9.7. In particular, Λ̄ has no nontrivial idempo-
tents and (as in the commutative case) all projective Λ̄-modules are free. Since Γ
is a maximal R-order in a division ring and R is semilocal, Γ is a (left and right)
principal ideal domain [LO, (4.1.8)]. Therefore, for every matrix f over the homo-
morphic image Λ̄ of Γ, there exist invertible matrices a, b over Λ̄ such that afb is a
diagonal matrix [Ja ’43, Theorem 16].

The indecomposable projective left Γ̄-modules are B̄M = (Λ̄, 0) and B̄N = (0, Λ̄).
The crux of our proof is the following fact:

(10.2.3) Every indecomposable (Λ̄, Γ̄)-module not isomorphic to [B̄M ⊆ B̄M ] or
[B̄N ⊆ B̄N ] is of the form [X ⊂ B̄M ⊕ B̄N ].

To prove this, let f : W → Y be any (Λ̄, Γ̄)-map that represents an indecomposable
(Λ̄, Γ̄)-module. Since W and Y are projective modules over Λ̄ and Γ̄ respectively,
we can write W = Λ̄k and Y = B̄uM ⊕ B̄vN for suitable integers k, u, v. Since every
left Λ̄-endomorphism of Λ̄ equals right multiplication by a unique element of Λ̄, the
map f equals right multiplication by a k × (u + v) matrix of elements of Λ̄. It is
convenient to partition this matrix f into a pair of matrices f = [fM | fN ] where
fM has size k × u and fN has size k × v.

By the discussion preceding (10.1.2) an arbitrary (Λ̄, Γ̄)-map equivalent to f can
be obtained from f by means of the following matrix operations: (i) simultaneously
left multiply fM and fN by an invertible matrix over Λ̄; and (ii) (independently)
right-multiply fM and fN by invertible matrices over Λ̄ (since Γ̄ = Λ̄⊕ Λ̄). We now
simplify the form of f by applying these operations.

Choose invertible matrices a, b such that afMb is a diagonal matrix. Since
Γ̄(Wf) = Y = Λ̄u ⊕ Λ̄v, and Γ̄ = Λ̄⊕ Λ̄ (ring-direct sum, where the first Λ̄ acts on
Λ̄u and the second Λ̄ acts on Λ̄v), the rows of fM generate Λ̄u as a left Λ̄-module.
Therefore the same is true of the diagonal matrix afb; and its diagonal entries are
therefore units of Λ̄. After right-multiplying b by an appropriate diagonal matrix
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with units on its diagonal we therefore have

[fM | fN ] ∼
[

Iu
0

∣∣∣∣ f1

f2

]
where the column consisting of f1 and f2 equals afN .

Now choose invertible matrices a, b such that af2b is a diagonal matrix. Do this
in such a way that all units occurring on the main diagonal equal 1 and occur before
any nonunits occur. This yields

[fM | fN ] ∼

 Iu
0
0

∣∣∣∣∣ f ′3
Ir
0

f3

0
f4


where [f ′3 f3] = f1b and the diagonal matrix f4 has its entries in J(Λ̄). By adding
suitable multiples of the rows containing Ir to the rows above it, transform f ′3 to
zero. (This can be accomplished by simultaneously left-multiplying both halves of
the matrix by an appropriate invertible matrix.)

Note that if r ≥ 1 (that is, if Ir actually occurs) we now have a direct summand
of the (Λ̄, Γ̄)-module determined by f . This summand is isomorphic to [B̄N ⊆ B̄N ]r.
Therefore, by our indecomposability assumption, the (Λ̄, Γ̄)-module represented by
f is [B̄N ⊆ B̄N ], one of the indecomposables listed in statement (10.2.3). We can
therefore suppose, from now on, that r = 0. In other words:

[fM | fN ] ∼
[

Iu
0

∣∣∣∣∣ f3

f4

]
.

Now choose invertible matrices a, b such that af3b is a diagonal matrix, where all
units appearing on the main diagonal equal 1. In order to replace f3 by af3b we
must also replace f4 by f4b and Iu by aIu. However, aIu can be transformed back
to Iu by right-multiplying the first u columns by a−1.

Since the rows of fN generate Λ̄v, and the entries of f4 (and hence of f4b) lie
in J(Λ̄), we see that the rows of the diagonal matrix af3b generate Λ̄v. Therefore
af3b consists of Iv followed by rows of zeros. We now have:

[fM | fN ] ∼

 Iv
0
0

0
Iu−v

0

∣∣∣∣∣ Iv
0
f4b

 .
If u− v 6= 0, then the indecomposable (Λ̄, Γ̄)-module determined by f has [B̄M ⊆
B̄M ] as a direct summand and is therefore isomorphic to [B̄M ⊆ B̄M ], one of the
indecomposable modules described in (10.2.3). Therefore we can assume, for the
rest of the proof, that u = v; that is, the blocks of rows and columns containing
Iu−v do not actually occur.

Next we delete the factor b by right-multiplying both sides of the matrix by b−1

and then left-multiplying the rows containing Iv (in both halves of the matrix) by
b.

Since all entries of the diagonal matrix f4 lie in J(Λ̄), the matrix f is now a
direct sum of matrices of the form[

1
0

∣∣∣∣∣ 1
j

]
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with j ∈ J(Λ̄). By indecomposability, f is therefore a single matrix of this form,
and therefore yields a (Λ̄, Γ̄)-module of the form [X ⊂ B̄M ⊕ B̄N ]. (The inclusion
must be strict because of indecomposability.) This completes the proof of statement
(10.2.3).

Finally, we show that TFKS holds for Λ by applying our Fundamental Com-
binatorial Lemma 4.3. Since Γ is a maximal R-order, the class of torsionfree Λ-
modules L such that ΓL is Γ-projective coincides with the class of all torsionfree
Λ-modules. In statement (10.2.3) we showed that, for all indecomposable (Λ̄, Γ̄)-
modules [X ⊂ Y ] in which the inclusion is strict, the array of ranks of [X ⊂ Y ] is
the single row ρ = (1, 1). Since both M = M11 and N = M12 have splitting number
1, this array of ranks is also the array of rank ratios. Therefore both the maximum
and integrality properties required by the combinatorial lemma are satisfied in a
trivial way; and this shows that TFKS holds for Λ.

10.3. Situation (ii)(b). Recall that, as mentioned just before subsection 10.2, we
may assume that Λ and Γ are integral domains, with Γ a PID. As usual, fix a
conductor ideal C ⊆ J(Λ) ∩ J(Γ) and set Λ̄ = Λ/C and Γ̄ = Γ/C. Throughout the
present subsection we assume, in adddition to the notation in 10.1, that:

(10.3.1) Γ is matrix-local and its maximal ideal J(Γ) = M = M11 has splitting
number s = s11 = 2. Moreover, the unique simple left Γ-module S remains
simple as a Λ-module, Λ is a local domain with maximal ideal J(Λ) = M ∩Λ,
and Γ(M ∩ Λ)Γ = M .

We claim: These properties of Λ are left-right symmetric (i.e. the simple right
Γ-module remains Λ-simple). To prove this, let E = Γ/J(Γ), a simple artinian ring
since Γ is matrix-local, and let D be the natural image of Λ in E. Then apply
Lemma 10.4, below.

Before considering TFKS we discuss some details of the structure of Λ̄ and Γ̄.
Since Γ is a matrix-local PID, Γ̄ is a matrix-local artinian principal ideal ring. It
follows that Γ̄ is a full matrix ring over an artinian valuation ring A, that is, over
an artinian ring A whose one-sided ideals are all 2-sided and are totally ordered
by inclusion [Ja ’43, Theorems 37, 38, 39]. (Alternatively, pass to the completion
and use [R ’75, Theorem 17.3].) Since s = 2 and Γ is an integral domain, we have
Γ̄ = M2(A).

The unique indecomposable projective left Γ̄-module B̄ is uniserial, since A is
a valuation ring. Therefore, Lemma 9.2 establishes the following “generator prop-
erty” of B̄: Every Γ̄-generator of B̄ is a Λ̄-generator. Since B̄ ∼= Γ̄ [ 1

0 ] we have:

Λ̄

[
1
0

]
= Γ̄

[
1
0

]
.(10.3.2)

The local subring ring Λ̄ of Γ̄ = M2(A) has no nontrivial idempotents. On the
other hand, we claim that Λ̄ is a “large part” of Γ in the following sense. For
every pair of elements x, y ∈ A, Λ̄ contains matrices of the following four forms:[

x y
∗ ∗

]
,

[
∗ ∗
x y

]
,

[
x ∗
y ∗

]
,

[
∗ x
∗ y

]
.(10.3.3)

The matrices of the third form displayed in (10.3.3) occur in Λ because of (10.3.2).
The fourth form is similarly obtained. The matrices of the first two forms occur
because, as proved above, our hypotheses on Λ and Γ are left-right symmetric. In
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other words, start with the indecomposable projective right Γ̄-module [1 0] Γ̄ and
repeat the proof given at the beginning of this paragraph.

Next we claim that, if x, y ∈ A and at least one of them is a unit, then there is
a unit U ∈ Λ̄ such that

U

[
x
y

]
=

[
1
0

]
.(10.3.4)

Since x or y is a unit, the matrix [ xy ] is a Γ̄-generator of Γ̄ [ 1
0 ], hence a Λ̄-generator.

Therefore there is some element U ∈ Λ̄ such that (10.3.4) holds. Similarly there
is an element V ∈ Λ̄ such that V [ 1

0 ] = [ xy ]. We still need to show that U is a unit.
By (10.3.1) Λ̄ is a local ring with maximal ideal J(Γ̄) ∩ Λ̄, so if U is a non-unit we
must have UV ∈ J(Γ̄). Then Γ̄ [ 1

0 ] = Γ̄UV [ 1
0 ] ⊆ J(Γ̄) [ 1

0 ], a contradiction, and the
claim is established.

We prove TFKS in situation (ii)(b) by invoking Fundamental Combinatorial
Lemma 4.3, with Ω = Γ and C any conductor ideal contained in J(Γ)

⋂
J(Λ).

Since Γ is matrix-local, the array of ranks ((ρki)) of an arbitrary (Λ̄, Γ̄)-module
[X ⊆ Y ] becomes the single number ρ = ρ11; and therefore Y ∼= B̄ρ. What must
be proved therefore takes a very simple form: For every indecomposable (Λ̄, Γ̄)-
module [X ⊂ B̄ρ] with strict inclusion, the rank ratio ρ/s = ρ/2 is an integer. It
therefore suffices to show: Every (Λ̄, Γ̄)-module of the form L = [X ⊂ B̄2r+1] is
decomposable.

We claim that r > 0. For otherwise, by the definition of a (Λ̄, Γ̄)-module, we
have Γ̄X = B̄. Since B̄ is a uniserial Γ-module, X therefore contains a Γ̄-generator
of B̄. Our “generator condition” then implies that X = B̄; and this contradiction
of strictness of the inclusion X ⊂ B̄ proves the claim.

Let f : W → B̄2r+1 be a (Λ̄, Γ̄)-map that represents [X ⊂ B̄2r+1]. Since the
artinian ring Λ̄ has no nontrivial idempotents, the projective Λ̄-module W is free.
Say W = Λ̄m. Thus f , viewed as a matrix, is an element of HomΛ̄(Λ̄, B̄)m×(2r+1),

the set of m× (2r + 1) matrices with entries in HomΛ̄(Λ̄, B̄). We will show that

f ∼ diag(g, h) with g ∈ HomΛ̄(Λ̄, B̄)(m−1)×2r and h ∈ HomΛ̄(Λ̄, B̄).(10.3.5)

We can take B̄ = A2×1. Every θ ∈ HomΛ̄(Λ̄, B̄) equals right multiplication by some
unique element µ ∈ B̄; namely by µ = θ(1). Therefore we have

f ∈ HomΛ̄(Λ̄, B̄)m×(2r+1) = A2m×(2r+1)(10.3.6)

where the equal sign identifies fij ∈ HomΛ̄(Λ̄, B̄) with fij(1) ∈ A2×1.
The general form of a matrix equivalent to f is UfV where U, V are automor-

phisms of the left Λ̄-modules Λ̄m, B̄2r+1 respectively. It is crucial, in the matrix
reduction that follows, to understand the action of these automorphisms on f .

The automorphism U is a square matrix of elements of Λ̄. Each entry of U is an
element of Λ̄ ⊆ A2×2 and acts on the appropriate entries fij ∈ A2×1 by ordinary
matrix multiplication. Similarly, each product fijv, where v is an entry of V , is
the ordinary matrix product fijv ∈ A2×1A = A2×1. We view f as an element of
A2m×(2r+1), in this way, for the rest of the matrix reduction.

Note that the equivalence class of f is unchanged by arbitrary elementary column
operations, as well as by arbitrary elementary row-pair operations; that is:

(10.3.7) (a) Interchange some row-pair with some other row-pair;
(b) Left multiply a row-pair by a unit of Λ̄;
(c) Add a left Λ̄-multiple of some row-pair to a different row-pair.
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Note that whenever we refer to a row-pair, say rows i and i + 1, the number i is
always odd.

We have Γ̄(Wf) = B̄2r+1, by (10.1.1); that is, the row-pairs of f generate
B̄2r+1 = A2×(2r+1) as a left Γ̄-module. Since A is a local ring, this implies that f
has a unit in every column. A row-pair interchange therefore allows us to put a
unit into one of the first two entries of column 1. The matrix is now of the form x ∗

y ∗
∗ ∗

 .
After left-multiplying the first row-pair by the unit U in (10.3.4) we get [ xy ] = [ 1

0 ].
By the “generator condition” we have Λ̄ [ 1

0 ] = A2×1. Therefore we can row-sweep
the first column; that is, add appropriate left Λ̄-multiples of the first row-pair to
other row-pairs so that all entries in the first column below the first entry become
zero. We can also column-sweep the first row. Our matrix now takes the form:

f ∼


1
0

0 0 · · · 0
z ∗ · · · ∗

0
...
0

f1


for some z ∈ A and f1 ∈ A(2m−2)×2r. If z is a unit we can right-multiply column 2

by z−1 and obtain z = 1.
Suppose that z is not a unit. Then there is a unit in the first column of f1. Then

adding some left Γ̄-multiple of some row-pair to the first row-pair will change [ 0
z ] to

[ 0
1 ]; and so by our “generator condition” some left Λ̄-multiple of the lower row-pair

can be used instead of the Γ̄-multiple. Thus, in either case, we now have:

f ∼

 1 0
0 1

∗
∗ f2

 .
Column-sweeping from left to right now yields:

f ∼

 1 0
0 1

0

∗ f̂

 .
Since f has an even number of rows and an odd number of columns, the same is
true of f̂ . We can therefore iterate the above procedure until we get the upper
triangular form

f ∼



1 0 · · · 0 0 0
0 1 · · · 0 0 0
...

...
. . .

...
...

...
∗ ∗ · · · 1 0 0
∗ ∗ · · · 0 1 0

∗ ∗ · · · ∗ ∗ f̂


where f̂ is a column vector which contains a unit of A and has an even number of
rows. Once again we may use row-pair operations to put this column into the form
[1, 0, . . . , 0]tr (tr = transpose). For clarity in what follows, the following display
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shows the form of the resulting matrix in the particular situation f ∈ A10×7 (empty
spaces denote zeros).

f ∼



(
1 0
0 1

)
∗ ∗
∗ ∗

(
1 0
0 1

)
∗ ∗
∗ ∗

∗ ∗
∗ ∗

(
1 0
0 1

)
a b
t u

c d
v w

e g
x y

1
0

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

0
0


.

As noted in (10.3.3), Λ̄ contains a matrix of the form [ ∗ ∗x y ]. Left-multiplying
the third row-pair by [ ∗ ∗x y ] and subtracting the result from the row-pair below it
changes x and y to zero. Similarly, we sweep downward with the second row-pair
and change (the new) v and w to zero; and then sweep with the first row-pair to
change t and u to zero. After this we sweep leftward with the last column, changing
a, b, c, d, e, g to zero.

A final interchange of row-pairs puts the row-pair we have just simplified at the
bottom of the matrix. Our matrix now has the block-diagonal form

f ∼
[
h 0
0 [ 1

0 ]

]
and the proof is therefore complete.

Lemma 10.4. Let D ⊆ E be an inclusion of artinian rings (with the same 1) such
that E is module-finite over K = Z(D). Suppose further that E is a simple ring
with simple left module ES and simple right module TE. Then DS is simple ⇔ TD
is simple.

Proof. If either DS or TD is simple, then the artinian ring D, having a faithful
simple module, is a simple ring. The simple left and right D-modules have the
same (finite) dimension as K vector spaces, and so do S and T , the simple left and
right E-modules. Consequently, if either DS or TD is simple, then all four of the
above K-dimensions are equal and both DS and TD must be simple.

11. Local TFKS: Explicit Version

The purpose of this section is to convert the abstract description of the second
exceptional class of R-orders Λ satisfying TFKS, given in Local Necessity Theo-
rem 9.6(ii)(b) [and in Theorem 1.3(c3)], to an explicit description. We use this
to construct two examples, the second of which is not contained in Jacobinski’s
classification.

Notation 11.1. In this section we assume that Γ is a PID that is module-finite
over R. Hence Λ is also an integral domain and Γ is a maximal R-order in the
division ring ΛQ = ΓQ. By Morita equivalence, this is no loss of generality since
the most general exceptional rings Λ in the previous paragraph are full matrix rings
over integral domains. We also assume the following.



3452 L. S. LEVY AND C. J. ODENTHAL

(11.1.1) Γ/J(Γ) ∼= M2(∆) for some division ring ∆. In particular, the ring Γ is
matrix-local and M = J(Γ) is its unique maximal ideal.

Note that (11.1.1) implies that Z(Γ) is a local ring [LO, (4.1.6)], and then so is
Z(Λ) since Z(Γ) is integral over Z(Λ).

Our next theorem shows that the following properties of Λ are equivalent in the
presence of (11.1.1).

(11.1.2) (abstract description). Γ(M ∩ Λ)Γ = M , and the simple left Γ-module
remains simple as a Λ-module.

(11.1.3) (explicit description). Λ contains an element of M−M2, ∆ has a division-
ring extension D of left (hence right) dimension 2, and Λ/(M ∩ Λ) ∼= D (as
R-algebras).

Property (11.1.2) together with (11.1.1) is a restatement of Theorem 9.6(ii)(b).
Before proceding, we show why the left dimension of D over ∆ equals its right

dimension in (11.1.3). Since ∆ is a module-finite R-algebra, ∆ is finite dimen-
sional over Z(∆), and therefore the left dimension of D over ∆ equals the quotient
Z(∆)-dim(D)/Z(∆)-dim(∆), a left-right symmetric expression.

Theorem 11.2. Let Γ be a maximal R-order in a division ring (R semilocal) and
suppose Γ satisfies (11.1.1). Further suppose that Λ is an R-order such that ΛQ =
ΓQ. Then (11.1.2) holds ⇐⇒ (11.1.3) holds.

Proof. (⇐) Since we have (11.1.1), Γ is matrix-local and its maximal ideal J(Γ)
has splitting number 2. Every (2-sided) ideal of any maximal order is a product of
maximal ideals ([LO, 4.1.2], together with [R ’75, (22.10)]). Therefore every ideal of
Γ is a power of J(Γ). In particular, this is true of Γ(J(Γ)∩Λ)Γ. Since, by hypothesis,
Λ contains an element of J(Γ)− J(Γ)2, we therefore have Γ(J(Γ)∩Λ)Γ = J(Γ), as
desired.

Next we show that the simple left Γ-module S remains simple as a Λ-module.
We have M2(∆) ∼= S2 as left Γ-modules. Since M2(∆) has dimension 2 as a left D-
vector space, we see that S has dimension 1 as a left D-vector space, a restatement
of what we want to prove.

(⇒) Let D be the image of Λ in M2(∆). Thus D is an R-module of finite length
[LO, 1.6(iii)] and therefore an artinian ring. The faithful simple left M2(∆)-module
S is also a faithful D-module, and remains simple as a D-module by hypothesis.
Since the artinian ring D has a faithful simple module, D is a simple ring. On
the other hand, Λ is a local ring, as shown in 9.7; and therefore its simple artinian
homomorphic image D is a division ring.

We now claim that there is an R-algebra monomorphism ∆ ↪→ D. Consider
the simple Γ-module S = M2(∆)· [ 1

0 ]. By hypotheses, this remains simple as a Λ-
module, and therefore D [ 1

0 ] = Λ [ 1
0 ] = S. It follows that, for all elements x, y ∈ ∆

there is an element d ∈ D whose first column is [ xy ]. In fact, there is a unique such
element d because the difference between any distinct two such elements would have
first column zero, and would be an invertible matrix since D is a division ring. For
δ ∈ ∆ let φ(δ) be the unique element of D whose first column equals [ δ0 ]. This φ is
clearly the desired R-algebra monomorphism.

The monomorphism φ: ∆ ↪→ D is not a surjection since D contains elements
whose first column has the form

[
0
y

]
with y 6= 0. Therefore the dimension of D

over ∆ equals 2.
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To complete the proof it suffices to show that Λ contains an element of J(Γ) −
J(Γ)2. This follows from the hypothesis that Γ(J(Γ) ∩ Λ)Γ = J(Γ), together with
the fact that all ideals of the matrix-local PID Γ are powers of its unique maximal
ideal J(Γ).

The next lemma provides two maximal orders that can be used to construct
rings conforming to explicit description (11.1.3). The first of these has a number-
theoretic origin, and the second has a ring-theoretic origin (but, in characteristic p,
it becomes an order in a global field).

Lemma 11.3. (i) Let Υ be the maximal Z-order in the division algebra of ratio-
nal quaternions that contains i, j, k. Then, for any odd prime number p, the
maximal Zp-algebra Γ = Υp satisfies condition (11.1.1), with ∆ = Z/pZ, and
∆ has a field extension D of dimension 2.

(ii) Let Υ = ∆[x, σ], the skew polynomial ring over any field ∆ such that ∆ has
an automorphism σ of order 2 and a division ring extension D of dimension
2, and let G be the fixed field of σ. Then the center of Υ is the commutative
polynomial ring G[x2], and for a suitable irreducible polynomial f ∈ G[x2]
the maximal G[x2]f -order Γ = Υf satisfies condition (11.1.1), with Γ/J(Γ) =
M2(∆). (The subscript f denotes the localization that inverts all irreducible
polynomials in G[x2] except f .)

Proof. In situation (i) it is well-known that Υ/pΥ ∼= M2(∆), with ∆ = Z/pZ. Thus
∆ has a field extension D of dimension 2. The rest of statement (i) follows from the
fact that the set of maximal ideals of any classical maximal order is in one-to-one
correspondence with the set of maximal ideals of its center via contraction [LO,
(4.1.6)].

In situation (ii) there exists a G[x2]-algebra homomorphism of Υ onto M2(∆)
[L ’92, (3.2)]. The proof is completed, as above, by the correspondence of maximal
ideals of maximal orders with those of their center.

The following is the simplest example of the type of ring Λ we are discussing.

Example 11.4. Choose any Γ and ∆ as in (11.1.1), where ∆ has a division ring
extension D of left dimension 2 [for example, the rings mentioned in Lemma 11.3]
and let ν be the natural surjection of Γ onto Γ/J(Γ) = M2(∆). Choose any R-
algebra embedding D ⊂M2(∆). Then the pullback

Λ = {λ ∈ Γ | ν(λ) ∈ D}
satisfies explicit condition (11.1.3), and therefore, by Theorem 11.2, satisfies the
equivalent abstract condition (11.1.2). Note that, in this example, the largest con-
ductor ideal for for Λ and Γ is J(Γ) = J(Λ).

Note also that it is not always possible to choose D to contain the set of diagonal
matrices the form diag(δ, δ), δ ∈ ∆. For example, take Γ as in Lemma 11.3(ii), with
∆ the complex numbers and D the real quaternions. Then D has no central subfield
isomorphic to ∆.

Example 11.5. Let n be any positive integer. Then there is a ring Λ, as in The-
orem 11.2, such that the largest conductor ideal for Λ and Γ is J(Γ)n.

To construct such a Λ, let Γ and ∆ be as in Lemma 11.3(i) and choose a prime
number p such that −1 does not have a square root in ∆, that is, p ≡ 3 (mod 4).
Since p is odd, we have Υ/pΥ ∼= M2(∆) where ∆ ∼= Z/pZ, and J(Γ) = pΓ is the
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unique maximal ideal of Γ. We conclude from this that Γ/J(Γ)n ∼= Mn(Z/pnZ).
Let ν be a ring homomorphism of Γ onto Mn(Z/pnZ) with kernel J(Γ)n, and set

Λ =

{
λ ∈ Γ | ν(λ) =

[
a −b
b a

]
with a, b ∈ Z/pnZ

}
.(11.5.1)

We prove that Λ has the desired properties by checking the conditions in (11.1.1)
and (11.1.3).

We already have (11.1.1) with ∆ = Z/pZ. Let D be the set of matrices of the
form

[ x y
−y x

]
in M2(∆). Since −1 has no square root in ∆, D is a field of dimension

2 over ∆. Then Λ/(J(Γ) ∩ Λ) ∼= D (as Z-algebras). The only thing remaining to
be checked is that Λ contains an element γ ∈ J(Γ) − J(Γ)2. We can take γ to be
any element of Γ such that ν(γ) = [ π 0

0 π ] where π = p+ pnZ ∈ Z/pnZ.
The orders Λ in this last example are missing from Jacobinski’s classification [J

’74, Theorem 1(ii)] when n > 1 because, in his terminology, Λ is not a σ-order.
See his definition of a sigma order on page 170. If Λ were a σ-order, it would
contain J(Γ). To see that this does not hold, let γ′ be an element of Γ such that
ν(γ′) = [ π 0

0 0 ], where π = p + pnZ. Then γ′ ∈ J(Γ). But γ′ 6∈ Λ, as one sees from
(11.5.1).
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