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INTEGRATION OF CORRESPONDENCES ON LOEB SPACES

YENENG SUN

Abstract. We study the Bochner and Gel′fand integration of Banach space
valued correspondences on a general Loeb space. Though it is well known that
the Lyapunov type result on the compactness and convexity of the integral
of a correspondence and the Fatou type result on the preservation of upper
semicontinuity by integration are in general not valid in the setting of an
infinite dimensional space, we show that exact versions of these two results
hold in the case we study. We also note that our results on a hyperfinite Loeb
space capture the nature of the corresponding asymptotic results for the large
finite case; but the unit Lebesgue interval fails to provide such a framework.

1. Introduction

Since Aumann’s seminal work [6] on the integration of a finite dimensional valued
correspondence, there have been numerous applications and generalizations of that
work. See [4, 12, 20, 29], and [32] for some of the results. The extension of Aumann’s
theory to an infinite dimensional space has also been studied extensively by many
authors since the pioneering work of Debreu [12] in that direction. For references,
see [7, 10, 19, 26, 35], and [46]. Here we note that in the literature correspondences
are also referred to as multifunctions, set valued functions, set valued maps, and
random sets.

Two results in [6] are crucial for applications. The first is the Lyapunov type
result on the compactness and convexity of the integral of a finite dimensional
valued correspondence on an atomless measure space. The second is the Fatou
type result on the preservation of upper semicontinuity by integration. It is well
known that those two results fail in the setting of an infinite dimensional space for
some correspondences on the unit Lebesgue interval (see [13], and also [38, 46]).

The aim of this paper is to note that if instead of working on a general measure
space, we consider Banach space valued correspondences on a general Loeb space,
then we can obtain exact versions of both Fatou type and Lyapunov type results
for Bochner and Gel′fand integrals of those correspondences, which will enable one
to apply a fixed point argument to solve relevant problems (see [8, 15], and [16]
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for fixed point theorems in an infinite dimensional space). Moreover, once we have
results on a hyperfinite Loeb space, the usual techniques of lifting, pushing-down,
and transfer (see [1, 2, 31, 36]) allow us to obtain results for the large finite case
(see, for example, Proposition 4.11 below). Note that people usually use Lebesgue
spaces or more specifically the unit Lebesgue interval as an idealization of a large
finite model (see [5] and [20]). Since approximate results are usually more difficult
to find for a finite model, they also try to obtain asymptotic results for a large finite
model by finding exact results for the ideal model first (see [20]). Thus the failure
of the Lyapunov and Fatou type results in the setting of an infinite dimensional
space indicates that the Lebesgue spaces fail to provide such a framework for a
large class of problems. Here we also note that many infinite models in scientific
study are idealizations of finite but large number of objects in reality. Thus those
infinite models which capture the nature of the corresponding large finite models
should have many advantages over other infinite models.

In [43], we have developed a distributional theory for correspondences on a Loeb
space. We shall use some of the results shown there to prove the main results of this
paper. In joint work with Ali Khan (see [27] and [28]), the results in this paper and
[43] are systematically used to study relevant problems in game theory and general
equilibrium theory. Here we note that the distribution theory is also related to the
integration theory in the following way. The distribution of a measurable function
f from a probability space (T, T , ν) to a compact metric space X is the Gel′fand
integral of the mapping fδ from (T, T , ν) to the space of Borel measures on X which
is the dual space of the space of continuous functions on X , where for each t ∈ T ,
fδ(t) is the Dirac measure on X concentrated at the point f(t).

The paper is organized as follows. In Section 2 we state the main results. In
Section 3 we collect some results in [43] which are needed in this paper. The final
two sections are devoted respectively to the proof of the main results on the Bochner
and Gel′fand integrals of Banach space valued correspondences.

2. The main results

We first introduce some basic definitions. Let T and S be nonempty sets, and
P(S) the power set of S. A mapping from T to P(S)−{∅} is called a correspondence
from T to S. Let X be a topological space, B(X) the Borel σ-algebra of X , and F
a correspondence from a probability space (T, T , ν) to X , where T is a σ-algebra
on T and ν a probability measure on (T, T ). For simplicity, in this paper we
shall only work with probability measures which are complete on the corresponding
measurable spaces. It is also obvious that the results reported in this paper can be
restated for a finite measure space. The correspondence F is said to be measurable
if its graph {(t, x) ∈ T ×X : x ∈ F (t)} belongs to the product σ-algebra T ⊗B(X).
See Chapter III of [11] for many equivalent definitions of the measurability of a
correspondence. A function f from (T, T , ν) to X is called a selection of F if
f(t) ∈ F (t) for all t ∈ T . If, in addition, f is measurable, then f is said to be
a measurable selection. Note that if F is measurable, then F has a measurable
selection (see [20, p. 54] and also [44] for a survey of measurable selections). F is
said to be closed valued if F (t) is a closed subset of X for all t ∈ T . We can define
compact valued correspondences similarly.

Now let f be a function from a probability space (T, T , ν) to a Banach space
X . If f can be approximated in norm by a sequence of simple functions and ‖f‖ is
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integrable on the space (T, T , ν), then f is said to be Bochner integrable (see [13]).
For a correspondence F from (T, T , ν) to X , let SF be the collection of all Bochner
integrable selections of F and let the Bochner integral

∫
T
Fdν of the correspondence

F be the set {
∫
T
fdν : f ∈ SF } in X . F is said to be integrably bounded if there

is a real valued integrable function g on (T, T , ν) such that for ν-almost all t ∈ T ,
sup{‖x‖ : x ∈ F (t)} ≤ g(t). When X is a finite dimensional space, by using the
Lyapunov theorem on the range of an atomless vector measure, Richter [37] showed
that

∫
T
Fdν is convex. Also Aumann showed in [6] that if F is integrably bounded,

then
∫
T Fdν is compact. The following well known example of Lyapunov indicates

that the Aumann-Richter results are not valid for an l2-valued correspondence on
the unit Lebesgue interval (see [13] and also [38, 46]).

Example 1. Let ([0, 1],L([0, 1]), λ) be the unit Lebesgue interval, where L([0, 1])
is the the collection of Lebesgue measurable sets in [0, 1] and λ is the Lebesgue
measure. Select a complete orthogonal system {wn}∞n=0 in the space L2(λ) of real
valued square integrable functions on [0, 1] such that each wn assumes only the

values 1 or −1 and such that w0(t) = 1 for each t ∈ [0, 1] and
∫ 1

0
wndλ = 0 for each

n ≥ 1. Define a function f from [0, 1] to l2 by letting

f(t) =

(
1 + wn(t)

2n+1

)∞
n=0

for each t ∈ [0, 1]. For each n ≥ 1, let Un = {t : wn(t) = 1}. It is clear that f is
Bochner integrable and ∫

[0,1]

fdλ = (1,
1

22
, · · · , 1

2n+1
, · · · ).

For each t ∈ [0, 1], let F (t) be the set {0, f(t)} in l2. Then F is a norm compact
valued, integrably bounded, measurable correspondence. Suppose that

∫
[0,1]

Fdλ is

convex. Then there is a Lebesgue measurable subset E of [0, 1] such that∫
E

fdλ =
1

2

∫
[0,1]

fdλ = (
1

2
,

1

23
, · · · , 1

2n+2
, · · · ).

Thus λ(E) = 1/2 and for each n ≥ 1,

λ(E ∩ Un) = λ(E − Un) = λ(Un −E) = λ([0, 1]− (E ∪ Un)) =
1

4
.

Define a function h on [0, 1] such that h(t) = 1 for t ∈ E and h(t) = −1 for t ∈
[0, 1]−E. Then h is orthogonal to all the wn’s, which contradicts the completeness
of the system. Hence

∫
[0,1]

Fdλ is not convex.

Next for each m ≥ 1, let fm(t) =
(

1+wn(t)
2n+1

)m
n=0

and Fm(t) = {0, fm(t)} ⊆
Rm+1. Then the Lyapunov theorem says that

∫
[0,1] Fmdλ is convex. Thus there is

a Lebesgue measurable set Em in [0, 1] such that∫
Em

fmdλ =
1

2

∫
[0,1]

fmdλ.

It is easy to see that
∫
Em

fdλ ∈
∫

[0,1]
Fdλ and lim

m→∞

∫
Em

fmdλ = 1
2

∫
[0,1]

fdλ. Thus∫
[0,1] Fdλ is not norm closed and hence not weakly closed. Therefore

∫
[0,1] Fdλ is

neither norm compact nor weakly compact.
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Next we consider correspondences on a Loeb space. Let Ω be a nonempty in-
ternal set, A an internal algebra of subsets of Ω, and P a finitely additive internal
probability measure on (Ω,A). Define a real valued set function ◦P on (Ω,A) such
that for each A ∈ A, ◦P (A) is the standard part ◦(P (A)) of P (A). Then Loeb’s the-
orem (see [31]) indicates that ◦P can be extended to a probability measure L(P )
on the σ-algebra generated by A. Let (Ω, L(A), L(P )) be the completion of the
space (Ω, σ(A), L(P )), which is usually referred to as the Loeb space.

The first theorem says that the Bochner integral of any Banach space valued
correspondence on any atomless Loeb space is always convex. Note that even
though the result is completely general, i.e., neither measurability nor closedness
on the correspondence is required, it is in fact almost the easiest to prove among
the theorems presented in this section.

Theorem 1. Let F be any correspondence from an arbitrarily given atomless
Loeb space (Ω, L(A), L(P )) to any Banach space X. Then the Bochner integral∫

Ω
FdL(P ) of F is always convex.

The next theorem concerns the norm compactness of the Bochner integral of a
Banach space valued correspondence on a Loeb space. Note that the integrable
boundedness of the correspondence is needed even if the Banach space is finite
dimensional (see [6, p. 9]).

Theorem 2. Let F be any norm compact valued correspondence from any given
Loeb space (Ω, L(A), L(P )) to a general Banach space X. If F is integrably bounded,
then

∫
Ω FdL(P ) is norm compact.

Remark. Let (T, T , ν) be a positive measure space, and G a vector measure from
(T, T ) to a Banach space X . Assume that G has a Radon-Nikodým derivative f
with respect to ν, i.e., there is a Bochner integrable function f from (T, T , ν) to
X such that G(A) =

∫
A
fdν for any A ∈ T . Then it is clear that the range of G

is
∫

Ω
Fdν, where F is the correspondence defined by F (t) = {0, f(t)}. Hence the

convexity or norm compactness of
∫

Ω Fdν would imply that of the range of G. Thus
Theorems 1 and 2 imply that the range of any Banach space valued measure with a
Radon-Nikodým derivative on any given atomless Loeb space must be convex and
norm compact. That is, the original version of Lyapunov’s theorem holds in this
case.

Since norm compact sets are in a certain sense quite small in an infinite dimen-
sional Banach space, weakly compact sets are often used in various applications.
The following theorem is an analog of Theorem 2 in the setting of weakly compact
sets.

Theorem 3. Let F be any integrably bounded, weakly compact valued correspon-
dence from (Ω, L(A), L(P )) to a general Banach space X. Then

∫
Ω
FdL(P ) is

weakly compact.

In the rest of this section, we shall only work with a general separable Banach
space X . The following theorem is a version of Aumann’s Theorem 3 in [6] in the
setting of Banach spaces. Note that the result fails on the unit Lebesgue interval.
The correspondence F in Example 1 provides a counterexample.

Theorem 4. Let F be a measurable, integrably bounded, weakly compact valued
correspondence from a Loeb space (Ω, L(A), L(P )) to a separable Banach space X.



CORRESPONDENCES ON LOEB SPACES 133

If (Ω, L(A), L(P )) is atomless, then∫
Ω

coFdL(P ) =

∫
Ω

FdL(P ),

where coF is the correspondence such that for each ω ∈ Ω, coF (ω) is the norm
closure of the convex hull of F (ω).

Now we come to the property that integration preserves semicontinuity. The
following definition of semicontinuity is adopted (see [4, pp. 38-40] or [20, pp.
21-26]).

Definition. LetG be a correspondence from a topological space Y to another topo-
logical space Z. Let y0 be a point in Y . Then G is said to be upper semicontinuous
at y0 if for any open set U which contains G(y0), there exists a neighborhood V of
y0 such that y ∈ V implies that G(y) ⊆ U . G is said to be lower semicontinuous
at y0 if for any open set U with U ∩ G(y0) 6= ∅, there exists a neighborhood V of
y0 such that G(y) ∩ U 6= ∅ for every y ∈ V . G is said to be continuous at y0 if it is
both upper and lower semicontinuous at y0.

We still work on a Loeb probability space (Ω, L(A), L(P )). Let Y be a metric
space and F a correspondence from Ω×Y to a separable Banach space X . Assume
that for each fixed y ∈ Y , F (·, y) is a measurable correspondence from Ω to X .
Theorem 5 concerns norm semicontinuity and Theorem 6 involves semicontinuity
in the weak topology.

Theorem 5. Assume that F is norm closed valued and there is an integrably
bounded, norm compact valued correspondence G such that for every y ∈ Y , F (ω, y)
⊆ G(ω) for almost all ω ∈ Ω. Then if F (ω, y) is norm upper semicontinuous
on Y for each fixed ω, then

∫
Ω
F (ω, y)dL(P )(ω) is norm upper semicontinuous on

Y ; if F (ω, y) is norm lower semicontinuous on Y for each fixed ω, then∫
Ω F (ω, y)dL(P )(ω) is norm lower semicontinuous on Y ; if F (ω, y) is norm con-

tinuous on Y for each fixed ω, then
∫

Ω
F (ω, y)dL(P )(ω) is norm continuous on

Y .

Theorem 6. Assume that F is weakly closed valued and there is an integrably
bounded, weakly compact valued correspondence G such that for every y ∈ Y ,
F (ω, y) ⊆ G(ω) for almost all ω ∈ Ω. Then if F (ω, y) is weakly upper semi-
continuous on Y for each fixed ω, then

∫
Ω F (ω, y)dL(P )(ω) is weakly upper semi-

continuous on Y ; if F (ω, y) is weakly lower semicontinuous on Y for each fixed ω,
then

∫
Ω
F (ω, y)dL(P )(ω) is weakly lower semicontinuous on Y ; if F (ω, y) is weakly

continuous on Y for each fixed ω, then
∫

Ω
F (ω, y)dL(P )(ω) is weakly continuous

on Y .

The following example shows that the results in the above two theorems on the
preservation of upper semicontinuity by integration are not valid for some corre-
spondence on the unit Lebesgue interval.

Example 2. We choose a system {wn}∞n=0 as in Example 1. For each m ≥ 1,
let cm be the vector in l2 such that the first m components of cm are 0 and the
n-th component of cm is 2−n−1 for n > m; let gm be the function from [0, 1] to
l2 such that the n-th component of gm is (1 + wn−1)/2n for 1 ≤ n ≤ m and the
n-th component of gm is the constant 2−n−1 for n > m. Let Gm(t) = {cm, gm(t)}
for each t ∈ [0, 1]. Let g be the function f in Example 1 and c be the Bochner
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integral of g. Now let Y be the space {0, 1, 1/2, · · · , 1/m, · · · } endowed with the
usual metric. Let G be the correspondence from [0, 1]× Y to l2 such that for each
t ∈ [0, 1], G(t, 1/m) = Gm(t) for each m ≥ 1 and G(t, 0) is the correspondence F
in Example 1. Then G satisfies the conditions on norm (and hence weak) upper
semicontinuity and measurability in Theorems 5 and 6. Let O = l2 − {c/2}. Then
O is an open neighborhood of

∫
[0,1]

G(·, 0)dλ in both norm and weak topologies.

Since c/2 ∈
∫

[0,1]G(·, 1/m)dλ for each m ≥ 1,
∫

[0,1]G(·, 1/m)dλ is not contained

in O for any m ≥ 1. Therefore
∫

[0,1]G(·, y)dλ is neither norm nor weakly upper

semicontinuous at y = 0.

Since bounded weak∗ closed sets are weak∗ compact, it is sometimes convenient
to work with the weak∗ topology and the associated Gel′fand integral. In the rest of
this section, we present some corresponding properties for the Gel′fand integral of a
correspondence on a Loeb space. A function f from a probability space (T, T , ν) to
the norm dual X∗ of a Banach space X is said to be Gel′fand integrable if for each
x ∈ X , f(·)(x) is integrable over (T, T , ν). The Gel′fand integral of f is the unique
element x∗ in X∗ such that x∗(x) =

∫
T f(·)(x)dν for all x ∈ X (see [13, p. 53]), and

x∗ is also denoted by
∫
T fdν. Let F be a correspondence from (T, T , ν) to the dual

X∗ and WF be the collection of all Gel′fand integrable selections of F . Define the
Gel′fand integral

∫
T
Fdν of the correspondence F to be the set {

∫
T
fdν : f ∈ WF }

in X∗. Now we fix an arbitrarily given Loeb space (Ω, L(A), L(P )) and a general
separable Banach space X .

Theorem 7. Let F be a correspondence from (Ω, L(A), L(P )) to X∗. If the Loeb
space (Ω, L(A), L(P )) is atomless, then the Gel′fand integral

∫
Ω
FdL(P ) of F is

convex.

Theorem 8. Let F be an integrably bounded, weak∗ closed correspondence from a
Loeb space (Ω, L(A), L(P )) to X∗. Then the Gel′fand integral

∫
Ω
FdL(P ) is weak∗

compact.

Theorem 9. Let F be an integrably bounded, weak∗ measurable, and weak∗ closed
valued correspondence from (Ω, L(A), L(P )) to X∗. If (Ω, L(A), L(P )) is atomless,
then ∫

Ω

w∗-coFdL(P ) =

∫
Ω

FdL(P ),

where w∗-coF is the correspondence such that for each ω ∈ Ω, w∗-coF (ω) is the
weak∗ closure of the convex hull of F (ω).

Theorem 10. Let F be a weak∗ closed valued correspondence from Ω × Y to X∗,
where Y is a metric space. Assume that F (ω, y) is weak∗ measurable for each fixed y
and there is a real valued integrable function g on (Ω, L(A), L(P )) such that for al-
most all ω ∈ Ω, sup{‖x∗‖ : x∗ ∈ F (ω, y) for some y ∈ Y } ≤ g(ω). Then if F (ω, y)
is weak∗ upper semicontinuous on Y for each fixed ω, then

∫
Ω
F (ω, y)dL(P )(ω) is

weak∗ upper semicontinuous on Y ; if F (ω, y) is weak∗ lower semicontinuous on Y
for each fixed ω, then

∫
Ω
F (ω, y)dL(P )(ω) is weak∗ lower semicontinuous on Y ;

if F (ω, y) is weak∗ continuous on Y for each fixed ω, then
∫

Ω F (ω, y)dL(P )(ω) is
weak∗ continuous on Y .

Remark. Let F be the correspondence in Example 1. Then the Gel′fand integral of
F is the same as the Bochner integral of F . So the results in Theorems 7-9 fail on
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the unit Lebesgue interval. Similarly Theorem 10 also fails on the unit Lebesgue
interval. The correspondence G in Example 2 provides a counterexample for this
case. Thus we see that all the ten theorems presented in this section fail on the
unit Lebesgue interval.

3. Some preliminaries

In this section we collect some results from [43] which are needed later. For
a measurable mapping g from a probability space (T, T , ν) to a Polish space X ,
we use ν g−1 to denote the Borel probability measure on X induced by g, which
is often called the distribution of g. Let M(X) be the space of Borel probability
measures on X endowed with the topology of weak convergence of measures. For
a correspondence F from (T, T , ν) to X , let

DF = {ν f−1 : f is a measurable selection of F}.

We shall now fix a Loeb space (Ω, L(A), L(P )) and a Polish space X . The first
proposition says that the set of distributions of the measurable selections of a
correspondence on an atomless Loeb space is convex (see Theorem 2 in [43]).

Proposition 3.1. Let F be a correspondence from (Ω, L(A), L(P )) to X. If
(Ω, L(A), L(P )) is atomless, then DF is a convex set in M(X).

The second proposition is about the compactness of the set of distributions of
the measurable selections of a correspondence on a Loeb space (see Theorem 4 of
[43]).

Proposition 3.2. Let F be a compact valued correspondence from (Ω, L(A), L(P ))
to X. Then DF is compact in M(X). Moreover, if F is measurable, then for any
given ε > 0, there is a compact set Kε in X such that L(P )({ω : F (ω) ⊆ Kε}) >
1− ε.

In the following we present Kuratowski’s notion of topological limits for a se-
quence of sets in a topological space (see [20, p. 15]).

Definition 3.3. Let X be a topological space. If A1, A2, ... are subsets of X , then
by definition, x ∈ lim

k→∞
inf Ak if and only if every neighborhood of x intersects all the

Ak with sufficiently large k; and x ∈ lim
k→∞

supAk if and only if every neighborhood

of x intersects infinitely many Ak. The limits are sometimes called topological limes
inferior and superior respectively. If lim

k→∞
inf Ak = lim

k→∞
supAk = A, then we denote

lim
k→∞

Ak = A.

The last result we collect here is used to prove results on the preservation of
upper semicontinuity by integration (see Proposition 3.12 of [43]).

Proposition 3.4. Let {Fn}∞n=1 be a sequence of measurable correspondences from
(Ω, L(A), L(P )) to X and let F (ω) = lim

n→∞
supFn(ω) for each ω ∈ Ω. Assume that

there is a compact valued correspondence G from (Ω, L(A), L(P )) to X such that
L(P ){ω : for any n ≥ 1, Fn(ω) ⊆ G(ω)} = 1. Then lim

n→∞
supDFn ⊆ DF .
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4. Bochner integration of correspondences

Proof of Theorem 1. For any y1, y2 ∈
∫

Ω FdL(P ), there are Bochner integrable
selections f1, f2 of F such that yi =

∫
Ω
fidL(P ) for i = 1, 2. By Pettis’s measurabil-

ity theorem (see [13, p. 42]), f1 and f2 are essentially norm separably valued. Thus
we can assume that f1 and f2 take values from a separable Banach subspace Y of X .
Let G be the correspondence from Ω to Y such that G(ω) = {f1(ω), f2(ω)} for any
ω ∈ Ω. By Proposition 3.1, the set DG of distributions of the measurable selections
of G is convex. For i = 1, 2, let µi = L(P )g−1

i be the probability measure on Y in-
duced by gi. Then it can be checked that the identity mapping IdY on Y is Bochner
integrable with respect to µ1 and µ2 and moreover yi =

∫
Y
IdY dµi for i = 1, 2. It

is clear that for any α ∈ [0, 1], the Bochner integral
∫
Y IdY d(αµ1 + (1− α)µ2) still

exists and equals αy1 +(1−α)y2. Since DG is convex, there is a Bochner integrable
selection f of G such that L(P )f−1 = αµ1 + (1− α)µ2. Hence

αy1 + (1− α)y2 =

∫
Y

IdY dL(P )f−1 =

∫
Ω

fdL(P ) ∈
∫

Ω

FdL(P ),

whence
∫

Ω FdL(P ) is convex.

Remarks. (1) As remarked earlier in Section 2, the convexity of the integrals of
correspondences on atomless measure spaces implies the convexity of the ranges of
those Banach space valued measures with Radon-Nikodým derivatives with respect
to the atomless measure spaces. On the other hand, it is also known that results on
the convexity of the ranges of vector measures imply the convexity of the integrals
of correspondences on atomless measure spaces. In fact, as in the above proof, one
can only work with a correspondence F from an atomless measure space (T, T , ν)
to a Banach space X by assuming F (t) = {f(t), g(t)}, where f and g are Bochner
integrable functions. One may simply observe that∫

T

Fdν =

∫
T

gdν +

∫
T

{0, f − g}dν.

Let H be the vector measure defined by H(A) =
∫
A(f − g)dν for any A ∈ T . If the

range of H is convex, then
∫
T
Fdν is convex.

(2) Next let G be any X-valued measure on any given atomless Loeb space
(Ω, L(A), L(P )) with a Radon-Nikodým derivative with respect to L(P ). Then by
working with an internal lifting of f , one observes that G is a vector Loeb measure
as constructed in [33] and [42]. It is quite obvious that the range of a vector
Loeb measure is closed (see Theorem 3.13 in [33]). The proof of Uhl’s Lyapunov
theorem clearly shows that the range of G must be norm compact and convex (see
Proposition 2.1 in Chapter IV of [41] or Proposition 4.5 in [42] for an earlier version
of this observation). Thus Theorem 1 was already essentially shown in [41] and [42].

(3) For a correspondence F from any given atomless Loeb space to a Banach
space X , the Pettis integral of F can be similarly defined. If X is separable, then
exactly the same proof as that of Theorem 1 shows that the Pettis integral of F
is still convex. Note that F may have a measurable selection f such that ‖f‖ is
not integrable. That is, the Pettis integral of F is in general not the same as the
Bochner integral of F .

(4) Let τ be a probability measure on the space K(X) of compact subsets of a
separable Banach space X with the Hausdorff metric. Let H be the correspondence
defined as the projection mapping from the product space of (K(X), τ) with the
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unit Lebesgue interval ([0, 1], λ) to K(X). It is known that the distribution of H is
τ , and the set of distributions of measurable selections of H, which is convex and
compact, realizes all possible distributions of selections of correspondences with
distribution τ (see [3, 17] and [18]). Now let (T, T , ν) be any atomless probability
space. Then there is a measurable mapping h from T to K(X) × [0, 1] such that
the distribution of h is τ ⊗ λ. Let G = H ◦ h. Then the distribution of G is τ ,
and

∫
T Gdν is certainly convex and realizes all possible integrals of selections of

correspondences with distribution τ . Hence for a norm compact valued measurable
correspondence F , there is a correspondence G on any given atomless probability
space (and of course including atomless Loeb spaces) such that F and G have
the same distribution and

∫
T
Gdν is convex and realizes all possible integrals of

selections of correspondences with the same distribution as F .
(5) After this paper was written up, the author received a preprint of D. Ross “A

representation-independent integral for random closed sets” in which he considered
the max-integral for a Radon random closed set (RRCS) taking values in a Banach
space X . In that paper, the space F(X) of closed subsets of X is endowed with
Michael’s topology, i.e., a subbasis is composed of sets of the form {A ∈ F(X) :
A∩O 6= ∅}) for an open set O in X , and {A ∈ F(X) : A∩E = ∅}) for a closed set E
in X . An RRCS is a measurable function from a probability space into F(X) with
the Borel σ-algebra generated by Michael’s topology such that its distribution on
F(X) is Radon. For a Radon distribution σ on F(X), the max-integral max(σ) is
defined to be the set of all the integrals

∫
X
xdρ(x) for all Radon probability measures

ρ on X satisfying ρ(E) ≤ σ({A ∈ F(X) : A ∩ E 6= ∅}) for all closed subsets E of
X . It was noted there that there is one hyperfinite Loeb space with the counting
measure (Ω∞,A∞, P∞) and a RRCS F∞ in some β-saturated nonstandard model
with β > 2card(X) such that the distribution of F∞ is σ, and

∫
Ω∞

F∞dP∞ = max(σ),

which is convex. As remarked in (4), such a result is known for the case of norm-
compact valued measurable correspondences in the separable case. Next note that
even if X is separable, there is little information about Michael’s topology on F(X).
For example, it is not even known how the usual notion of closed valued measurable
correspondences (see [4, 11], and [20]) is related to the notion of RRCSs. Also the
larger saturation imposed on the nonstandard model was used there to work with
topologies on F(X) and X , which excludes the natural hyperfinite Loeb counting
spaces obtained from the ultrapower construction on a free ultrafilter on N. Finally
we note that we work with arbitrary atomless Loeb spaces in any ℵ1-saturated
nonstandard model.

Proof of Theorem 2. To show that
∫

Ω
FdL(P ) is norm compact, it is enough to

show that any sequence in
∫

Ω
FdL(P ) has a subsequence norm convergent to some

point in
∫

Ω FdL(P ). Pick a sequence {fn}∞n=1 of Bochner integrable selections of

F . Let xn =
∫

Ω fndL(P ) for each n. As above, by Pettis’s measurability theorem,
each fn is essentially norm separably valued. Thus we can assume that all the
fn’s take values from a separable Banach subspace Y of X . Let G be a new
correspondence from Ω to Y such that for each ω ∈ Ω, G(ω) is the norm closure
of the set {fn(ω) : n ≥ 1} in Y . Then G is an integrably bounded, norm compact
valued, measurable correspondence from (Ω, L(A), L(P )) to the separable Banach
space Y . Since G is integrably bounded, there is a real valued integrable function
g on (Ω, L(A), L(P )) such that for almost all ω ∈ Ω, sup{‖y‖ : y ∈ G(ω)} ≤ g(ω).
Thus for any given ε > 0, there is a δ > 0 such that for any Loeb measurable set A
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with L(P )(A) < δ, we have
∫
A
gdL(P ) < ε/2. By Proposition 3.2, there is a norm

compact subset Bδ in Y such that

L(P ){ω : G(ω) ⊆ Bδ} > 1− δ.

Let Kδ be the closed convex hull of Bδ∪{0}. Then Mazur’s theorem (see [13, p. 51])
indicates that Kδ is still norm compact. Choose finitely many points y1, y2, ..., yn
from Kδ such that for any y ∈ Kδ, there is an integer i with 1 ≤ i ≤ n such that
‖y−yi‖ < ε/2. Let f be a measurable selection of G and Aδ = f−1(Kδ). It is clear
that L(P )(Ω−Aδ) < δ. Thus

‖
∫
Acδ

fdL(P )‖ ≤
∫
Acδ

gdL(P ) < ε/2.

Note that
∫
Aδ
fdL(P ) is still an element of Kδ, which implies that there is a yi such

that ‖
∫
Aδ
fdL(P ) − yi‖ < ε/2. Thus ‖

∫
Ω
fdL(P )− yi‖ < ε. Hence

∫
Ω
GdL(P ) is

totally bounded and thus relatively compact. Then the sequence {xn}∞n=1 has a
norm convergent subsequence. Without loss of generality, we assume that lim

n→∞
xn =

x0. Let µn = L(P )f−1
n . Since G is compact valued, Proposition 3.2 says that DG

is a compact subset of the space M(Y ) of probability measures on Y . Without
loss of generality, we assume that {µn}∞n=1 converges weakly to some µ in DG. The
measure µ is induced by a measurable selection f of G. It is easy to see that f is
a Bochner integrable selection of F . It remains to show that x0 =

∫
Ω
fdL(P ). For

any given continuous linear functional ϕ on Y , it is clear that {ϕ◦fn}∞n=1 converges
to ϕ ◦ f in distribution. Since F is integrably bounded, the sequence {ϕ ◦ fn}∞n=1

is uniformly integrable. By Theorem 5.4 on p.32 of [9], we have

lim
k→∞

∫
Ω

ϕ ◦ fndL(P ) =

∫
Ω

ϕ ◦ fdL(P ).

Thus ϕ(x0) = ϕ(
∫

Ω
fdL(P )), which implies that x0 =

∫
Ω
fdL(P ). Therefore∫

Ω
FdL(P ) is norm compact.

Proof of Theorem 3. To show that
∫

Ω
FdL(P ) is weakly compact, it is sufficient

to show that it is weakly sequentially compact by the Eberlein-Smulian theorem (see
[21, Section 18]). That is, any sequence in

∫
Ω
FdL(P ) has a subsequence weakly

convergent to some point in
∫

Ω FdL(P ). Pick a sequence {fn}∞n=1 of Bochner

integrable selections of F . Let xn =
∫

Ω fndL(P ) for each n. As in the proof of
Theorem 2, we can assume that all the fn’s take values from a separable Banach
subspace Y of X . Let G be a new correspondence from Ω to Y such that for
each ω ∈ Ω, G(ω) is the weak closure of the set {fn(ω) : n ≥ 1} in Y . Since
the space Y is also weakly closed in X , G(ω) must be a weakly compact subset
of Y ∩ F (ω) for each ω ∈ Ω by the assumption of weak compactness on F . Thus
G is a weakly compact valued, integrably bounded correspondence from Ω to the
separable Banach space Y .

Next we show that for any bounded linear functional ϕ on Y , ϕ attains the
maximum on the bounded set

∫
Ω
GdL(P ). Without loss of generality, we assume

that the norm of ϕ is 1. Let a be the supremum value of ϕ on
∫

ΩGdL(P ). Then
there is a sequence {gn}∞n=1 of Bochner integrable selections of G such that

lim
n→∞

ϕ(

∫
Ω

gndL(P )) = a.
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Since Y is separable, the unit ball of the dual space Y ∗ with the weak∗ topology
is separable (see Theorem 5.1 on p. 426 of [14]). Thus we can choose a countable
dense set {ϕn}∞n=1 in the unit ball of Y ∗ with the weak∗ topology. We can take
ϕ1 = ϕ. The metric

ρw(x, y) =
∞∑
n=1

1

2n
|ϕn(x− y)|

defines a topology on Y which is weaker than the weak topology on Y (see also
Theorem 6.3 on p. 434 of [14]). Thus the identity mapping IdY on Y is an injective
continuous mapping from Y with the norm topology to Y with the topology induced
by ρw. Let (Z, ρw) be the completion of the metric space (Y, ρw). Since IdY
is a Borel measurable injective mapping from the Polish space Y with the norm
topology to the Polish space (Z, ρw), the Kuratowski theorem (see [34, p. 22]) says
that Y is a Borel subset of (Z, ρw) and IdY is a Borel isomorphism from the space
(Y, ‖ · ‖) to the space (Y, ρw). Hence the Borel σ-algebras on Y generated by the
norm topology, the weak topology and the topology induced by ρw are the same.
Then G is a compact valued measurable correspondence from (Ω, L(A), L(P )) to
the Polish space (Z, ρw). By Proposition 3.2, the set DG of distributions of the
measurable selections of G is a compact subset of the space M(Z) of probability
measures on Z. Then there is a measurable selection g of G and a subsequence
{gnk}∞k=1 such that the sequence {L(P )g−1

nk
}∞k=1 of measures on (Z, ρw) converges

weakly to the measure L(P )g−1 on (Z, ρw). It is easy to see that g is a Bochner
integrable selection of G. From the definition of ρw, we know that ϕ is uniformly
continuous on (Y, ρw). Thus it has a unique continuous extension ψ to (Z, ρw).
Hence (L(P )g−1

nk
)ψ−1 converges to (L(P )g−1)ψ−1 in distribution as k →∞. Note

that not all bounded linear functionals on Y are continuous on (Y, ρw) except when
Y ∗ is norm separable (see [14, p. 426]). Since ψ(g) = ϕ(g) and ψ(gn) = ϕ(gn) for
each n ≥ 1, we know that {ϕ ◦ gnk}∞k=1 converges to ϕ ◦ g in distribution. Since
G is integrably bounded, the sequence {ϕ ◦ gnk}∞k=1 is uniformly integrable over
(Ω, L(A), L(P )). As in the proof of Theorem 2, it follows from Theorem 5.4 on p.
32 of [9] that

lim
k→∞

∫
Ω

ϕ ◦ gnkdL(P ) =

∫
Ω

ϕ ◦ gdL(P ).

Thus we can obtain a = ϕ(
∫

Ω gdL(P )), which says that ϕ attains the maximum on∫
Ω
GdL(P ).

Now let A be the weak closure of
∫

Ω
GdL(P ) in Y . Then a maximum point of ϕ

on
∫

Ω GdL(P ) is still a maximum point of ϕ on the bounded weakly closed set A.
Hence a theorem of James (see [21, p. 157] or [23]) implies that A is weakly compact
and thus sequentially compact. Therefore the sequence {xn}∞n=1 in

∫
Ω
GdL(P ) has

a weakly convergent subsequence. Without loss of generality, assume that {xn}∞n=1

converges to some point x0 in the weak topology of Y . Here we note that by
a counterexample of James, a set B in a Banach space is not necessarily weakly
closed even if every bounded linear functional attains its maximum on B (see [24]).
To finish the proof of the theorem, we shall show that x0 ∈

∫
Ω
FdL(P ). Define the

metric ρw on Y and obtain the space Z as above. The same reason yields the fact
that there is a Bochner integrable selection f of G and a subsequence {fnk}∞k=1

such that L(P )f−1
nk converges weakly to L(P )f−1 on (Z, ρw) as k → ∞. By the

procedure of the above paragraph and by the fact that ϕm is uniformly continuous
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for any given m ≥ 1, we can obtain

lim
k→∞

∫
Ω

ϕm ◦ fnkdL(P ) =

∫
Ω

ϕm ◦ fdL(P ),

which implies that ϕm(x0) = ϕm(
∫

Ω fdL(P )). Since the sequence {ϕm}∞m=1 sep-

arates points in Y , we have x0 =
∫

Ω fdL(P ) and hence x0 ∈
∫

Ω GdL(P ), which
clearly implies that x0 ∈

∫
Ω
FdL(P ). Therefore

∫
Ω
FdL(P ) is weakly compact.

Proof of Theorem 4. By Theorem 8.6.2 on p. 327 of [4] (see also [19, p. 164]
and [25]), we have ∫

Ω

coFdL(P ) = co

∫
Ω

FdL(P ).

By the Krein-Smulian theorem (see [13, p. 51]), coF is still a weakly compact
valued correspondence. It is easy to see that coF is also integrably bounded. By
Theorem 3, both

∫
Ω
coFdL(P ) and

∫
Ω
FdL(P ) are weakly compact and hence norm

closed. By Theorem 1,
∫

Ω FdL(P ) is convex. Therefore∫
Ω

coFdL(P ) =

∫
Ω

FdL(P ),

and we are done.

Remark. Let (T, T , ν) be a positive measure space and X a Banach space. Let
L∞(ν) be the space of essentially bounded measurable functions on (T, T , ν) and
LE∞(ν) the subspace of functions in L∞(ν) vanishing off E, where ν(E) > 0. For
an X-valued vector measure G which is absolutely continuous with respect to ν, it
was shown by Knowles in [30] that if for any E ∈ T with ν(E) > 0, the operator
ΦE : f →

∫
E
fdG is not one-to-one on LE∞(ν), then the range of G is weakly

compact and convex (see also p. 263 of the book [13] by Diestel and Uhl). Thus
for a fixed Banach space X , if the measure space (T, T , ν) is so large that for
any X-valued measure absolutely continuous with respect to ν, the operator ΦE
for each E ∈ T with ν(E) > 0 is always not one-to-one, then the range of G is
weakly compact and convex. That is certainly true, if the cardinality of LE∞(ν)
is greater than that of X for all E with ν(E) > 0. Since vector measures and
correspondences are closely related to each other as remarked after the proof of
Theorem 1, conditions of this sort should have implications for correspondences. In
fact, it was suggested in [39] that if the algebraic dimension i.e., the cardinality of
a Hamel basis of LE∞(ν), is strictly greater than that of X for all E with ν(E) > 0,
then

∫
T Fdν =

∫
T coFdν for a measurable weakly closed valued correspondence F

from T into a weakly compact set K in X . Note that this F is not only weakly
compact valued but also has a weakly compact set as a uniform upper bound.
In order to work with a general separable Banach space, it is required in [39]
(see p. 259) that the algebraic dimensions of LE∞(ν)’s are strictly greater than the
cardinality of the continuum for any E ∈ T with ν(E) > 0. However, we note
that there is no natural measure space satisfying the required condition. It can be
checked that the space of essentially bounded measurable functions with the L∞-
norm on any hyperfinite Loeb space obtained from the ultrapower construction on
a free ultrafilter on N has the cardinality of the continuum. Moreover, the space of
essentially bounded measurable functions with the L∞-norm on the product space
of ℵ1 copies of the unit Lebesgue interval (the measure space suggested in Theorem
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4.1 of [39]) also has the cardinality of the continuum, and thus it does not satisfy
the required condition either. From the point view of scientific modeling, when
one needs to model a large finite phenomenon with no natural way of defining
a distance on the relevant index set (such as names of certain social entities or
sample points of experiments), one usually uses a measure space to model the index
set. Since hyperfinite Loeb spaces already capture virtually all the asymptotic
properties of the corresponding phenomenon being modeled, there is no need in
scientific modeling to consider other types of measure spaces at all, and the technical
advantages of hyperfinite Loeb spaces as shown in [43] and this paper highlight this
point to a greater extent.

We are now ready to study sequences of correspondences. The first proposition
concerns a property of the Bochner integral of the topological limit superior (see
Definition 3.3) of a sequence of correspondences in the weak topology. The prefix
w is added to refer the weak topology.

Proposition 4.1. Let {Fn}∞n=1 be a sequence of measurable correspondences from
(Ω, L(A), L(P )) to a separable Banach space X. Assume that there is an integrably
bounded, weakly compact valued correspondence G such that Fn(ω) ⊆ G(ω) for each
n ≥ 1 and for each ω ∈ Ω. Let F be the correspondence from Ω to X such that
F (ω) = w- lim

n→∞
supFn(ω) for each ω ∈ Ω. Then

w- lim
n→∞

sup

∫
Ω

FndL(P ) ⊆
∫

Ω

FdL(P ).

Proof. It is sufficient to prove that for a sequence {fn}∞n=1 of Bochner integrable
functions, if fn is a selection of Fn for each n ≥ 1 and w- lim

n→∞

∫
Ω
fndL(P ) = x0,

then there is a Bochner integrable selection f of F such that x0 =
∫

Ω fdL(P ). As
in the proof Theorem 3, we endow the separable Banach space X with the metric
ρw. The Polish space (Z, ρw) is the completion of (X, ρw). Then G is a compact
valued correspondence from (Ω, L(A), L(P )) to the Polish space (Z, ρw). Since the
Borel σ-algebras on X generated by the norm topology and the topology by ρw
are the same, and since X is a Borel subset of (Z, ρw), the correspondences F and
Fn are still measurable from (Ω, L(A)) to (Z, ρw). It is also easy to see that the
topology induced by ρw on any weakly compact subset B of X is the same as the
weak topology on B. Since for any ω ∈ Ω, the Fn(ω)’s are subsets of the weakly
compact set G(ω), we know that the topological limit superior of the sequence
{Fn(ω)}∞n=1 in (Z, ρw) is still the same as w- lim

n→∞
supFn(ω) in X which is F (ω). By

Proposition 3.4, we have lim
n→∞

supDFn ⊆ DF in the space of probability measures

on (Z, ρw) with the topology of weak convergence of measures. Thus there is a
subsequence {fnk}∞k=1 and a measurable selection f of F such that {L(P )f−1

nk
}∞k=1

converges weakly to L(P )f−1. The integrable boundedness of G indicates that
f is Bochner integrable. As in the proof of Theorem 3, for each m ≥ 1, ϕm is
uniformly continuous on X , where the ϕm’s are the bounded linear functionals on
X which define the metric ρw. Then by the integrable boundedness of G and by
the procedure used in the proof of Theorems 2 and 3, we can obtain

lim
k→∞

∫
Ω

ϕm ◦ fnkdL(P ) =

∫
Ω

ϕm ◦ fdL(P ),

and hence x0 =
∫

Ω
f dL(P ) and we are done.
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Remark. In the literature the type of results in Proposition 4.1 are usually referred
to as Fatou’s lemma for correspondences. For earlier versions, see [6, 7, 26, 40],
and also see [46] for a survey. Note that if we take F to be the correspondence in
Example 1 in Section 2, then the constant sequence {Fn}∞n=1 of correspondences
with Fn = F for each n ≥ 1 provides a counterexample for Fatou’s lemma in the
setting of an infinite dimensional space, since

lim
n→∞

sup

∫
[0,1]

Fndλ = w- lim
n→∞

sup

∫
[0,1]

Fndλ =

∫
[0,1]

Fdλ,

which is not contained in
∫

[0,1]
Fdλ (see [38] for another counterexample).

The next proposition presents a property about the Bochner integral of the
topological limit inferior of a sequence of correspondences on a Loeb space.

Proposition 4.2. Let {Fn}∞n=1 be a sequence of measurable correspondences from
(Ω, L(A), L(P )) to a separable Banach space X and F a correspondence satisfy-
ing F (ω) = w- lim

n→∞
inf Fn(ω) for each ω ∈ Ω. Assume that there is an integrably

bounded, weakly compact valued correspondence G such that Fn(ω) ⊆ G(ω) for each
n ≥ 1 and for each ω ∈ Ω. Then∫

Ω

FdL(P ) ⊆ w- lim
n→∞

inf

∫
Ω

FndL(P ).

Proof. Let x0 =
∫

Ω
fdL(P ) for some Bochner integrable selection f of F . We have

to show that there is a sequence {fn}∞n=1 of Bochner integrable functions such that
fn is a selection of Fn for each n ≥ 1 and w - lim

n→∞

∫
Ω fndL(P ) = x0. As before,

we endow the separable Banach space X with the metric ρw defined in the proof
of Theorem 3. Let (Z, ρw) be the completion of (X, ρw). For each ω ∈ Ω, since the
topology induced by ρw on the weakly compact subset G(ω) of X is the same as the
weak topology on G(ω), we know that the topological limit inferior of the sequence
{Fn(ω)}∞n=1 in (Z, ρw) is still the same as w- lim

n→∞
inf Fn, which is F (ω). Note that

the correspondences F and Fn are still measurable from (Ω, L(A)) to (Z, ρw). Thus,
by Aumann’s proof of his Proposition 5.1 in [6], we can find a measurable selection
fn of Fn for each n ≥ 1 such that {fn}∞n=1 converges to f everywhere with respect
to the metric ρw. Thus for each m ≥ 1, the continuity of ϕm on (X, ρw) yields the
fact that {ϕm ◦ fn}∞n=1 converges to ϕm ◦ f everywhere on Ω, where the ϕm’s are
the bounded linear functionals which define the metric ρw on X . The integrable
boundedness of G implies that

lim
n→∞

∫
Ω

ϕm ◦ fndL(P ) =

∫
Ω

ϕm ◦ fdL(P )

for each m ≥ 1. Note that the fn’s are also Bochner integrable. Since for each
m ≥ 1,

∫
Ω
ϕm◦fndL(P ) = ϕm(

∫
Ω
fndL(P )) and

∫
Ω
ϕm◦fdL(P ) = ϕm(

∫
Ω
fdL(P )),

we have lim
n→∞

ρw(
∫

Ω fndL(P ),
∫

Ω fdL(P )) = 0. It is clear that
∫

Ω fdL(P ) and∫
Ω
fndL(P ) for each n ≥ 1 are elements of

∫
Ω
GdL(P ), which is weakly compact by

Theorem 3. Since the topology induced by ρw agrees with the weak topology on
the weakly compact set

∫
Ω
GdL(P ), we have

w- lim
n→∞

∫
Ω

fndL(P ) =

∫
Ω

fdL(P ),

and the proof is completed.
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Next we introduce Hausdorff semi-distances into our study of correspondences.
Let Y be a metric space with metric d. For a point y ∈ Y and a nonempty sub-
set B of Y , let the distance d(y,B) from the point y to the set B be inf

z∈B
d(y, z).

For nonempty subsets A and B of Y , define the Hausdorff semidistance σ(A,B) =
sup
y∈A

d(y,B). Note that the Hausdorff semidistance σ is not symmetric. The Haus-

dorff distance ρ(A,B) between the sets A and B is defined to be the number
max{σ(A,B), σ(B,A)} (see Chapter II of [11] and also [12]). Now we consider
Hausdorff semi-distances induced by the norm of a separable Banach space X . Let
F , G be measurable correspondences and f a measurable mapping from a probabil-
ity space (T, T , ν) to the Banach space X . By Lemma III.39 in [11], we know that
σ(F (t), G(t)) and d(f(t), G(t)) are measurable functions on (T, T ). The result in
Proposition 4.3 (1) below is essentially in Theorem 3.1 of [45]. However, our proof
is is simpler than that of Theorem 3.1 in [45].

Proposition 4.3. Let {Fn}∞n=0 be a sequence of measurable correspondences from
a probability space (T, T , ν) to a separable Banach space X. Assume that there is
a real valued integrable function g on T such that for each t ∈ T , sup{‖x‖ : x ∈
Fn(t) for some n ≥ 0} ≤ g(t). Then

(1) if {σ(F0(t), Fn(t))}∞n=1 converges to 0 in measure, then

lim
n→∞

σ(

∫
T

F0dν,

∫
T

Fndν) = 0;

(2) if {σ(Fn(t), F0(t))}∞n=1 converges to 0 in measure, then

lim
n→∞

σ(

∫
T

Fndν,

∫
T

F0dν) = 0.

Proof. (1) It follows from the the definition of the Hausdorff semidistance that for
each n ≥ 1, there is a Bochner integrable selection gn of F0 such that

σ(

∫
T

F0dν,

∫
T

Fndν) ≤ d(

∫
T

gndν,

∫
T

Fndν) +
1

n
.

For each n ≥ 1 and for each t ∈ T , let Hn(t) be the closed ball in X with center
gn(t) and radius d(gn(t), Fn(t)) + 1/n; then Hn(t) ∩ Fn(t) 6= ∅. It follows from
Theorem III.41 in [11] that for each n ≥ 1, Hn is a measurable correspondence, and
hence so is Hn ∩ Fn. For each n ≥ 1, let fn be a measurable selection of Hn ∩ Fn;
the integrable boundedness of Fn implies that fn is Bochner integrable. Then for
each n ≥ 1 and each t ∈ T ,

‖gn(t)− fn(t)‖ ≤ d(gn(t), Fn(t)) +
1

n
≤ σ(F0(t), Fn(t)) +

1

n
.

Hence for each n ≥ 1,

σ(

∫
T

F0dν,

∫
T

Fndν) ≤ d(

∫
T

gndν,

∫
T

Fndν) +
1

n
≤ ‖

∫
T

gndν −
∫
T

fndν‖+
1

n

≤
∫
T

‖gn − fn‖dν +
1

n
≤
∫
T

σ(F0, Fn)dν +
2

n
.

Since σ(F0(t), Fn(t)) ≤ 2g(t) for all t in T , the result follows from the scalar version
of the dominated convergence theorem.

The proof for (2) is the same.
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The following corollary follows immediately from the above proposition.

Corollary 4.4. Let {Fn}∞n=0 be a sequence of measurable correspondence from a
probability space (T, T , ν) to a separable Banach space X. Assume that the sequence
{ρ(Fn(t), F0(t)}∞n=1 converges to 0 in measure and there is an integrable function g
on T such that for each t ∈ T ,

sup{‖x‖ : x ∈ Fn(t) for some n ≥ 0} ≤ g(t),

where ρ is the Hausdorff distance induced by the norm of X. Then

lim
n→∞

ρ(

∫
T

Fndν,

∫
T

F0dν) = 0.

Definition 4.5. Let F be a correspondence from a topological space X to a metric
space (Y, d). Let σ be the Hausdorff semidistance induced by d on the class of
subsets of Y . Then F is said to be Hausdorff upper (lower) semicontinuous at a
point x0 in X , if σ(F (x), F (x0)) (respectively, σ(F (x0), F (x))) is convergent to 0
as x → x0. If F is both Hausdorff upper and lower semicontinuous at x0, we say
that F is Hausdorff continuous at x0.

The following is an immediate corollary of the above definition and Proposition
4.3. The Hausdorff semi-distance involved in the Banach space is defined from the
norm.

Corollary 4.6. Let (T, T , ν) be a probability space and Y a metric space. Let F
be an integrably bounded correspondence from T × Y to a separable Banach space
X. Assume that F (t, y) is measurable for each fixed y ∈ Y . Then if F (t, y) is
Hausdorff upper semicontinuous on Y for each fixed t ∈ T , then

∫
T F (t, y)dν(t) is

Hausdorff upper semicontinuous on Y ; if F (t, y) is Hausdorff lower semicontinuous
on Y for each fixed t, then

∫
T
F (t, y)dν(t) is Hausdorff lower semicontinuous on

Y ; if F (t, y) is Hausdorff continuous on Y for each fixed t, then
∫
T
F (t, y)dν(t) is

Hausdorff continuous on Y .

Remark. In [45], a notion of quasi upper semicontinuity is introduced, which is the
same as our Hausdorff upper semicontinuity.

In the following proposition we present a property about the Bochner integral of
the topological limit superior of a sequence of correspondences in the norm topology.

Proposition 4.7. Let {Fn}∞n=1 be a sequence of measurable correspondences from
(Ω, L(A), L(P )) to a separable Banach space X. Assume that there is an integrably
bounded norm compact valued correspondence G such that Fn(ω) ⊆ G(ω) for each
ω in Ω and each n ≥ 1. Let F = lim

n→∞
supFn. Then

lim
n→∞

sup

∫
Ω

FndL(P ) ⊆
∫

Ω

FdL(P ).

Proof. First we note that for a sequence {An}∞n=0 of sets in a compact metric space
with A0 compact, lim

n→∞
supAn ⊆ A0 if and only if the Hausdorff semi-distance

σ(An, A0) = 0 goes to 0 as n → ∞ (see the proof of Theorem 1 on p. 17 of
[20]). Since for each ω ∈ Ω, F (ω) is a closed subset of the norm compact set
G(ω), F (ω) is norm compact. Thus the above fact implies that for each ω ∈ Ω,
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lim
n→∞

σ(Fn(ω), F0(ω)) = 0. Hence by Proposition 4.3, we have

lim
n→∞

σ(

∫
Ω

Fndν,

∫
Ω

F0dν) = 0.

By Theorem 2, we know that
∫

Ω
FdL(P ) is norm compact. By another appeal to

the above fact, we have

lim
n→∞

sup

∫
Ω

FndL(P ) ⊆
∫

Ω

F0dL(P ),

and we are done.

The following proposition is an extension of Aumann’s Proposition 5.1 in [6] to
the setting of Banach space valued correspondences.

Proposition 4.8. Let {Fn}∞n=1 be a sequence of measurable correspondences from
(T, T , ν) to a separable Banach space X and let F be a correspondence defined by
F (t) = lim

n→∞
inf Fn(t) for each t ∈ T . Assume that there is a real valued integrable

function g on T such that for each t ∈ T , sup{‖x‖ : x ∈ Fn(t) for some n ≥ 1} ≤
g(t). Then ∫

T

Fdν ⊆ lim
n→∞

inf

∫
T

Fndν.

Proof. Let x0 =
∫
T fdν for some Bochner integrable selection f of F . By using

the idea in the proof of Proposition 5.1 in [6], we can find a sequence {fn}∞n=1

of measurable functions such that fn is a selection of Fn and {fn}∞n=1 converges
in norm to f everywhere in T . Then by the Dominated Convergence Theorem
for Bochner integrals (see [13, p. 45]), we have lim

n→∞

∫
T fndν = x0. The result

follows.

By the results we have proven, we can obtain the following two versions of the
dominated convergence theorem for the Bochner integral of Banach space valued
correspondences (see also [45]).

Corollary 4.9 (Strong Dominated Convergence Theorem). Let {Fn}∞n=1 be a se-
quence of measurable correspondence from a Loeb space (Ω, L(A), L(P )) to a sepa-
rable Banach space X. Assume that there is an integrably bounded, norm compact
valued correspondence G such that for each n ≥ 1, Fn(ω) ⊆ G(ω) for almost all ω
in Ω. If lim

n→∞
Fn = F , then

lim
n→∞

∫
Ω

FndL(P ) =

∫
Ω

FdL(P ).

Proof. By Propositions 4.7 and 4.8, we have

lim
n→∞

sup

∫
Ω

FndL(P ) ⊆
∫

Ω

FdL(P ) ⊆ lim
n→∞

inf

∫
Ω

FndL(P ),

which implies the result.

Corollary 4.10 (Weak Dominated Convergence Theorem). Let {Fn}∞n=1 be a se-
quence of measurable correspondences from (Ω, L(A), L(P )) to a separable Banach
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space X. Assume that there is an integrably bounded, weakly compact valued cor-
respondence G such that for every n, Fn(ω) ⊆ G(ω) for almost all ω in Ω. If
w- lim
n→∞

Fn = F , then

w- lim
n→∞

∫
Ω

FndL(P ) =

∫
Ω

FdL(P ).

Proof. By Propositions 4.1 and 4.2, we have

w- lim
n→∞

sup

∫
Ω

FndL(P ) ⊆
∫

Ω

FdL(P ) ⊆ w- lim
n→∞

inf

∫
Ω

FndL(P ).

Then the result follows immediately.

Proof of Theorem 5. Since G is norm compact valued, Theorem 2 implies that∫
ΩGdL(P ) is norm compact. By the assumption that G dominates F (·, y) for each
y ∈ Y , we know that

∫
Ω
F (·, y)dL(P ) induces a closed valued correspondence from

Y to the compact space
∫

Ω
GdL(P ). Note that a closed valued correspondence from

a metrizable space to a compact metrizable space is upper semicontinuous if and
only if it has a closed graph (see Proposition 1.4.8 on p. 42 of [4]). Let {xn}∞n=0

be a sequence in X and {yn}∞n=0 be a sequence in Y such that for each n ≥ 1,
xn ∈

∫
Ω F (·, yn)dL(P ), lim

n→∞
xn = x0, and lim

n→∞
yn = y0. We have to show that

x0 ∈
∫

Ω F (·, y0)dL(P ). It is clear that x0 ∈ lim
n→∞

sup
∫

Ω F (·, yn)dL(P ). Proposition

4.7 yields the fact that x0 ∈
∫

Ω
lim
n→∞

sup F (·, yn)dL(P ). For each ω ∈ Ω, since the

correspondence F (ω, ·) has a closed graph, we have lim
n→∞

sup F (ω, yn) ⊆ F (ω, y0).

Hence x0 ∈
∫

Ω
F (·, y0)dL(P ), and thus the result on the preservation of norm upper

semicontinuity by integration is shown.
For lower semicontinuity, we use a characterization of lower semicontinuity by

sequences (see [20, p. 27]). Let {yn}∞n=0 be a sequence in Y with lim
n→∞

yn = y0. For

each ω ∈ Ω, since the correspondence F (ω, ·) is assumed to be lower semicontinuous,
we have F (ω, y0) ⊆ lim

n→∞
inf F (ω, yn). Hence Proposition 4.8 allows us to claim that∫

Ω F (·, y0)dL(P ) ⊆ lim
n→∞

inf
∫

Ω F (ω, yn)dL(P ), which implies the desired result.

Proof of Theorem 6. As in the proof of Theorem 3, we note that the weak
topology on a weakly compact set in a separable Banach space is metrizable. Then
by using the same idea as in the proof of Theorem 5, we can obtain the results
on the preservation of weak upper and lower semicontinuity by integration from
Propositions 4.1 and 4.2.

Remark. Let K be a fixed weakly compact and convex set in a separable Banach
space X . As noted in the proof of Theorem 3 and Proposition 4.1, K is also metriz-
able. It can be checked that the mapping L from the space of Borel probability
measuresM(K) to K defined by L(ν) =

∫
x∈K xdν(x) is continuous, where M(K)

is endowed with the topology of weak convergence of measures and K with the
subspace topology induced by the weak topology on X . Then for a correspon-
dence G from a Loeb space (Ω, L(A), L(P )) to K, it is easy to see that the integral∫

ΩGdL(P ) is the set L(DG). By using this property together with the fact that
L is linear and continuous, it is easy to obtain from the propositions in Section
3 the corresponding convexity, weak compactness and preservation of weak upper
semicontinuity for integrals. When K is norm compact and convex, the same type
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of results for the norm topology can be derived in a similar way. Moreover, when
K is compact, convex, and metrizable in some topological vector space, if one uses
a suitable notion of integral so that the defined linear operator L is still continuous
(this should be the usual case), then one can also obtain the same results immedi-
ately. For example, for the Gel′fand integral to be discussed in the next section, if
one restricts the considered correspondences to be bounded, then the corresponding
results follow from the propositions in Section 3 easily. Since our Theorems 1-10
allow correspondences not dominated by any fixed compact set, such a method will
not work for this general case.

As claimed earlier, once we have results on a hyperfinite Loeb space, then the
usual techniques of lifting, pushing-down, and transfer can be used to obtain as-
ymptotic results for the large finite case (see [1, 2, 31], and [36]). As an example,
we consider here a simple case by obtaining a result on the approximate convexity
of the weighted average of a large finite number of sets in a Banach space.

For each n ≥ 1, let {cni }ni=1 be a finite sequence of nonnegative real numbers
with sum 1 and {Kn

i }ni=1 a finite sequence of nonempty sets in X . Let (Ωn,An, Pn)
be a finite probability space, where Ωn = {1, 2, . . . , n}, An = P(Ωn) the power set
of Ωn, and Pn(A) =

∑
i∈A c

n
i for each A ⊆ Ωn. Define a correspondence Fn on Ωn

by letting Fn(i) = Kn
i for each i ∈ Ωn. Then the set

An =

∫
Ωn

FndPn =
n∑
i=1

cni K
n
i

is a weighted average of the sets Kn
i . Define a function ϕn on Ωn by letting ϕn(i)

be the supremum norm of the vectors in the set Kn
i . Assume that the following

type of uniform integrability condition on the ϕn’s holds:

lim
m→∞

sup
1≤n<∞

∫
ϕn>m

ϕndPn = 0.

Note that if the sets Kn
i are uniformly bounded, then the uniform integrability

condition is certainly satisfied.

Proposition 4.11. Assume that lim
n→∞

max
1≤i≤n

cni = 0 and also the following tightness

condition is satisfied: for any ε > 0, there is a norm compact set Kε in X such
that for any n ≥ 1,

Pn({i : Kn
i ⊆ Kε}) > 1− ε.

Then for any given ε > 0, there is a positive integer N such that for any n > N ,
the following holds: for any α ∈ [0, 1] and for any x1, x2 ∈ An, there is a point
y ∈ An such that ‖y − (αx1 + (1− α)x2)‖ < ε.

Proof. Transfer the sequences of Kn
i ’s, cni ’s to obtain {∗cni : n ∈ ∗N, 1 ≤ i ≤ n}

and {∗Kn
i : n ∈ ∗N, 1 ≤ i ≤ n}. Define the internal sequences

{
(Ωn,An, Pn)

}
n∈∗N

and
{
Fn
}
n∈∗N accordingly. For any given η ∈ ∗N∞, let (Ωη, L(Aη), L(Pη)) be

the corresponding Loeb space of the internal probability space (Ωη,Aη, Pη). The
conditions on the cni ’s implies that this Loeb space is atomless. The tightness
condition implies that for L(Pη)-almost all i ∈ Ωη, Fη(i) is contained in the star
transform of some norm compact set in X , and so we can define a correspondence
Gη from Ωη to X such that for L(Pη)-almost all i ∈ Ωη, Gη(i) = {◦x : x ∈ Fη(i)},
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where ◦x is the standard part of x with respect to the norm topology of X . It
follows from Theorem 1 that

∫
Ωη
GηdL(Pη) is convex.

The uniform integrability of the ϕn’s implies that for any m ∈ ∗N∞,

sup
n∈∗N

∫
ϕn>m

ϕndPn ' 0.

By Proposition 2.35 on p. 187 of [22], we know that each ϕη is S-integrable. That
is, ∫

Ωη

◦ϕηdL(Pη) = ◦
∫

Ωη

ϕηdPη <∞.

Hence the correspondence Gη is integrably bounded.
Now for any x1, x2 ∈ Aη, there are internal selections f1, f2 of Fη such that

for j = 1, 2,
∫

Ωη
fjdPη = xj . It is clear that ◦f1 and ◦f2 are Bochner integrable

selections of Gη. One can check that
∫

Ωη
◦fjdL(Pη) ' xj for j = 1, 2. For any

α ∈ ∗[0, 1], the convexity of
∫

Ωη
GηdL(Pη) implies that there is a Bochner integrable

selection g of Gη such that∫
Ωη

gdL(Pη) = ◦α

∫
Ωη

◦f1dL(Pη) + (1− ◦α)

∫
Ωη

◦f2dL(Pη).

By the usual lifting procedure, there is an internal selection h of Fη such that
for L(Pη)-almost all i ∈ Ωη, ◦h(i) = g(i) and

∫
Ωη
hdPη '

∫
Ωη
gdL(Pη). Thus∫

Ωη
hdPη ' αx1 + (1 − α)x2. Let y =

∫
Ωη
hdPη. Then y ∈ Aη. Hence, for any

ε ∈ R+, the following is true for all η ∈ ∗N∞:

(∀x1 ∈ Aη) (∀x2 ∈ Aη) (∀α ∈ ∗[0, 1]) (∃y ∈ Aη) (‖y − (αx1 + (1− α)x2)‖ < ε)

Thus the result follows from the Permanence Principle (see [22, p. 100]).

Remarks. (1) If we have asymptotic results for the large finite case, then by transfer
and pushing-down, we can obtain exact results on a hyperfinite Loeb space; but
we may not be able to obtain corresponding exact results on the unit Lebesgue
interval.

(2) If the norm tightness is replaced by weak tightness, i.e., the sets Kε in
Proposition 4.11 are only required to be weakly compact in a separable Banach
space, then we can use the metric ρw as in the proof of Theorem 3 to replace
‖y − (αx1 + (1 − α)x2)‖ < ε by ρw(y, (αx1 + (1 − α)x2)) < ε in the statement of
Proposition 4.11, and obtain a similar result on approximate convexity. The proof
will be identical to the above except at those places involving the norm, where the
metric ρw will be used. Note that the topology on the Kε’s induced by ρw is the
same as the weak topology.

5. Gel
′
fand integration of correspondences

In the final section, we shall consider Gel′fand integral in the norm dual of
a separable Banach space. Hereafter all integrals are Gel′fand integrals unless
otherwise noted. We shall fix a separable Banach space X and a Loeb probability
space (Ω, L(A), L(P )). Let X∗ be the norm dual of X . Since X is separable, we
can choose a sequence {xm}∞m=1 from the unit ball of X such that the linear space
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spanned by the sequence is dense in X . Define a metric dw on the dual X∗ by
letting

dw(x∗, y∗) =
∞∑
m=1

1

2m
|x∗(xm)− y∗(xm)|

for each pair of x∗, y∗ in X∗ (see [14, p. 426]). It is easy to verify that this topology
is weaker than the weak∗ topology on X∗. Thus the two topologies agree on any
weak∗ compact subset of X∗ and hence on any norm bounded set in X∗ by the
Alaoglu theorem. Let (Z, dw) be the completion of the metric space (X∗, dw). Since
X∗ is a union of countably many weak∗ compact sets, we know that X∗ is a σ-
compact set and hence a Borel set in (Z, dw). It is clear that the Borel σ-algebras
on X∗ generated by the weak∗ topology and the topology induced by the metric dw
are the same. Thus weak∗ measurability and measurability with respect to (X∗, dw)
are the same. We shall also use measurable to refer weak∗ measurable in the rest
of the section. For some earlier work on Gel′fand integrals on Loeb spaces, see [42].
In [25], a version of the result for Gel′fand integrals in the form of Theorem 8.6.2
on p. 327 of [4] (see also [19, p. 164] and Theorem 1 of [25]) is given. Note that
the arguments used in this section are similar to those used in Section 4.

Proof of Theorem 7. We can obtain a proof of this theorem by some minor
changes in the proof of Theorem 1, which is left for the readers to check.

Remark. As in Proposition 4.11, we can obtain approximate convexity for sets in the
setting of weak∗ topologies. We simply use the metric dw defined above to replace
‖y − (αx1 + (1 − α)x2)‖ < ε by dw(y, (αx1 + (1 − α)x2)) < ε in the statement
of Proposition 4.11, and obtain a similar result on approximate convexity. The
proof is again identical to that of Proposition 4.11 except at those places involving
the norm, where the metric dw will be used. Note that in this case no additional
tightness condition is needed, since the uniform integrability condition guarantees
weak∗ tightness.

Proof of Theorem 8. Since F is integrably bounded, the integral
∫

Ω FdL(P ) of
F is a bounded set in X∗. Thus we only have to show that

∫
Ω
FdL(P ) is closed in

(X∗, dw). Let {yn}∞n=1 be a sequence in
∫

Ω
FdL(P ) such that lim

n→∞
dw(yn, y) = 0

for some y ∈ X∗. There is a sequence {fn}∞n=1 of Gel′fand integrable selections of
F such that yn =

∫
Ω fndL(P ) for each n ≥ 1. It is clear that F is a compact valued

correspondence from the Loeb space (Ω, L(A), L(P )) to the Polish space (Z, dw).
By Proposition 3.2, the set DF of distributions of the measurable selections of F
is compact. Thus the sequence {L(P )f−1

n }∞n=1 of measures on Z has a weakly
convergent subsequence with limit in DF . Without loss of generality, we assume
{L(P )f−1

n }∞n=1 converges weakly to L(P )f−1 for some measurable selection f of F .
It follows from the definition of dw that for each m ≥ 1, xm induces a uniformly
continuous function x∗∗m on X∗. The arguments used in the proof of Theorem 3
indicate that {x∗∗m ◦fn}∞n=1 converges to x∗∗m ◦f in distribution. Since F is integrably
bounded, we know that f is Gel′fand integrable and the sequence {x∗∗m ◦ fn}∞n=1 is
uniformly integrable over (Ω, L(A), L(P )) for each m ≥ 1. As before, Theorem 5.4
on p. 32 of [9] yields the fact that

lim
n→∞

∫
Ω

x∗∗m ◦ fndL(P ) =

∫
Ω

x∗∗m ◦ fdL(P )
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for each m ≥ 1, which implies that lim
n→∞

dw(yn,
∫

Ω
fdL(P )) = 0. Hence y ∈∫

Ω
FdL(P ). Thus

∫
Ω
FdL(P ) is closed in (X∗, dw), and the proof is complete.

Proof of Theorem 9. Suppose that there is a Gel′fand integrable selection f
of w∗-coF such that y0 =

∫
Ω fdL(P ) /∈

∫
Ω FdL(P ). By Theorem 8,

∫
Ω FdL(P )

is compact in (X∗, dw). Thus the distance dw(y0,
∫

Ω
FdL(P )) between y0 and∫

Ω FdL(P ) is positive. Since F is integrably bounded, there is an integrable real
valued function g on (Ω, L(A), L(P )) such that for each ω ∈ Ω, sup{‖x∗‖ : x∗ ∈
F (ω)} ≤ g(ω). Pick M >

∫
Ω gdL(P ). We can choose n large enough such that

dw(y0,
∫

Ω
FdL(P )) > 3M/2n. Thus for any y ∈

∫
Ω
FdL(P ),

n∑
m=1

1

2m
|x∗∗m (y0 − y)| > 3M

2n
−

∞∑
m=n+1

2M

2n
=
M

2n
.

Let h be the mapping from X∗ to Rn such that h(y) = (x∗∗1 (y), . . . , x∗∗n (y)) for
any y ∈ X∗. Then it is clear that h(y0) is not in the compact set h(

∫
Ω FdL(P ))

in Rn. Let h ◦ F be the correspondence such that for each ω ∈ Ω, h ◦ F (ω) =
h(F (ω)). Then h◦F is still measurable (see Proposition 2 on p. 59 of [20]). By the
Filippov theorem (see [4, p. 316]), we know that any measurable selection of the
correspondence h◦F is the composition of h with a measurable selection of F . Hence
h(
∫

Ω
FdL(P )) =

∫
Ω
h◦FdL(P ). Since the linear function h is continuous and h◦F

is compact valued in Rn, it can be checked that for any ω ∈ Ω, h(w∗-coF (ω)) =
co h(F (ω)) = co (h(F (ω)). Thus by Aumann’s Theorem 3 in [6] (see also Theorem
4 on p. 64 of [20]), we have

h(y0) =

∫
Ω

h(f)dL(P ) ∈
∫

Ω

co (h ◦ F )dL(P ) =

∫
Ω

(h ◦ F )dL(P ) = h(

∫
Ω

FdL(P )),

which is a contradiction.

Proof of Theorem 10. For each r > 0, let Br be the closed ball with center 0 and
radius r in X∗; then Br is weakly∗ compact. Let M =

∫
Ω gdL(P ). Then it follows

from Theorem 8 that
∫

Ω F (·, y)dL(P ) induces a closed valued correspondence from
Y to the compact space BM . Let {yn}∞n=0 be a sequence in Y with lim

n→∞
yn = y0.

We first consider upper semicontinuity. Let {fn}∞n=1 be a sequence of Gel′fand inte-
grable functions with fn a selection of F (·, yn). Assume that lim

n→∞

∫
Ω
fndL(P ) = x0

in the weak∗ topology for some x0 ∈ X∗. The arguments used in the proof of The-
orem 5 indicate that we only have to prove x0 ∈

∫
Ω F (·, y0)dL(P ). It is clear that

Bg(·) defines a compact valued correspondence from (Ω, L(A), L(P )) to the Pol-
ish space (Z, dw), which also dominates all the F (·, yn)’s. For each ω ∈ Ω, since
Fn(ω)’s are subsets of the weak∗ compact set Bg(ω), we know that the topolog-
ical limit superior of the sequence {F (ω, yn)}∞n=1 in (Z, dw) is still the same as
w∗- lim

n→∞
supF (ω, yn) in X∗, which is a subset of F (ω, y0) by the upper semicon-

tinuity of F (ω, y) at y0. By Proposition 3.4, we have lim
n→∞

supDF (·,yn) ⊆ DF (·,y0)

in the space of probability measures on (Z, dw) with the topology of weak con-
vergence of measures. Thus there is a subsequence {fnk}∞k=1 and a measurable
selection f of F (·, y0) such that {L(P )f−1

nk }∞k=1 converges weakly to L(P )f−1. The
integrable boundedness of F indicates that f is Gel′fand integrable. As in the proof
of Theorem 3, for each m ≥ 1, x∗∗m is uniformly continuous on X∗. Then we can
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obtain

lim
k→∞

∫
Ω

x∗∗m ◦ fnkdL(P ) =

∫
Ω

x∗∗m ◦ fdL(P ).

Since the x∗∗m ’s separate points in X∗, we have

x0 =

∫
Ω

f dL(P ) ∈
∫

Ω

F (·, y0)dL(P ),

and thus the result on the preservation of weak∗ upper semicontinuity by integration
is shown.

We can prove the result on the preservation of lower semicontinuity by using
the characterization of lower semicontinuity by sequences (see [20, p. 27]) and by
minor changes of the arguments used in the proof of Proposition 4.2.

Remark. If X∗ is also norm separable, then the Borel σ-algebras generated by the
norm topology, the weak topology, and the weak∗ topology are the same. Any
integrably bounded, weak∗ measurable function is also Bochner integrable. Thus,
in this case, we can replace the Gel′fand integrals in Theorems 7-10 by Bochner
integrals.
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